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PREFACE. 


Thb  various  works  of  Dr.  Hutton  have  ever  been  held  in  high 
estimation  by  a  numerous  class  of  instructors,  and  the  intrinsic 
excellence  of  his  Course  of  Mathematics  has  been  universally 
acknowledged. 

During  the  lapse  of  the  last  twenty  or  thirty  years,  the 
achievements  in  science  have  been  varied  and  extensive.  In 
the  higher  branches  of  Mathematics,  several  elegant  *nd  useful 
theoretical  researches  have  added  considerably  to  the  previous 
stock  of  knowledge;  while  in  the  elementary  branches  many 
new  and  valuable  arithmetical  processes  have  been  discovered, 
affording  additional  facilities  to  the  practical  computist.  Were 
proof  of  this  necessary,  we  have  only  to  refer  to  the  valuable 
discovery  of  M.  Sturm  for  the  separation  of  the  real  and 
imaginary  roots  of  equations  of  all  degrees — a  subject  on  which 
energies  of  every  order  have  been  hitherto  unavailingly  exerted, 
but  which  has  now  yielded  to  the  talents  and  industry  of  this 
ingenious  and  distinguished  continental  mathematician.  Not  less 
valuable  and  important  have  been  the  results  of  the  researches 
of  our  countryman,  the  late  W.  G.  Horner,  of  Bath,  especially 
his  beautiful,  simple,  and  effective  process  for  the  evolution  of 
the  roots  of  numerical  equations;  which,  combined  with  the 
theorem  of  Sturm,  furnishes  the  student  with  ample  means  for 
the  complete  resolution  of  any  numerical  equation  whatever. 

The  Editor  of  this  edition  of  Hutton's  Course  has  availed 
himself  of  these  valuable  discoveries;  and,  thinking  that  a  work 
on  elementary  mathematics  would  now  be  considered  incom- 
plete without  them,  he  has  not  scrupled  to  devote  a  sheet  or 
two  of  this  work  to  the  important  subject  of  Equations. 


I?  PREFACE. 

In  this  edition  several  alterations  have  been  made,  and,  it  is 
hoped,  many  improvements  have  been  introduced.  The  whole 
of  the  work  has  been  thoroughly  revised;  every  example  has 
been  recomputed ;  and  the  matter  has  also  been  subjected  to  a 
somewhat  different  arrangement.  The  plane,  solid,  and  spheri- 
cal Geometry,  and  also  the  Geometry  of  the  Conic  Sections, 
have  been  placed  continuously;  and  the  Differential  and  In- 
tegral Calculus  have  been  made  to  precede  Mechanics.  This 
arrangement  has  enabled  the  Editor  to  introduce  into  Mechanics 
the  language  of  the  Calculus,  without  which  little  or  no  progress 
can  be  made  in  Dynamics.  To  enumerate  the  various  changes 
that  have  been  made  in  the  work  would  be  altogether  unneces- 
sary. The  more  prominent  of  these  are — a  new  rule  for  the 
extraction  of  the  cube  root ;  new  and  simple  demonstrations  of 
the  binomial  and  exponential  theorems ;  the  complete  analy- 
tical investigation  of  several  important  problems  in  trigonome- 
trical surveying;  the  method  of  least  squares;  besides  many 
other  investigations  and  examples,  which,  it  is  hoped,  will  be 
highly  acceptable  and  useful  to  the  student. 

The  subject  of  Mechanics  is  now  divided  into  Statics  and 
Dynamics ;  and  several  additions  have  been  made  to  this  part 
as  well  as  to  the  Integral  Calculus ;  though,  from  the  limits  of 
the  work,  the  Editor  has  not  been  able  to  introduce  so  much 
on  these  interesting  and  highly  useful  branches  of  study  as  he 
could  have  desired. 

A  new,  correct,  and  improved  edition  of  HuttonV  Course 
has  been  a  desideratum  for  several  years ;  and  while  the  pre- 
sent edition  is  intended  to  supply  the  deficiency,  it  has  likewise 
been  assimilated  to  the  course  of  instruction  now  pursued  in  the 
Royal  Military  Academy,  over  which  the  Author  so  ably  pre- 
sided for  many  years ;  and,  from  the  attention  bestowed  on  the 
computations  and  investigations,  and  the  exercise  of  a  careful 
supervision  of  the  work  as  it  has  emanated  from  the  press,  the 
Editor  trusts  that  the  present  edition  will  be  found  to  be  the 
most  correct  of  any  extant. 

Royal  Military  Academy,  Woolwich, 
November,  1840. 
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MATHEMATICS. 


GENERAL   PRINCIPLES. 

1.  Quantitt,  or  Magnitude,  is  any  thing  thai  will  admit  of  increase  or  de- 
crease ;  or  that  is  capable  of  any  sort  of  calculation  or  mensuration  :  such  as, 

umbers,  lines,  space,  time,  motion,  weight. 

2.  Mathematics  is  th«  science  which  treats  of  all  kinds  of  quantity  whatever, 
that  can  be  numbered  o*  measured — That  part  which  treats  of  numbering,  it 
called  Aritftmetic ;  and  that  which  concerns  measuring,  or  figured  extension, 
is  called  Geometry, — These  two,  which  are  conversant  about  multitude  and 
magnitude,  and  are  the  foundation  of  all  the  other  parts,  are  called  Pure  or 
Abstract  Mathematics ;  because  they  investigate  and  demonstrate  the  proper- 
ties of  abstract  numbers  and  magnitudes  of  all  sort*.  And  when  these  two 
parts  are  applied  to  particular  or  practical  subjects,  they  constitute  the  branches 
or  parts  called  Mixed  Mathematics. — Mathematics  is  also  distinguished  into 
Speculative  and  Practical;  viz.  Speculative,  when  it  is  concerned  in  discover- 
ing properties  and  relations;  and  Practical,  when  applied  to  practice  and  real 
use  concerning  physical  objects. 

3.  In  Mathematics  are  several  general  terms  or  principles ;  such  as,  Defini. 
lions,  Axioms,  Propositions,  Theorems,  Problems,  Lemmas,  Corollaries,  Scho- 
liums, &G. 

4.  A  Definition  is  the  explication  of  any  term  or  word  in  a  science ;  showing 
the  sense  and  meaning  in  which  the  term  is  employed. — Every  Definition  ought 
to  be  clear,  and  expressed  in  words  that  are  common  and  perfectly  well  under- 
stood. 

5.  A  Proposition  is  something  proposed  to  be  proved,  or  something  required 
to  be  done ;  and  is  accordingly  either  a  Theorem  or  a  Problem. 

A.  A  Theorem  is  a  demonstrative  proposition  ;  in  which  some  property  Is 
asserted,  and  the  truth  of  it  required  to  be  proved.  Thus,  when  it  is  said  that, 
The  sum  of  the  three  angles  of  any  triangle  is  equal  to  two  right. angles,  this 
is  a  Theorem,  the  truth  of  which  is  demonstrated  by  Geometry. — A  set  or  col- 
lection of  such  Theorems  constitutes  a  Theory. 

7.  A  Problem  is  a  proposition  or  a  question  requiring  something  to  be  done 
either  to  investigate  some  truth  or  property,  or  to  perform  some  operation.    As, 
to  find  out  the  quantity  or  sum  of  all  the  three  angles  of  nny  triangle,  or  to 
line  perpendicular  to  another. — A  Limited  Problem  is  that  which 
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has  bat  one  answer  or  solution.  An  Unlimited  Problem  is  that  which  ha 
numerable  answers.  And  a  Determinate  Problem  is  that  which  has  a  cei 
number  of  answers. 

8.  Solution  of  a  problem,  is  the  resolution  or  answer  given  to  it.  AN 
rical  or  Numeral  Solution,  is  the  answer  given  in  numbers.  A  Gcomet\ 
Solution^  is  an  answer  given  by  the  principles  of  Geometry.  And  a  Mechm 
Solution,  is  one  which  is  gained  by  trials. 

9.  A  Lemma  is  a  preparatory  proposition,  laid  down  in  order  to  shortei 
demonstration  of  the  main  proposition  which  follows  it 

10.  A  Corollary,  or  Consectary,  is  a  consequence  drawn  immediately 
some  proposition  or  other  premises. 

1 1.  it  Scholium  is  a  remark  or  observation  made  on  some  foregoing  pi 
aition  or  premises. 

12.  An  Axiom,  or  Maxim,  is  a  self-evident  proposition  ;  requiring  n< 
mal  demonstration  to  prove  the  truth  of  it ;  but  is  received  and  assented 
soon  as  mentioned.  Such  as,  The  whole  of  any  thing  is  greater  than  a  p 
it:  or,  The  whole  is  equal  to  all  Ha  parts  taken  together ;  or,  Two  quai 
that  are  each  of  them  equal  to  a  third  quantity,  are  equal  to  each  other. 

13.  A  Postulate,  or  Petition,  is  something  required  to  be  done,  which 
easy  and  evident  that  no  person  will  hesitate  to  allow  it. 

14.  An  Hypothesis  is  a  supposition  assumed  to  be  true,  in  order  to 
from,  or  to  found  upon  it  the  reasoning  and  demonstration  of  some  prop© 

15.  Demonstration  is  the  collecting  the  several  arguments  and  proof 
laying  them  together  in  proper  order,  to  show  the  truth  of  the  propositi* 
der  consideration. 

16.  A  Direct,  Positive,  or  Affirmative  Demonstration,U  that  which  cor 
with  the  direct  and  certain  proof  of  the  proposition  in  hand. — This  kind 
monstration  is  most  satisfactory  to  the  mind ;  for  which  reason  it  is  called 
times  an  Ostensive  Demonstration. 

17.  An  Indirect  or  Negative  Demonstration,  is  that  which  shows  a  p 
tion  to  be  true,  by  proving  that  some  absurdity  would  necessarily  follow 
proposition  advanced  were  false.  This  is  also  sometimes  called  Beduc 
Absurdum;  because  it  shows  the  absurdity  and  falsehood  of  all  supp< 
contrary  to  that  contained  in  the  proposition. 

18.  Method  is  the  art  of  disposing  a  train  of  arguments  in  a  proper  or 
investigate  either  the  truth  or  falsity  of  a  proposition,  or  to  demonstrat 
others  when  it  has  been  found  out — This  is  either  Analytical  or  Synt 

19.  Analysis,  or  the  Analytic  Method,  is  the  art  or  mode  of  finding  < 
tenth  of  a  proposition,  by  first  supposing  the  thing  to  be  done,  and  then 
ing  back  step  by  step  till  we  arrive  at  some  known  truth.     This  is  also  cal 
Method  of  Invention,  or  Resolution;  and  is  that  which  is  commonly  i 
Algebra. 

80.  Synthesis,  or  the  Synthetic  Method,  is  the  searching  out  truth,  1 
laying  down  some  simple  and  easy  principles,  and  pursuing  the  conse< 
flowing  from  them  till  we  arrive  at  the  conclusion. — This  is  also  cal 
Method  of  Composition  ;  and  is  the  reverse  of  the  Analytic  method, 
proceeds  from  known  principles  to  an  unknown  conclusion ;  while  th 
goes  in  a  retrograde  order,  from  the  thing  sought,  considered  as  if  it  we 
to  some  known  principle  or  fact  And  therefore,  when  any  truth  h; 
found  out  by  the  Analytic  method,  it  may  be  demonstrated  by  a  procea 
contrary  order,  by  Synthesis. 


ARITHMETIC. 


Arithmetic  is  the  art  or  science  of  numbering ;  being  that  branch  of  Mathe- 
matics which  treats  of  the  nature  and  properties  of  numbers*— When  it  treats 
of  whole  numbers,  it  is  called  Vulgar,  or  Common  Arithmetic ;  but  when  of 
oroken  numbers,  or  parts  of  numbers,  it  is  called  Fractions* 

Unity,  or  an  Unit,  is  that  by  which  every  thing  is  called  one;  being  the 
beginning  of  number.    As  one  man,  one  ball,  one  gun. 

Number  is  either  simply  one,  or  a  compound  of  several  units.  As  one  man, 
three  men,  ten  men. 

An  Integer  or  Whole  Number,  is  some  certain  precise  quantity  of  units ;  as 
one,  three,  ten. — These  are  so  called  as  distinguished  from  Fractions,  which  are 
broken  numbers,  or  parts  of  numbers;  as  one-half,  two-thirds,  or  three-fourths. 


NOTATION  AND  NUMERATION,  I 

Notation,  or  Numeration,  teaches  to  denote  or  express  any  proposed  num- 
ber, either  by  words  or  characters;  or  to  read  and  write  down  any  sum  or 
number. 

The  numbers  in  Arithmetic  are  expressed  by  the  following  ten  digits,  or 
Arabic  numeral  figures,  which  were  introduced  into  Europe  by  the  Moors  about 
eight  or  nine  hundred  years  since :  vis,  1  one,  2  two,  3  three,  4  four,  5  five,  6 
six,  7  seven,  8  eight,  9  nine,  0  cipher  or  nothing,  These  characters  or  figures 
were  formerly  all  called  by  the  general  name  of  Ciphers  ;  whence  it  came  to 
aass  that  the  art  of  Arithmetic  was  then  often  called  Ciphering.  Also  the  first 
nine  are  called  Significant  Figures,  as  distinguished  from  the  cipher,  which  is 
suite  insignificant  of  itself. 

Beside  this  value  of  those  figures,  they  have  also  another,  which  depends  upon 
the  place  they  stand  in  when  joined  together ;  as  in  the  following  Table 


CQ 


;  1 1 


4 

I 
s 

"3 


Ac     98765432  I 

9876*4      3  3 

9      8      7      6      5      4  3 

9      8      7      6      5  4 

9      8      7      6  5 

9      8      7  6 

9      8  7 

9  8 

A2 


4  ARITHMETIC. 

Here  any  figure  in  the  first  place,  reckoning  from  right  to  left,  denotes  only 
its  own  simple  value ;  but  that  in  the  second  place,  denotes  ten  times  its  simple 
value ;  and  that  in  the  third  place,  a  hundred  times  its  simple  value ;  and  so 
on ;  the  value  of  any  figure,  in  each  successive  place,  being  always  ten  times  its 
former  value* 

Thus,  in  the  nMtiber  1796,  the  6  in  the  first  place  denotes  only  six  units,  or 
simply  six;  9  in  the  second  place  signifies  nine  tens,  or  ninety;  7  in  the  third 
place,  seven  hundred;  and  the  I  in  the  fourth  place,  one  thousand;  so  that  die 
whole  number  ia  read  thus,  one  thousand  seven  hundred  and  ninety-six. 

As  to  the  cipher  0,  it  stands  for  nothing  of  itself,  but  being  joined  on  the  right 
hand  side  to  other  figures,  it  increases  their  value  in  the  same  tenfold  proportion  : 
thus,  5  signifies  only  five ;  but  50  denotes  5  tens,  or  fifty ;  and  500  is  five  hun- 
dred; and  so  on. 

For  the  more  easily  reading  of  large  numbers,  they  are  divided  into  periods  and 
halt-periods,  each  half-period  consisting  of  three  figures ;  the  name  of  the  first 
period  being  units ;  of  the  second,  millions ;  of  the  third,  millions  of  millions,  or 
bi-millions,  contracted  to  billions ;  of  the  fourth,  millions  of  millions  of  millions,  or 
tri-millions,  contracted  to  trillions ;  and  so  on.  Also  the  first  part  of  any  period 
is  so  many  units  of  it,  and  the  latter  part  so  many  thousands. 

The  following  Table  contains  a  summary  of  the  whole  doctrine : 


Periods. 


Haltyer. 


I  Figures. 


QuadrilL   Trillions;    Billions;    Millions;      Units. 


th.  uiL       th.  an.       th.   un.       th.  on.       th,  un. 


123,456;     789,098;     765,432;     101,334;     567,890. 


Numeration  is  the  reading  of  any  number  in  words  that  is  proposed  or  set 
down  in  figures,  which  will  be  easily  done  by  the  help  of  the  following  rule,  de- 
duced from  the  foregoing  tablets  and  observations,  viz. 

Divide  the  figures  in  the  proposed  number,  as  in  the  summary  above,  into 
periods  and  half-periods ;  then  begin  at  the  left-hand  side,  and  read  the  figures 
with  the  names  set  to  them  in  the  two  foregoing  tables. 

BXAMPLKS. 

Express  in  words  the  following  numbers ;  viz. 

34  15080  13405670 

96  72003  47050023 

180  109026  309025600 

304  483500  4723507689 

6134  2500639  274856390000 

9028  7523000  6578600307024 

Notation  is  the  setting  down  in  figures  any  number  proposed  in  words; 
which  is  done  by  setting  down  the  figures  instead  of  the  words  or  names  belong- 
ing to  them  in  the  summary  above ;  supplying  the  vacant  places  with  ciphers 
where  any  words  do  not  occur. 


NOTATION  AND  NUMERATION- 


BXAJfPLfcS. 


Set  down  in  figures  the  following  numbers : 

Fifty-seven. 

Two  hundred  and  eighty-six. 

Nine  thousand,  two  hundred  and  ten. 

Twenty-seven  thousand,  five  hundred  and  ninety-four. 

Six  hundred  and  forty  thousand,  four  hundred  and  eighty-one. 

Three  millions,  two  hundred  and  sixty  thousand,  one  hundred  and  six. 

Pour  hundred  and  eight  millions,  two  hundred  and  fifty-five  thousand,  one  hun- 
dred and  ninety-two. 

Twenty-seven  thousand  and  eight  millions,  ninety-six  thousand,  two  hundred  and 
four. 

Two  hundred  thousand  and  fire  hundred  and  fifty  millions,  one  hundred  and 
ten  thousand,  and  sixteen. 

Twenty-one  billions,  eight  hundred  and  ten  millions,  sixty-four  thousand,  one 
hundred  and  fifty. 


OF  THE    ROMAN    NOTATION. 

The  Romans,  like  several  other  nations,  expressed  their  numbers  by  certain 
letters  of  the  alphabet.  The  Romans  used  only  seven  numeral  letters,  being  the 
seven  following  capitals:  via.  I  for  one  ;  V  for  five  ;  X  for  ten;  L  for  fifty  j  C 
for  a  hundred  ;  D  for  five  hundred  ;  M  for  a  thousand.  The  other  numbers  they 
expressed  by  various  repetitions  and  combinations  of  these,  after  the  following 
•tanner: 


1 
2 
3 
4 
5 
6 

.7 

8 

9 

10 

50 

100 

500 

1000 

8000 
6000 
6000 

10000 
50000 
60000 

100000 
1000000 


=  I. 
=  II. 
=  III. 

=  II1I  or  IV. 

=  v. 

=  VL 
=  VIL 
=  VHL 
=  IX. 
=  X. 
=  L. 

=  a 

=  D  or  ID. 

=  M  or  CID. 
=  MM 
rr^orlDO. 
=  TT 


As  often  as  any  character  is  repeated,  so  many 

times  is  its  value  repeated. 
A  less  character  before  a  greater  diminishes 

its  value* 
A  less  character  after  a  greater  increases  its 

lolue* 


For  every  0  annexed,  this  becomes  ten  Uines 

as  many. 
For  every  G  and  0,  placed  one  at  each  end, 

it  becomes  ten  times  as  much, 
A  bar  over  any  number,  increases  U  1000  Ibid. 


=  X^orCCKW. 

=  L  or  IODD. 

=  IX 

=  Cor  CCCK)0D- 

=  M  or  CCCClDDOa. 

ss  MM* 


•  ARITHMETIC. 

EXPLANATION   OF   CERTAIN   CHARACTERS. 

There  are  various  characters  or  marks  used  in  Arithmetic  and  Algebra,  to 
denote  several  of  the  operations  and  propositions ;  the  chief  of  which  are  aa 
follow : 

4-  signifies  plus,  or  addition. 

— minus,  or  subtraction.  " 

X  multiplication* 

-4-  division. 

:  ::  :  proportion. 

=  equality. 

y/  ... square  root 

y/  cube  root,  &c 

Thus, 

5  +  3,  denotes  that  3  is  to  be  added  to  5. 

6  —  2,  denotes  that  2  is  to  be  taken  from  6. 
7x3,  denotes  that  7  is  to  be  multiplied  by  3. 
8  -s-  4,  denotes  that  8  is  to  be  divided  by  4. 

2  :  3  : :  4  :  6,  shows  that  2  is  to  3  as  4  is  to  6. 

6  +  4  =  10,  shows  that  the  sum  of  6  and  4  is  equal  to  10, 

v/S,  or  3%  denotes  the  square  root  of  the  number  3. 

\/5,  or  5',  denotes  the  cube  root  of  the  number  5, 
7",  denotes  that  the  number  7  is  to  be  squared. 
8',  denotes  that  the  number  8  is  to  be  cubed. 
&c 


OF   ADDITION.  -       _ 

« 

Addition  is  the  collecting  or  putting  of  several  numbers  together,  in  order  to 
find  their  sum,  or  the  total  amount  of  the  whole.     This  is  done  as  follows : 

Set  or  place  the  numbers  under  each  other,  so  that  each  figure  may  stand 
exactly  under  the  figures  of  the  same  value ;  that  is,  units  under  units,  tens  under 
tens,  hundreds  under  hundreds,  &c;  and  draw  a  line  under  the  lowest  number, 
to  separate  the  given  numbers  from  their  sum,  when  it  is  found. — 'Ihen  add  up 
the  figures  in  the  column  or  row  of  units,  and  find  how  many  tens  are  contained 
in  their  sum.— Set  down  exactly  below,  what  remains  more  than  those  tens,  or 
if  nothing  remains,  a  cipher,  and  carry  as  many  ones  to  the  next  row  as  there 
are  tens. — Next  add  up  the  second  row,  together  with  the  number  carried,  in  the 
same  manner  as  the  first  And  thus  proceed  till  the  whole  is  finished,  setting 
down  the  total  amount  of  the  last  row. 

TO    PROVE   ADDITION. 

First  Method, — Begin  at  the  top,  and  add  together  all  the  rows  of  numbers 
downwards,  in  the  same  manner  as  they  were  before  added  upwards ;  then  if 
the  two  sums  agree,  it  may  be  presumed  the  work  is  right. — This  method  of 
proof  is  only  doing  the  same  work  twice  over,  a  little  varied. 

Second  Method, — Draw  a  line  below  the  uppermost  number,  and  suppose  it 
cut  off. — Then  add  all  the  rest  of  the  numbers  together  in  the  usual  way,  aud 


ADDITION. 


Example  1. 


Mt  their  mm  under  the  number  that  is  to  be  proved. — Lastly,  add  this  last  found 
number  and  the  uppermost  line  together ;  then  if  their  sum  be  the  same  as  that 
fonnd  by  the  first  addition,  it  may  be  presumed  the  work  is  right — This  method 
of  proof  is  founded  on  the  plain  axiom,  that  "  The  whole  is  equal  to  all  its  parti 
taken  together," 

Third  Method. — Add  the  figures  in  the  uppermost  line 
together,  and  find  how  many  nines  are  contained  in  their 

sum Reject  those   nines,  and  set  down  the  remainder 

towards  the  right  hand  directly  even  with  the  figures  in  the 

line,  as  in  the  next  example. — Do  the  same  with  each  of  the 

proposed  lines  of  numbers,  setting  all  these  excesses  of  nines 

in  a  column  on  the  right  hand,  as  here  5,  5,  6.     Then,  if  the 

excess  of  9  s  in  this  >  urn,  found  as  before,  be  equal  to  the 

excess  of  9's  in  the  total  sum  18o04,  the  work  is  right — Thus,  the  sum  of  the 

right  hand  column  5,  5,  6,  is  16,  the  excess  of  which  above  9  is  7.     Also  the  sum 

of  the  figures  in  the  sum  total  18304  is  16,  the  excess  of  which  above  9  is  al>o 

7,  the  same  as  the  former.* 


3197 
6512 
8295 

18304 


a 

•  mm 

Q 


5 
5 


a  - 


OTHER   EXAMPLES. 


2. 

3. 

4. 

123+5 

12345 

12345 

67890 

67890 

876 

98765 

9876 

9087 

43210 

543 

56 

12345 

21 

234 

67890 

9 

1012 

302445 

290100 
302445 


90664 


23610 
11265 
23610 


Ex,  &.  Add  3426;  9024;  5106;  8390;  1204  together.       Ans.  27150. 

6.  Add  509267;  235809;  72910;  8392;  420;  21;  and  9  together. 

Ans.  826*28 

7.  Add?;  19;  817;  4298;  50916;  736205;  9120634 together.  Ans. 993669 1. 

8.  How  many  days  are  in  the  twelve  calendar  months?  Ans.  365. 


*  This  Method  of  proof  depends  upon  a  property  of  the  number  9,  which,  except  the  number  3,  be. 
•aft  to  aw  other  digit  whatever ;  namely,  "  that  auy  number  divided  b/  9,  will  leave  the  same 
as  the  torn  of  its  figure*  or  digits  divided  by  9;"  which  may  be  demonstrated  in  this  manner. 
•Let  there  be  any  number  proposed,  ai  4656.  This,  separated  into  its  several  parts, 
4000  +  699  +  50  +  8.  But  4000  =4  X  1000  =  4  X  (999+  1)  =  4X989  +  4.  In  like  manner 
tt*=  6  X  99  +  6,  a»d  50  =  5  X  9  +  5.  Therefore  the  given  number  4658  =  4X999  +  .  4  +  0X99 
+•  +  5X9+ ft +  8  =  4X999 +  0X99  + 5X9+4  +  0  + 5  +  8)  and  4658  +  9=  (4  X  999  +  0  X 
»+  S  X  9  +  4  +  6  +  5  +  6)  +9.  But  4  X  999  +  6  X  99  +  5  X  9  is  evidently  divisible  by  9,  without 
e  wsiiidi  r ;  t  herefcrr  if  the  given  number  4658  be  divided  by  9,  it  will  leave  the  same  remainder  as 
4  +  0  +  5  +  8  divided  by  9.  And  the  tame,  it  is  evident,  will  hold  for  any  other  number  whatever. 
In  like  »a«uer,  the  same  properly  may  be  shown  to  belong  to  Ihe  number  3 ;  but  the  preference  is 
sjsaaUy  firm  to  the  number  9,  on  kccaunt  of  its  being  more  convenient  in  practice. 

Mow,  Jrosn  the  deasonstration  above  given,  the  reason  of  the  rule  itself  i*  evident ;  for  the  exce**  n! 
V*  sn  two  or  snore  numbers  beiog  taken  sepamtely,  and  the  excess  of  9*  taken  also  out  of  the  sum  of 

it  Is  plain  that  thb  last  excess  must  be  equal  to  the  execs*  of  9*s  contained  in  the 
mashers  j  all  the  parts  taken  together  being  equal  to  the  whole.— 1  Us  rule  was 
first  given  by  Dr  Waltta  la  km  Arithmetic,  publuLed  iu  the  year  16K 


8  ARITHMETIC. 

9.  How  many  days  are  there  from  the  1 5th  day  of  April  to  the  24th  day  of 
November,  both  days  included  ?  Ans.  224b 

10.  An  army  consisting  of  527 14  infantry  *  or  foot,  51 10  horse,  6250  dragoons, 
$927  light-horse,  928  artillery  or  gunners,  1410  pioneers,  250  sappers,  and  406 
miners ;  what  is  the  whole  number  of  men  ?  Ans.  70995. 


OF    SUBTRACTION. 

Subtraction  teaches  to  find  how  much  one  number  exceeds  another,  called 
their  difference  or  the  remainder,  by  taking  the  lees  frcm  the  greater.  The 
method  of  doing  which  is  as  follows : 

Place  the  less  number  under  the  greater,  in  the  same  manner  as  in  Addition, 
that  is,  units  under  units,  tens  under  tens,  and  so  on ;  and  draw  a  line  below 
them. — Begin  at  the  right  hand,  and  take  each  figure  in  the  lower  line  or  num- 
ber from  the  figure  above  it,  setting  down  the  remainder  below  it — But  if  the 
figure  in  the  lower  line  be  greater  than  that  above  it,  first  borrow  or  add  10  to 
the  upper  one,  and  then  take  the  lower  figure  from  that  sum,  setting  down  the 
remainder,  and  carrying  1,  for  what  was  borrowed,  to  the  next  lower  figure,  with 
which  proceed  as  before,  and  so  on  till  the  whole  is  finished. 

TO   PROVE   SUBTRACTION. 

Add  the  remainder  to  the  less  number,  or  that  which  is  just  above  it,  and  if 
the  sum  be  equal  to  the  greater  or  uppermost  number,  the  work  is  right  f 

EXAMPLES. 

1.  2.  3. 

From   538G427  From   5386427  From    1234567 

Take    2164315  Take    4258792  Take      702973 


Bern.   3222112  Bern.     1127635  Bern.      531594 


Proof.  5386427  Proof.  5386427  Proof.  1234567 


4.  From  5231806  Take  5073918.  Ans.    15788a 

5.  From  7020914  Take  2766809.  Ans.  4254105 
ft.   From  8503602  Take     574371.  Ans.  7929231. 

7.  Sir  Isaac  Newton  was  born  in  the  year  1642,  and  he  died  in  1727 ;  how  old 
was  he  at  the  time  of  his  decease  ?  Ans.  85  yean. 

8.  Homer  was  born  2573  years  ago,  and  Christ  1840  years  ago;  then  how  long 
before  Christ  was  the  birth  of  Homer  ?  Ans.  733  y  an. 

*  The  whole  body  of  foot  soldiers  Is  denoted  by  the  word  Infantry;  and  all  those  that  charge  or 
horseback,  by  the  w  ord  Cavalry.— Some  authors  conjecture,  that  the  term  infantry  is  derired  'rota 
a  certain  Infonta  of  Spain,  who,  finding  that  the  army  commanded  by  the  king  her  father  had  cob 
defeated  by  the  Moors,  assembled  a  body  of  the  people  together  on  foot,  with  which  she  eng  ooj 
and  totally  routed  the  enemy.  In  honour  of  this  event,  and  to  distinguish  the  foot  soldiers,  « ho 
were  not  before  held  in  much  estimation,  they  received  the  name  of  Infantry,  from  her  own  title 
of  Infanta. 

f  The  reason  of  this  method  of  pi  oof  to  evident :  for  If  the  difference  of  two  numbers  bo 
to  the  lesa,  it  most  manifestly  make  up  o  sov*  «qtaal  to  the  greater. 


MULTIPLICATION.  9 

B.  Noah's  flood  happened  about  the  year  of  the  world  1656,  end  the  birth  of 
(lkrift  about  the  year  4000 ;  then  how  long  was  the  flood  before  Christ  ? 

Ada.  3344  years. 

10.  The  Arabian  or  Indian  method  of  notation  waa  first  known  in  England 
•boot  the  year  1150;  then  how  long  is  it  since,  till  this  present  yuar  1840? 

Ana  690  yean. 

11.  Gunpowder  was  invented  in  the  year  1330;  then  hint  long  was  this  before 
the  intention  of  printing,  which  was  in  1441  ?  Ans.  Ill  years. 

12.  The  mariner's  compnus  was  invented  In  Europe  in  the  year  1302;  then 
how  long  was  that  before  the  discovery  of  America  by  Col  umbos,  which  happened 
in  1499?  Am.  190  year*. 


OF  MULTIPLICATION. 


Multiplication  is  a  compendious  method  of  Addition,  teaching  how  to  And 
the  amount  of  any  given  number  when  repeated  a  certain  number  of  times.  As 
4  limes  6,  which  Is  24. 

The  number  to  be  multiplied,  or  repeated,  is  called  the  Multiplicand. — The. 
cumber  yon  multiply  by,  or  number  of  repetitions,  is  the  Multiplier. — And  the 
number  found,  being  the  total  amount,  is  called  the  Product — Also,  both  the 
multiplier  and  multiplicand  are,  in  general,  named  the  Terms  or  Factor; 

Before  proceeding  to  any  operations  in  this  rule,  it  is  necessary  to  learn  off 
very  perfectly  the  following  Table  of  all  the  products  of  the  first  IS  numbers, 
sometimes  called  the    Multiplication  Table,  or  Pythagoras'!   Table,    from   its 


Mult  jfiicaticui  T*blb. 


1 

2 

3 

• 

A 

fl 

' 

8 

9 

10 

11 

ta 

2 

i 

6 

■ 

hi 

12 

14        16 

18 

20 

24 

£4 

3 

a 

a 

IS 

2. 

24 

27 

M 

:-.:i 

:w 

4 

8 

13 

H 

20 

14 

H 

32 

SO 

■10 

It 

4s 

.i 

II 

u 

SO 

■•:- 

30 

35 

40 

45 

H 

55 

60 

6 

12 

10 

•-'I 

30 

:m 

42 

48 

54 
63 

i;>i 

mi 

TS 

; 

14 

« 

* 

a 

A: 

40 

H 

M 

77 

84 

H 

16 

» 

32 

* 

« 

56 

lit 

n 

ss 

W 

9 

19 

n 

H 

45 

54 

n 

79 
«0 

til 

00 

!«) 

l.is 

10 

H 

N 

40 

.-.(1 

CO 

JO 

90 

100 

110 

120 

11 

,, 

„ 

44 

sa 

6(i 

" 

MM 

siu 

110 

III 

l:s-J 

II 

H 

■ 

48 

60 

7* 

84 

« 

108 

190  j  132 

144 

10  ARITHMETIC 

To  multiply  any  Given  Number  by  a  Single  Figure,  or  by  any  Number 

more  than  12. 

*  Set  the  multiplier  under  the  units  fi^nre,  or  right-hand  place,  of  the  i 
plicand,  and  draw  a  line  below  it. — Then,  beginning  at  the  right-hand,  mu 
every  figure  in  this  by  the  multiplier. — Count  how  many  tens  there  are  i 
product  of  every  single  figure,  and  set  down  the  remainder  directly  unde 
figure  that  is  multiplied;  and  if  nothing  remains,  set  down  a  cipher. — Cat 
many  units  or  ones,  as  there  are  tens  counted,  to  the  product  of  the  next  fig 
and  proceed  in  the  same  manner  till  the  whole  is  finished, 

EXAMPLK. 

Multiply  9876543210  Multiplicand. 

By 2  Multiplier. 

19753086420  Product 


To  multiply  by  a  Number  consisting  of  Several  Figures, 

f  Set  the  multiplier  below  the  multiplicand,  placing  them  as  in  Ad< 
namely,  units  under  units,  tens  under  tens,  &c.  drawing  a  line  below  it. — 
ply  the  whole  of  the  multiplicand  by  each  figure  of  the  multiplier,  as  in  tl 
article ;  setting  down  a  line  of  products  for  each  figure  in  tho  multiplier, 
that  the  first  figure  of  each  line  may  stand  straight  under  the  figure  multi 
by,— Add  all  the  lines  of  products  together,  in  the  order  as  they  stand,  am 
sum  will  be  the  answer  or  whole  product  required. 

TO   PROVE   MULTIPLICATION. 

There  are  three  different  ways  of  proving  Multiplication,  which  are  ni  I 

First  Method. — Make  the  multiplicand  and  multiplier  change  place 

multiply  the  latter  by  the  former  in  the  same  manner  as  before.     Then 

product  found  in  this  way  be  the  same  as  the  former,  the  number  is  right 

Second  Method. — t  Cast  all  the  9's  out  of  the  sum  of  the  figures  in  each 

5T.78 

4 


•  The  reason  of  this  rule  it  the  wme  m  fur  the  proreu  in  Addition,  in  nh:ch  32  = 

I  it  carried  for  every  10,  to  the  next  place,  gradually  an  the  tevc ral  products  280  = 

are  produced,  one  after  another,  instead  of  Betting  then  all  down  below  each  2400  =r 

other,  u  in  the  annexed  Example.  20000  =r  2 

22712  =  I 


t  After  baring  found  the  product  of  the  multiplicand  by  the 

irst  figure  of  the  multiplier,  at  in  the  former  care,  the  multi.  1234507           the  multi 

plier  it  tuppoted  to  be  divided  Into  parte,  and  the  product  it  4567 

found  for  the  second  figure  in  the  tame  manner:   but  as  thit  ^— — — 

figure  ttandt  In  the  place  of  tent,  the  product  must  be  10  timet  864l"60  =       7  timet  I 

Itt  timple  value ;  and  therefore  the  fir»t  figure  of  thit  product  7407402    =     GO  timet  <i 

mu>t  be  aet  In  the  place  of  tent ;  or,  which  it  the  Mme  thing  6l72ftJ5     =    500  timet  < 

directly  under  the  figure  multiplied  by     And  proceeding  in  thit  4838288       =  4000  timet  I 

manner  separately  with  all  the  figures  of  the  multiplier,  it  it    «— — 

evident  that  we  until  multiply  ail  the  parta  of  the  multiplicand    6636267480  =  4567  timet  < 
by  all  the  parts  of  the  multiplier,  or  the  whole  of  the  multipli- 

cand  by  the  whole  of  the  multiplier:  therefoae  these  several  producta  being  added  togetht 
be  equal  to  the  whole  required  product:  aa  In  the  example  annexed. 

t  Thin  method  of  proof  it  derived  from  the  peculiar  propcity  or  tre  n umber  0,  menlinnea  in 
of  Addition,  and  the  reason  for  the  one  may  serve  fur  that  of  U>  other.    Another  more  ainpl 


MULTIPLICATION. 


II 


two  factors,  as  in  Addition,  and  set  down  the  remainders.  Multiply  these  two 
remainders  together,  and  cast  the  9'sout  of  the  product,  as  also  out  of  the  whole 
product  or  answer  of  the  question,  reserving  the  remainders  of  these  last  two, 
which  remainders  must  be  equ.il  when  the  work  is  right. — Note,  It  is  common 
to  set  the  four  remainders  within  the  four  angular  spaces  of  a  cross,  as  in  the 
example  below. 

Third  Method. — Multiplication  is  also  very  naturally  proved  by  Division; 
for  the  product  divided  by  either  of  the  factors,  will  evidently  give  the  other. 
But  this  cannot  be  practised  till  the  rule  of  Division  is  learned.   . 


EXAMPLES. 


Mult.  3542 

/ 

or  Mult  6196 

by      6196 

Proof. 

by     3542 

21252                                      \ 

v/ 

12392 

31878 

24784 

3542 

7\ 

EXAMPLES. 

30980 

21252                                              y 

18588 

21046232  Product. 

21946232  Pi  oof. 

OTHBft 

Multiply  123456789  by  3. 

Ans.  370370367. 

Multiply  I2345t789  by  4. 

Ans.  493827156. 

Multiply  123456789  by  5. 

Ans.  61 728394.'. 

Multiply  123456789  by  & 

Ans.  740740734. 

Multiply  123456789  by  7. 

Ans.  864197523. 

Multiply  123456789  by  8. 

Ans.  987654312. 

Multiply  123456789  by  9. 

Ana.  1111111101. 

Multiply  123456789  by  11. 

Ans.  1358024679. 

Multiply  123456789  by  12. 

Ans.  1481481468. 

Multiply  302914603  by  16. 

Als.  4846633648. 

Multiply  273580961  by  83. 

Ans.  6292362103. 

Multiply  402097316  by  195. 

Ans.  78408976620. 

Multiply  82164973   by  3087. 

Ans.  248713373271. 

Multiply  7564900      by  579. 

Ans.  4380077100. 

Multiply  8496427      by  874359. 

Ans.  7428927415293. 

Multiply  2760325      by  37072. 

> 

Ans.  102330768400. 

CONTRACTIOHS  IN  MULTIPLICATION. 

1.  When  there  are  Ciphers  in  the  Factors* 

If  the  ciphers  be  at  the  right-hand  of  the  numbers;  multiply  the  other  figures 
only,  and  annex  as  many  ciphers  to  the  right-hand  of  the  product,  as  are  in  both 
the  factors. — And  when  the  ciphers  are  in  the  middle  parts  of  the  multiplier; 
neglect  them  as  before,  only  taking  care  to  place  the  first  figure  of  every  line  of 
products  exactly  under  the  figure  by  which  the  multiplication  is  made. 


of  this  rale  may  be  as  follow* : — Let  P  and  Q  denote  the  number  of  9*s  in  the  factor*  to 
b*  aiaJUslied,  and  m  and  6  what  remain ;  then  OP  <f>  a  and  9Q  -f-  6  will  be  the  number*  theuw 
eeivee,  and  their  product  I*  (DP  X  »Q)  +  (9P  X  •)  +  (9Q  X  a)  +  (a  X  *) ;  but  the  first  three 
of  these  products  are  each  a  precise  number  of  9**,  because  their  factors  are  so,  either  one  or 
beta :  these  therefore  being*  re**  sway,  there  remains  only  a  X  »  ;  Mid  if  the  9s*  be  also  ea«t  out 
of  saw.  the  exeeea  is  the  excess  of  9*s  in  the  total  product:  but  #  and  6  are  the  exreases  ia  the 

thessselves,  and  m  X  •  i*  their  produet ;  therefore  the  rule  is  tr*te, 


.* 


ARITHMETIC. 


Malt  9001635 
by...  70100 

9001635 
63011445 

631014613500     Prod. 


3.  Multiply  81503600  by  7030. 

4.  Multiply  9030100    by  2100. 

5.  Multiply  6057069    by  70050. 


Mult  390780400 
by  ...  406000 

23443224 
15628816 

159632488400000 

Ans.  5729703080C 
Ans.  1896321000C 
Aim.  56439768345 


II.  When  the  Multiplier  is  the  Product  of  two  or  more  Numbers  i 

Table;  then 
*  Multiply  by  each  of  those  parts  separately,  instead  of  the  whole  nui 
i»ite.«. 


EXAMPLES. 


1.  Multiply  51307298  by  56,  or  by  7  times  8. 

51307298 
7 


359151086 
8 

2878208038 


2.  Multiply  31704592    by  36. 

3.  Multiply  29753804    by  72. 

4.  Multiply  7128368      by  96. 

5.  Multiply  160430800  by  108. 

6.  Multiply  61635720    by  1320. 


Ans,  114136* 
Ans.  2142272 
Ans.  684323! 
Ans.  173265! 
Ans.  81623L 


men 


7.  There  was  an  anuy  composed  of  104  f  battalions,  each  consistin 
what  was  the  number  of  men  contained  in  the  whole  ?  An 


8.  A  convoy  of  ammunition  t  bread,  consisting  of  250  waggons,  i 
waggon  containing  320  loaves,  having  been  intercepted  and  taken  by  th< 
what  is  the  number  of  loaves  lost?  An 


OF   DIVISION. 

Divihioh  is  a  kind  of  compendious  method  of  Subtraction,  teachin 
how  often  one  number  is  contained  in  another,  or  may  be  taken  out  of 
is  the  same  thing. 

*  The  reason  of  this  rule  la  obvious  enough ;  for  any  number  multiplied  by  the 
another,  must  give  the  same  product  at  if  it  were  multiplied  by  that  number  at  once, 
example,  7  time*  the  product  of  8  by  the  given  number,  makea  OS  timet  the  sam 
an  7  time*  8  rankes  56. 

t  A  battalion  it  a  body  of  foot,  consisting  of  GOn.  &r  W0,  or  700  men,  more  or  lees. 

t  The  ammunition  bread  is  that  which  is  provided  tor,  and  distributed  to  the  soldlen 
allowance  being  a  loaf  of  6  pounds  to  every  soldier,  once  in  4  days. 


Thi 


DIVISION.  13 

The  number  to  be  divided,  is  called  the  Dividend. — The  number  to  divide  by, 
is  the  Divisor. — And  the  number  of  times  the  dividend  contains  the  divisor,  is 
called  the  Quotient. — Sometimes  there  is  a  Remainder  left,  after  the  divisiou  is 
finished. 

The  usual  manner  of  placing  the  terms,  is,  the  dividend  in  the  middle,  having 
the  divisor  on  the  left-hand,  and  the  quotient  on  the  right,  each  separated  by  a 
curve  line ;  as  to  divide  IS  by  4,  the  quotient  is  3, 

Differ.  Diridend.  QaotiaaW 

4)         12        (3 

showing  that  the  number  4  is  3  times  contained  in  12,  or  may  be  three  times 
subtracted  out  of  it,  as  in  the  margin. 

*  Rule, — Having  placed  the  divisor  before  the  dividend,  as  12 
above  directed,  find  how  often  the  divisor  is  contained  in  as         4  subtr. 

many  figures  of  the  dividend  as  are  just  necessary,  and  place  the  — 
number  on  the  right  in  the  quotient     Multiply  the  divisor  by  8 

this  number,  and  set  the  product  under  the  figures  of  the  divi-  4  subtr. 

dend  before-mentioned. — Subtract  this  product  from  that  part  — 
of  the  dividend  under  which  it  stands,  and  bring  down  the  next  4 

figure  of  the  dividend,  or  more  if  necessary,  to  join  on  the  right  4  subtr. 

of  the  remainder. — Divide  this  number,  so  increased,  in  the  — 
same  manner  as  before;  and  so  on   till  all  the  figures  are  0 

brought  down  and  used. 

N.  B.  If  it  be  necessary  to  bring  down  more  figures  than  one  to  any  remain- 
der, in  order  to  make  it  as  large  as  the  divisor,  or  larger,  a  cipher  must  be  set 
in  the  quotient  for  every  figure  so  brought  down  more  than  one. 

TO   PROVE   DIVISION. 

f  Multiply  the  quotient  by  the  divisor ;  to  this  product  add  the  remainder, 
if  there  be  any ;  then  the  sum  will  be  equal  to  the  dividend  when  the  work  is 
right 


•  la  this  way  we  resolve  tha  dividend  Into  parts,  and  find  by  trial  how  often  the  divisor  U  contained 
of  those  part",  one  after  another,  and  arranging  the  several  figure*  of  the  quotient  one  after 
r.  Into  one  number. 

there  is  no  remainder  to  a  division  the  quotient  is  the  whole  and  perfect  drawer  to  the  ques- 
But  when  there  is  a  remainder,  it  gues  so  much  towards  another  time  as  it  approaches  to  tha 
dither ;  to.  If  the  remainder  be  half  the  divisor,  it  will  go  the  half  of  a  time  more }  if  the  4th  part  o 
una  dhrieor,  it  will  go  one-fourth  of  a  tune  more ;  and  so  on.  Therefore,  to  complete  the  quotient,  set 
una  resaalnder  at  the  end  of  it,  above  a  small  line,  and  the  diriaor  below  it,  thus  forming  a  fractional 
part  ef  the  whole  quotient 
f  This  an  find  of  proof  to  plain  enough  t  for  since  tLe  qnotient  to  the  number  of  times  the  dir;- 
cootains  the  divi-or,  the  quotient  multiplied  by  the  dirisor  must  evidently  be  equal  to  the 


are  also  several  other  methods  sometimes  used  for  proving  Division,  some  of  the  most  useful 
af  wafers)  are  as  follow : 

JbeeW  IfeaW  —Subtract  the  remainder  from  the  dividend,  and  divide  what  Is  left  by  the  quotient ; 
a*  sua!  the  new  quotient  from  this  last  division  be  equal  to  the  former  divisor,  when  the  work  is 


Tiers?  JfeftW.--  Add  together  the  remainder  and  all  the  products  of  the  several  quotient  figures  by 
i  aeeordtag  to  the  order  in  which  they  stand  In  the  work  j  and  the  sum  will  be  equal  to  the 
when  tha  w»rk  is  right. 
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ARITHMETIC 


EXAMPLES. 


1. 


2)   1834567  (411522  Quot 


37)  12345678  (333666  Quot 


12 


mult.  3 


111 


37 


a 

3 

1834566 
addl 

4 

1834567 

3 

Proof. 

124 
111 

"l35 
111 


15 
15 


6 
6 


846 
222 

247 
222 


8335663 
1000996 
rem.  36 

12345678 
Proof. 


7 
6 


Rem.  1 

3.  Divide  73146085     by  4. 

4.D 

5.  D 

6.D 

7.  D 

8.  D 

9.  D 
10.  D 


253 
222 


Rem.  36 


vide  5317986087  by  7. 
vide  570196333    by  12. 
vide  74638105      by  37. 
vide  13789G254    by  97. 
vide  3532 1649      by  764. 
vide  72091365      by  5201. 
vide  46370642S3  by  57606. 


Ans.  18236524. 
Aiis.  7597l2289f 
Ans.  47516365^. 
Ans.  2017246*V 
Ans.  1421010|4. 
Ans.  46886;*}. 
Ans.  13S61,Vft» 
Ans.  8049GiU8!» 


11.  Suppose  471  men  are  formed  into  ranks  of  3  deep,  what  is  the  number  in 
each  rank?  Ans.  157. 

12.  A  party,  at  the  distance  of  378  miles  from  the  head  quarters,  receive 
orders  to  join  their  corps  in  18  days;  what  number  of  miles  must  they  march 
each  day  to  obey  their  orders  ?  Ans.  21. 

13.  The  annual  revenue  of  a  gentleman  being  37960/ ;  how  much  a  day  is  that 
equivalent  to,  there  being  365  days  in  the  year  ?  Ans.  1042L 

CONTRACTIONS    IN   DIVISION. 

There  are  certain  contractions  in  Division,  by  which  the  operation  in  par- 
ticular cases  may  be  performed  in  a  shorter  manner ;  as  follows : 

L  Division  by  any  Small  Number,  not  greater  than  12,  may  be  expeditiously 
performed,  by  multiplying  and  subtracting  mentally,  omitting  to  set  down  the 
work,  except  only  the  quotient  immediately  beldw  the  dividend. 


3  )  56103961 
Quot  187013204 

6  )  38072940 


EXAMPLES. 

4)  52019675 
7 )  81390627 


5  )  1370198 


8  )  23718680 


9)  43081962 


11  )  57014230 


12  )  27980313 


DIVISION.  15 

IL  •  When  Ciphers  are  annexed  to  the  Divisor;  cut  off  those  ciphers  from  it, 
and  col  off  the  same  number  of  figures  from  the  right-hand  of  the  dividend  j 
then  divide  the  remaining  figures,  as  usual.  And  if  there  be  any  thing  remain- 
big  after  this  division,  place  the  figures  cut  off  from  the  dividend  to  the  right  of 
I,  and  the  whole  will  be  the  true  remainder ;  otherwise,  the  figures  cut  off  only 
will  be  the  remainder. 

EXAMPLES* 

1.  Divide  3704196  by  20.  2.  Divide  31086901  by  7100. 

2,0  )  370419,6  71,00  )  31086.9,01  (  437d?^. 


QuoL  185209 « 


284 

268 

213 

556 
497 

599 
568 

~iT 

X  Divide  7380964  by  23000.  Ans.  320J j$J$. 

4.  Divide  2304109  by  5800.  Ans.  397tf  gg. 

IIL  When  the  Divisor  is  the  exact  Product  of  two  or  more  of  the  small  Num- 
bers not  greater  than  12:  f  Divide  by  each  of  those  numbers  separately,  instead 
of  the  whole  divisor  at  once.. 

N.  A — There  are  commonly  several  remainders  is  working  by  this  rule,  one 
to  each  division ;  and  to  find  the  true  or  whole  remainder,  the  same  as  if  the 
division  had  been  performed  all  at  once,  proceed  as  follows :  Multiply  the  last 
remainder  by  the  preceding  divisor,  or  last  but  one,  and  to  the  product  add  the  pre- 
ceding remainder;  multiply  this  sura  by  the  next  preceding  divisor,  and  to  the  pro- 
duct add  the  next  preceding  remainder ;  and  so  on,  till  you  have  gone  backward 
taroogh  all  the  divisors  and  remainders  to  the  first.    As  in  the  example  following : 

EXAMPLES. 

1.  Divide  31046835  by  56,  or  7  times  8. 

7  )  31046835  6  the  last  rem. 

«  v     .  ,~-~~>    ,  -  mult    7  preced.  divisor. 

8  )    4435263—1  first  rem.  r 

42 

554407 — 6  second  rem.  add    1  the  1st  rem. 


Ans.  554407||.  43  whole  rem. 


Tarn  method  Is  only  to  avoid  a  needless  repetition  of  ciphers,  which  would  happen  in  the  common 
And  Ike  troth  of  the  principle  upon  which  it  U  founded,  it  erident ;  for,  cutting  off  the  same 
of  deters,  or  figures,  from  each.  Is  the  same  as  (Uridine;  each  of  them  by  10,  or  100,  or  1000,  &o. 
te  the  numher  of  ciphers  rut  off;  and  it  Is  evident  that  as  often  as  the  whole  divisor  is  con. 
lathe  whole  dividend,  so  often  must  any  part  of  the  former  be  contained  in  alike  part  of  the  latter, 
t  This  follows  from  the  Sd  contraction  in  Multiplication,  being  only  the  converse  of  it ;  for  the  half 
of  she  third  part  of  any  thing,  Is  evidently  the  same  as  the  sixth  part  of  the  whole;  and  so  of  any  other 

of  the  method  of  finding  the  whole  remainder,  from  the  several  particular  ones. 

ppear  from  the  nature  of  Vulgar  Fractions.    Thus,  in  the  first  example  shore,  the  first 

being  I,  when  the  dlviear  Is  7,  makes  \  ;  this  must  be  added  to  the  second  remainder  0, 

i*  to  the  divisor  8,  or  to  be  divided  by  a    Bute;  =gX7+l  =^.8  aDd  this  divided  by  • 
SB     _4» 
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8,  Di  ride  7014596    by  73. 

3.  Divide  6130652    by  132. 

4.  Divide  83016572  by  240. 


Ans,  97434ft 
Ans.  38868  ,W- 
Ans.  345902/fc. 


IV.  Common  Division  may  be  performed  more  concisely,  by  omitting  the 
several  products,  and  setting  down  only  the  remainders ;  namely,  multiply  the 
divisor  by  the  quotient  figures  as  before,  and,  without  setting  down  the  produrt, 
subtract  each  figure  of  it  from  the  dividend,  as  it  is  produced ;  always  remem- 
bering to  carry  as  many  to  the  next  figure  as  were  borrowed  before. 

EXAMPLES. 

1.  Divide  3104679  by  833 

833  )  3104679  (  3727T%- 
6056 
2257 
5919 
88 


S.  Divide  79165238  by  238. 
3.  Divide  29137062  by  5317. 
4w  Divide  62015735  by  7803. 


Ans.  332627¥»8y 
Ai.s.  5479$ J4J. 
Aus.  7947|i 44  • 


OF    REDUCTION. 

Reduction  is  the  changing  of  numbers  from  one  name  or  denomination  to 
another,  without  altering  their  value. — This  is  chiefly  concerned  in  reducing 
money,  weights,  and  measures. 

When  the  numbers  are  to  be  reduced  from  a  higher  name  to  a  lower,  it  is 
called  Reduction  Descending;  but  when,  contrariwise,  from  a  lower  name  to  a 
higher,  it  is  Reduction  Ascending, 

Before  proceeding  to  the  rules  and  questions  of  Reduction,  it  will  be  proper 
to  set  down  the  usual  Tables  of  money,  weights,  and  measures,  which  are  as 
below : 

OF  MONEY,  WEIGHTS,  AND  MEASURES. 


2  Farthings 
4  Fnrthings 
12  Fence 
23  Shillings 


TABLES  of  mokky.* 

1  Halfpenny    \  grs,           d. 

1  Penny          d.  4=1  «. 

1  Shilling       s.  48   =      12  =  1 

1  Pound         £.  960   =   240   =  80 


£. 
1. 


*  £  denotes  pounds,  $  shillings  and  d  denotes  pence* 
\  denotes  1  farthing,  or  one  quarter  of  any  thlug. 
\  denotes  a  half-penny,  or  the  lialf  of  any  thing. 
$  denotes  3  farthings,  or  three  quarters  of  any  thing. 

The  full  weight  and  value  of  the  English  gold  and  silver  coin,  is  as  here  below. 

Weight. 

dwt,    gr» 

18    «a 

9     2^ 

3  15^ 
1  19f, 


Gold.           Value. 

Weight. 

Silver.  Value. 

£    #.   d. 

dwt.  gr. 

«.  d. 

A  Guinea            1      1     0 

5      94 
1      2    16$ 

A  Crovrn    5  0 

Halt-guinea        0  10     6 

Half-crown  2  6 

Quarter. guinea  0     5     3 

1      8* 

Shilling       1  0 

Sovereign           10    0 

5      3A 

Sixpence     0  6 

Ualf-Sov.           0  10    0 

2      UyV 

WEIGHTS  AND  MEASURES. 
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FEVGB  TABLE. 


ft 
90 
80 
40 

50 
GO 

;o 

80 

90 

100 

110 

190 


are 


*• 

1 
3 
3 
4 
5 
5 
G 
V 
8 
9 
10 


d 

8 
6 
4 
9 
0 
10 
8 
6 
4 
3 
0 


SHILLWGB  TABLE. 


«. 

• 

1 

is 

3 

are 

3 

... 

4 

— . 

5 

— 

6 

— 

7 

— 

8 

... 

9 

— 

0 



d. 
13 
34 
36 

43 
60 
78 
84 
96 
108 
120 


TROY    WEIGHT.* 


Grains marked  gr. 

34  Grains  make  1  Pennyweight  dwt. 
90  Pennyweights  1  Ounce  oz. 

19  Ounces  1  Pound  lb. 


24 

480 
5760 


dwt. 
1 
30  =: 
940  = 


oz. 

1 

13 


lb. 
1 


By  this  weight  are  weighed  Gold,  Silver,  and  Jewels. 


apothecaries'  weight. 

Grains marked gr. 

30  Grains  make  1  Scruple    sc.  or  J) 

3  Scruples  —    1  Dram       *   dr.  or  3 

8  Drams     —    1  Ounce      oz.  or  § 

12  Ounces   —    1  Pound      lb.  or  lb. 


gr- 

sc 

so 

— 

1 

dr. 

60 

= 

3 

= 

1 

oz. 

480 

= 

24 

= 

8 

zz 

1 

lb. 

5760 

= 

388 

= 

96 

■mZT 

13    = 

1 

*»»  anal  value  of  gold  is  nearly  £4  an  ounce,  or  2d  a  grain  >  and  that  of  silver  is  nearly  5e  an  ounce. 
*H«ey  quantity  of  guldia  to  the  tame  weight  of  standard  silver,  nearly  as  16  to  1,  or  mora  nearly 
*Uaa4l.ltthtoI. 

'■•fold,  free  from  mixture  with  other  metals,  usually  called  fine  gold,  is  of  such  purity  of  nature, 
0,1  *  will  endure  the  Sre  without  wasting,  though  it  be  kept  continually  melted.  But  silver,  not 
**■»;  ue  parity  of  gold,  will  not  endure  the  fire  like  it  t  yet  line  silver  will  waste  but  a  very  little 
^^•faf  ■  the  ire  any  moderate  time;  whereas  copper,  tin,  lead,  Ac,  will  not  only  waste,  but  may 
^QfcisH  or  burnt  to  a  powder. 

**»  f*M  and  silver,  in  their  purity,  are  so  very  soft  and  flexible  (like  new  lead,  &c)  that  they  are 
***  awful  either  in  euin  or  other  rise,  (except  to  beat  into  leaf  gold  or  silver)  as  when  they  are 
•*"N,  er  mixed  and  hardened  with  copper  or  brass.  And  though  most  nations  differ  more  or  leas 
"feeoaatity  of  such  alloy,  as  well  as  in  the  same  place  at  different  times,  yet  in  England  the  stan. 
•■'hr  fold  and  stiver  eoin  has  been  for  a  lung  time  as  follows,  vii.  That  28  parts  of  fine  gold,  and  8 
*■»  of  capper,  being  melted  tof  ether,  shall  be  esteemed  the  true  standard  for  gold  coin :  And  tkit  II 
****  sad  S  pennyweights  of  fine  silver,  and  18  pennyweights  of  copper,  being  melted  together,  Is 
****•!  the  true  standard  for  silver  coin,  called  Sterling  silver. 

•  TW  original  of  aU  weights  u*ed  in  England,  was  a  grain  or  corn  of  wheat,  gathered  out  of  the 
■*■**  ef  the  ear,  and  being  well  dried,  S3  of  them  were  to  make  one  pennyweight,  80  pennyweights 
If  snares  one  pound.    But  in  later  times,  It  was  thought  sufficient  to  divide  the  same 
bate  84  eaoal  parts,  still  called  grains,  being  the  least  weight  now. in  common  use  )  and 
iputed,  as  in  the  Table*  above. 
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This  if  the  same  as  Troy  weight,  only  having  some  different  divisions* 
Apothecaries  make  use  of  this  weight  in  compounding  their  medicines;  but 
they  buy  and  sell  their  drugs  by  Avoirdupois  weight. 

AVOIRDUPOIS   WEIGHT. 

Drains M marked  dr. 

16  Drams      make  1  Ounce     —      oz. 

16  Ounces    —     1  Pound     —     lb. 

28  Pounds    —     1  Quarter  —     qr. 

4  Quarters —     1  Hundred  Weight  —      cwt 

20  Hundred  Weight  —    1  Ton     —      ton 

dr.  oz, 

16  =  1  lb. 

266  =  16     =  1  qr. 

7168  =  448     =  28     =  1            cwt. 

28672  =  1792     =  112     =  4     =       1           ton. 

573440  =  35840    =  2240     =  80     =     20    =     1 

By  this  Weight,  are  weighed  all  things  of  a  coarse  or  drossy  nature,  as  Corn, 
Bread,  Butter,  Cheese*  Flesh,  Grocery  Wares,  and  some  Liquids;  also  all 
Metals  except  Silver  and  Gold 

oz.  dwt  gr. 

Note,  that  1  lb.  Avoirdupois    =     14     11  15$  Troy. 

1  oz.      =      0     18  b\     — 

ldr.      =      0       1  3  J     — 

LONG  MEASURE. 

3  Barley-corns make  I  Inch  marked  In. 

12  Inches —    1  Foot —      Ft 

3  Feet  —     1  Yard —      Yd. 

6  Feet  —     1  Fathom —      Fth, 

5  Yards  and  a  half    —    1  Pole  or  Rod —      PI. 

40  Poles   .\ —     1  Furlong  —      Fur. 

8  Furlongs —     1  Mile —      Mile 

3  Miles —    1  League —      Lea. 

G9±  Miles  nearly —    1  Degree —      Deg.  or* 

In.  •  Ft 

12    =  1  Yd. 

36    =  3    =  1  PL 

198    =  16$  =  5J  =  1         Fur. 

7920    =  660     =  220    =  40     =     1        Mile. 

63360    =  5280    =  1760    =  320    =    8    =     1 

CLOTH  MEASURE. 

£  Indies  and  a  quarter  ......  make  1  Nail  marked  M. 

4  Nails —    1  Quarter  of  Yard —      Qr. 

3  Quarters  —  1  Ell  Flemish — .  EF 

4  Quarters  —  1  Yard —  Yd. 

6  Quarters  —  1  Ell  English —  EE 

4  Qrs  1J  Inch —  1  Ell  Scotch  —  —  £& 


WEIGHTS  AND  MEASURES. 
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SQUARE  MEASURE. 

144    Square  Inches make  1  Sq.  Foot marked  Ft 


9    Square  Feet ... 
30 1  Square  Yards 
40    Square  Poles  . 

4    Roods 

Sq.  Inc. 

144 

1296 

39204 

1563160 

6272640 


1  Sq.  Yard 
1  Sq.  Pole 
1  Hood  .... 
1  Acre  .... 


\d. 
Pole. 
Rd. 
Act. 


Sq.  Ft 
=  1 

=  872$  = 
=  10890  = 
=     43560     = 


Sq.  Yd. 

1  Sq.  PI. 
30±  =         1  Rd. 

1210     z=  40     =     1  Act. 

4840     =  160     =     4     =     1 

By  this  measure,  Land,  Husbandmen  and  Gardeners  work  are  measured  ;  also 
Artificers  works,  such  as  Board,  Glass,  Pavements,  Plastering,  Wainscottiug* 
Tiling,  Flooring,  and  every  dimension  of  length  and  breadth  only. 

When  three  dimensions  are  concerned,  namely,  length,  breadth,  and  depth  or 
thickness,  it  is  called  cubic  or  solid  measure,  which  is  used  to  measure  Timber, 
Stone,  &c 

The  cubic  or  solid  Foot,  which  is  12  inches  in  length  and  breadth  and  thick- 
contains  1728  cubic  or  solid  inches,  and  27  solid  feet  make  one  solid  yard 


DRY,   OR   CORH  MEASURE. 

8  Pints make  1  Quart 

9  Quarts - 

2  Pottles — 

2  Gallons — 

3  Pecks — 

6  Bushels — 

5  Quarters — 

SWeys - 

Pts.  GaJ. 

8  =  I  Pte. 

16  =  8  =  1  Bu. 

64  zz  8  =  4=1 

512  =  64  =  32     =  8 

2560  =  320  =  160    =  40 

5120  =  640  =  320    =  80 


1  Pottle - 

1  Gallon 

I  Peck  

1  Bushel 

1  Quarter 

1  Weigh  or  Load 
1  Last 


marked  Qt 

—  Pot 

—  GaL 
-  Pec 

—  Bu. 

—  Or. 

—  Wey. 
Last 


Qr. 
1         Wey. 

5    =     1         Last 
10    =    2    =     1 


By  this  are  measured  all  dry  wares,  as  Corn,  Seeds,  Roots,  Fruits,  Salt,  Coals, 
Oysters,  &c 

The  standard  Gallon  dry-measure  contains  268}  cubic  or  solid  inches,  andthe 
Corn  or  Winchester  Bushel  2150|  cubic  inches;  for  the  dimensions  of  the  Win- 
chester bushel,  by  the  Statute,  are  8  inches  deep,  and  18£  inches  wide  or  in 
diameter.  But  the  Coal  bushel  must  be  1 9£  inches  in  diameter ;  and  36  bushels, 
heaped  up,  make  a  London  chaldron  of  coals,  the  weight  of  which  is  3136  lb 
Avoirdupois. 

ALE   AND  BEER  MEASURE. 

2  Pints make  1  Quart marked  Qt 

4  Qaartt .•••• —    1  Gallon —      GaL 

36  Gallons —    1  Barrel —      Bar. 

1  Barrel 'and  a  half —    1  Hogshead —...      —     Ilh<L 

B2 
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9  Barrels —  1  Puncheon —     Pun. 

8  Hogsheads —  1  Butt Butt. 

8  Butts —  lTun .. —     Tun. 

Pts.  Qt. 

8=1  OaL 
8=4=1  Bar. 

888    =     144    =  36     =     1        Hhd. 

439    =    916    =  51    =     1}  =     1  Butt 

864    =    439    =  108     =    3    =     9    =     1 

NoUt — The  Ale  Gallon  contains  989  cubic  or  solid  inches, 


WINS  MEASURE. 


i 


9  Pints make  1  Quart 


S  Quarts 

49  Gallons 

63  Gallons  or  1  j  Tier. 

S  Tierces  , 

S  Hogsheads 

9  Pipes 

Pts. 

9  = 

8  = 

336  = 

504  = 

679  = 

1008  = 

9016  = 


1  Gallon 

1  Tierce 

1  Hogshead  ... 
1  Puncheon  ..., 
1  Pipe  or  Butt 
lTun 


Ota. 
1 

4  = 

168  = 

959  = 

336  = 

504  = 

1008  = 


GaL 
1 

48 

63 

84 
196 
959 


Tier. 
1         Hhd. 

:     14  =     1  Pun. 

8    =     It  =     1 
3     =     8     =     1J  : 
6    =    4    =    3 


marked  Qt 

—  Gal. 

—  Tier 

—  Hhd. 

—  Pun. 

—  PL 

—  Tub. 


Pi. 

1         Tun. 
8    =     1 


Note. — By  this  are  measured  all  Wines,  Spirits,  Strong  waters,  Cyder,  Mead, 
Perry,  Vinegar,  Oil,  Honey,  &c. 

The  Wine  Gallon  contains  831  cubic  or  solid  inches.  And  it  is  remarkable 
that  the  Wine  and  Ale  Gallons  have  the  same  proportion  to  each  other,  as  the 
Troy  and  Avoirdupois  Pounds  have;  that  is,  as  one  Pound  Troy  is  to  one 
Pound  Avoirdupois,  so  is  one  Wine  Gallon  to  one  Ale  Gallon. 


60  Seconds 

60  Minutes 

84  Hours 

7  Days 

4  Weeks 

13  Months,  1  Day,  6  Hours, 
or  365  Days,  6  Hours 


OF  TIME. 

make  1  Minute marked  M  or 

—  Hr. 

—  Day. 

—  Wk. 

—  Mo. 

—  Yr. 


}- 


1  Hour  • 
1  Day  .. 
1  Week 
1  Month 


1  Julian  Year 


sec 

60 

3600 

86400 

604800 

8119900 

31557600 


Min. 

=  1 

=  60 

=  1440 

=  10080 

=  40320 

=  595960 


Hr. 

=  1 

=  94 
=  168 
=  679 
=    8766 


Day. 

1        Wk. 

7=1         Mo, 
88    =    4    =     1 
365i  =    1  Year 


REDUCTION. 


tl 


Wk.  Da.  Hr.  Ma   Da.  Hr. 

Or  52      16  =      13      16      =      1  Julian  Year. 

Da.    Hr.     M.  Sec. 

Jkt365      5      48  48      =      1  Solar  Year. 


IMPERIAL    MEASURES. 

By  the  late  Act  of  Parliament  for  Uniformity  of  Weights  and  Measures, 
which  commenced  its  operation  on  the  1st  of  January,  1826,  the  chief  part  of 
the  weights  and  measures  are  allowed  to  remain  as  they  were ;  the  Act  simply 
prescribing  scientific  modes  of  determining  them,  in  case  they  should  be  lost 

The  pound  troy  contains  5760  grains. 

The  pound  avoirdupois  contains  7000  grains. 

Ilie  imperial  gallon  contains  977*274  cubic  inches. 

The  corn  bushel  eight  times  the  above,  or  2218*192  cubic  inches. 

Hence  with  respect  to  Ale,  Wine,  and  Corn,  it  will  be  expedient  to  possess  a 

TABLE    OF   FACTORS, 
For  conTerting  old  measures  into  now,  and  the  contrary. 


By 


Corn 


.96943 


Wine 
Measure. 


.83311 


Ale 
Measure. 


r 


Cdrn 
Mea- 
sure. 


By  Yttlgmr  frac 
tions  nearly. 

Ale" 


1.01704 


T* 


imiurt  new?    • 
waraetooM   $    la 


03153 


1.90032 


.98324 


M 


Wine 
Mea- 
sure. 


I* 


Mea- 
sure. 


« 


it 


lf#  BL— For  reducing  the  prices,  these  numbers  must  all  be  reversed. 


RULES)  FOR   REDUCTION. 


L  When  the  Numbers  are  to  be  reduced  from  a  Higher  Denomination  to 

a  Lower. 

MtxriPLT  the  number  in  the  highest  denomination  by  as  many  of  the  next 
ike  an  integer,  or  1,  in  that  higher ;  to  this  product  add  the  number, 
,  which  was  in  this  lower  denomination  before,  and  set  down  the  amount 
this  amount  in  like  manner,  by  multiplying  it  by  as  many  of  the  next 
make  an  integer  of  this,  taking  in  the  odd  parts  of  this  lower,  as  before, 
so  proceed  through  all  the  denominations  to  the  lowest ;  so  shall  the  n  urn- 


82  ARITHMETIC. 

ber  last  found  be  the  value  of  all  the  numbers  which  were  in  the  higher  deno* 
urinations,  taken  together.* 

EXAMPLE. 

1.  In  ]£3U  15i.  74  how  many  farthings  ? 

£.       $.    d. 
1234     15     7 
20 


24695  Shillings. 
12 


296347  Pence. 
4 


Answer  1185388  Farthings, 
% 

II.  When  the  Numbers  are  to  be  reduced  from  a  Lower  Denomination  to  a  Higher, 

Divide  the  given  number  by  as  many  of  that  denomination  as  make  1  of  the 
next  higher,  and  set  down  what  remains,  as  well  as  the  quotient 

Divide  the  quotient  by  as  many  of  this  denomination  as  make  I  of  the  next 
higher;  setting  down  the  new  quotient,  and  remainder,  as  before. 

Proceed  in  the  same  manner  through  aii  the  denominations,  to  the  highest ; 
and  the  quotient  last  found,  together  with  the  several  remainders,  if  any,  will  be 
vf  the  same  value  as  the  first  number  proposed. 

EXAMPLES. 

2.  Reduce  1 185388  farthings,  into  pounds,  shillings,  and  pence. 

4  )  1185338 
12)    296347  d 
2,0  )     2469,5  #.— 7A 
T234/.  15«.  7dL 


3.  Reduce  23/.  to  farthings.  Ans.  2208a 

4.  Reduce  337587  farthings  to  pounds,  &c  Ans.  35 U  13*.  0 JdL 

5.  How  many  farthings  are  in  35  guineas  ?  Ans.  35280. 

6.  In  35280  farthings  how  many  guineas  ?  Ans.  35. 

7.  In  59  lb.  13  dwts.  5  gr.  how  many  grains?  Ans.  340157* 

8.  In  8012131  grains  how  many  pounds,  &c  ? 

Ans.  1390  lb.  II  oz.  18  dwt  19  gr. 

9.  In  35  ton.  17  cwt  1  qr.  23  lb.  7  oz.  13  dr.  how  many  drams  ? 

Ans.  20571005. 

10.  How  many  barley-corns  will  reach  round  the  earth,  supposing  it,  according 
to  the  best  calculations,  to  be  25000  miles  ?  Ans.  4752000000* 

•  The  reason  of  this  rule  is  very  evident ;  for  pounds  lire  brought  into  shillings  by  multiplying  them 
by  80 ;  shillings  into  peuce,  by  multiplying  them  by  12 ;  and  ponce  into  farthings,  by  multiplying  by 
4  i  and  the  reverse  of  this  rule  by  Division.— And  the  same,  it  is  evident,  will  be  true  in  the 
of  numbers  consisting  of  any  denominations  whatever.   „ 


COMPOUND  ADDITION.  23 

11.  How  many  seconds  are  in  a  solar  year,  or  365  days  5  hre.  48  min.  48  sec  ? 

Ans.  3155692a 
19.  In  a  lunar  month,  or  29  d&  12  hrs.  44  min.  3  sec.  how  many  seconds  ? 

Ans.  955144a 


COMPOUND    ADDITION. 

Cohpouvd  Addition  shows  how  to  add  or  collect  several  numbers  of  different 
denominations  into  one  sum. 

Bulb. — Place  the  numbers  so  that  those  of  the  same  denomination  may  stand 
directly  under  each  other,  and  dra  "a  line  below  them. — Add  up  the  figures  in 
the  lowest  denomination,  and  find,  by  Reduction,  how  many  units,  or  ones,  of 
the  next  higher  denomination  are  contained  in  their  sum. — Set  down  the 
remainder  below  its  proper  column,  and  carry  those  units  or  ones  to  the  next 
denomination,  which,  add  up  in  the  same  manner  as  before* — Proceed  thus 
through  all  the  denominations,  to  the  highest,  whose  sum,  together  with  the 
several  remainders,  will  give  the  answer  sought. 

The  method  Of  proof  is  the  same  as  in  Simple  Addition. 

EXAMPLES   OP  MONET. 


L 

2. 

3. 

4. 

£.«. 

d. 

£.  s. 

A 

£. 

8. 

d. 

£.  a.  d. 

7  13 

3 

14  7 

5 

15 
3 

17  10 

14  6 

53  14  8 

3  5 

10} 

8  19 

n 

5  10  2} 

6  18 

7 

5  3 

** 

23 

6 

2} 

93  11  6 

0  2 

5} 

21  2 

9 

8 

3 

5 

7  5  0 

4  0 

3 

7  16 

82 

15 

6 

4 

2  0  9 

17  15 

H 

9} 

0} 
»} 

0  4 

3 

6 

12 

9} 

0  18  7 

39  15 

32  2 

* 

39  15 

5. 

& 

7. 

8 

£.  a. 

d. 

£•  a* 

d. 

£. 

a. 

A 

£.  *.  d. 

14  0 

H 

37  15 

8 

61 

3 

H 

472  15  3 

5  13 

6 

14  12 

9} 

7  16 

8 

9  2  2} 

62  4 

7 

5  6 

11 

29 

13 

10} 

27  12  6} 

4  17 

8 

23  10 

H 

8 

14 

0 

370  16  2} 

83  0 

<} 

8  6 

0 

0 

7 

H 

25  3  8 

6  3 

7 

14  0 

*1 

24 

13 

0 

6  10  5} 

91  0 

10} 

64  2 

7* 

5 

0 

10} 

30  0  11} 

84 


ARITHMETIC. 


9.  A  nobleman,  going  out  of  town,  is  informed  by  his  steward  that  nis 
Catcher's  bill  comes  to  197£  13s.  7Jd ;  his  baker's  to  59/.  5s.  2%d. ;  his  brewer's 
to  857.  ;  his  wine-merchant's  to  103L  13s. ;  to  his  corn-chandler  is  due  75L  3d, ; 
to  his  tallow-chandler  and  cheese-monger,  27 L  15s.  1 1  Jd  ;  and  to  his  tailor  55/. 
3s.  5}dL ;  also  for  root,  servants'  wages,  and  other  charges,  127/.  3s. :  now,  sup- 
posing he  would  take  100/.  with  him,  to  defray  his  charges  on  the  road,  for 
what  sum  must  he  send  to  his  banker  ?  Ans.  830/.  lis.  6\d. 

10.  The  strength  of  a  regiment  of  foot,  of  10  companies,  and  the  amount  of 
their  subsistence,9  for  a  month  of  30  days,  according  to  the  annexed  Table,  are 
required? 


Number. 

Rank. 

Subsistence  for 

a  month. 

• 

£.     s. 

d. 

Colonel                     s* 

27      0 

0 

Lieutenant  Colonel 

19     10 

0 

Major 

17       5 

0 

Captains 

78     15 

0 

11 

Lieutenants 

57     15 

0 

Ensigns 

40     10 

0 

Chaplain 

7     10 

0 

Adjutant 

4     10 

0 

Quarter-master 

5      5 

0 

Surgeon 

4    10 

0 

Surgeon's  Male 

4     10 

0 

30 

Serjeants 

45      0 

0 

30 

Corporals 

30      0 

0 

20 

Drummers 

20      0 

0 

2 

Fifers 

2      0 

0 

390 

Private  men 

292     10 

0 

507 

• 

Total 

656     10 

0 

•  Subsistence  Money,  h  the  money  paid  to  the  soldiers  weekly,  short  of  their  foil  pay  ;  beonos* 
their  clothes,  accoutrement*,  Ac.  are  to  be  accounted  for.    It  is  likewise  the  money  adraneed  to 
officer*  till  their  accounts  are  made  up,  which  is  commonly  once  a  year,  when  they  an  paid  their 
arrears.    The  following  Table  shows  the  full  pay  and  subsistence  of  each  rank  on  the  EofUah  estahtiah 
•oeut: 
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ARITHMETIC 


EXAMPLES  OF   WEIGHTS,   MEASURES,  &0. 


TROY   WEIGHT 


APOTHECARIES   WEIGHT. 


I 

lb.  oz.  dwt» 

17  3  15 

4  6  3 

0  10  7 

9  5  0 

176  9  17 

83  11  13 


2. 

oz.  dwt.  gr. 

37  9  3 

9  5  3 

3  16  SI 

17  7  8 

6  9  0 

3  0  19 


3. 

lb.  oi.  dr.  sc. 

3   5  7  2 

13   7  3  0 

9  11  0  1 

0   9  13 

36   3  6  0 

6   8  6  1 


4. 

ox.  dr.  sc.  gr. 

3  5  1  17 
7  3  2   5 

16  7  0  13 

9  5  15 

4  1  3  18 
36  4  1  14 


AVOIRDUPOIS  WEIGHT. 

5.                             6. 

*- 

• 

LOHG  MEASURE. 
7. 

a 

lb. 

oz. 

dr. 

cwt 

qr. 

lb. 

mis. 

far. 

pL 

yds. 

ft    in 

17 

10 

13 

15 

2 

15 

29 

3 

14 

127 

1       5 

5 

14 

8 

6 

3 

21 

19 

6 

29 

12 

2      9 

8 

6 

15 

7 

0 

10 

6 

4 

20 

0 

2      6 

27 

I 

6 

9 

1 

17 

9 

I 

37 

54 

1     11 

0 

4 

0 

10 

3 

6 

7 

0 

3 

5 

2      7 

6 

14 

10 

3 

0 

3 

4 

5 

9 

23 

0      5 

cu>Tn 

MEASURE, 

LAND   MEASURE. 

9. 

10. 

11. 

12. 

yds. 

qr. 

nls. 

ei.  En. 

qrs. 

nls, 

ac 

ro. 

P- 

ac. 

ro.    p. 

36 

3 

1 

370 

1 

0 

25 

3 

37 

19 

0     16 

13 

1 

3 

67 

4 

3 

16 

1 

25 

270 

3    29 

6 

3 

0 

8 

3 

1 

9 

0 

13 

9 

1       3 

217 

0 

3 

0 

3 

2 

4 

2 

9 

23 

0     34 

9 

1 

0 

10 

1 

0 

42 

1 

19 

7 

2     16 

55 

3 

1 

4 

4 

1 

7 

0 

6 

75 

0     23 

WINE 

MEASURE. 

ALE   AND   BEER 

MEASURE. 

13. 

14. 

15. 

16. 

tr. 

hds. 

gaL 

hds. 

gal. 

pts. 

hds. 

gal. 

pts. 

hds. 

gaL   pts. 

13 

3 

15 

15 

61 

5 

17 

37 

3 

29 

43      5 

8 

I 

35 

7 

16 

3 

4 

13 

5 

7 

9      2 

4 

2 

20 

29 

23 

7 

3 

6 

2 

14 

16       6 

95 

0 

12 

3 

15 

1 

5 

14 

0 

6 

8       1 

3 

1 

9 

16 

8 

0 

12 

9 

6 

57 

13      4 

73 

3 

21 

4 

36 

6 

8 

42 

4 

5 

6      0 

COMPOUND    SUBTRACTION.  8? 


COMPOUND    SUBTRACTION, 

Compouxd  Subtraction  shows  how  to  find  the  difference  -between  any  two 
numbers  of  different  denominations. — To  perform  which,  observe  the  following 
Rule: 

Rule.* — Place  the  less  number  below  the  greater,  so  that  those  parts  which  are 
of  the  same  denomination  may  stand  directly  under  each  other;  and  draw  a  lino 
below  them.  Begin  at  the  right  hand  and  subtract  each  number  or  part  in  the 
lower  line  from  the  one  just  above  it,  and  set  the  remainder  straight  below  it. 
— But  if  any  number  in  the  lower  line  be  greater  than  that  above  it,  add  so 
many  to  the  upper  number  as  make  1  of  the  next  higher  denomination ;  then 
take  the  lower  number  from  the  gpper  one  thus  increased,  and  set  down  the 
remainder. — Carry  the  unit  borrowed  to  the  next  number  in  the  lower  line; 
after  which  subtract  this  number  from  the  one  above  it,  as  before ;  and  so  pro* 
need  till  the  whole  is  finished.  Then  the  several  remainders,  taken  together, 
will  be  the  whole  difference  sought. 

The  method  of  proof  is  the  same  as  in  Simple  Subtraction. 


EXAMPLES  OP  M05EY. 


1. 

3. 

3. 

4. 

£. 

s. 

d. 

£. 

s> 

(L 

£. 

s. 

<L 

£. 

«. 

d 

From    79 

17 

8} 

103 

3 

2* 

57 

0 

10 

251 

13 

0 

Take   35 

12 

*i 

71 

12 

5J 

29 

13 

H 

35 

4 

7| 

Rem.   44 

5 
17 

*1 

31 
103 

10 
3 

ProoC  79 

5.  What  is  the  difference  between  73L  &{<L  and  \QL  13*.  10 J? 

Ans.  53/.  6s.  7\d. 

6.  A  lends  to  B  100/.,  how  much  is  B  in  his  debt,  after  A  has  taken  goods  of 
him  to  the  amount  of  73L  12*.  4jd?  Ans.  26/.  7s.  7\<L 

7.  Suppose  that  my  rent  for  half  a  year  is  10/.  12$.,  and  that  I  have  laid  out 
for  the  land-tax  14s.  6dL,  and  for  several  repairs  \L  3s.  3{d.,  what  have  I  to  pay 
of  my  half  year's  rent  ?  Ans.  8/.  14*.  2  jd. 

8.  A  trader,  failing,  owes  to  A  35/.  7*.  6U,  to  B  91/.  13*.  OK,  to  C  53/.  7\d., 
to  1)  87 L  5*.,  and  to  E  111/.  3*.  5]d.  When  this  happened,  he  had  by  him  in 
caUi  232.  7s.  Sd.t  in  wares  53/.  Us.  10  j</.,  in  household  furniture  63/.  Ms.  l\d.t 
And  in  recoverable  book-debts  25/.  Is.  5J.  What  will  his  creditors  lose  by  him, 
■appose  these  tilings  delivered  to  them  ?  Ans.  212/.  5s.  3|dL 


moon  of  this  Rale  will  ra«<1y  Appear  ftom  what  has  been  raid  In  Simple  Subtraction,  for 
the  korwing  eV  prods  upon  the  same  principle,  aud  is  only  different  as  the  numbers  to  be  subtracted 
are  e/ efferent  denominations. 
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ARITHMETIC 


EXAMPLES  OF   WEIGHTS,   MEASURES,   &C. 


TROY 

WEIGHT. 

APOTHECARIES 

WEIGHT. 

1. 

2. 

3. 

lb. 

oz.  dwt  gr. 

lb. 

oz.  dwt 

gr- 

lb. 

OS. 

,   dr. 

scr  gf  . 

From  7 

3     14     11 

4 

9 

1 

id 

73 

4 

7 

0    14 

Take   3 

7      5     19 

3 

7 

16 

12 

1 

26 

7 

2 

1     16 

Rem. 

Proof. 

AVOIRDUPOIS 

WEIGHT. 

LONG 

MEASURE. 

4 

6. 

6. 

7. 

cwt 

qr.   lb. 

lb.     os. 

dr. 

m. 

fu. 

pi. 

yd. 

ft.  in. 

From  5 

0     17 

71      5 

9 

14 

3 

17 

96 

1      4 

Take   3 

2    11 

14      6 

14 

9 

7 

9 

MEAJ 

41 

2      7 

Rem. 

CLOTH  MR/ 

ProoC 

kSURE. 

1 

LARD 

IURE. 

a 

2 

10. 

11. 

yd. 

qr.    nL 

yd.  qr. 

nl 

ac 

ro. 

P- 

ac 

ro.    p. 

From  17 

2      1 

9      0 

8 

17 

1 

14 

57 

1     16 

Take     6 

2      1 

6      1 

9 

9 

3 

6 

IEER 

24 

2    25 

Rem. 

Proof 

WINE  MEASURE. 

i 

ALE  AND  E 

MEASURE. 

12. 

13. 

14. 

16. 

tr. 

hd.  gaL 

hd,  gaL  pt 

hd. 

gaL 

P*. 

h<L 

gaL  pt 

From   17 

2    23 

5      0 

4 

14 

29 

3 

71 

16       5 

Take      4 

3    39 

3      2 

7 

7 

34 

5 

riMB. 

17 

3      2 

Hem. 

ProoC 

DRY  MEASURE. 

i 

16.     . 

17. 

18. 

19. 

i 

qr.    biu 

bo.    gaL 

pt 

mo. 

wk. 

da. 

ds. 

hrs.  min. 

From   9 

4      7 

13      7 

1 

71 

2 

5 

. 

114 

17    26 

Take   3 

7      2 

7      3 

4 

14 

3 

0 

76 

12    35 

Rem. 

Proof. 

COMPOUND  MULTIPLICATION.  19 

90.  Hie  line  of  defence  in  a  certain  polygon  being  236  yards,  and  Chat  part 
*f  it  which  is  terminated  by  the  curtain  and  shoulder  being  146  yards  1  foot  4 
niches;  what  then  was  the  length  of  the  face  of  the  bastion  t 

Ana.  89  yds.  1  £  8  in. 


COMPOUND    MULTIPLICATION. 

Compound  Multiplication  shows  how  to  find  the  amount  of  any  given  num 
ber  of  different  denominations  repeated  a  certain  proposed  number  of  times. 

Rule. — Set  the  multiplier  under  the  lowest  denomination  of  the  multiplicand, 
and  draw  a  line  below  it. — Multiply  the  number  in  the  lowest  denomination  by 
the  multiplier,  and  find  how  many  units  of  the  next  higher  denomination  are 
contained  in  the  product,  setting  down  what  remains. — In  like  manner,  multiply 
the  number  in  the  next  denomination,  and  to  the  product  carry  or  add  the  units, 
before  found,  and  find  how  many  anils  of  the  next  higher  denomination  are  in 
this  amount*  which  carry  in  like  manner  to  the  next  product,  setting  down  the 
overplus. — Proceed  thus  to  the  highest  denomination  proposed;  so  shall  the 
last  product,  with  the  several  remainders,  taken  as  one  compound  number,  be 
the  whole  amount  required. 

The  method  of  Proof,  and  the  reason  of  the  Rule,  are  the  same  as  in  Simple 
Multiplication. 

EXAMPLES  OF  MONET. 

L  To  find  the  amount  of  81b.  of  Tea,  at  6*.  S^L  per  lb. 

5    8f 

8 


£.268  Answer. 


2.  4  lb.  of  Tea,  at  7*.  84.  per.  lb. 

3.  6  lb.  of  Butter,  at  9J A  per  lb. 

4.  71b.  of  Tobacco,  at  Is.  8(4  per  lb. 

&    9  cwt  of  Cheese,  at  1/.  11*.  6d  per  cwt 

6.  10  cwt.  of  Cheese,  at  2Z  17s.  lOd  per  cwt 

7.  IS  cwt  of  Sugar,  at  3L  7*.  id.  per  cwt. 


£.  s. 

d 

Ans.    1  10 

8 

Ann.    0    4 

9 

Ans.    0  11 

m 

Ans.  14    2 

9 

Ans.  28  18 

4 

Ans.40    8 

0 

CONTRACTIONS. 


L  If  the  multiplier  exceed  12,  multiply  successively  by  its  component  parts, 
of  the  whole  number  at  once. 


ao  ARITHMETIC 

EXAMPLE*. 

1.  15  swt.  of  Cheese,  at  17*.  6<l  per  cwt 

£.     «.    <L 

0    17    ft 
3 


2     12     6 


5 


13      2    6  Answer. 


£.  s.    d 

2.  20  cwt  of  Hops,  at  U.  7*.  2d.  per  cwt.  Ans.    87  3     4 

3.  $*  tons  of  Hay,  at  3/.  7*.  GdL  per  ton.  Ans.    81  0     0 

4.  45  ells  of  Cloth,  at  1*.  6c/.  per  elL  Ans.      3  7    6 

5.  63  gallons  of  Oil,  at  2*.  &<L  per  gallon.  Ans.      7  19 
6     70  barrels  of  Ale,  at  1 L  4s.  per  barrel.  Ans.    84  0    0 

7.  84  quarters  of  Oats,  at  XI  12s.  Sd.  per  qr.  An?.  137  4    0 

8.  96  quarters  of  Barley,  at  iL  3s.  ±d,  per  qr  Ans.  112  0    0 

9.  120  days'  Wages,  at  5*!  9dL  per  day.  Ans.    34  10    0 

10.  144  reams  of  Paper,  at  13*.  4d  per  ream.  Ans.    96  0    0 

11.  If  the  multiplier  cannot  be  exactly  produced  by  the  multiplication  if 
simple  numbers,  take  the  nearest  number  to  it  either  greater  or  less,  which  can 
be  so  produced,  and  multiply  by  its  parts  as  before. — Then  multiply  the  given 
multiplicand  by  the  difference  between  this  assumed  number  and  the  multiplier, 
and  add  the  product  to  that  before  found  when  the  assumed  number  is  less  than 
the  multiplier,  but  subtract  the  same  when  it  is  greater. 


EXAMPLES. 

I.  26  yards  of  Cloth,  at  3*.  OJdL  per  yard. 

£.    $.    <L 

0    3    0} 
5 


0  15    3} 
5 

3  16     6} 
3    0} 


£  3  19    7  J  Answer. 

£.*.<£ 

2.  29  quarters  of  Corn,  at  21.  5*.  3{d.  per  quarter.  Ana.    65  12  10 J 

3.  53  loads  of  Hay,  at  3/.  15*.  2d.  per  load.  Ans.  199  3  10 
4b    79  bushels  of  Wheat,  at  11*.  5}d  per  bushel  Ans.    45  6  10  J 

5.  94  casks  of  Beer,  at  12*.  2d.  per  cask.  Ans.    57  3    8 

6.  114  stone  of  Meat,  at  15s.  3j<£  per  stone.  Ans.    87  5    7} 
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EXAMPLES   OP   WEIGHT8   AND   MEASURES. 


1. 

2. 

3 

lb.     os.  dwt  gr. 

lb. 

os.    dr.    8C    gr. 

cwt 

qr. 

lh. 

OS. 

21       1       7     13 

s 

4      2       10 

27 

1 

13 

12 

4 

7 

12 

4. 

5. 

a 

oils,    fa.  pis.  yds, 

yds.    qrs.  no. 

ac. 

ro. 

pa 

24      3    90      3 

127      2      9 

27 

2 

1 

6 

8 

9 

X 

a 

9. 

tan*.  KM.  gaL  pta. 

wa 

qr.    bo.  pe. 

mo. 

we. 

da.  ho. 

min. 

>9       I     20      3 

87 

17      2 

17* 

3 

6 

20 

6J) 

5 

7 

U 

^^^■^^^4    ^M  •IMM^^MM 

COMPOUND   DIVISION. 

Compound  Division  teaches  how  to  divide  a  number  of  several  denominations 
?  ^y  given  number,  or  into  any  number  of  equal  parts. 

"tt-tu-Place  the  divisor  on  the  left  of  the  dividend,  as  in  Simple  Division. — 
"tgm  nt  the  left  hand,  and  divide  the  number  of  the  highest  denomination  by 
"*  diuso^  setting  down  the  quotient  in  its  proper  place. — If  there  be  any 
ffltinder  after  this  division,  reduce  it  to  the  next  lower  denomination,  which 
**"»  to  the  number,  if  any,  belonging  to  that  denomination,  and  divide  the  sum 
y  "*  divisor. — Set  down  again  this  quotient,  reduce  its  remainder  to  the  next 
">*tr  denomination  again,  and  so  on  through  all  the  denominations  to  the  last 

EXAMPLES  OP  MONET. 

L  Divide  225L  2$.  4c/.  by  2. 
£.     8.    d. 
2  )  225    2    4 

£112  11    2  the  Quotient 
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£•«./£  £     9.  d. 

2.  Divide    751   14  7i  by  3.  Ans.  250  11  6| 

3.  Divide    821  17  9J  by  4.  Ana.  205    9  «H 

4.  Divide  2382  13  5*  by  5.  Ans.  476  10  Q\\ 

5.  Divide     23    2  1}  by  6.  Ans.      4  13  8* 

6.  Divide      55  14  0}  by  7.  Ans.      7  19  Iff 

7.  Divide        6    5  4    by  a  Ans.      0  15  8 

a  Divide    135  10  7    by    9.  Ans.  15     1     ??} 

9.  Divide     21  18  4    by  10.  Ans.      2    3  10 

10.  Divide    227  10  5    by  1 1.  Ans.  20  13    8$  f\ 

11.  Divide  1332  11  Si  by  12.  Aug.  in     0  nh# 

CONTRACTIONS. 

1.  If  the  divisor  exceed  12,  find  what  simple  numbers,  multiplied  together, 
will  produce  it,  and  divide  by  them  separately,  as  in  Simple  Division. 

EXAMPLES. 

L  What  is  Cheese  per  cwt  if  16  cwt  cost  30&  18*.  8<£  ? 

£.     #.    d 
4)30     18    8 

4)~7     14  ~8 

£  1    18    8  the  Answer. 


2.  If  20  cwt  of  Tobacco  come  to  1904  10s., )  £«.(/. 

what  is  that  per  cwt?  J  Ans.  6    0    6 

3.  Divide  574L  3i.7d.by35.  Ans- 1  12    8?  i\ 

4.  Divide  852.  6*.  by  72.  Ans.  1    3    S\  | 

5.  Divide  31L  2s.  lOJrf  by  99.  Ans.  0    6    3j 
8.  At  18/.  18s.  per  cwt,  how  much  per  lb.  ?  Ans.  0    3    44 

II.  If  the  divisor  cannot  be  produced  by  the  multiplication  of  small  numbers, 
livide  by  the  whole  divisor  at  once,  after  the  manner  of  Long  Division. 


1.  Divide  74£  13*.  6tt  by  17* 
£     8.     d.      £.    «.    d. 
17)74    13    6    (4    7     10  Answer. 
68 

~6 
80 

~133 

119 

~14 

19 

174 
170 


*.  » 
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£.   a.    ct  £.  a.   at 

9L  Divide    23  15     7J  by    37.  Ans.  0  12  lc 

3.  Divide  109    3  10    by    63.  Ans.  3  15    2 

4.  Divide  675  12    6    by  138.  Ans.  4  17  11 

5.  Divide  315    3  10£  by  365.  Ana.  0  17    3j 

EXAMPLES   OF  WEIGHTS  AND  MEASURES. 

1.  Divide  23  lb.  7  o*.  6  dwts.  12  gr.  by  7.      Ans.  3  lb.  4  oz.  Odwts.  12  gr. 

2.  Divide  13  lb.  1  ox.  2  dr.  0  scr.  10  gr.  by  12. 

Ans.  1  lb.  1  oz.  0  dr.  2  scr.  lOtf  gr. 

3.  Divide  1061  cwt.  2  qrs.  by  28.  Ans.  37  cwt.  3  qrs.  18  lb. 

4.  Divide  375  mi.  2  fur.  7  po.  2  yds.  1  ft.  2  in.  by  39. 

Ans.  9  mi.  4  fur.  39  po.  0  yds.  2  ft.  8f£  in. 

5.  Divide  571  yds.  2  qrs.  1  nl.  by  47.  Ans.  12  yds.  0  qrs.  2^  nls. 

6.  Divide  51  ac.  1  ro.  11  po.  by  51.  Ans.  1  ac.  0  ro.  1  pi. 

7.  Divide  10  tun  2  hhds.  17  gals.  2  pi.  by  67.  Ans.  39  **ls.  6  pi. 
a  Divide  120  lasts,  0  qr.  1  bu.  2  pk.  by  74.  Ans.  1  last,  6  qrs.  1 bo.  3  pk. 
9.  Divide  120  mo.  2  wk.  3  da.  4  hr.  12  min.  by  111. 

An*.  1  mo.  0  wk.  2  da.  10  bo.  12  min. 


GOLDEN  RULE,  OR  RULE  OF  THREE, 

Thb  bulb  of  three  teaches  bow  to  find  a  fourth  proportional  to  three  num. 
ben  given.  Whence  it  is  also  sometimes  called  the  Rule  of  Proportion.  It  is 
called  the  Rule  of  Three,  because  three  terms  or  numbers  are  given,  to  find  a 
fowrth.  And  because  of  its  great  and  extensive  usefulness,  it  is  often  called  the 
Golden  Rule. 

This  Rule  is  usually  considered  as  of  two  kinds,  namely,  Direct,  and  Inverse. 

The  Rule  of  Three  Direct,  is  that  in  which  more  requires  more,  or  less 
requires  less.  As  in  this ;  if  3  men  dig  21  yards  of  trench  in  a  certain  time, 
bow  much  will  6  men  dig  in  the  same  time  ?  Here  more  requires  more,  that  is, 
6  Ben,  which  are  more  than  3  men,  will  also  perform  more  work  in  the  same 
time.  Or  when  it  is  thus ;  if  6  men  dig  42  yards,  how  much  will  3  men  dig  in 
the  same  time  ?  Here  then  less  requires  less,  or  3  men  will  perform  propor- 
tionally less  work  than  6  men  in  the  same  time.  In  both  these  <v«ses,  then,  the 
Rsda,  or  the  Proportion,  is  Direct;  and  the  stating  must  b» 

thus,  As  3  :  21  ::  6  :  42, 
or  thus,  As  6  :  42  : :  3*:  21. 

Bwt  the  Rale  of  Three  Inverse,  is  when  more  requires  less,  or  less  requires 
aeova.  As  in  this ;  if  3  men  dig  a  certain  quantity  of  trench  in  14  hours,  iu 
bow  aaany  hoars  will  6  men  dig  the  like  quantity  ?  Here  it  is  evident  that  I 
being  more  than  3,  will  perform  an  equal  quantity  of  work  in  less  time,  01 

o 
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fewer  hoars.  Or  thus ;  if  6  men  perform  a  certain  quantity  of  work  in  7  hours, 
in  how  many  hours  will  3  men  perform  the  same  ?  Here  leu  requires  mor* 
for  3  men  will  take  more  hours  than  6  to  perform  the  same  work.  4n  both  then 
cases,  then,  the  Rule,  or  the  Proportion,  is  Inverse ;  and  the  stating  most  be 

thus,  As  6  :  14  : 2  3  :    7, 
or  thus,  As  3  :    7  : :  6  :  14. 

And  in  all  these  statings,  the  fourth  term  Is  found,  by  multiplying  the  9d  and 
3d  terms  together,  and  dividing  the  product  by  the  1st  term. 

Of  the  three  given  numbers,  two  of  them  contain  the  supposition,  and  the 
third  a  demand.  And  for  stating  and  working  questions  of  these  kinds,  observe 
the  following  general  Rule : 

Rule. — State  the  question,  by  setting  down  in  a  straight  line  the  three  given 
numbers,  in  the  following  manner,  via,  so  that  the  3d  term  be  that  number  of 
supposition  which  is  of  the  same  kind  that  the  answer  or  4th  term  is  to  be; 
making  the  other  number  of  supposition  the  1st  term,  and  the  demanding  num- 
ber the  3d  term,  when  the  question  is  in  direct  proportion ;  but  contrariwise, 
the  other  number  of  supposition  the  third  term,  and  the  demanding  number  the 
1st  term,  when  the  question  has  inverse  proportion. 

Then,  in  both  cases,  multiply  the  2d  and  3d  terms  together,  and  divide  the 
product  by  the  1st,  which  will  give  the  answer,  or  4th  term  sought,  of  the  same 
denomination  as  the  second  term. 

Note,  If  the  first  and  third  terms  consist  of  different  denominations,  reduce 
them  both  to  the  same :  and  if  the  second  term  be  a  compound  number,  it  is 
mostly  convenient  to  reduce  it  to  the  lowest  denomination  mentioned. — 1£  after 
division,  there  be  any  remainder,  reduce  it  to  the  next  lower  denomination,  and 
divide  by  the  same  divisor  as  before,  and  the  quotient  will  be  of  this  last  deno- 
mination. Proceed  in  the  same  manner  with  al)  the  remainders,  till  they  be 
reduced  to  the  lowest  denomination  which  the  second  term  admits  of,  and  the 
several  quotients  taken  together  will  be  the  answer  required. 

Note  also,  The  reason  for  the  foregoing  Rules  will  appear  when  we  come  to 
treat  of  the  nature  of  Proportions,     Sometimes  also  two  or  more  statings 
necessary,  which  may  always  be  known  from  the  nature  of  the  question. 


].  If  8  yards  of  cloth  cost  XL  4*,  what  will  96  yards  cost? 


yds.   £.   *       yds. 

&    * 

As  8  :  1    4  ::  96 

:  14    8  d» 

SO 

*S4 

96 

""l44 

916 

8)9304 

8,0)    88,8*. 

£  14  8  Aimer. 

RULE  OF  THREE.  35 


SL  An  engineer  having  raised  100  yards  of  a  certain  work  in  94  days  with  5 
men;  how  many  men  must  he  employ  to  finish  a  like  quantity  of  work  in  15 
days? 

da.      men         da.       men 

As   15    :    5    :  :     84    :    8  Ans. 

5 

15)120(8  Answer. 
190 

3.  What  will  79  yards  of  cloth  cost,  at  the  rate  of  9  yards  for  51.  19s. 

Ans.  4AL  16s. 

4.  A  person's  annual  income  being  1467. ;  how  much  is  that  per  day  ?  Ans.  8s, 

5.  If  3  paces  or  common  steps  of  a  certain  person  be  equal  to  9  yards ;  hou 
many  yards  will  160  of  his  paces  make  ?  Ana  106  yds.  9  f 

6.  What  length  must  be  cut  off  a  board,  that  is  9  inches  broad,  to  make  a 
square  foot,  or  as  much  as  19  inches  in  length  and  19  in  breadth  contains  ? 

Ans.  16  inches. 

7.  If  750  men  require  29,500  rations  of  bread  for  a  month ;  how  many  rations 
will  a  garrison  of  1900  men  require  ?  Ans.  36,000. 

a  If  7  cwt  1  qr.  of  sugar  cost  96Z  10s.  4<£,  what  will  be  the  price  of  43  cwt. 
9  qrs.  ?  Ans,  159/,  9s. 

9.  The  clothing  of  a  regiment  of  foot  of  750  men  amounting  to  983 U  5s.; 
what  will  the  clothing  of  a  body  of  3500  amount  to  ?  Ans.  13,219/.  10*. 

10.  How  many  yards  of  matting,  that  is  9  ft.  6  in.  broad,  will  cover  a  floor 
that  is  97  feet  long  and  90  feet  broad  ?  Ans.  79  yds. 

1 1.  What  is  the  value  of  6  bushels  of  coals,  at  the  rate  of  1/.  14s.  6<L  the  chal- 
dron ?  Ans.  5s.  9<L 

19L  If  6359  stones  of  3  feet  long  complete  a  certain  quantity  of  walling ;  how 
many  stones  of  9  feet  long  will  raise  a  like  quantity  ?  Ans.  9598. 

13.  What  must  be  given  for  a  piece  of  silver  weighing  73  lb.  5  oz.  15  dwts. 
at  the  rate  of  5s.  94.  per  ounce?  Ans.  253/.  10s«  OJct 

14.  A  garrison  of  536  men  has    provisions  for  19  months,  how  long  will 
those  provisions  last  if  the  garrison  be  increased  to  1 194  men  ? 

Ans.  174  days  and  TJf*. 

15.  What  will  the  tax  upon  763/.  15s.  be,  at  the  rate  of  3s.  6d.  per  pound 
sterling?  Ans.  133/.  13s.  1*4 

16.  A  certain  work  being  raised  in  19  days,  by  working  4  hours  each  day ; 
how  long  would  it  have  been  in  raising  by  working  6  hours  per  day  ? 

Ans.  8  days. 

17.  What  quantity  of  corn  can  I  bay  for  00  guineas,  at  the  rate  of  6s.  th* 
■***hel  ?  Ans.  39  qrs.  3  bu. 

la  A  person  failing  in  trade,  owes  in  all  977£ ;  at  which  time  he  has  in 
■«»«7t  tf°°«k.  and  recoverable  debts,  420/.  6s.  3^tf ;  now  supposing  these  things 
delivered  to  his  credit©^  how  much  will  they  get  per  pound  ?        Ans.  8s,  l^U 

19.  A  plain  of  a  certain  extent  having  supplied  a  body  of  3000  horse  with 
;"**  i^L^    ™* J* »  then  how  many  days  would  the  same  plain  have  supplied  a 

**"         a  ^"tleman**  income  is  500  guineas  a  year,  and  that  he  spends 

c9 
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19*.  1<L  per  day,  one  day  with  another;  how  much  will  he  bare  fared  it  tat 
year's  end  ?  Ana.  1671  lfc.  \i 

2L  What  cost  30  pieces  of  lead,  each  weighing  1  cwt.  18  Ik,  at  the  rile  si 
16V.  4rf.  per  cwt.  ?  Ana.  271  fc.  6d 

22.  The  governor  of  a  besieged  place  having  provisions  for  54  days,  at  tat 
rate  of  l|lb.  of  bread;  but  being  desirous  to  prolong  the  siege  to  80  days,  ia 
expectation  of  succour,  in  that  case  what  must  the  ration  of  bread  be  ? 

Ads.  V,  lb. 

33.  At  half  a  guinea  per  week,  how  long  can  I  be  boarded  for  SO  pounds? 

Ana.  3^'A  ***** 

2k  How  much  will  75  chaldrons  7  bushels  of  coals  come  to,  at  the  rate  of  11 

13*.  6d.  per  chaldron  ?  Ana.  125/  19s.  0|el 

25.  If  the  penny  loaf  weigh  9  ounces  when  the  bushel  of  wheat  cost  6c.  3dL; 
what  ought  the  penny  loaf  to  weigh  when  the  wheat  is  at  8s.  H\d.  ? 

Ana.  6  ob.  lS^dr. 

26.  How  much  a  year  will  173  acres,  2  roods,  14  poles  of  land  give,  at  the  rate 
of  11  7a.  8d.  per  acre  ?  Ana.  240/.  2c  1&<L 

27.  To  how  much  amounts  172  pieces  of  lead,  each  weighing  3  cwL  2  era, 
17*  lb.,  at  8/.  17s.  6<i  per  fother  of  19|  cwt.  ?  Ana.  286V.  4s.  4J4 

28.  How  many  yards  of  stuff,  of  3  qrs.  wide,  will  line  a  cloak  that  ia  5§  yards 
in  length  and  1£  yard  wide  ?  Ana.  9  yda.  0  qre.  2}  aL 

29.  If  5  yards  of  cloth  coat  14s.  2d,  what  must  be  given  for  9  pieces,  contain- 
ing  each  21  yards  1  quarter?  Ans.  271  la.  I0f£ 

30.  If  a  gentleman's  estate  be  worth  21071  12s.  a  year;  what  may  he  spend 
per  day,  to  save  6001  in  the  year  ?  Ana.  41  8s*  IJfii* 

31.  Wanting  just  an  acre  of  land  cut  off  from  a  piece  which  ia  13*  poles  ia 
breadth,  what  length  must  the  piece  Jbe?  Ans.  11  pa  4  yds.  2  ft.  Off  in, 

32.  At  13*.  2*a\  per  yard,  what  is  the  value  of  a  piece  of  doth  containing 
52}  ells  English  ?  Ans  434  10a.  11  A* 

33.  If  the  carriage  of  5  cwt  14  lb.  for  96  miles  be  11  12s.  6dL ;  how  far  may 
I  have  3  cwt.  1  qr.  carried  for  the  same  money  ?      Ans.  151  m.  3  fur.  &/,.  poL 

34.  Bought  a  silver  tankard,  weighing  1  lb.  7  ox.  14  dwts. ;  what  did  it  coat 
me  at  6*.  4<1  per  ounce  ?  Ans.  61  is.  9|sj. 

35.  What  is  the  half  year's  rent  of  547  acres  of  land,  at  15s.  6V£  the  acre? 

Ana.  21  11  19s.  34 

36.  A  wall  that  u  to  be  built  to  the  height  of  27  feet,  was  raised  9  feet  high 
by  12  men  in  6  days ;  then  how  many  men  must  be  employed  to  6nish  the  wall 
in  4  days,  at  the  same  rate  of  working  ?  Ana.  36  men. 

37.  What  will  be  the  charge  of  keeping  1 1  horses  for  a  year,  at  the  rate  ef 
11J<1  per  day  for  each  horse  ?  Ans.  1921  7a.  8{at 

38.  If  15  ells  of  stuff  that  is  }  yard  wide  cost  37s.  64  ;  what  will  40  ells  ef 
the  same  goodness  cost,  being  yard  wide  ?  Ana.  61  13*.  44 

39.  How  many  yards  of  paper  that  is  30  inches  wide,  will  hang  a  room  thai 
is  20  yards  in  circuit,  and  9  feet  high  ?  Ans.  72  yds* 

40.  If  a  gentleman's  estate  be  worth  3841  16*.  a  year,  and  the  land-tax  be 
assessed  at  2*.  9£<1  per  pound,  what  is  his  nett  annual  income  ? 

Ans.  3311  1*.  9*4 

41.  The  circumference  of  the  earth  is  about  25,000  miles;  at  what  rate  p*f 
hour  is  a  person  at  the  middle  of  its  surface  carried  round,  one  whole  rotatiot 
being  made  in  23  hours  56  minutes?  Ans.  1044/^  miles. 
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ttl'i  person  drink  90  bottlei  of  wine  per  month,  when  it  costs  8*  a 
gallon;  haw  many  bottlei  per  month  may  he  drink,  without  increasing  (he 
expense,  when  wine  rials  lU>.  the  gallon  ?  Ana.  16  bottles. 

43.  What  mat  43  are.  6  bushels  of  com,  at  It  Ht.  Qd.  the  quarter  Y 

Aiu.  1,21.  3*.  3ji 

44.  Hew  many  yards  of  canvass  that  is  ell  wide,  will  line  90  yards  of  say  that 
1*  3  quarters  wide  ?  Ans.  19  yds. 

■*A  if  an  ounce  of  gold  east  4  guineas,  what  is  the  value  of  a  grain? 

Ans.  S,\,rf. 

44  If  Sort,  of  tea  cost  40i  lb.;  at  how  much  a  pound  roust  it  lie  retailed, 

lo  gain  IOt  by  the  whole?  Ans.  3,*V<. 


COMPOUND    PROPORTION.  , 

GmwMiwD  Pvopobtion  teaches  how  to  resolre  such  questions  as  require  Iwoiir 
■on  sutingi  by  Simple  Proportion:  and  that,  whether  they  be  Direct  or  Inverse. 

Id  them  questions,  there  is  always  given  an  odd  number  of  terms,  either  live, 
or  seven,  or  nine,  &&  These  are  distinguished  into  terms  of  supposition,  and 
tense  «f  demand,  there  being  always  one  term  mure  of  the  former  than  of  the 
latter,  which  is  of  the  same  kind  with  the  answer  sought. 

RtiJt — Sat  down  in  the  middle  place  that  term  of  supposition  which  is  of 
the  bmm  kind  with  the  auswer  sought. — Take  one  of  the  other  terms  of  suppo- 
sition, and  one  of  the  demanding  terms  which  ia  of  the  same  kind  with  it;  then 
plant  on*  of  them  for  a  Erst  term,  and  the  other  f-.r  a  third,  according  to  lite 
dirariionB  given  in  the  Rule  of  Three. — Do  the  same  with  another  term  of  sup- 
position, and  its  corresponding  demanding  term ;  end  so  on  if  there  be  more 
tern  of  each  kind ;  setting  the  numbers  under  each  other  which  fall  all  on  the 
left  hand  side  of  the  middle  term,  and  the  name  for  the  others  on  the  right  hand 


By  Mvtral  Operation*. — Take  the  two  upper  terms  and  the  middle  term,  in 
the  aasae  order  as  they  stand,  for  the  first  Hole  of  Three  question  to  he  worked, 
whence  will  be  found  a  fourth  term.  Then  take  this  fourth  number,  so  found, 
lor  the  middle  term  of  a  second  Rule  of  Three  question,  and  the  next  two  under 
team*  in  the  general  stating,  in  the  same  order  a*  they  stand,  finding  a  fourth 
term  from  them.  And  so  on,  as  far  as  there  are  any  numbers  in  the  general 
stating,  making  always  the  fourth  number  resulting  from  each  simple  staling  to 
be  the  second  term  of  the  next  following  one.  So  shall  the  last  resulting  num. 
In*  be  the  answer  to  the  question. 

By  One  Operatic*. — Multiply  together  all  the  terms  standing  under  each 
ether,  on  the  left  hand  aide  of  the  middle  term ;  and  in  like  manner,  multiply 
s USther  all  those  on  the  right  hand  aide  of  iL  Then  multiply  the  middle  term 
Ly  the  Utter  product,  and  divide  the  reenlt  by  the  former  product,  to  shall  lite 
|— mi  ha  the  answer  sought. 


ARITHMETIC. 


I.  How  many  men  can  complete  a  trench  of  135  yards  lonp  In  8  days  when 
Iff  men  can  dig  54  yard*  in  6  days  r 


General  Stating* 

yds.     64   : 
days     8 

16  men   : :    135  yds. 

6  days 

432 

610 
IG 

4860 
810 

433  )  19960  (  30  Ana.  by  one  operation. 
1296 

0 

The  same  by  two  operations. 


As  54  : 

1st 

16  ::  1S5  :  40 
10 

As  8  :  40  ::  G  :  30 
6 

810 
135 

8)340(30  Ans. 
94 

54)3160(40 
210 

~~ 0 

0 

3.  If  100J.  in  one  year  gain  67.  interest,  what  will  be  the  interest  of  760&  for 
*  years  ?  Ans.  369/.  10*. 

3.  If  a  family  of  9  persons  expend  120&  in  8  months ;  how  much  will  serve  a 
family  of  94  people  16  mouths  ?  Ans.  640/. 

4.  If  97*.  be  the  wages  of  4  men  for  7  days ;  what  will  be  the  wages  of  14 
men  for  10  days?  Ans.  62.  15*. 

6.  If  a  footman  travel  130  miles  in  3  days,  when  the  days  are  19  hours  long ; 
in  how  many  days,  of  10  hours  each,  may  he  travel  360  miles  ?     Ans.  9|f  days 

6.  If  190  bushels  of  corn  can  serve  14  horses  56  days;  how  many  days  will  94 
bushels  serve  6  horses  ?  Ans  1021}  days. 

7.  If  3000  lb.  of  beef  serve  340  men  15  days;  how  many  lbs.  will  serve  190 
men  for  95  days  ?  Ans.  1764  lb.  1  Iff  oz. 

8.  If  a  barrel  of  beer  be  sufficient  to  last  a  family  of  7  persons  19  days ;  how 
many  barrels  will  be  drunk  by  14  persons  in  the  space  of  a  year? 

Ans.  60}  barrels, 

9.  If  240  men,  in  5  days,  of  1 1  hours  each,  can  dig  a  trench  230  yards  long, 
3  wide,  and  9  deep ;  in  how  many  days,  of  9  hours  long,  will  94  men  dig  a 
trench  of  430  yards  long,  5  wide,  and  3  deep  ?  Ans.  278  \%  days. 
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OF   VULGAR    FRACTIONS. 

A  Practiok,  or  broken  number,  is  an  expression  of  a  part,  or  some  parts,  of 
something  considered  as  a  whole. 

It  is  denoted  by  two  numbers,  placed  one  below  the  other,  with  aline  between 


.         3  numerator     I      , ,  _  .  ,  , 

Um.  ^..  V   which  is  named  three-fourths. 

4  denominator  J 

The  Denominator,  or  number  placed  below  the  line,  shows  how  many  equal 
the  whole  quantity  is  divided  into;  and  represents  the  Divisor  in  Division. 
And  the  Numerator,  or  number  set  above  the  line,  shows  how  many  of  those 
parts  are  expressed  by  the  Fraction ;  being  the  remainder  after  division. — Also, 
both  these  numbers  are,  in  general,  named  the  Terms  of  the  Fraction. 

Fractions  are  either  Proper,  Improper,  Simple,  Compound,  or  Mixed. 

A  Proper  Fraction,  is  when  the  numerator  is  less  than  the  denominator ;  as 
J,  or  f  f  or  |,  &c. 

An  Improper  Fraction,  is  when  the  numerator  is  equal  to,  or  exceeds,  the 
denominator;  as  },  or  f,  or  );  &c. 

A  Simple  Fraction,  is  a  single  expression  denoting  any  number  of  parts  or 
the  integer;  as  f ,  or  {. 

A  Compound  Fraction,  is  the  fraction  of  a  fraction,  or  several  tractions  con- 
nected with  the  word  o/between  them;  as  }  of},  or  {  of  f  of  3,  &c 

A  Mixed  Number,  is  composed  of  a  whole  number  and  a  fraction  together; 
aw  3J,  or  l*f ,  &c 

A  whole  or  integer  number  may  be  expressed  like  a  fraction,  by  writing  I  below 
it,  as  a  denominator;  so  3  is  f,  or  4  is  f,  && 

A  fraction  denotes  division ;  and  its  value  is  equal  to  the  quotient  obtained  by 
dividing  the  numerator  by  the  denominator;  so  y  is  equal  to  3, and  V  u  equal 
toi. 

Hence  then,  if  the  numerator  be  less  than  the  denominator,  the  value  of  the 
fraction  is  less  than  1.  If  the  numerator  be  the  same  as  the  denominator,  the 
fraction  is  just  equal  to  1.  And  if  the  numerator  be  greater  than  the  denomina- 
te the  fracUen  is  greater  than  1* 


REDUCTION  OF  VULGAR  FRACTIONS 

BawcnoH  of  Vulgar  Fractions,  is  the  bringing  them  out  of  one  form  on 
denomination  into  another ;  commonly  to  prepare  them  for  trie  operations  of 
Addffiow..  Subtraction,  lie.  of  which  there  are  several  cases. 


PROBLEM. 

njbtd  las  greatest  common  measure  of  two  or  more  numbers. 

The  Common  Measure  of  two  or  more  numbers,  is  that  number  which  will 
msm  both  without  a  remainder:  so  S  is  a  common  measure  of  18  and  34 ; 
Quotient  of  the  former  being  6,  and  of  the  latter  a    And  the  greatest  number 
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&at  will  do  this,  is  the  greatest  common  measure :  so  6  is  the  greatest  common 
treasure  of  18  aiid  34 ;  the  quotient  of  the  former  being  3,  and  of  the  latter  4, 
Mrhich  will  not  both  divide  farther. 

Bulk. — If  there  be  two  numbers  only  ;  divide  the  greater  by  the  less ;  then 
divide  the  divisor  by  the  remainder;  and  so  on,  dividing  always  the  last  divisor 
by  the  last  remainder,  till  nothing  remains ;  then  shall  the  last  divisor  of  all  be 
the  greatest  common  measure  sought. 

When  there  are  more  than  two  numbers ;  find  the  greatest  common  measure 
of  two  of  them,  as  before ;  then  do  the  same  for  that  common  measure  and 
another  of  the  numbers ;  and  so  on,  through  all  the  numbers ;  then  will  the 
greatest  common  measure  last  found  be  the  answer. 

If  it  happen  that  tlie  common  measure  thus  found  is  I ;  then  the  numbers 
are  said  to  be  incommensurable,  or  to  have  no  common  measure. 

EXAMPLES. 

1.  To  find  the  greatest  common  measure  of  1999,  918,  and  522. 

918  )  1998  (2  So  54  is  the  greatest  common  measure 

1836  of  1998  and  918. 


162  )  918  (  5  Hence  54  )  522  (  9 

810  486 

108  )  162  (  1  36  )  54  (  1 

108  36 

~54  )  108  (  9  18  )  36  (  S 

108  36 

o  that  18  Is  the  answer  required. 

2.  What  is  the  greatest  common  measure  of  246  and  372  ?  Ana.  0. 

3.  What  is  (he  greatest  common  measure  of  336,  720,  and  1736?         Ana.  8. 

CASE   T. 

To  abbreviate  or  reduce  fractions  to  their  lowest  terms. 

Rule* — Divide  the  terms  of  the  given  fraction  by  any  number  that  will  divide 
them  without  a  remainder ;  then  divide  these  quotients  again  in  the  same  man- 

*  That  dividing  both  the  term*  of  the  fraction  by  the  mud*  number,  whatever  it  be,  will  give 
another  fraction  equal  to  the  former,  la  evident  And  when  those  divisions  are  performed  as  often  aa 
can  be  done,  or  when  the  common  divisor  is  the  greatest  poacible,  the  terms  of  the  reaulting  fraction 
must  be  the  least  possible. 

Net*  1.  Any  number  ending  with  an  eren  number,  or  a  cipher.  Is  divisible,  or  can  be  divided  by  t, 
t.  Any  number  ending  with  5,  or  0,  is  divisible  by  ft 

3.  If  the  right  hano  place  of  any  number  be  0,  the  whole  Is  divisible  by  10;  If  there  be  two  ciphers, 
.t  is  divisible  by  100;  if  3  ciphers,  by  1000;  and  so  on  |  which  is  only  cutting  off  those  riphers. 

4.  If  the  two  right  hand  figures  of  any  number  be  divisible  by  4,  the  whole  is  divisible  by  4  And 
tf  the  three  right  hand  figures  be  divisible  by  8,  the  whole  is  divisible  by  a    And  so  on. 

6  If  the  sum  of  the  digits  in  any  number  be  divisible  by  3,  or  by  9,  the  whole  is  divisible  by  3,  or  by  9, 
6.  If  the  right  hand  digit  be  even,  and  the  sum  of  ail  the  digits  be  divisible  by  6,  then  the  whole  w*ll 

be  divisible  by  & 

7  A  number  Is  divisible  by  11,  when  the  sum  of  the  1st,  3d,  5th,  &c  or  of  all  the  odd  places,  is  equal 
to  the  sum  of  the  2d,  4th,  0th,  &c.,  or  of  all  the  even  places  of  digits. 

a  If  a  number  cannot  be  divided  by  some  quantity  less  than  the  tquare  of  the  same,  that  number  to 
•  prime,  or  cannot  be  divided  by  any  number  whatever. 
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sasr ;  and  to  on ;  till  it  appears  that  there  is  no  number  greater  than  1  which 
wiD  diiide  them ;  then  the  fraction  will  be  in  its  lowest  terms. 

Or,  Divide  both  the  terms  of  the  fraction  by  their  greatest  common  measure, 
and  the  quotients  will  be  the  terms  of  the  fraction  required;  of  the  same  value 
as  at  first. 

EXAMPLES. 

1.  Reduce  JfJ  to  it*  least  terms. 

ttS  =  ^  =  tt  =  M  =  A  =  S»tf»  "»wr. 

Or  thus: 

144  )  240  (  1  Therefore  48  is  the  greatest  common  measure,  and 

144  48  )  {4$  =  |  the  answer,  the  same  as  before. 

~96  )  144  (  1 
96 

48  )  96  (  S 
9tf 

2.  Reduce  tf}    toil*  lowest  terms.  Ana.  J» 

3.  Reduce  ||}    to  its  lowest  terms.  Ans.  ^V 
4   Reduce  \&}  to  its  lowest  terms.  Aw.  {. 


cam  n. 
To  reduce  a  mixed  number  to  its  tqvtvalcnt  improper  fraction. 

arxt* — Multiply  the  whole  number  by  the  denominator  of  the  fraction,  and 
add  the  numerator  to  the  product;  then  set  that  sum  above  the  denominator 
for  the  fraction  required. 

EXAMPLES. 

1.  Reduce  S3f  to  a  fraction. 

Or, 


(23X5)  +  %        117    . 

* ~  ■ /~= —  =  -7-,  the  answer. 


'• 


23 

5  5  ""     6 

Hi 
2 

U7 

V 


ben,ntr*pt9aiMi5,baTeritI»l,3,7,or  9,  Intiwplacaof  onto}  an*  ill  other 
flrcatbi  dtridcd. 
wltli  U*  «%b  of  addttloa  or  aabtrartkm  batwara  thorn.  aratobadlTldedbyany 

oftaoat  — aaw anrtbadiTldodbyit.   Taaa,  l0"fr*~*:g6  +  4-ts7 


II.  BtttflMwakm  tore  the  alga  of  amlUpllcmtloa  brtwoan  them,  only  one  of  thorn  no*  so 
10  X  8  X  S  _  10X4X3  _  10  X  4  X  1  _  10X*Xl_»_m 

•  x»  Fxl  sxi     ""  Tx  1     —  t ""  "* 


•  Tali  to  aaaMvv  than  In*  araltlplytnf  a  quantity  by  aaata  Bomber,  and  then  dtridlnf  ffc*  raw* 
bMt  ojtofta  by  tho  aaato,  waka  It  to  evident  don  not  altar  the  ralnc:  for  any  fractfoa  rrnronp»j  a 
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&  Reduce  19}     to  a  fraction.  Am.    «$ 

3.  Reduce  14&   to  a  fraction.  Ana.     \tf 

4.  Reduce  183  *f  to  a  friction.  Ana   AfrJ* 


OaSSIIL 

To  reduce  an  improper  fraction  to  its  equivalent  whole  or  mused 


Rule.*— Divide  the  numerate  by  die  denominator,  sad  the  yotient  will  be 
the  whole  or  mixed  number  fought. 


1.  Reduce  V  to  its  equivalent  number. 
Here  y  or  12  -*-  3  =  4,  the  answer. 

2.  Reduce  y*  to  its  equivalent  number. 
Here  y  or  15  -±-  7  =  2},  the  answer. 

3.  Reduce  7Ty  to  its  equi Talent  number. 

Thus,  17)  749  ( 
68 


69  Sc  th*  \V  =  44^  the  answer. 

68 


4.  Reduce  V  to  Us  equivalent  number.  Ana.  8» 

&  Reduce  *&|«  *•  ito  equivalent  number.  Ana.  Mlf* 

6.  Reduce  *!}•  to  its  equivalent  number.  Ana.  17 IH* 


CASS  IT. 

To  reduce  a  whole  number  to  an  equivalent  fraction,  having  a  gfate. 


Ruucf— Multiply  the  whole  number  by  the  given  denominator,  then  set  the 
product  over  tbe  said  denominator,  and  it  will  form  the  fraction  required. 


EXAMPLES. 

1.  Reduce  9  to  a  fraction  whose  denominator  shall  be  7. 

Here  9  X  7  =  63,  then  V  is  the  answer. 

For  y  =  63  -f-  7  =  9,  the  proof, 
t.  Redmee  13  to  a  fraction  whose  denominator  shall  be  12*  Ana.  Vlf 

3.  Reduce  27  to  a  fraction  whose  denominator  shall  be  11.  Ana.  Iff. 


•  Tfcfa  rate  fcr  —lawny  tao  rarer—  of  the  fanner;  and  the  reaion  of  It  It  naalfoft  frooi  tW 
t  Ooommni  DlrWoo. 
4  MuttiftStatfca  sad  DlvUoa  Wing  tort  eqoolly  oaed^ttorotoJt  most  to  tto  ■■-•«•  fa 
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CAR  T. 

To  reduce  a  compound  fraction  to  an  equivalent  simple  one. 

Bulk.* — Multiply  all  the  numerators  together  for  a  numerator,  and  all  the 
denominators  together  for  the  denominator,  and  they  will  form  the  simple  frac- 
tion sought. 

When  part  of  the  compound  fraction  is  a  whole  or  mixed  number,  it  must 
first  be  reduced  to  a  fraction  by  one  of  the  former  cases. 

And,  when  it  can  be  done,  any  two  terms  of  the  fraction  may  be  divided  by 
the  same  number,  and  the  quotients  used  instead  of  them.  Or  when  there  are 
terms  that  are  common,  they  may  be  omitted. 

EXAMPLES. 

1.  Reduce  £  of  §  of  }  to  a  simple  fraction. 

v       1X8X3         6  i. 

HeW  «X3X*  =  84  =   4'  thewwwer- 

1X^X3  1 

^  2X3*4  =  r»  °y  omitting  the  twos  and  threes. 

8.  Reduce  f  of  |  oftf  to  a  simple  fraction, 
«„  8  X  3  X  10         60         18        4    - 

Hert3x5x  a  =  m  =  33  =  n,tllea,l8,,rer 

O.  8  X  3  X  10         4 

'  3  X  S  X  11  =  Hf        8ame  W  D6'ore' 

3L  Reduce  £  of  £  to  a  simple  fraction.  Ana.  ff . 

i.  Reduce  {  of  {  of  |  to  a  simple  fraction.  Ana,    ± 

5.  Reduce  |  of#  of  3J  to  a  simple  fraction.  Ana.    f» 

ft.  Reduce  }  of  f  of  i  of  4  to  a  simple  fraction.  Ans.    f. 

CASE  VI. 

To  reduce  fractions  of  different  denominators  to  equivalent  fractions,  having  a 

common  denominator* 
RuLict — Multiply  each  numerator  into  all  the  denominators  except  its  own 
for  the  new  numerators ;  and  multiply  all  the  denominators  together  for  a 
cojunon  denominator. 

Note.  It  is  evident,  that  in  this  and  several  other  operations,  when  any  of 
the  proposed  quantities  are  integers,  or  mixed  numbers,  or  compound  fractions, 
they  must  be  reduced,  by  their  proper  rules,  to  the  form  of  simple  fractions. 

•  The  truth  of  this  nils  may  be  shown  as  follows :  Let  the  compound  fraction  be  fof  A. 
Now}  of  A  Is  *-*.3,  which  it  ft ;  consequently  |  of  f  will  be  ft  X  2or  if;  that  it  the  numer- 
ators are  multiplied  together,  and  also  the  denominators,  as  in  the  rule.— When  the  com* 
pound  fraction  consists  of  more  than  two  single  ones;  having  first  reduced  two  of  them  as 
above,  then  the  resulting  fraction  and  a  third  will  be  the  same  as  a  compound  fraction 
of  two  parts:  and  so  on  to  the  last  of  all. 

1  This  Is  evidently  no  more  than  multiplying  each  numerator  and  its  denominator  by 
tat  same  ejmntity,  and  consequently  the  value  of  the  fraction  is  not  altered. 
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EXAMPLES. 

L  Reduce  J,  f ,  and  }  to  a  common  denominator. 

lX3X^=  12  the  new  numerator  for  |. 

S  X   2  X  4  =  16  ditto  for  f 

S  X  9  X  3  =  18  ditto  for  j* 

2  X  3X4  =  24  the  common  denominator. 

Therefore  the  equivalent  fractions  are  \\  {},  and  \\. 

Or  the  whole  operation  of  multiplying  may  be  very  well  performed  menouay, 
and  only  set  down  the  results  and  given  fractions  thus :  }f  $,  },  =  |$,  |},  i4  ~ 
*V  A»  A«  °y  abbreviation. 

2.  Reduce  f  and  £  to  fractions  of  a  common  denominator.  Ana.  f|,  |  J. 

3.  Reduce  §,  f,  },  to  a  common  denominator.  Ana.  |#,  |£,  £#• 

4.  Reduce  J,  2J,  and  4,  to  a  common  denominator.  Ana.  $£,  f&»  W« 

Note  I.  When  tlie  denominators  of  two  given  fractions  have  a  common  mea- 
sure, let  them  be  divided  by  it;  then  multiply  the  terms  of  each  given  fraction 
by  the  quotient  arising  from  the  other's  denominator. 

2.  When  the  less  denominator  of  two  fractions  exactly  divides  the  greater, 
multiply  the  terms  of  that  which  hath  the  less  denominator  by  the  quotient. 

3.  When  more  than  two  fractions  are  proposed;  it  is  sometimes  convenient, 
6rst  to  reduce  two  of  them  to  a  common  denominator ;  then  these  and  a  third ; 
and  so  on  till  they  be  all  reduced  to  their  least  common  denominator* 

CASE  VII. 

To  find  the  value  of  a  fraction  in  parts  of  the  integer. 

Rule. — Multiply  the  integer  by  the  numerator,  and  divide  the  product  by  the 
denominator,  by  Compound  Multiplication  and  Division,  if  the  integer  be  a 
compound  quantity. 

<)r,  if  it  be  a  single  integer,  multiply  the  numerator  by  the  parts  in  the  next 
inferior  denomination,  and  divide  the  product  by  the  denominator.  Theu,  if 
any  thing  remains,  multiply  it  by  the  parts  in  the  next  inferior  denomination, 
and  divide  by  the  denominator  as  before ;  and  so  on  as  far  as  necessary :  so 
shall  the  quotients,  placed  in  order,  be  the  value  of  the  fraction  required.* 


examples. 

1.  What  is  the  £  of  21.  6s.  ? 
By  the  former  part  of  the  rule, 

2L    05. 

4 


2.  What  is  the  value  of  }  of  U! 
By  the  2d  part  of  the  rule, 

2 
20 

3  )  40  (  13*.  44  Ans. 

1 
12 

8  )  Ta"(  Id. 


•  The  numerator  of  a  fraction  being  considered  as  a  rermtinder,  in  Division,  and  the 
at  the  divisor,  this  rule  li  of  the  same  nature  as  Compound  Division,  or  the  valuation  of 
la  ttM  Role  of  Three,  before  explained. 


5)9        4 

Ana.         1/.  16*.  9a\  ?f?. 
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3.  What  is  the  value  of  }  of  a  pound  sterling  ?  Ans.  7#.  6c£ 

4w  What  is  the  value  of  f  of  a  guinea  ?  Ana.  4*.  3d. 

5.  What  is  the  value  of  j  of  half-a-crown  ?  Ans.  1*.  lOJrf. 

6.  What  is  the  value  of  f  of  4«.  l(k£?  Aus.  U  Hid. 

7.  What  is  the  value  of  {  of  a  pound  troy  ?  Ana.  7  os.  4  dwta. 

8.  What  is  the  value  of  ^  of  a  cwt.  ?  Ans.  1  qr.  7  lb. 

9.  What  is  the  value  of  |  of  an  acre  ?  Ana.  2  ro.  20  po. 
10   What  is  the  value  of  T»fl  of  a  day?  Ans.  7  hra.  13  mitu 


case  vim 

7b  reduce  a  fraction  from  one  denomination  to  another. 

Hulk.* — Consider  how  many  of  the  less  denomination  make  one  of  the 
greater ;  then  multiply  the  numerator  by  that  number,  if  the  reduction  be  to  a 
less  name,  or  the  denominator,  if  to  a  greater. 

EXAMPLES 

i.  Reduce  |  of  a  pound  to  the  fraction  of  a  penny 
}XVXY  =  4|°=  l|°i  the  answer. 

2.  Reduce  |  of  a  penny  to  the  fraction  of  a  puund. 

*  X  A  X  A  =  tAo  =  ttv.  **•  answer. 

3.  Reduce  fti.  to  the  fraction  of  a  penny.  Ans.  y«f. 

4.  Reduce  {  of  a  farthing  to  the  fraction  of  a  pound.  Ans.  /rVro- 

6.  Reduce  T  cut.  to  the  fraction  of  a  lb.  Ans.  V 
&  Reduce  J  dwt  to  the  fraction  of  a  lb.  troy.  Ans.  j^v 

7.  Reduce  f  of  a  crown  to  the  fraction  of  a  guinea.  Ans.  -Aft. 
81  Reduce  f  of  a  half-crown  to  the  fraction  of  a  shilling.  Ann.  9*. 


ADDITION  OF  VULGAR  FRACTIONS. 
To  add  fractions  together  that  have  a  common  denominator. 

m 

Rule. — Add  all  the  numerators  together,  and  place  the  sum  over  the  common 
denominator,  and  that  will  be  the  sum  of  the  fractions  required. 

If  the  fractions  proposed  have  not  a  common  denominator,  they  must  be 
reduced  to  one.  Also  compound  fractions  must  be  reduced  to  simple  ones ; 
and  mixed  numbers  to  improper  fractions ;  also  fractions  of  different  denomina- 
tions to  those  of  the  same  denomination,  f 

aa  the  role  of  Reduction  hi  whole  numbers,  from  one  denomination  to  another. 

art  rr4ac*4  to  a  common  denominator,  they  are  qnlte  dissimilar,  as  much  at 

are,  and  therefore  cannot  be  Incorporated  with  one  another,  any  more  than  these 

they  are  reduced  to  a  common  denominator,  and  made  parts  of  the  same  thine;,  their 

ay  ti*ea  be  aa  properly  expressed  by  the  snm  or  difference  «»f  the  numerator^ 

deeriais  ef  any  two  quantities  whatever,  by  the  snm  or  difference  of  their  Individuals. 

ef  the  rule  la  manifest  both  ft»r  Addition  »nd  Subtraction. 

ere  to  be  collected.  It  Is  commonly  best  first  to  add  two  of  them  togethsf . 
to  •  ceaMaon  denominator  {  then  add  their  torn  and  a  third,  and  so  aa. 


I 
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EXAMPLES. 

1.  To  add  I  and  $  together. 

Here  {  +  i  =  I  =  If,  the  answer. 

2.  To  add  {  and  {  together. 

|  +  f  =  fj.  +  H  =  H  =  1«  the  answer. 
&  To  add  |  and  7J  and  £  of  }  together. 

l  +  7i  +  iof|  =  *+  V+i=4+  V  +  t^V  =  8|.*e  answer. 

4.  To  add  \  and  f  together.  Ans.  If 

&  To  add  |  and  j  together.  Ans.  lgj. 

8.  Add  f  and  ^  together  Ana.  <ft. 
7.  What  is  the  sum  of}  and  {  and  f?  Ans.  1  \%\. 
&  What  is  the  sum  of  {  and  J  and  2f?  Ans.  3*8- 

9.  What  is  the  sum  of  J  and  }  of  i,  and  9^  ?  Ans.  10gV 

10.  What  is  the  sum  of  §  of  a  pound  and  £  of  a  shilling  ? 

Ans.  '{**.  or  13*.  10sl  2fr 

11.  What  is  the  sum  of  J  of  a  shilling  and  ^  of  a  penny  ?  Ans.  Y£d  or  Id.  1}|^ 

12.  What  is  the  sum  of  |  of  a  pound,  and  $  of  a  shilling,  and  TST  of  a  penny  ? 

Ans.  fijfr.  or  3*.  Id.  Ufa. 


SUBTRACTION  OF  VULGAR  FRACTIONS. 

Rule. — Prepare  the  fractions  the  same  ns  for  Addition ;  then  subtract  the 
one  numerator  from  the  other,  and  set  the  remainder  over  the  common  deno- 
minator, for  the  difference  of  the  fractions  sought. 

EXAMPLES. 

1.  To  find  the  difference  between  |  and  j. 

Here  {  —  £  =  £  =  },  the  answer. 
&  To  find  the  difference  between  £  and  {. 

f  —  4  =  H  —  H  =  A»  ^ie  Answer. 
3.  What  is  the  difference  between  ^  and  ^  ?  Ana.  g . 

4b  What  is  the  difference  between  ^  and  ^  ?  Ans.  ,V 

&  What  is  the  difference  between  ^  and  TV  ?  Ans.  1^» 

6    What  is  the  difierence  between  5j  and  f  of  4  £  ?  Ans.  4^'^. 

7.  What  is  the  difference  between  $  of  a  pound,  and  ]  of  J  of  a  shilling  ? 

Ans.  'A1*  or  10a,  7&  Ifc. 
&  What  is  the  difference  between  f  of  5$  of  a  pound,  and  J  of  a  shilling  ? 

Ans.  f  {&£  or  U  8*.  1 1  /,©. 


MULTIPLICATION  OF  VULGAR  FRACTIONS. 
Rc/lk.« — Reduce  mixed  numbers,  if  there  be  any.  to  equivalent  fractious; 

•  Multiplication  of  any  thing  by  a  fraction  implies  the  taking  some  part  or  parts  of  the  thing)  It 
■Me?  therefore  be  truly  expressed  oy  a  compound  fraction  j  which  i*  resolved  by  multiplying  together 
ana1  the  <**ifjrt*t*"iT*fl, 


VULGAR  FBACTIONS 


mmkifhf  all  tho 
together  far  a 


1*  Roo^aJfod 


NMntai  together  for  a  nonurator,  and  all  the 
which  will  giro  tba  product  rnanired. 


tho  prodact  of  }  and  |. 

|X  |  =  *  =  J,  tb«  «•  WOT. 

<*.ixt  =  »x*  =  *. 

the  oontianed  product  of  |,  3$,  *  and  |  of  }. 

13  x  3        89 


•  x-4  X  iX4x6  — 


f 
3 


4X9 


sr  -rr-  s  4f>  answer* 


8 


4*  RoenJied 


7. 

a 

a 

Ml 

it. 


tho  product  off  and  |. 
llw  prodact  of  <&  and  ,£. 
the  prodnet  of  $>  f,  and  Jf. 
tho  prodnet  of  },  §,  and  3. 
tha  prodnet  of  J,  {,  and  4  ^ 
tho  prodnet  of  |,  and  f  of  f 
tha  prodnet  of  6,  and  }  of  h. 
tha  prodnet  of  |  of  J,  and  f  of  3f. 
tho  prodnet  of  3f f  and  4tf. 
tha  panda*  of  *,  |,  f  of  fc  and  4fc 


Ana,  A* 
Ana.  tV- 
Ana,  jp 
Ana.  I. 
Ana.  *j\j. 
Am.  If. 
Ana.  £0. 
Ana.|}. 

1441*. 
Ana.  8ft. 


DIVISION  OP  VULGAR  FRACTIONS. 


feu*. 


tba  fraction*  as  baton  in  Mokiplication ;  than  ditido  tho 
by  tho  nanjiratir,  and  tha  danoaiinator  by  tha  dononrinator,  if  they 
«H  tumly  divide;  bat  if  not,  than  inTort  the  tereu  of  tha  divioor,  and  nmhi- 
|*I  no  iifidand  by  it,  as  in  Multiplication. 


t  DhMt  %•  by  * 

lhn)V.  +  |  =  |=  1],  by  tho  nnt  BMthod. 
tDWdilbyft. 

Be*}-*-  A  =  »X  y=|Xi«-V  =  4i,  by  tha  latter 
HXfisaitbyt 
tDbn1.*by|. 
iDHat  Vbyl. 
lOMaaiby  V- 
tOMatJIbyl. 
».Dhiat|by  f 

I  Dine*  ^  by  3. 
ML  Kfiaa  |  by  3. 

II  Dbide  7J  by  9|> 
HDMaf|of|by|of7|. 


way* 

Ana,  f 

Ana.  A- 

Ana,  1*. 

Am.,V 

Am.  |. 

Aw-Jf. 

Ana,  A* 

Ana.  i^» 

Ant*  ga* 

Anfcjfj* 

^niUiint  wia 


*r«i 
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RULE  OP  THREE  IN   VULGAR  FRACTIONa 

Hulk.* — Make  the  necessary  preparations  as  before  directed  j  then  multiply 
continually  together,  the  second  and  third  terms,  and  the  first  with  its  terms 
inverted  as  in  Division,  for  the  answer. 

EXAMPLES. 

1.  If  }  of  a  yard  of  velvet  cost  J  of  a  pound  sterling;  what  will  Tft *  of  a  yard 

cost? 

3        2  5        8  2  5 

Here,  -s-  :  t  : :  r;  s  t  X  -=-  X  7^  =  i*  =  6*'8Athe  answer. 

2.  What  will  3}  ox.  of  silver  cost,  at  6s.  id.  an  ounce  ?  An*.  XL  Is.  i{d. 

3.  If  ^  of  a  ship  be  worth  273/.  2*.  6U,  wliat  is  A  of  her  worth  ? 

Ana.  237/.  12#.  Id. 

4.  What  is  the  purchase  of  1230/.  bank-stock,  at  108}  per  cent? 

Ans.  133ft.  U.  94. 

5.  What  is  the  interest  of  273/.  15*.  for  a  year,  at  3£  per  cent  ? 

Ans.  6/.  17s.  11J<£. 
&  If  i  of  a  ship  be  worth  73/.  Is.  3d,  what  part  of  her  is  north  250/.  10*.  ? 

Ans.  y, 

7.  What  length  must  be  cut  off  a  board,  th.it  is  7}  inches  broad,  to  contain  a 
square  foot,  or  as  much  as  another  piece  of  12  inches  long  and  12  broad  ? 

Ans.  18 J  f  inches. 

8.  What  quantity  of  shalloon,  that  is  }  of  a  yard  wide,  will  line  9}  yards  of 
cloth,  that  is  2 £  yards  wide  ?  Ans.  31}  yds. 

9.  If  the  penny-loaf  weigh  6^  oi.  when  the  price  of  wheat  is  5s.  the  bushel ; 
what  ought  it  to  weigh  when  the  wheat  is  at  8s.  6d  the  bushel  ?      Ans.  4^  oi. 

10.  How  much  in  length,  of  a  piece  of  land  that  is  \\\{  poles  broad,  will 
make  an  acre  of  land,  or  as  much  as  40  poles  in  length  and  4  in  breadth  ? 

Ans.  l&f4\  poles. 

11.  If  a  courier  perform  a  certain  journey  in  35£  days,  travelling  13|  hours 
a-day;  how  long  would  he  be  in  performing  the  same,  travelling  only  11  £ 
hours  a-day?  Ans.  40flf  days. 

12.  A  regiment  of  soldiers,  consisting  of  976  men,  are  to  be  new  clothed, 
each  coat  to  contain  2}  yards  of  cloth  that  is  lj  yard  wide,  and  lined  witb 
shalloon  }  yard  wide;  how  many  yards  of  shalloon  will  line  them  ? 

Ans.  4551  jds.  1  qr.  2f  naila. 


DECIMAL    FRACTIONS. 

A  Decimal  Fraction  is  that  which  has  for  its  denominator,  a  unit  (1)  with 
ns  many  ciphers  annexed  as  the  numerator  has  places ;  and  it  is  usually  expressed 
t*y  setting  down  the  numerator  only,  with  a  point  before  it  on  the  left  baud 


*  Thle  k  only  multiplying  tha  aaeond  and  third  term  togetner,  and  diyidinf  the  nrvdnot 
*■'•*•  m  la  Um  Rule  of  Hume  la  waste  numbers. 
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Thus,  A  »  *,  ™*  tVo  m  «•  «"*  t*&>  >s  -075,  and  T^Jft^  is  -00124;  where 
ciphers  are  prefixed  to  make  up  as  many  places  as  are  in  the  numerator,  whe* 
there  is  a  deficiency  of  figures. 

A  mixed  number  is  made  up  of  a  whole  number  with  some  decimal  fraction, 
the  one  being  separated  from  the  other  by  a  point.    Thus  3*25  is  the  same  as. 

Ciphers  on  the  right  hand  of  decimals  make  no  alteration  in  their  value ;  for 
*S  or  -50  or  -500,  are  decimals  having  all  the  same  value,  being  each  =  ^orf 
But  if  they  are  placed  on  the  left  hand,  they  decrease  the  value  in  a  tenfold 
proportion.  Thus  *5  is  -^y  or  5  tenths,  but  05  is  only  jfa  or  5  hundredths,  and 
"0u5  is  but  yj^  or  5  thousandths. 

The  first  place  of  decimals,  counted  from  the  left  hand  towards  the  right,  is 
called  the  place  of  primes,  or  lOths ;  the  second  is  the  place  of  seconds,  or  lOOths ; 
the  third  is  the  place  of  thirds,  lOOOths ;  and  so  on.  For,  in  decimals,  as  well 
as  in  whole  numbers,  the  vJues  of  the  places  increase  towards  the  left  hand,  and 
decrease  towards  the  right,  both  in  the  same  tenfold  proportion ;  as  in  the  fol- 
lowing Scale  or  Table  of  Notation. 

•s 

5 

fiu 


c       £       o       S       £  1     J       9       o      ? 

^       3      s      2      §      S     Ti  8      a      2      E      3      - 

g    i    *    €    j~    *    a       $   a    *    a   m    a 


ss       e 

i    J 

3       333338*5333       33 


9        B 

O 


ADDITION  OF  DECIMALS. 

Bulb. — Set  the  numbers  under  each  other  according  to  the  value  of  their 
flic—,  like  as  io  whole  numbers;  in  which  state  the  decimal  separating  points 
will  stand  all  exactly  under  each  other.  Then,  beginning  at  the  right  hand,  add 
■p  all  the  columns  of  numbers  as  in  integers ;  and  point  off*  as  many  places,  for 
decimals,  as  are  in  the  greatest  number  of  decimal  places  in  any  of  the  lines  that 
are  added ;  or  place  the  point  directly  below  all  the  other  points. 

EXAMPLES. 

L  To  add  together  20-0146,  and  3146-5,  and  2109,  and  -62417  and  14-16. 

29-0146 

3146-5 
2109- 

•62417 
14*16 


4299*29877,  the  sum. 
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2.  To  find  the  mm  of  976*35  +  86-135  +  637-4726  +  6-5  +  41-03  + 
358*865.  Am.  1506-S32& 

3.  Required  the  sum  of  3*5  +  47-25  +  2O073  +  93701  +  1*5. 

Ana.  981-3673.  _ 

4.  Required  the  ram  of  376  +  54*331  +  113  +  0-65  +  13*5  +  -0463. 

Ana.  465*5173-^ 


SUBTRACTION  OF  DECIMALS 

Rule. — Place  the  namben  under  each  other  according  to  the  value  of  their 
placet,  as  in  the  last  rule.  Then,  beginning  at  the  right  hand,  subtract  as  in 
whole  numbers,  and  point  off  the  decimals  as  in  Addition. 

examples. 

1.  To  find  the  difference  between  01*73  and  3*138. 

91*73 

8138 

•  

Ans.  89*592  the  difference. 


8.  Find  the  difference  between  1*9185  and  2*73.  Ana.  0-8115. 

3.  Find  the  difference  between  314*81  and  4-90142.  Ana.  309-90858. 

4w  Find  the  difference  between  8714  and  -916.  Ana.  3713-084. 


MULTIPLICATION  OF  DECIMAL& 

Rule.*— Place  the  factors,  and  multiply  them  together  the  same  as  if  they 
were  whole  numbers. — Then  point  off  in  the  product  just  as  many  places  of 
decimals  as  there  are  decimals  in  both  the  factors.  But  if  there  be  net  so 
figures  in  the  product,  then  supply  the  defect  by  prefixing  ciphers. 


1.  Multiply  -331096 
by      "3465 

1605480 
1926576 
1284384 
643192 


r 


Ans.  0791501640  the  product 

*  The  rule  will  be  evident  from  this  example:  Let  it  be  required  to  multiply  -13  by  *961 , 
these  numbers  ue  equivalent  to  Afo  and  £ftfo  the  product  of  which  is  T&Mfo  =3*043339 
by  the  nature  of  Notation,  which  consists  of  as  many  places  as  there  are  ciphers,  that  is,  of 
as  many  places  ss  there  are  in  both  numbers.    And  in  like  manner  for  any  other  numbers. 
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*  Multiply  79-847  by  23-15.  Ana.  1836-88305 

3.  Multiply  -63478  by  -8204  Ana.  -52077351& 

i  Multiply  -385746  by  -00464.  Ana.  -00178986144. 

CONTRACTION  L 

To  multiply  decimals  by  1  with  any  number  of  ciphers,  as  10,  or  100,  or  1000,  frc 

This  is  done  by  only  remoring-  tbe  decimal  point  so  many  places  farther  to 
fte  right  hand  as  there  are  ciphers  in  the  multiplier ;  and  subjoining  ciphers 
if  need  be. 

EXAMPLES. 

1.  The  product  of   51*3  and    1000  is  51300 

2.  Tbe  product  of  2-714  and      100  is 

3.  The  product  of    -916  and    1000  is 

4.  The  product  of  21*31  and  10000  is 

CONTRACTION   II. 

To  contract  the  operation,  so  as  to  retain  only  as  many  decimals  in  the  product 
as  may  be  thought  necessary,  when  the  product  would  naturally  contain  several 
more  places. 

Set  the  units*  place  of  tbe  multiplier  under  that  figure  of  the  multiplicand 
whose  place  is  the  same  as  is  to  be  retained  for  the  last  in  the  product ;  and 
dispose  of  the  rest  of  the  figures  in  the  inverted  or  contrary  order  to  what  they 
are  usually  placed  in. — Then,  in  multiplying,  reject  all  the  figures  that  are  more 
to  the  right  than  each  multiplying  figure ;  and  set  down  the  products,  so  that 
their  right  hand  figures  may  fall  in  a  column  straight  below  each  other ;  but 
observing  to  increase  the  first  G§r\ire  of  every  line  with  what  would  arise  from 
the  figures  omitted,  in  this  manner,  namely  1  from  5  to  14,  2  from  15  to  24,  3 
from  25  to  34,  &c ;  and  the  sum  of  all  the  lines  will  be  the  product  as  required, 
commonly  to  the  nearest  unit  in  the  last  figure. 

EXAMPLES. 

I  To  multiply  27*14986  by  92*41035,  so  as  to  retain  only  four  places  of 
decimals  in  the  product 

Contracted  way.  Common  way. 

27-14986  27*14986 

53014*29  92-41035 

24434874  13574930 

542997  81 44953 

108599  2714966 

2715  10859944 

81  5429972 

14  24434874 


2508*9280  2508*9280  65051 0 

t.  Multiply  480-14936  by  2*72416,  retaining  only  four  decimals  in  the  product 
X.  Multiply  2490-3048  by  -573286,  retaining  only  five  decimals  in  the  product 
4b  Msdtiply  325-701428  by  -7218393,  retaining  only  three  decimals  in  the  product 
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DIVISION  OF  DECIMALS. 


Rule. — Divide  as  in  whole  numbers ;  and  point  off  in  the  quotient  as  many 
places  for  decimals,  as  the  decimal  places  in  the  dividend  exceed  those  in  the 
divisor.* 

When  the  places  of  the  quotient  are  not  so  many  as  the  rule  requires,  let  the 
defect  be  supplied  by  prefixing  ciphers. 

When  there  happens  to  be  a  remainder  alter  the  division;  or  when  the 
decimal  places  in  the  divisor  are  more  than  those  in  the  dividend ;  then  ciphers 
nay  be  annexed  to  the  dividend,  and  the  quotient  carried  on  as  far  as 


i.  8. 
179  )  -48624097  (  D0271643        |         -£685  )  27-00000  (  100*65866 

1289  16000 

S94  15760 

1150  £3250 

769  17700 

537  15900 

000  24750 


a  Divide  234*70525  by  6425.  Ads.  3-653. 

4.  Divide  14  by  -7854  Ans.  17825. 

5.  Divide  2175-68  by  100.  Ans.  21*7568. 

6.  Divide  -87275S7  by  -162.  Ana.  5-387391 

CONTRACTIOJI  I 

When  the  divisor  is  an  integer,  with  any  number  of  ciphers  annexed ;  cat  off 
those  ciphers,  and  remove  the  decimal  point  in  the  dividend  as  many  places 
farther  to  the  left  as  there  are  ciphers  cut  off)  prefixing  ciphers  if  need  be ;  then 
proceed  as  before,  f 

BXAMPLES. 

1.  Divide  45-5  by  2100. 

21O0  )  -455  (  0216,  &*. 
35 
140 
14 

8.  Divide  41020  by  39000. 
8.  Divide  953  by  21600. 
4.  Divide       61  by  79000. 

•  The  reason  of  this  rote  it  evident ;  for,  tlnee  the  divisor  multiplied  by  the  quotient  fives  the 
dividend,  therefore  the  number  of  decimal  pieces  in  the  dividend  ia  equal  to  those  in  the  divisor  and 
quotient  taken  tofether,  by  the  nature  of  Multiplication;  and  consequently  the  quotient  itself  must 
eontain  as  many  as  the  dividend  exceeds  the  divisor. 

f  This  is  no  more  than  dividing  both  divisor  and  dividend  by  the  same  number,  either  iC,  or  100,  or 
1009,  £*••  exceeding  to  the  number  of  ciphers  cut  off;  which,  leaving  them  in  the  same  proportion, 
4oes  Dot  affect  the  quotieut.  And,  in  the  same  way,  the  decimal  point  may  be  moved  the  same  num. 
her  of  places  In  both  the  divisor  and  dividend,  either  to  the  right  or  left,  whether  they  have 
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COSTRACTIOX   II. 

Hexie,  if  the  divisor  be  1  with  ciphers,  as  10,  or  100,  or  1000,  &c ;  then  the 
Quotient  will  be  found  by  merely  moving  the  decimal  point  in  the  dividend  so 
'b&tijr  places  farther  to  the  left  as  the  divisor  has  ciphers ;  prefixing  ciphers  if 
**edbe. 


So,  217-3    -5-  100  =  2-173.  and  419  -*-      10  = 

And    5-16  -*-  100  =  .  and  -81  -f.  1000  = 

CONTRACTION  III. 

Whew  there  are  many  figures  in  the  divisor ;  or  only  a  certain  number  of 
decimals  are  necessary  to  be  retained  in  the  quotient,  then  take  only  as  many 
figures  of  the  divisor  as  will  be  equal  to  the  number  of  figures,  both  integers 
and  decimals,  to  be  in  the  quotient,  and  find  how  many  times  they  may  be  con- 
tained in  the  first  figures  of  the  dividend,  as  usual. 

Let  each  remainder  be  a  new  dividend;  and  for  every  such  dividend,  leave 
out  one  figure  more  on  the  right  hand  side  of  the  divisor;  remembering  to  carry 
for  the  increase  of  the  figures  cutoff,  as  in  the  2d  contraction  in  Multiplication. 

Note,  When  there  are  not  so  many  figures  in  the  divisor  as  are  required  to 
De  in  the  quotient,  begin  the  operation  with  all  the  figures,  and  continue  it  as 
usual  till  the  number  of  figures  in  the  divisor  be  equal  to  those  remaining  to  be 
found  in  the  quotient,  after  which  begin  the  contraction. 


L  Divide  2508*92806  by  92*41035,  so  as  to  have  only  four  decimals  in  the 
quotient,  in  which  case  the  qnotient  will  contain  six  figures. 

Contracted.  Common  way. 


92-4103,5  )  2508*928,06  (  27*1498 

660721 

13849 

4608 

912 

80 

6 


92*4103,5  )  2508-928,06  (  27*1498 
66072106 
13848610 
46075730 
91116100 
79467850 
65395/0 


9L  Divide  4109*2351  by  230*409,  so  that  the  quotient  may  contain  only  four 
decimals. 

3.  Divide  3710438  by  5713*96,  that  the  quotient  may  contain  only  five 
decimals. 

4.  Divide  913*08  by  2137*2,  that  the  quotient  may  contain  only  three  decimals. 


REDUCTION  OF  DECIMALS. 

CASE   U 

To  reduce  a  vulgar  fraction  to  its  equivalent  decimal 

Bern  -Divide  the  numerator  by  the  denominator  as  in  Division  of  Deei> 
iab,  annexing  ciphers  to  the  numerator  as  far  as  necessary ;  so  shall  the  quotient 
t  the  decimal  required. 


54  ARITHMETIC. 

EXAMPLES* 

L  Reduce  J%  to  a  decimal. 

24  =  4  X  5.         Then  4)7* 

6)  1-750000. 
-291666,  &a 

2.  Reduce  J,  and  J,  and  j,  to  decimals.  Ana.  -25,  and  *5,  and  '75. 

3.  Reduce  jtoa  decimal.  Ans  *375. 

4.  Reduce  5V  to  a  decimal.  Ans.  04. 

5.  Reduce  ^i?  to  a  decimal.  Ana.  -0156*5. 

6.  Reduce  tVA  to  a  decimal.  Ans.  -071577,  &c 

CA8E   XI. 

To  find  the  value  of  a  decimal  in  terms  of  the  inferior  denominations. 

Rule. — Multiply  the  decimal  by  the  number  of  parts  in  the  next  lower 
denomination  ;  and  cut  off  as  many  places  for  a  remainder,  to  the  right  hand, 
as  there  are  places  in  the  given  decimal. 

Multiply  that  remainder  by  the  parts  in  the  next  lower  denomination  again, 
cutting  off  for  another  remainder  as  before. 

Proceed  in  the  same  manner  through  all  the  parts  of  the  integer;  then  the 
several  denominations  separated  on  the  left  hand,  will  make  up  the  answer. 

Note,  This  operation  is  the  same  as  Reduction  Descending  in  whole  numbers. 

EXAMPLES. 

L  Required  to  find  the  value  of  -775  pounds  sterling. 

•775 
20 


t.  15*500 

12  Ans.  Ifit.  6tf 


eL    6-000 


2.  What  is  the  value  of  "625*.  P  Ans.  7 Jd 

3.  What  is  the  value  of  '86351  ?  Ans.  17s.  3-244 

4.  What  is  the  value  of  -0125  lb.  troy?  Ans.  3  dwts. 

5.  What  is  the  value  of  -4694  lb.  troy  ?  Ana.  5  os.  12  dwt  15*744  gr. 

6.  What  is  the  value  of  '625  cwt.  ?  Ans.  2  qr.  14  lb. 

7.  What  is  the  value  of  -009943  miles  ?  Ans.  17  yd.  1  ft  5-98848  in. 

8.  What  is  the  value  of  '6875  yd.  ?  Ans.  2  qr.  3  nk. 

9.  What  is  the  value  of  -3375  ac.  f  Ans.  1  rd.  14  poles. 
10.  What  is  the  value  of  -2083  hhd.  of  wine  ?  Ans.  13*1229  gal 

CASE  IIL 

To  reduce  integers  or  decimals  to  equivalent  decimals  of  higher  denominations. 

Rule. — Divide  by  the  number  of  parts  in  the  next  higher  denomination  ; 
continuing  the  operation  to  as  many  higher  denominations  as  may  be 
the  same  as  in  Reduction  Ascending  of  whole  numbers. 


DECIMAL&  5* 


L  Reduce  1  dwt  to  the  decimal  of  a  pound  troy 


90 
IS 


ldwt 

0*05  ox. 

0*004166,  &a  lb.  answer. 


S.  Reduce  9dL  to  the  decimal  of  a  pound.  Ana.  "03767. 

3.  Reduce  7  dr.  to  the  decimal  of  a  pound  avoird.  Ana.  -02734375  lb. 

4.  Reduce  "26dl  to  the  decimal  of  a  £.  Ana.  -0010833,  &c  £. 
&  Reduce  915  lb.  to  the  decimal  of  a  cwt  Ana.  019196  +  cwt 
6L  Reduce  24  yards  to  the  decimal  of  a  mile.  Ana.  "013636,  &c.  miles. 

7.  Reduce  *056  poles  to  the  decimal  of  an  acre.  Ans.  -00035  ac 

8.  Reduce-  1*2  pints  of  wine  to  the  decimal  of  a  hhd.  Ana.  -00938  -f-  hhd. 

9.  Reduce  14  minutes  to  the  decimal  of  a  day.  Ans.  -009792,  &c.  da. 
10.  Reduce  -21  pints  to  the  decimal  of  a  peck.  Ana.  -013125  pec 

Note. — When  there  are  several  number*,  to  be  reduced  all  to  the  decimal  of 

the  highest 

Set  the  given  numbers  directly  under  each  other,  for  dividends,  proceeding 
orderly  from  the  lowest  denomination  to  the  highest 

Opposite  to  each  dividend,  on  the  left  hand,  set  such  a  number  for  a  divisor 
as  will  bring  it  to  the  next  higher  name ;  drawing  a  perpendicular  line  between 
all  the  divisors  and  dividends. 

Begin  at  the  uppermost,  and  perform  all  the  divisions;  only  observing  to  set 
the  quotient  of  each  division,  as  decimal  parts,  on  the  right  hand  of  the  dividend 
next  below  it;  so  shall  the  last  quotient  be  the  decimal  required. 

EXAMPLES. 

1.  Reduce  16s.  9fdL  to  the  decimal  of  a  pound. 

4    3- 
12    9-75 
90  15-8195 

£  0*790625,  answer. 

2.  Reduce  192.  17s.  3Jrf.  to  £.  Ana.  19*86354166,  &&  £. 

3.  Reduce  15*.  6d  to  the  decimal  of  a  £.  Ans.  a775£. 
f.  Reduce  7J<£  to  the  decimal  of  shiL  Ans.  *625s. 
5.  Reduce  5  ox.  12  dwts.  16  gr.  to  lbs.  Ans.  -46944,  &c  lb. 


RULE  OF  THREE  IN  DECIMAL& 

Rulz. — Prepare  the  terms  by  reducing  the  vulgar  fractions  to  decimals,  any 
mmpoand  numbers  either  to  decimals  of  the  higher  denominations,  or  to  inte- 
ger* of  the  lower,  also  the  first  and  third  terms  to  the  same  name :  then  mul- 
tiply and  divide  as  in  whole  numbers. 
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Note,  Any  of  the  convenient  examples  in  the  Rule  of  Three  or  Rule  of  Fire 
in  Integers,  or  Vulgar  Fractions,  may  be  taken  as  proper  examples  to  the  same 
rules  in  Decimals. — The  following  example,  which  is  the  first  in  Vulgar  Frac- 
tions, is  wrought  here  to  show  the  method. 

If  f  of  a  yard  of  velvet  cost  J/,  what  will  T\  yd.  cost  ? 

yd.         L  yd.  L  s.   d. 

}  =  -375        -375  :   -4  : :   -3125  :   -333,  &c  or  6    8 

•4 

\  =  -4  -375  )  -12500  (  -333333,  &c. 

1250  SO 

125 

A  =  '3125  s.  6-66666,  &c 

12 


Answer,  6s.  StL  d.  7-99999,  &c  :=  8<£ 


DUODECIMALS. 

£roDEciMAi.s,  or  Cross  Multiplication,  is  a  rule  made  use  of  by  workmen  and 
artificers,  in  computing  the  contents  of  their  works. 

Dimensions  are  usually  taken  in  feet,  inches,  and  quarters ;  any  parts  smaller 
than  these  being  neglected  as  of  no  consequence.  And  the  same  in  multiplying 
them  together,  or  casting  up  the  contents. 

Rule. — Set  down  the  two  dimensions,  to  be  multiplied  together,  one  under 
the  other,  so  that  feet  stand  under  feet,  inches  under  inches,  &c. 

Multiply  each  term  in  the  multiplicand,  beginning  at  the  lowest,  by  the  feet 
in  the  multiplier,  and  set  the  result  of  each  straight  under  its  corresponding 
term,  observing  to  carry  1  for  every  12,  from  the  inches  to  the  feet. 

In  like  manner,  multiply  all  the  multiplicand  by  the  indies  and  parts  of  the 
multiplier,  and  set  the  result  of  each  term  one  place  removed  to  the  right  hand 
of  those  in  the  multiplicand;  omitting  however  what  is  below  parts  of  inches, 
only  carrying  to  these  the  proper  number  of  units  from  the  lowest  denomination. 

Or,  instead  of  multiplying  by  the  inches,  take  *u<:h  parts  of  the  multiplicand 
as  these  are  of  a  foot. 

Then  add  the  two  lines  together,  after  the  manner  of  Compound  Additon, 
carrying  1  to  the  feet  for  12  inches,  when  these  come  to  so  many. 

EXAMPLES. 

2.  Multiply  14  f.  9  inc. 
by    4      6 

59      0 
7       *j 
Answer,  66      4£ 


1.  Multiply  4  f. 
by  6 

7  inc. 
4 

27 
1 

Answer,  £9 

6 

INVOLUTION. 


iXakiply    4£7    inc.  by  9  C  6    inc. 

1  MsJtipry  1*  I  5    inc.  by  6  f.  8    inc. 

1  NsJtiply  tt  I.  4£  inc.  by  U  f.  3    inc. 

&  Multiply  61  f.  6    inc  by  b  £  9  J  inc. 


67 

Ant,    43  f.6J  inc. 
Ads.    82     9J 
Ans.  433     4£ 
Ann.  565     8| 


INVOLUTION 

Inntrrin*  is  the  raising  of  Powers  from  any  given  number,  as  a  root 
A  Paver  h  a  quantity  produced  by  multiplying  any  given  number,  called  Uio 
Bsst,  i  certain  number  of  times  continually  by  itself.     Thus, 


2 

2X2 

«X«X2 

*  X  2  X  2X  2 


2  is  the  root,  or  first  power  of  2L 
4  is  tlie  2d  power,  or  square  of  2. 
8  is  the  34  power,  or  cube  of  2. 
16  is  the  4th  power  of  2,  &c 


W  in  this  manner  may  be  calculated  the  following  Table  of  the  first  nine 
Nm  uf  the  first  nine  numbers. 

table  or  tub  vnurr  *m  powers  or  numbs**, 


,l«  *  |  3d  , 

4th 

5th 

6th 

7th 

8th 

9th    1 

1 

I 

i 

1 

1 

* 

1 

t  4  |  *  '     16 

»-   — — 

32 
M3 

64 

729 

128 

256 

612 

3  0   27 

4  lb   »i4 

5  ii  125 1 
<  3*  ili; 

81 

2187 

6561 

19683 

256 

1024 
"3125 

401)6 

163S4 

65536 

262144 

6*j 

15625 

78125 

3906*5 

1953125  ' 

,1296 

7776 

46G56 

279936 

1679616 
5761801 

10077696  j 

•  4*  34.4 

2401 

40*16 

loX»7 

1  117649 

823543 

40353t*)7  | 

•  *4  151* 

|  327«»* 

1  2K2144 

2097152 

16777216 

13421772s' 

>  M  7** 

«.;»«i 

1  5:»049 

631411 

|  47<296!l 

43046: 21 

3-;42»l-  1 

TW  lad**  or  Kxponent  of  a  Power,  is  the  number  denoting  the  height  or 
4fvwt  'if  that  power;  and  it  is  1  more  than  the  number  of  multiplications  u«ed 
■  aMnring  the  same.  S>  1  is  the  index  or  exponent  of  the  1st  power  or  root, 
IV iW  &i  |xjttrr  or  square,  3  of  the  3d  power  or  cube,  4  of  the  4th  power,  and 

'  ■  ■•r».  th.v  an*  to  be  r:;i-rd,  are  usually  denoted  by  pUring  the  index  abote 
a*  n»<  •  r  uni  pouer. 

So  2T  =     4  i*  the  *?d  j>ower  of  2. 

¥J  =      ^  i^  the  IU\  power  of  2. 

2*  =  16  in  the  4th  power  of  5?. 
54<»*  i%  the  ith  power  of  540,  &c. 

*  l*r  tT«  or  more  ponrr*  are  niul:i)*li('<1  together,  their  product  will  be  that 
r**f  »b<*c  11  t|r\  %%  ihi<  m.iii  of  the  c&potiento  of  the  factors  or  powers  muki 


7th     8th 

9th 

10th 

128    256 

512 

1034 

y         28 

«• 

2» 
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plied.    Or  the  multiplication  of  the  powers,  answers  to  the  addition  of  the  indi. 

ces.     Thus,  in  the  following  powers  of  2. 

1st    2d    3d    4th     5th     6th 

2      4      8       16      32      61 

or,  2*     2l     2s       2*       2*      2« 

Here,  4x4=  16,  and  2  +  2  =  4  its  index; 
and  8  X  16=  128,  and  3  -f  *  =  7  its  index; 
also  16  X  64  =  1024,'  and  4  +  6  =  10  its  index. 

OTHER  EXAMPLES. 

1.  What  is  the  2d  power  of  45?  Ana.  9025. 

2.  What  is  the  square  of  4*16  ?  Ans.  17-3066, 

3.  What  is  the  3d  power  of  3-5 f  Ans.  42-875, 

4.  What  is  the  5th  power  of  029  ?  Ans. -00000002051 1 149. 

5.  What  is  the  square  of}?  Ans.  f 

6.  What  is  the  3d  power  of  f  ?  Ana.  +{+, 

7.  What  is  the  4th  power  of  }  f  Ana.  Jft. 


EVOLUTION. 

Evolution,  or  the  reverse  of  Involution,  is  the  extracting  or  finding  the  roots 
of  any  given  powers. 

The  root  of  any  number,  or  power,  is  such  a  number,  as  being  multiplied  into 
itself  a  certain  number  of  times,  will  produce  that  power.  Thus,  2  is  the  square 
root  or  2d  root  of  4,  because  2*  =  2  X  2  =  4;  and  3  is  the  cube  root  or  3d 
root  of  27,  because  31  =  3  X  3  X  3  =  87. 

Any  power  of  a  given  number  or  root  may  be  found  exactly,  naaeely,  by 
multiplying  the  number  continually  into  itsel£  But  there  are  many  numbers 
of  which  a  proposed  root  can  never  be  exactly  found.  Yet,  by  means  of  decimals 
we  may  approximate  or  approach  towards  the  root,  to  any  degree  of  exactness. 

Those  roots  which  only  approximate,  are  called  Surd  roots ;  but  those  which 
can  be  found  quite  exact,  are  called  Rational  roots.  Thus,  the  square  root  of  3 
is  a  surd  root;  but  the  square  root  of  4  is  a  rational  root,  being  equal  to  2 :  also 
the  cube  root  of  8  is  rational,  being  equal  to  2 ;  but  the  cube  root  of  9  is  surd 
or  irrational. 

Roots  are  sometimes  denoted  by  writing  the  character  ^/  before  the  poi 
with  the  index  of  the  root  against  it     Thus,  the  third  root  of  20  is  ex| 
by  (/20 ;  and  the  square  root  or  2d  root  of  it  is  y/ 20,  the  index  2  being 
always  omitted,  when  the  square  root  is  designed. 

When  the  power  is  expressed  by  several  numbers,  with  the  sign  +  or  — — 
between  them,  a  line  is  drawn  from  the  top  of  the  sign  over  all  the  parts  of  itr 
thus,  the  thiid  root  of  45  —  12  is  (/45  —  12,  or  thus,  J/(45  —  U\  inclosiiitj 
the  numbers  in  parentheses. 

But  all  roots  are  now  often  designed  like  powers,  with  fractional  indices  s 

thus,  the  square  root  of  8  h  8*'  the  cube  root  of  25  is  25*'  and  the  4th  root  o/ 
45  —  18  b  imTSj^  or,  (45  —  18)*. 


^ 


SQUARE  ROOT.  ** 


TO  EXTRACT  THE  SQUARE  ROOT. 

Hulk.* — Divide  the  given  number  into  periods  of  two  figures  each,  by  setting 
•  point  over  the  place  of  units,  another  over  the  place  of  hundreds,  and  so  on, 
over  every  second  figure,  both  to  the  left  hand  in  integers,  and  to  the  right  in 
decimals. 

Find  the  greatest  square  in  the  first  period  on  the  left  hand,  and  set  its  root 
on  the  right  hand  of  the  given  number,  after  the  manner  of  a  quotient  figure 
in  Division. 

Subtract  the  square  thus  found  from  the  said  period,  and  to  the  remainder 
annex  the  two  figures  of  the  next  following  period,  for  a  dividend. 

Double  the  root  above  mentioned  for  a  divisor;  and  find  how  often  it  is  con- 
tained in  the  said  dividend,  exclusive  of  its  right  hand  figure ;  and  set  that 
quotient  figure  both  in  the  quotient  and  divisor. 

Multiply  the  whole  augmented  divisor  by  this  last  quotient  figure,  and  subtract 
the  product  from  the  said  dividend,  bringing  down  to  the  next  period  of  the 
given  Dumber,  for  a  new  dividend. 

Repeat  the  same  process  over  again,  viz.  find  another  new  divisor,  by  doubling 
all  the  figures  now  found  in  the  root ;  from  which,  and  the  last  dividend,  find  the 
next  figure  of  the  root  as  before ;  and  so  on  through  all  the  periods,  to  the  last. 

Note.  The  best  way  of  doubling  the  root,  to  form  the  new  divisors,  is  by  adding 
the  last  figure  always  to  the  last  divisor,  as  appears  in  the  following  examples. — 
Also,  after  the  figures  belonging  to  the  given  number  are  all  exhausted,  the 
operation  may  be  continued  into  decimals  at  pleasure,  by  adding  any  number 
of  periods  of  ciphers,  two  in  each  period* 


for  separating  the  figure*  of  the  dividend  into  period!  or  portions  of  two  place*  each, 
fa,  that  the  square  of  any  single  figure  sever  consists  of  more  than  two  places ;  the  square  of  a  nun*. 
Wt  of  two  figures,  of  not  more  than  four  places,  and  so  on.  So  that  there  will  be  as  many  figures  in 
the  root  as  the  given  number  contains  periods  so  dirided  or  parted  off. 

Aa4  the  reason  of  the  sereral  steps  in  the  operation,  appears  from  the  algebraic  form  of  the  square  of 
saysssil  n  r  of  terms,  whether  two,  or  three,  or  more.  Thos,a  +  olf  =  «•  4*806  4»6«  =  «s  +  2a-f  o'.o, 
the  square  of  two  terms ;  where  It  appears,  that  a  is  the  first  term  of  the  root,  and  6  the  second  term ; 
sJ*o  m  the  first  divienr,  and  the  new  divisor  is  2a  4-  6,  or  double  the  first  term  increased  by  the 
aerood.    And  hence  the  manner  of  extraction  is  thus : 

1st  division  a)  a* +  2ab +&  {a  +  b\h*  root 
at 

td  divisor  2a  +T\  2ab  +  b* 
b)2ab  +  b> 

Again,  for  a  root  of  three  parts  a,  6,  c,  thus : 

o  +  6+c?"  =  at  +  9nf>  +  It  +  2oc  +  2be  +  c«  = 

at  4.  ia  +  b.  6  4-  2a  4-  26  +  c .  cf  the  square  of  three  terms  i 
m  hi  the  first  term  of  the  root,  6  the  second,  and  e  the  third  term ;  also  a  the  first  divisor,  te  +  6 
*•  4-**  4-  e  the  third,  each  consisting  of  the  double  of  the  root  increased  by  the  next 
*•     And  the  mode  of  extraction  is  thus: 

1st  Arbor  a)  a*  +  2ab  +  b*  +2ac  +  2bc  +  ct  (04-64-r  the  roof. 
a* 

*■  **W  8a  4. 61  8064-6* 
b\*nb  +  h* 

*s  +  86  4-  c  I  2ar  +  ?6c  4-  r* 
e  I  8ac  4-  86c  +  «t 
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1.  To  find  the  square  root  of  89506624.. 


29506621  (  5432  the  root 
25 


104  I  450 

4  I  416 

1083  |  3466 
3     3249 


10862  I  21724 
2  I  21724 

Note. — When  the  root  is  to  be  extracted  to  many  places  offigures%  the  work 

may  be  considerably  shortened,  thus  : 

Haying  proceeded  in  the  extraction  after  the  common  method  till  there  be 
found  half  the  required  number  of  figures  in  the  root,  or  one  figure  more  ;  then, 
for  the  rest,  divide  the  last  remainder  by  its  corresponding  divisor,  after  the 
manner  of  the  third  contraction  in  Division  of  Decimals;  thus, 

2.  To  find  the  root  of  2  to  nine  places  of  figures. 

2  (  1*4142 
1 


24  I  100 

4  1    96 

98lT7400 
1  I  281 

2824  I  11900 
4  I  1 1296 

28282  I  60400 
2  I  56564 

2*284)    3836  (  1356 

..    .        1008 

160 

1!) 

2 

Answer,  1-41421356    the  root  required 

3.  What  is  the  square  root  of  2025  ?  Ann.  45. 

4.  What  is  the  square  root  of  17-305(v?  Ans.  4-  L  6. 

5.  What  is  the  square  root  of  -000729  ?  Aim.  *0^7. 

6.  What  is  the  square  root  of  3  ?  Ans.  1'73&C*50. 

7.  What  is  the  square  root  of  5  ?  Ans.  2-23C^qq§i 

8.  What  is  the  square  root  of  6  ?  Ans.  244  V>4§9. 

9.  What  is  the  square  root  of  7  ?  Ans.  2^^V^5\. 
la  What  is  the  square  root  of  10  ?  Ans.  3*^  f*c*afJ 

1 1.  What  is  the  square  root  of  11  f  Ans.  ^  c& 

12.  What  is  the  square  root  of  12  ?  Ana*  ^^^ %<* 
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ft  CLE*    FOR    THE  SQUARE   ROOTS  OF   VULGAR   PRAOTIONS   AND 

MIXED   NUMBERS. 


Fiavr,  prepare  all  vulgar  fractions,  by  reducing  them  to  theit  least  terms, 
bath  far  tab  and  all  other  roots.     Then, 

1.  Take  the  root  of  the  numerator  and  of  the  denominator  for  the  respective 
torn  of  the  root  required.  And  this  b  the  best  way  if  the  denominator  be  a 
OMftplet*  power :  but  if  it  be  not,  then, 

1  Multiply  the  numerator  and  denominator  together;  take  the  root  of  the 
liquet :  Uib  root  being  made  the  numerator  to  the  denominator  of  the  given 
(nrtioa.  or  made  the  denominator  to  the  numerator  of  it»  will  form  the  fractional 
r«ot  required. 


ass  tins  rule  win  serve  whether  the  root  be  finite  or  infinite. 
1  Or  reduce  the  vulgar  fraction  to  a  decimal,  and  extract  its  root 
1  Mixed  numbers  may  be  either  reduced  to  improper  fractions,  and  extracted 
Vj  Um  fir*  or  second  -ule ;  or  the  vulgar  fraction  may  be  reduced  to  a  decimal, 
tWtjguwd  to  the  integer,  and  the  root  of  the  whole  extracted. 


EXAMPLES* 


I  What  b  the  root  of  H  f 
1  What  b  the  ronf  of  <tf,  ? 
*  Whu  it  the  root  of  ,\  Y 
I  What  b  the  root  of  /f  r 
*>  What  b  the  root  of  I7|  ♦ 


AlMLf 

Ana,  J. 
Ana.  0-666095. 
Am.  0-645497. 
Ans.  4-16S333. 


Ily  neans  of  the  square  root  also  may  readily  be  found  the  4th  root,  or  the 
^"  *»«,  «r  the  16th  root,  &c ;  thai  b,  the  root  of  any  power  whose  index  is 
***  poner  of  the  number  % ;  namely,  by  extracting  so  often  the  square  root  as 
*  ^r*«cd  by  that  power  of  9 ;  that  is,  tw  o  extractions  for  the  fourth  root,  three 
***•»  Hth  root,  and  so  on. 

Vio  find  the  4ih  root  of  the  number  21035*8,  extract  the  square  root  two 


JN0353OOO 
1 


(  1 45-037*37    ( 1 2*0431407,  the  4th  root 
1 


W  |    45 
9  |    44 


*7uo9 


ft)<ttl    (    4 

6*7 
107 


*404    |  1037* 
4    |     5»G|ti 

940S3    ]     75(i37 
6    I    7»49 

3388  (  14oY 
W0 
11 


i 
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TO  EXTRACT  THE  CUBE  ROOT. 

1.  Divide  the  page  into  three  columns  (i),  (n),  (in),  in  order,  from  left  to 
right,  so  that  the  breadth  of  the  columns  may  increase  in  the  same  order. 
In  column  (in)  write  the  given  number,  and  divide  it  into  periods  of  three 
figures*  each,  by  putting  a  point  over  the  place  of  units,  and  also  over  every 
third  figure,  from  thence  to  the  left,  in  whole  numbers,  and  to  the  right  in 
decimals. 

2.  Find  the  nearest  less  cube  number  to  the  first  or  left-hand  period;  set  its 
root  in  column  (m),  separating  it  from  the  right  of  the  given  number  by  a 
curve  line,  and  also  in  column  (i);  then  multiply  the  number  in  (i)  by  the 
root  figure,  thus  giving  the  square  of  the  first  root  figure,  and  write  the  result 
in  (n);  multiply  the  number  in  (n)  by  the  root  figure,  thus  giving  the  cube  of 
the  first  root  figure,  and  write  the  result  below  the  first  or  left-hand  period 
in  (in);  subtract  it  therefrom,  and  annex  the  next  period  to  the  remainder  for 
a  dividend. 

3.  In  (i)  write  the  root  figure  below  the  former,  and  multiply  the  sum  of 
these  by  the  root  figure;  place  the  product  in  (n),  and  add  the  two  numbers 
together  for  a  trial  divisor.  Again,  write  the  root  figure  in  (i),  and  add  it  to 
the  former  sum. 

4.  With  the  number  in  (n)  as  a  trial  divisor  of  the  dividend,  omitting  the 
two  figures  to  the  right  of  it,  find  the  next  figure  of  the  root,  and  annex  it  to 
the  former,  and  also  to  the  number  in  (i).  Multiply  the  number  now  in  (i) 
by  the  new  figure  of  the  root,  and  write  the  product  as  it  arises  in  (u),  but 
extended  two  places  of  figures  more  to  the  right,  and  the  sum  of  these  two 
numbers  will  be  the  corrected  divisor;  then  multiply  the  corrected  divisor  by 
the  last  root  figure,  placing  the  product  as  it  arises  below  the  dividend;  sub- 
tract it  therefrom,  aunex  another  period,  and  proceed  precisely  as  described 
in  (8),  for  correcting  the  columns  (i)  and  (n).  Then  with  the  new  trial 
divisor  in  (n),  and  the  new  dividend  in  (in),  proceed  as  before.f 

Note  I.  When  the  trial  divisor  is  not  contained  in  tho  dividend,  after  two 
figures  are  omitted  on  the  right,  the  next  root  figure  is  0,  and  therefore  one 
cipher  must  be  annexed  to  the  number  in  (i);  two  ciphers  to  the  number  in 
(n);  and  another  period  to  the  dividend  in  (in). 

*  T1m  number  It  divided  Into  periods  of  three  figures  each,  because  the  cube  of  one  figure  never 
•mounts  to  more  than  three  figures;  the  cube  of  two  figures  to  more  than  six,  but  always  more  than 
three;  and  so  on.  For  a  similar  reason,  a  number  Is  divided  into  periods  of  «  figures,  when  the  ath 
foot  it  to  be  extracted. 

t  The  truth  of  this  rule  will  be  obrious  from  the  composition  of  the  algebraic  expression  for  the 
tab*  oi  a  binomial.    That  (a+A)»=a8+3  a*  6+3  a*3***-,  then  by  the  rule 


(I) 


(ii) 


*>' 


8a« 

3a6+6» 

8a*+3<i6+o» 


(in) 

es+Sa'ft+Sae'+o*  (a+oseroot. 
a* 


8a*6+3a6»+»* 
3a*6+3ae*+ft» 
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Note  II.  When  the  root  is  interminable,  we  may  contract  the  work  very 
considerably,  after  obtaining  a  few  figures  in  the  decimal  part  of  tho  root, 
if  we  omit  to  annex  another  period  to  the  remainder  in  (m);  cut  off  one 
figure  from  the  right  of  (n),  and  two  figures  from  (i),  which  will  evidently 
have  the  effect  of  cutting  off  three  figures  from  each  column;  and  then  work 
with  the  numbers  on  the  left,  as  in  contracted  multiplication  and  division  of 


BXAMPLB. 


Find  the  cube  root  of  21035*8  to  ten  places  of  decimals. 
(0  («)  (in) 


2 
2 

4 
8 

12.. 

469 

21035*8  (27*60491055944 
8 

4 
2 

13035 
11683 

67 

7 

1669 
518 

1352800 
1341576 

74 

7 

2187.. 
4896 

9142444864 

816 
6 

223596 
4932 

2081555136 
2057415281 

822 
6 

228528. . . . 
831216 

24139855 
22860923 

82804 

4 

2285611216 
331232 

1278932 
1143046 

82806 

4 

22859424418 
7  458|1 

22860169719 
745311 

2286091511 

8|3 

135886 
114305 

-6(28112 

21581 
20575 

1006 
914 

2286092314 
83 

92 
91 

2|2|8|6|0|9|3|2 

1 

EXA1IPT.E8  FOE  PRACTICE. 


Required  the  cube  roots  of  the  following  numbers*' 

(1)  48228544,  46656,  and  15069223. 

(2)  64481*201,  and  28991029248. 

(3)  12821119155125,  and  -000076765625. 

(6)  9!i,  and  7f. 


Ana,  364,  36,  and  247. 
Ans.  40*1,  and  3072. 
Ana.  23405,  and  -0425. 
Ans.  ff,  and  2*519842. 
Ans.  4*5,  and  1*98802366. 
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TO  EXTRACT  ANY  ROOT  WHATEVER* 

Let  N  be  the  given  power  or  number,  n  the  index  of  the  power,  A  the 
power,  r  its  root,  R  the  required  root  of  N. 

Then,  as  the  sum  of  n  +  1  times  A  and  n  —  1  times  N,  is  to  the  sum  of  ft  + 
1  times  N  and  n  —  1  times  A,  so  is  the  assumed  root  r,  to  the  required  root  H. 

Or,  as  half  the  said  sum  of  n  -f-  1  times  A  and  n  —  1  times  N,  is  to  the 
difference  between  the  given  and  assumed  powers,  so  is  the  assumed  root  r,  to 
the  difference  between  the  true  and  assumed  roots;  which  difference,  added  or 
subtracted,  as  the  case  requires,  gives  the  true  root  nearly. 

That  is,  n~+\  .  A  +  n"ZTl  .  N  '  n+  1  .  N  +  w"ZTl  .  A  ::  r :  R. 

0r,n"+1.  JA+"iT^n.  JN:  A  wN  ::  r:  H(fir. 
And  the  operation  may  be  repeated  as  often  as  we  please,  by  using  always  the 
htot  found  root  for  the  assumed  root,  and  its  *<th  power  for  the  assumed  power  A 

EXAMPLE. 

To  extract  the  5lh  root  of  21035-8. 

Here  it  appears  that  the  5th  root  is  betweeu  7*3  and  7*4.  Taking  7*3,  its  5th 
power  is  20730*71593.     Hence  then  we  have, 

N  =  21035*8;  r  =  7*3;  n  =  5;  £.»  +  1  =  3;  £.n  —  1  =  2 
/V=  20730-716 


-  A  = 

=:  305*084 

A 

=  20730*716  N  =  210358 
3                   2 

3A 

2N 

=  62192-148 
=  42071*6 

42071-6 

As  104263*7  : 

< 

305*084  :: 
7*3 

915252 
21355S8 

7*3  :  O213G05 


104263-7  )  2227*1132  (     -0213605,  the  difference. 

14184  7*3  =  r  add 

3758 

630  7*321360  =  R,  the  root,  true  to  the 
5  last  figure. 

OTHER   EXAMPLES. 

1.  What  is  the  3d  root  of  2  ?  Aits.  1*259921. 

2.  What  is  the  4th  root  of  2  ?  Ans.  1 '189207. 

3.  What  is  the  4th  root  of  97-41  ?  Ans.  3*1415999. 

4.  What  is  the  5th  root  of  2  ?  Ans.  1 -14S699. 

5.  What  is  the  6th  root  of  21035-8  ?  Ans.  5*254037. 

6.  What  is  the  6th  root  of  2  r  Ans.  1 122462. 

7.  What  is  the  7th  root  of  21035-8  ?  Ans.  4*145392. 

8.  What  is  the  7th  root  of  2  ?  Ans.  1*104089. 

9.  What  is  the  8th  root  of  21035*8  P  Ans.  3*470323. 
10   What  is  the  8th  root  of  2  P  Ans.  1*090508. 

11.  What  is  the  9th  root  of  21035*8  ?  Ans.    3-092239. 

12.  What  is  the  9th  root  of  2  P  Ans.    1  -080059. 

•  This  Is  »  Tery  general  approximating  rule  for  the  extraction  of  any  root  of  a  giYcn  number,  and 
Is  the  best  adapted  for  practice,  and  for  memory,  of  any  that  I  hare  yet  seen.  It  was  first  discovered 
by  myself,  and  the  invosligsiiun  oud  u>o  of  it  were  given  at  Urge  in  my  Tracts,  voL  1,  p.  45.  Ac 


OF  RATIOS,  PROPORTIONS,  AND  PROGRESSIONS. 

Numbers  are  compared  to  each  other  in  two  different  ways :  the  one  comparison 
considers  the  difference  of  the  two  numbers,  and  is  named  Arithmetical  Relation ; 
ind  the  difference  sometimes  the  Arithmetical  Ratio:  the  other  considers  their 
quotient,  and  is  called  Geometrical  K  elation,  and  the  quotient  the  Geometri- 
cal Ratio,  bo,  of  these  two  numbers  6  and  3,  the  difference,  or  arithmetical 
ratio,  i*  6  —  3  or  3 ;  bat  the  geometrical  ratio  is  $  or  2. 

'1  here  most  be  two  numbers  to  form  a  comparison :  the  number  which  is  coin- 
pared,  being  placed  first,  is  called  the  Antecedent;  and  that  to  which  it  is  com* 
pared,  the  Consequent.  So,  in  the  two  numbers  above,  6  is  the  antecedent,  and 
3  liie  consequent 

If  two  or  more  couplets  of  numbers  have  equal  ratios,  or  equal  differences, 
the  equality  if  named  Proportion,  and  the  terms  of  the  ratios  Proportionals. 
So,  the  two  coupletK,  4,2  and  8,6,  are  arithmetical  proportionals,  because  4  —  2 
=  8  —  6  =  2;  and  the  two  couplets  4,2  and  6,3,  are  geometrical  proportionals, 
because  J  =  f  =  2,  the  same  ratio. 

To  denote  numbers  as  being  geometrically  proportional,  a  colon  is  set  between 
the  terms  of  each  couplet,  to  denote  their  ratio ;  and  a  double  colon,  or  else  a 
mark  of  equality,  between  the  couplets  or  ratios.  So,  the  four  proportionals, 
4.  2,  6,  3,  are  set  thus,  4  :  2  : :  6  :  3,  which  means,  that  4  is  to  2  as  6  is  to  3 ;  or 
thus,  4  :  2  =  6  :  3 ;  or  thus,  f  =  f ,  both  which  mean,  that  the  ratio  of  4  to  2, 
Is  equal  to  the  rxtio  of  6  to  3. 

Proportion  is  distinguished  into  Continued  and  Discontinued  When  the 
di  Terence  or  ratio  of  the  consequent  of  one  couplet  and  the  antecedent  of  the 
next  couplet,  is  not  the  same  as  the  common  difference  or  ratio  of  the  couplets, 
the  proportion  is  discontinued.  So,  4,  2,  8,  6,  are  in  discontinued  arithmetical 
proportion,  because  4  —  2  =  8  —  6=2,  whereas,  2—8=  —  6 ;  and  4,  2,  6,  3, 
are  in  discontinued  geometrical  proportion,  becau-e  f  =  J  =  2,  but  |  =  J-, 
which  is  not  the  same. 

l*ut  when  the  difference  or  ratio  of  every  two  succeeding-  terms  is  the  same 
quantity,  the  proportion  is  said  to  be  continued,  and  the  numbers  themselves  a 
series  of  continued  proportionals,  or  a  progression.  So,  2,  4,  6,  8,  form  an 
acithmelical  progression,  because  4  —  2=6  —  4  =  8  —  6  =  2,  all  the  same 
common  difference ;  and  2,  4,  8,  16,  a  geometrical  progression,  because  $  =  % 
:=  \*  =  2,  all  the  same  ratio. 

When  the  following  terms  of  a  Progression  exceed  each  other,  it  is  called  mi 
Ascending  Progression  or  Series;  but  if  the  terms  dewate,  it  is  a  Descending  one. 
So,      0,  1,  2,  3,    4,  &c,  is  an  ascending  arithmetical  progression, 
bat      9,  7,  5,  3,    1,  &c,  is  a  descending  arithmetical  progression: 
Abo,   1,  2,  4,  H,  16,  &c,  is  an  ascending  geometrical  progression, 
and  16,  8,  4,  2,     1,  &c,  is  a  descending  geometrical  progression. 


ARITHMETICAL  PROPORTION  AND   PROGRESSION. 

Tbe  first  and  last  terms  of  a  Progression,  are  called  the  Extremes ;  and  the 
****  tems,  lying  between  them,  the  Means. 
The  sratt  useful  part  of  arithmetical  proportions,  is  contained  in  the  following 
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Theorem  1. — If  four  quantities  be  in  arithmetical  proportion,  the  mi  of  the 
two  extremes  will  be  equal  to  the  sum  of  the  two  nieam* 

Thus,  of  the  four  2,  4,  6,  8,  here  2  +  8  =  4  +  6=  10. 

Theorem  2. — In  any  continued  arithmetical  progression,  the  sum  of  the  twe 
extremes,  is  equal  to  the  sum  of  any  two  means  that  are  equally  distant  from 
them,  or  equal  to  double  the  middle  term  when  there  is  an  uneien  number  of 
terms. 

Thus,  in  the  terms  1,  S,  5,  it  is  1  +  5  =  3  +  3  =  & 

And  in  the  series  2,  4,  6,  8, 10,  18,  14,  it  is  2  +  14=  4  +  12  =  6  +  10  = 
8+8=  16. 

Theorem  3. — The  difference  between  the  extreme  terms  of  an  arithmetical 
progression,  fa  equal  to  the  common  difference  of  the  series  multiplied  by  one 
less  than  the  number  of  the  terms. 

So,  of  the  ten  terms,  2, 4,  6,  8,  10, 12,  14,  16,  18,  20,  the  common  difference 
is  2,  and  one  less  than  the  number  of  terms  9;  then  the  difference  of  the 
extremes  is  20  —  2  =  18,  and  2  X  9  =  18  also. 

Consequently,  the  greatest  term  is  equal  to  the  least  term  added  to  the  product 
of  the  common  difference  multiplied  by  1  less  than  the  number  of  terms. 

Theorem  4. — The  sum  of  all  the  terms,  of  any  arithmetical  progression,  is 
equal  to  the  sum  of  the  two  extremes  multiplied  by  the  number  of  terms,  and 
divided  by  2 ;  or  the  sum  of  the  two  extremes  multiplied  by  the  number  of  the 
terms  gives  double  the  sum  of  all  the  terms  in  the  series. 

This  is  made  evident  by  setting  the  terms  of  the  series  in  an  inverted  order 
under  the  same  series  in  a  direct  order,  and  adding  the  corresponding  terms 
together  in  that  order.    Thus, 

in  the  series         1,      3,      5,       7,      9,     11,     13,     15; 

ditto  inverted,   15,     13,     11,      9,      7, 5^ 3, 1; 

the  suns  are      16  +  16  +  16  +  16  +  16  +  16  +  16  +  16, 
which  must  be  double  the  sum  of  the  single  series,  and  is  equal  to  the  sum  of 
the  extremes  repeated  so  often  as  are  the  number  of  the  terms. 

From  these  theorems  may  readily  be  found  any  one  of  these  five  parts ;  the 
two  extremes,  the  number  of  terms,  the  common  difference,  and  the  sum  of  all 
the  terms,  when  any  three  of  them  are  given ;  as  in  the  following  Problems : 

pros,  l 

Given  the  extreme*,  and  the  number  of  terms ;  to  find  the  utm  of  all  the~termx. 

Rule. — Add  the  extremes  together,  multiply  the  sum  by  the  number  of  terms 
and  divide  by  2. 

examples. 

1.  The  extremes  being  3  and  19,  and  the  number  of  terms  9 ;  required  the 
sum  of  the  terms? 

19 
3 

22  19  +  3  22 

I        Or,    -^-  X9  =  -j  X  9=11  X  9  =  ML 

2)198 
Answer,    99 

2.  It  is  required  to  find  the  number  of  all  the  strokes  a  clock  strikes  in  ooe 
whole  revolution  of  the  index,  or  in  IS  hours  ?  Ans.  7*i 
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S.  How  many  strokes  do  the  clocks  of  Venice  strike  in  the  compost  of  the 
day,  which  go  right  on  from  1  to  24  o'clock  ?  Ans.  3o0% 

4.  What  debt  can  be  discharged  in  a  year,  by  weekly  payments  in  arithmeti- 
cal progression,  the  first  payment  being  1*.,  and  the  last  or  52d  payment  5&  3*. 

Ana.  136/.  4*. 

PROB.   IL 

Given  the  extremes,  and  the  number  of  terms  ;  to  find  the  common  difference. 

Rule. — Subtract  the  leas  extreme  from  the  greater,  and  divide  the  remainder 
by  1  less  than  the  number  of  terms,  for  the  common  difference. 


1.  The  extremes  being  3  and  19,  and  the  number  of  terms  9;  required  the 
common  difference? 

19 
3  ,,     19  —  3       16      a 

-     0r»Tirr=8=& 

8)  16 
Ans.  9 

2.  If  the  extremes  be  10  and  70,  and  the  number  of  terms  21 ;  what  is  the 
common  difference,  and  the  sum  of  the  series  ? 

Ans.  the  com,  difE  is  3,  and  the  sum  is  840. 

3.  A  certain  debt  can  be  discharged  in  one  year,  by  weekly  payments  in 
arithmetical  progression,  the  first  payment  being  Is.,  and  the  last  5L  3s. ;  what 
b  the  common  difference  of  tbe  terms  ?  Ans.  3. 

PROS.  III. 

Given  one  of  the  extremes,  the  common  difference,  and  the  number  of  terms;  to 

find  the  other  extreme,  and  the  sum  of  the  series. 

Rule. — Multiply  the  common  difference  by  1  less  than  the  number  of  terms, 
and  the  product  will  be  the  difference  of  the  extremes :  therefore  add  the  product 
to  the  leas  extreme,  to  give  the  greater ;  or  subtract  it  from  the  greater  to  give 
the  less. 

EXAMPLES. 

1.  Given  the  least  term  3,  the  common  difference  2,  of  an  arithmetical  series 
tsf  9  terms ;  to  find  the  greatest  term,  and  the  sum  of  the  series? 

2 

8 

IS 

3 

19  the  greatest  term. 
3  the  least 

22  sum. 
9  number  of  term*. 

8)196 

99  the  sum  of  the  series. 


—  -'■ .  <  -!.mj^^BC-m 


68  ARITHMETIC. 

2.  If  the  greatest  term  be  70,  the  common  difference  8,  and  the  nunlicrof 
tenns  21  ;  what  it  the  least  term  and  the  sura  of  the  neries  ? 

Ans.  the  least  term  is  10,  and  the  sum  is  640. 

3.  A  debt  can  be  discharged  in  a  year,  by  paying  \$.  the  first  week,  3#.  the 
second,  and  so  on,  always  2s.  more  every  week ;  what  is  the  debt,  and  what  will 
the  last  payment  be  ?  Ans.  the  last  payment  will  be  SI  3s.,  and  the  debt  is  1354  is. 

PROS.    IV. 

To  find  an  arithmetical  mean  proportional  between  two  given  term*. 

Rule. — Add  the  two  given  extremes  or  terms  together,  and  take  half  their 
sum  for  the  arithmetical  mean  required.  Or,  subtract  the  less  extreme  from  the 
greater,  and  half  the  remainder  will  be  the  common  difference;  which  being  added 
to  the  less  extreme,  or  subtracted  from  the  greater,  will  give  the  mean  required* 

EXAMPLE. 

To  And  an  arithmetical  mean  between  the  two  numbers  4  and  14* 
Here,  11  Or,  14  Or,  14 

4  4  5 

2  )ls  2  )~U>  ~9 

Ans.     9  5  the  com.  dif. 

4  the  less  extreme. 

9 

8o  that  9  is  the  mean  required  by  both  methods. 

pros.  v. 
To  find  two  arithmetical  means  between  two  given  extremes. 
Rule. — Subtract  the  less  extreme  from  the  greater,  and  divide  the  differenet 
by  3,  so  will  the  quotient  be  the  common  difference ;  which  being  continually 
added  to  the  less  extreme,  or  taken  from  the  greater,  gives  the  means. 

EXAMPLE. 

To  find  two  arithmetical  means  between  2  and  8. 

Here  8  # 

2 
— "  Then  2  +  2  =  4  the  one  mean, 

i and  4  +  2  =  6  the  other  mean. 

com.  dif.  2 

PROS.    VI. 

To  find  any  number  of  arithmetical  means  between  two  given  terms  or 

Rule. — Subtract  the  less  extreme  from  the  greater,  and  divide  the 
by  1  more  than  the  number  of  means  required  to  be  found,  which  will  give  the 
common  difference  ;  then  this  being  added  continually  to  the  least  tern,  ** 
subtracted  from  the  greatest,  will  give  the  mean  terms  required. 

example. 
To  find  five  arithmetical  means  between  2  and  14. 
Here  14 


3 
6)   12 
com.  dif.    2 
Note.     More  of  Arithmetical  Progression  is  given  in  the  Algebra, 


Then  by  adding  this  com.  dif.  continually, 
the  means  are  found  4,  6,  8,  10,  12. 


m 


GEOMETRICAL  PROPORTION  AND  PROGRESSIONS 

Tub  most  useful  part  of  Geometrical  Proportion,  is  contained  ii  the  following 
theorems: 

Theorem  k— If  four  quantities  be  in  geometrical  proportion,  the  product  of 
flie  two  extremes  will  be  equal  to  the  product  of  the  two  means. 

Thus,  in  the  four  2,  4,  3,  6,  it  is  2  X  6  =  3  X  4  =  12. 

And  hence,  if  the  product  of  the  two  means  be  divided  by  one  of  the  extremes* 
the  quotient  will  give  the  other  extreme.  So,  of  the  above  numbers,  the  product 
of  the  means  IS  -*-  3  =  6  the  one  extreme,  and  IS  -s-  6  =  2  the  other  extreme ; 
and  this  is  the  foundation  and  reason  of  the  practice  in  the  Rule  of  Three. 

Theorem  2. — In  any  continued  geometrical  progression,  the  product  of  the 
two  extremes  is  equal  to  the  product  of  any  two  means  that  are  equally  distant 
from  them,  or  equal  to  the  aquare  of  the  middle  term  when  there  is  an  uneven 
number  of  terms. 

Thus,  in  the  terms  2,  4,  8,  it  is  2  X  8  =  4  X  4  =  16. 
And  in  the  series  3,  4,  8,  16,  32,  64,  128, 
it  is  2  X  128  =  4  X  64  =  8  X  32  =  16  X  16  =  256. 

Theorem  3. — The  quotient  of  the  extreme  terms  of  a  geometrical  progres- 
sion, is  equal  to  the  common  ratio  of  the  series  raised  to  the  power  denoted  by 
1  less  than  the  number  of  the  terms. 

So,  of  the  ten  terms  3,  4,  8,  16,  32,  64,  1S8,  256,  512,  10S4,  the  common 
ratio  is  9,  one  less  than  the  number  of  terms  9 ;  then  the  quotient  of  the  ex- 

tremes  is  -=r-  =  512,  and  2*  =  512  also. 

Consequently  the  greatest  term  is  equal  to  the  least  term  multiplied  by  the 
said  power  of  the  ratio  whose  index  is  1  less  than  the  number  of  terms. 

Theorem  4. — The  sum  of  all  the  terms,  of  any  geometrical  progression,  is 
fonnd  by  adding  the  greatest  term  to  the  difference  of  the  extremes  divided  by 
1  less  than  the  ratio. 


So,  the  sum  of  2,  4,  8,  16,  32,  64,  128,  256, 512,  10S4,  (whose  ratio  is  2,)  is 

1024.  —  2 
1024  H 1— -j-=r  1034  +  1022  =  3046. 

The  foregoing,  and  several  other  properties  of  geometrical  proportion,  are 
demonstrated  more  at  large  in  the  Algebraic  part  of  this  work.  A  few  examples 
atay  here  be  added  of  the  theorems,  just  delivered,  with  some  problems  con- 
ling  mean  proportionals. 

EXAMPLES. 

1.  The  least  often  terms,  in  geometrical  progression,  being  1,  and  the  ratio 
-  what  is  the  greatest  term,  and  the  sum  of  all  the  terms  ? 

Ans.   the  greatest  term  is  5 1 2,  "and  the  sum  1033. 

2.  What  debt  may  be  discharged  in  a  year,  or  12  months,  by  paying  \L  the 
tooth,  2&  the  second,  4/.  the  third,  and  so  on,  each  succeeding  payment 

fceiag  double  the  lust ;  and  wliat  will  t^e  last  payment  be  ? 

Ans.  the  debt  4095&,  and  the  last  payment  8048& 
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PROB.    I. 

To  find  one  geometrical  mean  proportional  between  any  two  number*. 

Rule. — Multiply  the  two  numbers  together,  and  extract  the  square  root  of 
the  product,  which  will  give  the  mean  proportional  sought 

Or,  divide  the  greater  term  by  the  less,  and  extract  the  square  root  of  the 
quotient,  which  will  give  the  common  ratio  of  the  three  terms  .*  then  multiply 
the  less  term  by  the  ratio,  or  divide  the  greater  term  by  it,  either  of  these  will 
give  the  middle  term  required. 

EXAMPLE. 

To  find  a  geometrical  mean  between  the  two  numbers  3  and  19. 

First  way.  Second  way. 

19  3  )  12  (  4,  its  root  is  9  the  ratio. 

3 

36  (  6  the  mean.  Then,  3  X  8  =  6  the  mean, 

36  Or,     12  -*-9  =  6  ditto. 

PROS.   IL 

To  find  two  geometrical  mean  proportionals  between  any  two  numbers. 

Rule. — Divide  the  greater  number  by  the  less,  and  extract  the  cube  root  of 
the  quotient,  which  will  give  the  common  ratio  of  the  terms.  Then  multiply 
the  least  given  term  by  the  ratio  for  the  first  mean,  and  this  mean  again  by  the 
ratio  for  the  second  mean  :  or,  divide  the  greater  of  the  two  given  terms  by  the 
ratio  for  the  greater  mean,  and  divide  this  again  by  the  ratio  for  the  less  mean. 

EXAMPLE. 

To  find  two  geometrical  mean  proportionals  between  3  and  24. 

Here,     3  )  24  (  8,  its  cube  root,  9  is  the  ratio. 
Then,    3X2=    6,  and    6  X  9  =  19,  the  two  means. 
Or,       24  -i-  9  =  19,  and  12  +  9  =    6,  the  same. 
That  is,  the  two  means  between  3  and  24,  are  6  and  19. 

PROB.  in. 
To  find  any  number  of  geometrical  mean  proportional*  between  two  number* 

Rule. — Divide  the  greater  number  by  the  less,  and  extract  such  root  of  the 
quotient  whose  index  is  1  more  than  the  number  of  means  required,  that  is,  the 
2d  root  for  1  mean,  the  3d  root  for  2  means,  the  4th  root  for  3  means,  and  so 
on ;  and  that  root  will  be  the  common  ratio  of  all  the  terms.  Then  with  the 
ratio  multiply  continually  from  the  first  term,  or  divide  continually  from  the 
last  or  greatest  term. 

EXAMPLE. 

To  find  four  geometrical  mean  proportionals  between  3  and  96. 

Here,     3  )  96  ("32,  the  flth  root  of  which  is  9,  the  ratio. 
Then,    3  X  8  =    6,  and    6  X  9=  12,  and  12  X  2  =  94,  and  94  X  8  = 
Or,       96  -f.  9  =  48,  and  48  +  2  =  24,  and  24  -f-  2  =  12,  and  12  +  2  sb 
That  is,  6,  12,  24, 48,  are  the  four  means  between  3  and  (ML 
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OF  MUSICAL  PROPORTIONS 

There  is  also  a  third  kind  of  proportion,  called  Musical,  which  being  but  pi 
little  or  no  common  use,  a  very  short  account  of  it  may  here  suffice. 

Musical  Proportion  is  when,  of  three  numbers,  the  first  has  the  same  propor- 
tion to  the  third,  as  the  difference  between  the  first  and  second,  has  to  toe  dif- 
ference between  the  second  and  third. 

As  in  these  three,  6,  8,  19; 
Where,  6  :  19  : :  8  —  6  :  18  —  8, 
that  is,   6  :  19  ::  3  :   4. 

When  four  numbers  are  in  Musical  Proportion ;  then  the  first  has  the  same 
Proportion  to  the  fourth,  as  the  difference  between  the  first  and  second  has  to 
the  difference  between  the  third  and  fourth. 

As  in  these,  6,  8,  19,  18; 

where,  6  :  lb  ::  8—6  :  18—19, 

that  is,  6  :  18  : :  2  :  & 


When  numbers  are  in  Musical  Progression,  their  reciprocals  are  in  Arith- 
metical Progression ;  and  the  converse,  that  is,  when  numbers  are  in  Arith- 
metical Progression,  their  reciprocals  are  in  Musical  Progression. 

So,  in  these  Mnsioals  6,  %  I?,  their  reciprocals  J,  v,  tV  are  in  arithmetical 
progression ;  for  £  +  iV  =  ty  =  i »  "d  £  +  £  =  |  =  { ;  that  is,  the  sum  of 
the  extremes  is  equal  to  doable  the  mean,  which  is  the  property  of  arithmetical*. 

The  method  of  finding  out  numbers  in  Musical  Proportion,  is  best  expressed 
by  letters  in  Algebra. 


FELLOWSHIP    OR    PARTNERSHIP. 

FnixmsHiP  is  a  rule,  by  which  any  sum  or  quantity  may  be  divided  into  any 
number  of  parts,  which  shall  be  in  any  given  proportion  to  one  another. 

By  this  rule  are  adjusted  the  gains,  or  losses,  or  charges  of  partners  in  com- 
pany ;  or  the  effects  of  bankrupts,  or  legacies  in  case  of  a  deficiency  of  assets 
or  effects ;  or  the  shares  of  prises,  or  the  numbers  of  men  to  form  certain 
detachments ;  or  tlie  division  of  waste  lands  among  a  number  of  proprietors. 

Fellowship  is  either  Single  or  Double.  It  is  Single,  when  the  shares  or  por- 
tions art  to  be  proportional  each  to  one  single  given  number  only ;  as  when 
the  stocks  of  partners  are  all  employed  for  the  same  time :  and  Double,  when 
each  portion  is  Jo  be  proportional  to  two  or  more  numbers ;  as  when  the  stocks 
of  partners  are  employed  lor  different  times. 
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SINGLE  FELLOWSHIP 


General  Hulr. — Add  together  the  numbers  ihat  denote  the  proportion  ol 
the  shares.    Then, 

As  the  sum  of  the  said  proportional  numbers, 
Is  to  the  whole  sum  to  be  parted  or  divided, 
So  is  each  several  proportional  number, 
To  the  corresponding  share  or  port. 
Or,  As  the  whole  stock,  is  to  the  whole  gain  or  loss, 

So  is  each  man's  particular  stock,  to  his  particular  share  of  the  gain  or  loss. 
To  prove  the  work. — Add  all  the  shares  or  parts  together,  and  the  sum  will 
be  equal  to  the  whole  number  to  be  shared,  when  the  work  is  right 

EXAMPLES. 

1.  To  divide  the  number  240  into  three  such  patts,  as  shall  be  in  proportion 
to  each  other  as  the  three  numbers  1,  9,  and  3. 

Here  1  -J-  2  +  3  =  6  the  sum  of  the  proportional  numbers. 
Then,  as  6  :  940  : :   I  :     40  the  1st  part, 
and,     as  6  :  240  : :  2  :     feO  the  9d  part, 
also      as  6  :  240  : :  3  :  120  the  3d  part 

Sum  of  all  940,  the  proof. 

9.  Three  persons,  A,  B,  C,  freighted  a  ship  with  340  tuns  of  wine ;  of  which, 
A  loaded  110  tuns,  B  97,  and  C  the  rest:  in  a  storm  the  seamen  were  obliged 
to  throw  overboard  65  tuns ;  how  much  most  each  person  sustain  of  the  loss  ? 
Here,     1 10  +    97  =  207  tuns,  loaded  by  A  and  B ; 
theref.,   340  —  207  =  133  tuns,  loaded  by  0. 
hence,  as  340  :  85  : :  110 
or,     as      4  :     1  : :  1 10  :  97$  tuns  =  A's  loss; 
and,  as      4  :     I  : :    97  :  24 1  tuns  =  B*s  loss; 
also,  as      4  :     1  : :   133  :  33|  tuns  =  C's  loss. 

Sum  85    tuns,  the  proof 

3.  Two  merchants,  C  and  D,  made  a  stock  of  120/.;  of  which  C  contributed 
767.,  and  D  the  rest ;  by  trading  they  gained  30/. ;  what  must  each  have  of  it? 

Ans.  C  18/.  16>.,  and  D  ILL  6s. 

4.  Three  merchants,  E,  F,  G,  made  a  stock  of  700/.  ;  of  which  E  contributed 
193/1,  F  358/.,  and  O  the  rest  ♦  by  trading  they  gain  125/.  10*. ;  what  must  each 
have  of  it?  Ans.  K  must  have  22/.  1*  Orf.  Sjirf. 

F 64    3     8     Oif. 

G 39    5     3      IA. 

5.  A  general  imposing  a  contribution  *  of  700/.,  on  four  villages,  to  be  paid 
in  proportion  to  the  number  of  inhabitants  contained  in  each  ;  the  1st  contain- 
ing 950,  the  2d  350,  the  3d  400,  and  the  4th  500  persons :  what  part  most  each 
Tillage  pay?  Ans.  the  1st  to  pay   1 16Z.  13s.  44, 

the  2d  163       6     8 

the  .?d  186     IS     4 

*  the  4th 233       6     8 

*  Contribution  !•  n  tax  p-tid  by  prorlnrt*,  towns,  vil] *(?*»*,  &<*,  to  exciue  th«fc  from  boing 
**r«4,  and]  Is  paid  in  provisions  or  In  money,  and  sometimes  In  loth. 
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6.  A  piece  of  ground,  consisting  Gf  37  ac  2  ro.  14  ps.  is  to  be  divided  among 
three  perrons*  L,  M,  and  N,  in  proportion  to  their  estates :  now  if  L's  estate  be 
worth  SOOL  a  year,  M's  390J.,  and  N's  75* ;  what  quantity  of  land  must  each  one 
naTe  ?  Ana.  L  must  have  20  aa  3  ro.  39^f|  ps. 

M 13         1        30Tv£ 

N  3        0        23^| 

7.  A  person  is  indebted  to  0  &7L  15*.,  to  P  108/.  3*.  8</.,  to  Q  22/.  lOrf!,  and 
to  R  73L ;  bat  at  hij  decease,  his  effects  are  found  to  be  worth  no  more  than 
\70L  14a. :  how  must  it  be  divided  among  his  creditors  ? 

Ans.  O  must  have  37/.  15*.     5<f.  &A?#W» 

P  70     15       S      2&fr\ 

Q 14       8        4      Otffft 

R 47     14      11      2&&% 

*.  A  ship  worth  9001,  being  entirely  lost,  of  which  £  belonged  to  8,  j  to  T, 
and  the  rest  to  V ;  what  lots  will  each  sustain,  supposing  540/.  of  her  were  in- 
Mr*d  *  Ans.  S  will  lose  45/.,  T  90/.,  and  V  825/. 

9.  Four  persons,  W,  X,  Y,  and  Z,  spent  among  them  25*,  and  agree  that  W 
shall  pay  }  of  it,  X  j,  Y  |,  and  Z  $;  that  is,  their  shares  are  to  be  in  proportion 
«*»  It  i»  h  a*"1  4»  whai  "•  *°«r  shares?  Ans.  W  must  pay  ty.  Sd.  3ftq. 

X  6     5      3tf 

Y   4  10      l$f 

Z    3  10     &rV 

10.  A  detachment,  consisting  of  fire  companies,  being  sent  into  a  garrison, 
in  which  the  duty  required  76  men  a  day ;  what  number  of  men  must  be  fur- 
nished by  each  company,  in  proportion  to  their  strength ;  the  lsl  consisting  of 
54  men,  the  2d  of  51  men,  the  3d  of  48  men,  the  4th  of  39  men,  and  the  5th  of 
36  men  ?  Ans*  The  1st  must  furnish  18,  the  2d  1 7,  the  3d 

1G,  the  4th  13,  and  the  5th  12  men.* 


DOUBLE  FELLOWSHIP. 

Double  Fellowship,  as  has  been  said,  is  concerned  in  cases  in  which  the 
Hecks  of  partners  are  employed  or  continued  for  different  times. 

RcLcf — Multiply  each  person's  stock  by  the  time  of  its  continuance ;  then 
dniae  the  quantity,  as  in  Single  Fellowship,  into  shares  in  proportion  to  th«se 
fmoectfl,  by  saying. 

At  the  total  sum  of  all  the  said  products, 

Is  to  the  whole  gain  or  loss,  or  quantity  to  be  pnrted, 

So  is  each  particular  product, 

To  the  corresponding  share  of  the  gain  or  loss. 

*  QvidoBr  of  this  nature  frequently  occurring  in  military  service,  general  Havilnnd,  an  officer  of 
r**  •wit,  eontrreed  aa  ingenious  Inntrumcnt,  for  more  expeditiously  resolving  thf m ;  which  ftf 
*t*nfcht4  by  the  name  of  the  inventor,  being  cn1l»-d  a  Hatilaiid. 

1 1W  sewfof  this  rule  it  m  follows :  when  the  times  are  equal,  the  shares  of  the  gain  or  Ion  fere 
^J^T  ■»  the  storks,  is  in  Single  Fellowship  ;  and  when  the  stocks  are  rqnal,  the  shares  art  aa  the 
*■■'  thereto**,  when  neither  are  equal,  the  shares  must  be  as  their  products. 


74  ARITHMETIC. 

EXAMPLES. 

1.  A  had  in  company  SOL  for  4  months,  and  B  had  60/.  for  5  montns ;  at  the 
end  of  which  tliey  find  24/.  gained:  how  must  it  be  divided  between  them  ? 

Here    50  60 

4  5 

200    +     300  =  600. 

Then,  as  600  :  84  : :  200  :     9|  =    9/.  12*.  =  A's  share, 
and,  as  500  :  24  : :  300  :  14f  =  14      8    =  B*s  share. 

2.  C  and  D  hold  a  piece  of  ground  in  common,  for  which  they  are  to  pay  36£ 
C  pat  in  23  horses  for  27  days,  and  D  21  horses  for  39  days;  how  much  ought 
each  man  to  pay  of  the  rent  ?  Ana.  C  must  pay  15/.  10*.  6<£ 

•     D 20      9    & 

3.  Three  persons,  E,  F,  G,  hold  a  pasture  in  common,  for  which  they  are  to 
pay  30/.  per  annum  ;  into  which  E  put  7  oxen  for  3  months,  F  put  9  oxen  for 
6  months,  and  G  put  in  4  oxen  for  12  months ;  how  much  must  each  person  pay 
of  the  rent  ?  Ans.  E  roust  pay    51  fOs.  6Vt  1^. 

F  11     16  10     0-ft 

I  G  12    12    7     *A> 

4.  A  ship's  company  take  a  prize  of  1000/.,  which  they  agree  to  divide  among 
them  according  to  th«»ir  pay  and  the  time  they  .have  been  on  board :  now  the 
officers  and  midshipmen  have  been  on  board  6  months,  and  the  sailors  3  months; 
the  officers  have  40s.  a  month,  the  midshipmen  30*.,  and  the  sailors  22*.  ; 
month  ;  moreover,  there  are  4  officers,  12  midshipmen,  and  110  sailors:  what 
will  ench  man's  share  be  ?      Ans.  each  officer,      must  hare  23/,  2».  5d  0-foq 

each  midship., 17    6    9      3^V 

each  seaman,     6    7    2     Oyf,. 

5.  H,  with  a  capital  of  1000/.,  began  trade  the  first  of  January,  and,  meeting 
with  success  in  business,  took  in  I  as  a  partner,  with  a  capital  of  1500£,  on  the 
first  of  March  following.  Three  months  after  that  they  admit  K  as  a  third 
partner,  who  brought  into  stock  2800/.  After  trading  together  till  the  end  of 
the  year,  they  find  there  has  been  gained  17767.  10*. :  how  must  this  be  divided 
among  the  partners  ?  Ans.  H  must  have  457/.  9s.  4 \<L 

I    571  16     s\ 

K  747     3    llf 

6.  X,  Y,  and  Z,  made  a  joint-stock  for  12  months ;  X  at  the  first  put  in  20/., 
and  4  months  after  20/1  more ;  Y  put  in  at  the  first  30L,  at  the  end  of  3  months 
he  put  in  20/.  more,  and  2  months  after  he  put  in  40/.  more;  Z  put  in  at  first 
60/.,  and  5  months  aft<  r  he  put  in  10/.  more,  1  month  after  which  he  took  out 
SOL  ;  during  the  12  nionlhs  they  gained  50/;  how  much  of  it  must  each  have? 

Ans.  X  must  have  10/.  18s.  6dL  3Jt$— 

Y  22      8      1    0JI 

Z   16     13     4     0 


SIMPLE    INTEREST. 

Interest  is  the  premium  or  sum  allowed  for  the  loan,  or  forbearance  of  money* 
The  money  lent,  or  forborn,  is  called  the  Principal 
The  sum  of  (he  principal  and  its  interest,  added  together,  is  called  the  Amou** 


J 
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Interest  it  allowed  at  so  much  per  cent  per  annum ;  which  premium  per  cent. 
per  annum,  or  interest  of  a  100/.  for  a  year,  is  called  the  Rate  of  Interest :— So. 

When  interest  is  at  3  per  cent,  the  rate  is  3; 

4  per  rent 4; 

5  per  cent.  5; 

6  per  cent  6. 

Pot,  by  law,  interest  ought  not  to  be  taken  higher  than  at  the  rate  of  5  pet 
cent. 

Interest  is  of  two  sorts ;  Simple  and  Compound. 

Simple  Interest  is  that  which  is  allowed  for  tlie  principal  lent  or  forborn 
only,  for  the  whole  time  of  forbearance. 

Am  the  interest  of  any  sum,  for  any  time,  is  directly  proportional  to  the  prin- 
cipal sum,  and  also  to  the  time  of  continuance;  hence  arises  the  following 
general  rule  of  calculation. 

General  Rule. — As  100/.  is  to  the  rate  of  interest,  so  is  any  given  principal 
to  its  interest  for  one  year.     And  again, 

As  1  year  is  to  any  given  time,  so  is  the  interest  for  a  year,  just  found,  to  the 
interest  of  the  given  sum  for  that  time. 

Otherwise. — Take  the  interest  of  1  pound  for  a  year,  which,  multiply  by  the 
given  principal,  and  this  product  again  by  the  'J me  of  loan  or  forbearance,  in 
years  and  parts,  for  the  interest  of  the  proposed  sum  for  that  time. 

Note.  When  there  are  certain  parts  or  years  in  the  time,  as  quarters,  or 
months,  or  days;  they  may  be  worked  for  either  by  taking  the  aliquot  or  like 
parts  of  the  interest  of  a  year,  or  by  the  Rule  of  Three,  in  the  usual  way.  Also, 
to  divide  by  100,  is  done  by  only  pointing  off  two  figures  for  decimals* 

EXAMPLES. 

1.  To  find  the  interest  of  330/.  I  fa.,  for  I  year,  at  4  per  cent  per  annum. 
Here,  as  100  :  4  ::  230&  10*.  :  9L  Is.  i\d. 


100)9|22 
90 


4 1 40 
12 

4 1 80 

4 


3 1 20        Ans.  9/.  4*.  4|4 

To  find  the  interest  of  547&  15*.,  for  3  years,  at  5  per  cent  per  mnum, 

Aa,100  :  5  ::  547  15  : 

Or,    90  :  1  ::  647*75  :  27.3875  interest  for  1  year. 

3 


L  82.1685  ditto  for  3  years. 
SO 


A    3|2500 
12 

d    8|00        Ant,  82L  3s.  3* 
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3.  To  find  the  interest  of  20  J  guineas,  for  4  yean,  7  months,  and  95  dsya 

4    per  cent,  per  annum. 

da.         L         da. 

210  as.  365  :  9*45  ::  26  :      L 

4,  or,    73  :  9-45  ::     5  :  -6172 

5 


840 


105  73  )  47-25  (  -6472 

9.45  interest  for  1  vear.  345 

+  "  53J 

IS 

37-80       ditto    4  year*. 

6  mo.  =    >  4  725     ditto    6  month*. 

1  mo.  =  £     7875  ditto    1  mnntli. 

•6472  ditto  25  days. 

L  43|9597~ 
20 


8.  19|1940 
12 

<L     £|3280 

4 


g.     \\3\20        Ans.  43/.  19*  %i»l 
4.  To  find  the  interest  of  I  50/.,  for  a  year,  at  ft  per  cent  per  annum. 

Ans.  22A  10* 

6.  To  find  the  interest  of  230/.  10§.,  for  a  year,  at  4  per  cent  per  annum. 

Ans.  9/.  4ft,  H* 
G  To  find  the  interest  of  715/.  12s.  GdL,  for  a  year,  at  4    per  cent,  per  annum. 

Ans.  32*.  4*  0^ 

7.  To  find  the  interest  of  720/1,  for  3  years,  at  5  per  cent,  per  annum. 

An*.  10* 

8.  To  find  the  interest  of  355/.  15s.,  for  4  years,  at  4  per  cent  per  annua. 

Ans.  567.  18*.  4]<t 

9.  To  find  the  interest  of  32/.  5<.  Sc/.,  for  ?  years,  at  4]  per  cent  ptranwua. 

Ans.  9L  IU  U 
0.  To  find  the  interest  of  170/.,  for  I J  year,  at  5  per  cent  per  annum. 

Ans.  m  lb 

1 1.  To  find  the  insurance  of  205/.  15 v.,  for  ^  of  a  year  at  4  per  cent  per  aasssv. 

Ans.2£Ul]4    I 

12.  To  find  the  interest  of  310/1  6V. ,  for  5j  years,  at  3}  per  cent  per  aunt*     - 

Ans.  6SL  15*.  H* 

13.  To  find  the  insurance  on  107/..  for  1 17  days,  at  4J  per  cent  per  anna** 

Ans.  U  1&.  ?* 

14.  To  find  the  interest  of  17/.  5s. y  for  117  days,  at  4}  per  cent  per  anon* 

Ans.fc.34 

15.  To  find  the  insurance  on  712/.  (is.,  for  8  months,  at  7.;  per  cent  persons* 

Ans.  35/1  12a  3^ 
Note,     The  rules  for  Simple  Interest,  serve  also  to  calculate  Insurance*,  °* 

the  Purchase  of  Storks,  or  any  thing  else  that  is  rated  at  so  much  per  cent 
See  also  more  on  the  subject  of  Interest,  with  the  algebraical  expression  *** 

investigation  of  the  rules,  at  the  end  of  the  Algebra,  next  following. 


COMPOUND  INTEREST 

Compound  Istehest,  railed  also  Interest  upon  Interest,  is  that  which  arises 
from  the  principal  And  interest,  taken  together,  us  it  becomes  Hub,  at  the  end  of 
each  stated  limn  of  payment. 

Although  it  be  not  lawful  to  lend  money  at  Compound  Interest,  yet  in  pur- 
chasins;  annuities,  pensions,  or  leases  in  reversion,  it  is  usual  to  allow  Compound 
Interest  to  the  purchaser  tor  his  ready  money. 

Rules. — 1.  Find  the  amount  of  the  given  principal,  for  the  time  of  the  first 
payment,  by  Simple  Interest.  Then  consider  this  amount  as  a  new  principal 
fur  the  second  payment,  whose  amount  calculate  as  before.  And  so  on,  through 
all  the  payments  to  the  lost,  always  accounting  the  Inst  amount  as  a  new  princi- 
pal for  the  next  payment.  The  reason  of  which  is  evident  from  the  definition 
of  Compound  Interest.     Or  else, 

i  Find  the  amount  of  I  pound  for  the  time  «f  the  first  payment,  and  raise  or 
involve  it  to  the  power  whose  index  is  denoted  by  the  number  of  payments. 
Then  that  power  multiplied  by  the  given  principal,  will  produce1  the  whole 
•mount.  From  which  the  said  principal  being  subtracted,  leaves  the  Compound 
lateral  of  the  same,     As  is  evident  from  the  first  rule. 


1.   To  find  the  amount  of  780£,  fur  4  years,  at  6  per  cent,  per  j 
Here,  5  i*  the  80th  part  of  100,  and  the  interest  of  It  fori  yeai 

UDd  its  amount  1-05.     Therefor*, 


1.   By  the  1st  rule. 

ft    By  the  3d  rule. 

L      *,    <L 

1-08  amount  of  1/. 

5k> 

)  730     0     0     1st  year's  principal. 

1-05 

36     0     0     1st  year's  interest. 

1-1035  2d  power  of  it. 

au 

)  756     0     0     Sd  year's  principal. 

11025  ditto. 

37    16     O     3d  year'*  interest. 

1 -SI  550625  4th  power  of  it. 

■30 

)  793   16     0     3d  year's  principal. 

780 

3'J  13     9}  3d  year's  interest. 

I.  B7511S4J 

SM 

)  £33     9     9.',  4th  year's  principal. 

30 

41    13     5}  4th  year's  interest. 

*,  3|SLH)0 

£  i75     3     3J  the  whole  amount. 

13 

or  answer  requited. 

(T3i4H00 

%  To  find  the  amount  of  SOt,  in  0  years,  at  5  per  cent,  per  annum,  compound 

iumst.  An.-.  63/.  16*.  3Jrf. 

1  To  find  the  amount  of  50t,  in  5  yean,  or  10  half  yesrs,  at  5  per  cenL  per 

mmim,  compound  interest,  the  interest  payable  hall  yearly.      An*.  U4/.  Of.  Id. 

<  To  find  the  amount  of  50L,  in  5  years,  or  30  quarters,  at  6  per  cent  per 

mm,  compound  interest,  the  interest  payable  quarterly.         Ana.  614  3*.  Ojrf. 

S.  To  find  the  compound  interest  of  3701.,  forborn  for  6  years,  at  4  per  cent. 

r*  nmmu  A  lis.  BSi  3..  4j<£ 

S.  To  find  the  compound  interest  of  4104,  forborn  for  8J  years,  at  4J  pes 

«a*.  per  annum,  the  interest  paysble  half  yearly.  Ana.  48/.  4s.  1  l^d. 

J.  To  fii.d  the  amount,  at  cotnpnui  d  interest,  of  8174,  forborn  for  SJ  yean, 

"iprceuL  pet  annum,  the  interest  payable  quarterly.      Aus.  8484  13s.  1.,  4 


^ 


18  ARITHMETIC. 


POSITION. 

Position  is  a  method  of  performing  certain  questions,  which  cannot  bo 
by  the  common  direct  rules.  It  is  sometimes  called  False  Position,  or  Falsi 
Supposition,  because  it  makes  a  supposition  of  False  numbers,  to  work  with,  the 
same  as  if  they  were  the  true  ones,  and  by  their  means  discovers  the  trot  neat* 
bers  sought  It  is  sometimes  also  called  Trial  and  Error,  because  it  proesedi 
by  trials  of  false  numbers,  and  thence  finds  out  the  true  ones  by  a  compariM* 
of  the  error*. 

1  osition  is  either  Single  or  Double. 


SINGLE  POSITION. 

Single  Position  is  that  by  which  a  question  is  resolved  by  meant  of  oas 
supposition  only. 

Questions  which  have  their  results  proportional  to  their  suppositions,  belong 
to  Single  Position ;  such  as  those  which  require  the  multiplication  or  divttka 
of  the  number  sought  by  any  proposed  number ;  or  whea  it  is  to  bo  incrensd 
or  diminished  by  itself,  or  any  parts  of  itself,  a  certain  proposed  number  of  thaeiL 


Rri.E. — Tnke  or  assume  any  number  for  that  required,  and  perform  the 
operations  with  it,  as  are  described  or  performed  in  the  question. 

Then  say,  as  the  result  of  the  said  operation,  is  to  the  position,  or  nrnabsr 
assumed ;  so  is  the  result  in  the  question,  to  the  number  sought.* 

EXAMPLES. 

1.  A  person,  after  spending  £  and  J  of  his  money,  has  yet  remaining  Ml 
what  had  he  at  first? 


Suppose  he  had  at  first  ISO/. 

Proofl 

Now  i  of  120  is    40 

i  of  144  is    48 

i  of  it  is        30 

]  of  144  is    30 

their  sum  is              70 

their  sum       84 

which  taken  from  ISO 

taken  from  144                             ■ 

leaves                       50 

leaves            60  as  per  quest** 

Then,  50  :  120  : :  60  :  144,  the  answer. 

8.  What  number  is  that,  which  multiplied  by  7,  and  the  product  divieai  *f 
6,  the  quotient  may  be  14  ?  Ass.  It 

♦  Hie  reason  of  the  role  Is  *vid>nt,  because  it  is  supposed  that  the  results  are  piusMrttoatl  tat* 

Thus,  **-:  xtissso, 
or.  jjf:*  »i«* 


a 


aad  soo* 


i 
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3.  What  number  is  thai,  which  being  increased  by  4.,  y>  and  J  of  itself,  iht 
Aim  shall  he  125  ?  Ans.  60. 

4.  A  general,  after  sending  out  a  foraging  I  and  J  of  his  men,  hod  yet  remain- 
ing 700;  what  number  had  he  in  command  ?  Ans.  4900. 

&  A  gentleman  distributed  78  pence  among  a  number  of  poor  people,  con- 
sisting of  men,  women,  and  children  ;  to  each  man  he  gave  6d.,  to  each  woman 
4dL,  and  to  each  child  3d :  moreover  there  were  twice  as  many  women  as  men, 
and  thrice  as  many  children  as  womeo.     How  many  were  there  of  each  ? 

Ans.  3  men,  6  women,  and  18  children. 

6.  One  being  asked  his  age,  said,  if  {  of  the  years  I  have  lived,  be  multiplied 
by  7,  and  $  of  them  be  added  to  the  product,  the  sum  will  be  292.  What  was 
his  age  ?  Ans.  60  years. 


DOUBLE  POSITION. 

Double  Position  is  the  method  of  resolving  certain  questions  by  means  of 
two  suppositions  of  false  numbers. 

To  the  Double  Rule  of  Position  belong  such  questions  as  have  their  results 
not  proportional  to  their  positions:  such  are  those,  in  which  the  numbers 
sought,  or  their  parts,  or  their  multiples,  are  increased  or  diminished  by  some 
given  absolute  number,  which  is  no  known  part  of  the  number  sought 

Rule  I.* — Take  or  assume  any  two  convenient  n ambers,  and  proceed  with  each 
of  them  separately,  according  to  the  conditions  of  the  question,  as  in  Single 
Position ;  and  find  how  much  each  result  is  different  from  the  result  mentioned 
in  the  question,  noting  also  whether  the  results  are  too  great  or  too  little. 

Then  multiply  each  of  the  said  errors  by  the  contrary  supposition,  namely,  the 
first  position  by  the  second  error,  and  the  second  position  by  the  first  error. 

If  the  errors  are  alike,  divide  the  difference  of  the  products  by  the  difference 
of  the  errors,  and  the  quotient  will  be  the  answer*. 

But  if  the  errors  are  unlike,  divide  the  sum  of  ihe  products  by  the  sum  of  the 
errors,  for  the  answer. 

Sate.  The  errors  are  said  to  be  alike  when  they  are  either  both  too  great, 
<*  both  too  Hale ;  and  unlike,  when  one  is  too  great  and  the  other  too  little. 

*  JWemwwtfeis.— The  rule  la  founded  m  this  supposition,  namely,  that  the  trst  error  Is  to  the 
■*••*,  as  the  dteVreaee  between  the  true  and  first  supp<«ed  Dumber,  la  to  the  difference  between  the 
°%t  and  second  »uppoaed  number ;  when  that  Is  not  the  case,  th*  exact  answer  to  the  question  cannot 
*  twees'  by  this  rub*.— That  the  rule  i*  true,  according  to  that  supposition,  may  be  thua  proved. 

L*t  •  ami  a  be  the  two  Mipaonltluaa,  and  A  ami  B  their  results,  produced  by  almilar  operations ; 
J»rnd  t  their  errors,  or  the  duterenoee  between  the  revolts  A  and  B  from  the  true  result  N  j  and 
**  *  eannte  the  number  sought,  answering  to  the  true  result  N  of  the  question. 
*Va,  Is  N  —  A  =  r,  and  N-Bsa    And,  aciwelng  to  the  supposition:  on  which  the  rule  la 
r  :  •  : :  jt  -hi  :  s  —  •/  heaee,  by  multiplying  extremes  and  mean*,  r jr  — .  re  =:  <jr  —  *a  ; 

rb—M* 


by  wmwmotltftou,  rjr  —  *r  =  r*  —  m;  and,  by  division,  m  s  -fTZZJ  9  *"•  """^har  "ought, 
*hich  to  the  rule  when  the  results  are  both  toe  little. 

*»  the  results  be  both  too  great,  so  that  A  and  B  are  both  greater  than  N  j  then  N  —  A  =  —  r,  an* 
*  —  B  =_*,  errand*  are  both  negative;  hence  —  r  :  —  rrjjr  — •:*— a,  hut  -rj-i: 
"r*  *  :  +  t,  therefore  r  :  «  : :  jr  —  a  :  jr  —  a,  and  the  rest  will  be  exactly  as  In  the  former  case. 

But  if  one  result  A  only  be  too  little,  and  the  other  B  be  too  great,  or  on*  error  r  positive,  and  the 

**h*r  1  arearJv*,  then  the  theorem  becomes  s  =  *"  T*",  *  luch  Is  the  rule  in  tliis  ease,  or  whan  the 
^^onsreamnka 
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EXAMPLE. 

1.  What  number  is  that,  which  being  multiplied  by  6,  the  product  fatsemd 
oy  18,  and  the  sum  divided  by  9,  the  quotient  shall  be  90. 
Suppose  the  two  numbers,  18  and  30.     Then, 

First  position,  Second  position.  ProoC 

IS  30  27 

6  uiulf.  6  g 

108  180  168 

18  add  18  |g 

9)\M  9  )  Tfl»8  0  )  1M> 

14  results.  22  $J 

20  true  res.  23  — 

+  6  errors  unlike.  2 

?d  i>os.       30  mult.  18   1st  pos. 

2  180  ~36 


-I 


errors.    , 

6     36 


sum        8  )  216  sum  of  products. 
27  answer  sought. 

Rule  II:* — Find,  by  trial,  two  numbers,  as  near  the  true  number  as  possible, 
and  operate  with  them  as  in  the  question ;  marking  the  errors  which  arise  Itvw 
e  uli  of  them. 

Multiply  the  difference  of  the  two  numbers,  found  by  trial,  by  the  least  error, 
and  divide  the  product  by  the  di  Here  nee  of  the  errors,  when  they  are  alike,  but 
by  their  sum  when  they  are  unlike. 

Add  the  quotient,  last  found,  to  the  number  belonging  to  the  least  error,  wheo 
th.it  number  is  too  little,  but  stibtiart  it  when  too  great,  and  the  result  will  gift 
the  true  quantity  sought. 

examples. 

1.  A  son  asking  his  father  how  old  he  was,  received  this  answer:  Your  age 
is  now  one  fourth  of  mine;  but  5  years  ago,  your  age  was  only  one  fifth  of 
mine.     What  then  are  their  two  ages  ?  Ana,  20  and  80. 

2.  A  workman  was  hired  for  30  days,  at  2s.  6dL  per  day,  for  every  day  he 
worked ;  but  with  this  condition,  that  for  every  day  he  played,  he  should  forfeit 
Is.  Now  it  so  happened,  that  upon  the  whole  he  had  2L  14*.  to  receive.  How 
many  of  the  days  did  he  work  ?  Ana.  24 

3.  A  and  B  began  to  play  together  with  equal  sums  of  money :  A  first  woa 
20  guineas,  but  afterwards  lost  back  ]  of  what  he  then  had ;  after  which,  B  had 
4  times  as  much  as  A.     What  sum  did  each  begin  with  ?         Ans.  100  guineas. 

4.  Two  persons,  A  and  H,  have  both  the  same  income.  A  saves  £  of  his ;  bat 
B,  by  spending  SOL  per  annum  more  than  A,  at  the  end  of  4  years  finds  hisju*lt 
100/  in  debt.    What  does  ear,h  receive  and  spend  per  annum  f 

Ans.  They  receive  125/.  per  annum ;  also  A  spends  100/.,  and  B  spends  150L 
per  annum. 

S¥or  ilnre,  by  the  supposition,  r  :  »  t:  x  —  air  —  bt  therefore  by  dirtoion,  r  —  t  :*::•_* 
*  —  A,  which  l»  the  2d  rule. 


PRACTICAL  QUESTIONS  IN  ARITHMETIC. 

1.  Thb  swiftest  velocity  of  a  cannon-ball  is  about  2000  feet  in  a  second  of 
time.  Then  in  what  time,  at  that  rate,  would  such  a  ball  move  from  the  earth 
to  the  son,  admitting  the  distance  to  be  100  millions  of  miles,  and  the  year  to 
contain  865  days  6  hours  ?  Ans.  81VV^>  years. 

2.  What  is  the  ratio  of  the  velocity  of  light  to  that  of  a  cannon-ball,  which 
issues  from  the  gun  with  a  velocity  of  1500  feet  per  second;  light  passing  from 
the  sun  to  the  earth  in  84  minutes  ?  Ans.  the  ratio  of  704000  to  1. 

9.  The  slow  or  parade-step  being  70  paces  per  minute  at  28  inches  each 
pace,  it  is  required  to  determine  at  what  rate  per  hour  that  movement  is  ? 

Ans.  I444  miles. 

4.  The  quick-time  or  step  in  marching,  being  2  paces  per  second,  or  120 
per  minute,  at  28  inches  each,  at  what  rate  per  hour  does  a  troop  march  on 
a  route,  and  how  long  will  they  be  in  arriving  at  a  garrison  20  miles  distant, 
allowing  a  halt  of  one  hour  by  the  way  to  refresh  ? 

Ans.  The  rate  is  3-fr  miles  an  hour,  and  the  time  7f  hours,  or  7  hours 
17^.  min. 

5.  A  wall  was  to  be  built  700  yards  long  in  29  days.  Now,  after  12  men 
had  been  employed  on  it  for  1 1  days,  it  was  found  that  they  had  completed 
only  220  yards  of  the  wall.  It  is  required  to  determine  how  many  men  must 
be  added  to  the  former,  that  the  whole  number  of  them  may  just  finish  the 
wall  in  the  time  proposed,  at  the  same  rate  of  working  ? 

Ans.  4  men  to  be  added. 

6.  Determine  how  far  500  millions  of  guineas  will  reach,  when  laid  down 
In  a  straight  line  touching  one  another;  supposing  each  guinea  to  be  an  inch 
in  diameter,  as  it  is  very  nearly?  Ans.  7891  miles,  728  yds.,  2  ft.  8  in. 

7.  Two  persons,  A  and  B,  being  on  opposite  sides  of  a  wood,  which  is  536 
yards  about,  begin  to  go  round  it,  both  the  same  way,  at  the  same  instant 
of  time;  A  goes  at  the  rate  of  11  yards  per  minute,  and  B  34  yards  in  3 
minutes;  the  question  is,  how  many  times  will  the  wood  be  gene  round  before 
the  quicker  overtake  the  slower  ?  Ans.  17  times. 

8.  A  can  do  a  piece  of  work  alone  in  12  days,  and  B  alone  in  14;  in  what 
time  will  they  both  together  perform  a  like  quantity  of  work  ? 

Ans.  6-^  days. 
,  9.  A  person  who  is  possessed  of  a  4  share  of  a  copper-mine,  sold  4  of  his 
interest  in  it  for  1800/1;  what  was  the  reputed  value  of  the  whole  at  the  same 
rate?  Ans.  4000/. 

10.  A  person,  after  spending  20/.  more  than  4  of  his  yearly  income,  had 
then  remaining  30/.  more  than  the  half  of  it;  what  was  his  income  ?     Ans.  200/. 

1 1.  The  hour  and  minute-hands  of  a  clock  are  exactly  together  at  12  o'clock; 
when  are  they  next  together  ?  Ans.  1-jV  hr.,  or  1  hr.  5Vr  min. 

12.  If  a  gentleman,  whose  annual  income  is  1500/.,  spend  20  guineas  a-wcek; 
whether  will  he  save  or  run  in  debt,  and  how  much  in  the  year  ? 

Ans.  Save  4081. 

13.  A  person  bought  180  oranges  at  2  a  penny,  and  180  more  at  3  a  penny; 
after  which  he  sold  them  out  again  at  5  for  2  pence;  did  he  gain  or  lose  by  the 
bargain  ?  Ans.  He  lost  6  pence. 

14.  If  a  quantity  of  provisions  serves  1500  men  12  weeks,  at  the  rate  of  20 
OBBcm  a-day  lor  each  man;  how  many  men  will  the  same  provisions  maintaiu 
for  20  weeks,  at  the  rate  of  8  ounces  a-day  for  each  man  ?        Ans.  2250  men. 
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15.  In  the  latitude  of  London,  the  distance  round  the  earth,  measured  en 
the  parallel  of  latitude,  is  about  15,550  miles;  now,  as  the  earth  turns  round  in 
23  hours  56  minutes,  at  what  rate  per  hour  is  the  city  of  London  carried  from 
west  to  east  ?  Ans.  64°4f|  miles  an  hour. 

16.  A  father  left  his  son  a  fortune,  ±  of  which  he  ran  through  in  8  months; 
f  of  the  remainder  lasted  him  12  months  longer;  after  which  he  had  820/.  left. 
What  sum  did  the  father  bequeath  his  son  ?  Ans.  1913/L  6s.  8dL 

17.  If  1000  men,  besieged  in  a  town,  with  provisions  for  5  weeks,  allowing 
each  man  16  ounces  a-day,  be  reinforced  with  500  men  more;  and  supposing 
that  they  cannot  be  relieved  till  the  end  of  8  weeks;  how  many  ounces  a-day 
must  each  man  have  that  the  provision  may  last  that  time  ?        Ans.  6*  ounces. 

1 8.  A  younger  brother  received  8400/.,  which  was  just  £  of  his  elder  brother  s 
fortune.     What  was  the  father  worth  at  his  death  ?  Ans.  19,2002. 

19.  A  person  looking  on  his  watch,  was  asked  what  was  the  time  of  the  day, 
who  answered,  "  It  is  between  5  and  6;"  but  a  more  particular  answer  being 
required,  he  said  •*  that  the  hour  and  minute-hands  were  then  exactly  together* 
What  was  the  time  ?  Ans.  27-fV  min.  past  5. 

20.  If  20  men  perform  a  piece  of  work  in  12  days,  how  many  men  will 
accomplish  another,  thrice  as  large,  in  one-fifth  of  the  time?  Ans.  800. 

21.  A  father  devised  Vw  of  his  estate  to  one  of  his  sons,  and  ^  of  the 
residue  to  another,  and  the  surplus  to  his  relict  for  life.  The  children's 
jegacies  were  found  to  be  514/.  6s.  &<L  different.  What  money  did  be  leave 
the  widow  the  use  of?  Ans.  1270/.  Is.  9++d. 

22.  A  person  making  his  will,  gave  to  one  child  -}&  of  his  estate,  and  the  rest 
to  another.  When  these  legacies  came  to  be  paid,  the  one  turned  ont  to  be 
1200/.  more  than  the  other.     What  did  the  testator  die  worth  ?      Ans.  4000/. 

23.  Two  persons,  A  and  B,  travel  between  London  and  Exeter.  A  leaves 
Exeter  at  8  o'clock  in  the  morning,  and  walks  at  the  rate  of  3  miles  an  hour, 
without  intermission;  and  B  sets  out  from  London  at  4  o'clock  the  same 
evening,  and  walks  for  Exeter  at  the  rate  of  4  miles  an  hour  constantly.  Now, 
supposing  the  distance  between  the  two  cities  to  be  130  miles,  where  will  they 
meet  ?  Ans.  69f  miles  from  Exeter. 

24.  One  hundred  eggs  being  placed  on  the  ground,  in  a  straight  line,  at  the 
distance  of  a  yard  from  each  other;  how  far  will  a  person  travel  who  shsJl 
bring  them  one  by  one  to  a  basket,  which  is  placed  at  one  yard  from  the  first 
egg?  Ans.  10,100  yards,  or  5  miles  and  1300  yards. 

25.  The  clocks  of  Italy  go  on  to  24  hours;  then  how  many  strokes  do  they 
strike  in  one  complete  revolution  of  the  index  ?  Ans.  300. 

26.  One  Sessa,  an  Indian,  having  invented  the  game  of  chess,  showed  it  to 
his  prince,  who  was  so  delighted  with  it,  that  he  promised  him  any  reward  he 
should  ask;  on  which  Sessa  requcstod  that  he  might  be  allowed  one  grain  of 
wheat  for  the  first  square  on  the  chess-board,  2  for  the  second;  4  for  the  third, 
and  so  on,  doubling  continually  to  64,  the  number  of  squares.  Now,  supposing 
a  pint  to  contain  7680  of  these  grains,  and  one  quarter  or  8  bushels  to  be 
worth  27s.  6d,,  it  is  required  to  compute  tho  value  of  all  the  corn. 

Ans.  6450468216285/.  17s.  3|dl  f|f|{. 

27.  A  person  increased  his  estate  annually  by  100L  more  than  tho  +  part 
of  it;  and  at  the  end  of  4  years  found  that  his  estate  amounted  to  10342/.  3s.  9tL 
What  had  he  at  first  ?  Ans.  4000* 

28.  Paid  1012/.  10s.  for  a  principal  of  750/.,  taken  in  7  years  before;  at  watt 
rate  per  cent,  per  annum  did  I  pay  interest  ?  Ans.  6L  per  fast. 


PRACTICAL  QUESTIONS.  8.1 

29.  Dhlde  1000/.  among  A,  B,  C;  so  as  to  give  A  120/.  more,  and  B  95/. 
less  than  C.  Ans.  A  445/.,  B  230/.,  C  325/. 

SO.  A  person  being  asked  the  hour  of  the  day,  said,  the  time  past  noon  is 
equal  to  £ths  of  the  time  till  midnight.     What  was  the  time  ? 

Ans.  20  min.  past  5. 

31.  Suppose  that  1  have  -fV  of  a  ship,  whose  whole  worth  is  1200/.;  what 
part  of  her  have  I  left  after  selling  4  of  4  of  my  share,  and  what  is  it  worth  ? 

Ans.  -iVo;  worth  185/. 

32.  What  number  is  that,  from  which  if  there  be  taken  f  of  },  and  to  the 
remainder  be  added  *fc  of  ^V;  the  sum  will  be  10  ?  Ans.  9f$. 

S3.  There  b  a  number  which,  if  multiplied  by  J  of  f  of  1 4,  will  produce  I. 
What  is  the  square  of  that  number  ?  Ans.  1-JU 

34.  What  length  must  be  cut  off  a  board,  84-  inches  broad,  to  contain  a 
square  foot,  or  as  much  as  12  inches  in  length,  and  12  in  breadth  ? 

Ans.  16+f  inches. 

35b  What  sum  of  money  will  amount  to  138/.  2*.  6d.  in  15  months,  at  5  per 
cent,  per  annum  simple  interest  ?  Ans.  130/. 

36.  A  father  divided  his  fortune  among  his  three  sons,  A,  B,  C,  giving  A  4 
as  often  as  B  3,  and  C  5  as  often  as  B  6;  what  was  the  whole  legacy,  sup- 
posing A*s  share  was  4000/.  Ans.  9500/. 

37.  A  young  hare  starts  40  yards  before  a  greyhound,  and  is  not  perceived 
by  him  till  she  has  been  up  40  seconds;  she  scuds  away  at  the  rate  of  10  miles 
an  hoar,  and  the  dog,  on  view,  makes  after  her  at  the  rate  of  18.  How  long 
will  the  course  hold,  and  what  ground  will  be  run  over,  counting  from  the  out- 
setting  of  the  dog  ?  Ans.  60^  sec,  and  530  yds.  run. 

38.  Divide  9360/.  among  A,  B,  and  C,  in  such  a  manner  that  A's  share  may 
a*  to  Fs  as  7  to  6,  and  B's  to  C's  as  4  to  3*. 

Ans.  A's  share  3640/.;  B's  3120/.;  and  C's  2600/. 

39.  If  I  of  a  steam-ship  be  purchased  for  15,360/.  13*.  4d.f  how  much  will 
be  gained  per  cent,  by  selling  half  the  vessel  for  12,902/.  19*.  2f</.  ? 

Ans.  12/.  per  cent. 

40.  Find  the  cube  root  of  *068  to  eight  places  of  decimals,  contracting  the 
work  for  the  last  four  figures.  Ans.  '40816551. 

41.  Suppose  2/.  and  J  of  4.  of  a  pound  will  purchase  3  yards  ana  4  of  4  of  a 
yard  of  cloth;  how  much  may  be  purchased  by  9  shillings  and  4  of  a  shilling  ? 

Ans.  4  of  a  yard. 
48.  Divide  43/.  12s.  9d.  among  7  men,  9  women,  and  3  boys,  and  give  a 
woman  4  of  a  man's  share,  and  a  boy  f  of  a  woman's. 

Ans.  A  boy's  share  1/.  12s.  24  44*/. 
A  woman's  1  17  64  ■£&. 
A  man's  3      2     74  -,W- 

43.  A  workman  was  hired  for  24  days,  at  4s.  6d.  per  day,  for  every  day  he 
worked;  bat  for  every  day  he  was  absent  he  was  to  forfeit  Is.  6d.  How 
snsiy  days  did  he  work  when  the  balance  due  to  him  was  3/.  18s.;  and  also 
how  saaay  days  was  he  absent,  when  he  had  to  receive  only  one  day's  wages  ? 
To  be  done  without  position. 

Ana,  19  days,  in  the  former  case;  and  17^  days,  in  the  latter  case. 

44.  Hie  interest  of  a  certain  sum  for  12  years  and  9  months,  at  4/.  per  cent. 
sjsBfia  interest,  was  found  to  be  185/.  more  than  the  interest  of  the  same  sum 
for  #4  yean,  at  &L  per  cent*    Find  the  sum  without  the  aid  of  the  rule  of 

'       t  "  Ans.  1000/. 

f2 


ALGEBRA. 


DEFINITIONS  AND  NOTATION. 


1.  Algkbea  is  that  department  of  Mathematics  which  enables  at,  by  the  44 
of  certain  symbols,  to  abridge  and  generalize  the  reasoning  employed  in  the 
solution  of  all  questions  relating  to  numbers. 

These  questions  are  of  two  kinds: — 

The  Theorem,  whose  object  is  to  demonstrate  certain  properties  and  whlWa  ' 
which  exist  in  numbers  which  are  known  and  given. 

The  Problem,  whose  object  is  to  discover  certain  numbers  which  are  m> 
known  by  means  of  other  numbers  which  are  known,  and  which  bear  a  fdatka 
to  the  unknown  numbers,  indicated  by  the  conditions  of  the  problem. 

2.  The  principal  symbols  employed  in  algebra  are  the  following:— 

I.  The  letters  of  the  alphabet,  a,  b,  c,  &c,  which  are  employed  to  demote 
the  numbers  which  are  the  object  of  our  reasonings. 

II.  The  sign  -f  which  is  named  plus,  and  is  employed  to  denote  the  addUoc 
of  two  or  more  numbers. 

Thus  12  +  80  signifies  12  phis  80,  or,  12  augmented  by  80.  In  like  maaaar 
a  +  b  signifies  a  plus  b,  or,  the  number  designated  by  a  augmented  by  tat 
number  designated  by  b. 

III.  The  sign  —  which  is  named  minus,  and  is  employed  to  denote  the  tab* 
traction  of  one  number  from  another. 

Thus  54  —  28  signifies  54  minus  28,  or,  54  diminished  by  23.  In  Els 
manner  a  —  b  signifies  a  minus  b,  or,  the  number  designated  by  a  danmuhsi 
by  the  number  designated  by  b. 

The  sign  ~  is  sometimes  employed  to  denote  the  difference  of  two  naa> 
bers,  when  it  is  not  known  which  is  the  greater.  Thus  a  ~  b  signifies  me 
difference  of  a  and  b,  when  it  is  not  known  whether  the  number  des%aatai 
by  a  be  loss  or  greater  than  the  number  designated  by  b, 

IV.  The  sign  x  which  is  named  into,  and  is  employed  to  denote  the  memV 
plication  of  two  or  more  numbers. 

Thus  72  X  26  signifies  72  into  26,  or,  72  multiplied  by  26.     In  like  manner, 
a  X  b  signifies  a  into  b,  or,  a  multiplied  by  b;  and  a  X  b  X  e  signifies  the 
continued  product  of  the  numbers  designated  by  a,  b9  c;  and  so  on  for  amy  . 
number  of  factors.  ] 

The  process  of  multiplication  is  also  frequently  indicated  by  placing  a  pom*  1 
between  the  successive  factors;  thus,  a  .  b  .  c  •  «f  signifies  the  same  thkaf  sj  * 
0  X  b  x  c  X  d 


J 
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In  general,  however,  when  numbers  are  represented  by  letters,  their  multi- 
plication is  indicated  by  writing  the  letters  in  succession,  without  the  interpo- 
sition of  any  sign.  Thus  a  b  signifies  the  same  thing  as  a  .  b,  or  a  X  b;  and 
a  b  e  d  is  equivalent  toa, b.c.d,  or  axbxcxd. 

It  must  be  remarked,  that  the  notation  a .  b  or  a  b  can  be  employed  only 
when  the  numbers  are  designated  by  letters;  if,  for  example,  we  wished  to  re* 
present  the  product  of  the  numbers  5  and  6  in  this  manner,  5 . 6  would  be 
confounded  with  an  integer  followed  by  a  decimal  fraction,  and  56  would 
signify  the  number  fifty-****  according  to  the  common  system  of  notation. 

For  the  sake  of  brevity,  however,  the  multiplication  of  numbers  is  some- 
times expressed  by  placing  a  point  between  them  in  cases  where  no  ambiguity 
can  arise  from  the  use  of  this  symbol.     Thus,  1.2.3.4,  may  represent  the 

2     7      6 
continued  product  of  the  numbers,  1,  2,  8,  4;  and  -    -    —-  may  represent 
*  3  •  9  •  11 

A      <9  ft 

the  product  of  5  ^  and  -— 

V.  The  sign  -+-  which  is  named  by,  and  when  placed  between  two  numbers 
is  employed  to  denote  that  the  former  is  to  be  divided  by  the  latter. 

Thus  24-1-6  signifies  24  by  6,  or,  24  divided  by  6.  In  like  manner  a-*-b 
signifies  a  by  bt  or,  a  divided  by  b. 

In  general,  however,  the  division  of  two  numbers  is  indicated  by  writing  the 
dividend  above  the  divisor,  and  drawing  a  line  between  them.    Thus  24-1-6 

and  o-+-&  are  usually  written  —  and  ~ 

VI.  The  sign  =  which  is  named  i$  equal  to,  and  when  placed  between  two 
nombers  denotes  that  they  are  equal  to  each  other. 

Thus  56  +  6  =  62  signifies  that  the  sum  of  56  and  6  is  equal  to  62.  In 
like  manner,  a  =  b  signifies  that  a  is  equal  to  b,  and  a  +  b  =  c  —  d  sig- 
nifies that  aphis  b  is. equal  to  c  minus  d,  or,  that  the  sum  of  the  numbers 
designated  by  a  and  b  is  equal  to  the  difference  of  the  numbers  designated 
by  c  and  d. 

VII.  The  sign  Z  which  is  named  is  unequal  to,  and  when  placed  between 
two  numbers  denotes  that  one  of  them  is  greater  than  the  other,  the  opening 
of  the  sign  being  turned  towards  the  greater  number. 

Thus  ay  b  signifies  that  a  is  greater  than  bf  and  a  Lb  signifies  that  a  is 
less  than  b. 

VI IL  The  coefficient  is  a  sign  which  is  employed  to  denote  that  a  number 
designated  by  a  letter,  or  some  combination  of  letters,  is  added  to  itself  a  cer- 
tain number  of  times. 

Thus  instead  of  writing  a  +  a+  a  +  a  +  a,  which  represents  5  a's  added 
together,  we  write  5  a.  In  like  manner  10  a  b  will  signify  the  same  thing  as 
ab  +  ab  +  ab  +  ab  +  ab  +  ab  +  ab  +  ab  +  ab  -f  a  6,  or  ten  times 
the  product  of  a  and  b. 

The  coefficient,  then,  is  a  number  written  to  the  left  of  another  number, 
represented  by  one  or  more  letters,  and  denotes  the  number  of  times  hat  the 
given  letter,  or  combination  of  letters,  is  to  be  repeated. 

When  no  coefficient  is  expressed,  the  coefficient  1  is  always  understood; 
that  1  a  and  a  signify  the  same  thing. 

IX.  The  exponent  or  index  is  a  sign  which  is  employed  to  denote  that 
a  number  designated  by  a  letter  is  multiplied  by  itself  a  certa!*  number  of 
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Thus  instead  of  writing  ax  ax  a  X  a  X  a,  or  a  a  a  a  a,  which  represents 
five  a's  multiplied  together,  we  write  a6,  where  5  is  called  the  exponent  or 
index  of  a.  Similarly  bxbxbxbxbxbxbxbxbxb,  or  b.b.b. 
b. b.b.b. b.b.b,  or  bbbbbbbbbb;  or  the  continued  product  of  10  6's  is 
written  more  briefly  b10,  where  10  is  the  exponent  or  index  of  b. 

The  exponent  or  index  of  a  number  is,  therefore,  a  number  written  a  little 
above  a  letter  to  the  right,  and  denotes  the  number  of  times  which  the  number 
designated  by  the  letter  enters  as  a  factor  into  a  product.  When  no  ex- 
ponent is  expressed,  the  exponent  1  is  always  understood;  thus  a1  and  a 
signify  the  samo  thing. 

The  products  thus  formed  by  the  successive  multiplication  of  the  same 
number  by  itself,  are  in  general  called  the  powers  of  that  number.  Thus  a  is 
the  first  power  of  a;  a  X  a  =  a  a  =  a2  is  the  second  power  of  a,  or  the  square 
of  a;  aaa  =  a3  is  the  third  power,  or  cube  of  a;  aaaaa  =  a*  \m  the  fifth 

power  of  a,  and  aaaa to  it  factors  =  a°,  is  the  nth  power  of  a,  or  the 

power  of  a  designated  by  the  number  n, 

X.  The  square  root  of  any  expression  is  that  quantity  which,  when  multi- 
plied by  itself  will  produce  the  proposed  expression,  and,  in  numbers,  is 
generally  denoted  by  the  symbol  \f,  which  is  called  the  radical  sign*  Thus 
the  square  root  of  9  is  */9  =  3,  and  a/cl2  =  a,  is  the  square  root  of  a2;  for  in 
the  former  case  8x3  =  9,  and  in  the  latter  a  X  a  =  a*. 

XI.  The  cube  root  of  any  expression  is  that  quantity  which,  when  multi- 
plied twice  bv  itself,  will  produce  the  proposed  expression.  The  fourth,  or 
biquadratc  root  of  any  expression  is  that  quantity  which,  when  multiplied 
three  times  by  itself,  produces  the  giveu  expression;  and  the  nth  root  of  any 
expression  is  that  quantity  which,  multiplied  (n—  1)  times  by  itself;  produces 
the  proposed  expression.  Thus  the  cube  root  of  8  is  2;  for  2  X  2  X  2  =  8, 
the  fimrth  root  of  a4  is  a;  for  a  .  a  .  a  .  a  =  a4,  and  the  nth  root  of  *■  */■  It 
*y;  for  xy  x  x  y  x  x  y  . . . .  to  n  factors  =  x  .  x  .  x  .  x  . . . .  to  n  factors 
Xjf.jf.s/.s/....ton  factors  =  «"  y\ 

The  roots  of  expressions  are  frequently  designated  by  fractional  or.  decimal 
exponents,  the  figure  in  the  numerator  of  the  fractional  exponent  denoting 
the  power  to  which  the  expression  is  to  be  raised  or  involved,  and  the  figure 
in  the  denominator  denoting  the  root  to  be  extracted  or  evolved.     Thus  the 

symbol  of  operation  for  the  square  root  of  a  is  either  *Ja  or  a*;  for  the 
cube  root  it  is  \/a,  or  a*;  for  the  fourth  root  J/a,  or  a"*;  and  Vo,  or  «■ 
denotes  the  nth  root  of  a.     Also  Va*.  or  aK  denotes  the  sixth  root  of  the 

fifth  power  of  a;  and  a\  or  Vam,  signifies  the  nth  root  of  tfce  mth  power 
of  a. 

XII.  A  rational  quantity  is  that  which  has  no  radical  sign,  or  fractional 
exponent  annexed  to  it,  as  3  m  n,  or  5**  y8. 

XIII.  An  irrational  quantity  is  that  which  has  no  exact  root,  and  is  ex- 
pressed by  means  of  the  radical  sign  V,  or  a  fractional  exponent,  as  </* 
V«*.  or  «*y** 

XIV.  The  reciprocal  of  any  quantity  is  unity  divided  by  that  quantity; 

»      i      i      I 
thus  the  reciprocals  of  a*,  **,  y*,  $*,  are  respectively  a*'  **'  y*f  *•;  but  the 

following  notation  is  generally  used,  as  being  more  commodious :  thus  tk* 

i       i       i      i 
fractions  a*    x3    yh     £   are  expressed  l.y  a~?,  jt-3,  yr*,  £— *. 
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XV.   The  following  characters  are  used  to  connect  several  quantities 
together,  viz.: — 

vinculum  or  bar      

parentheses  (  ) 

braces  or  brackets  <  > 


Thus  m+n.x,  or  (m-\-n)  x  signifies  that  the  quantity  denoted  by  m+n  is 

to  be  multiplied  by  x,  and  j  7+J  C    >  ^  ~"L  t  ^oll^es  taat  ?+«    is  to  be 
multiplied  by  > — - . 

XVI.  The  signs  .*•  therefore  or  consequently,  and  *.*  because,  are  used  to 
avoid  the  too  frequent  repetition  of  these  words. 

XVII.  Every  number  written  in  algebraic  language,  that  is,  by  aid  of 
algebraic  symbols,  is  called  an  algebraic  quantity,  or,  a  litetal  quantity,  or, 
an  algebraic  expression* 

Thus  3  a  is  the  algebraic  expression  for  three  times  the  number  a;  5  a3  is 
the  algebraic  expression  for  five  times  the  square  of  the  number  a;  7  a*  6s  is 
the  algebraic  expression  for  seven  times  the  fifth  power  of  a  multiplied  by  the 
cube  of  b. 

3  a9 — 6  £*  c4  is  the  algebraic  expression  for  the  difference  between  three 
times  the  square  of  a  and  six  times  the  cube  of  b  multiplied  by  the  fourth 
power  of  c. 

2  a — 3  b*  c*-|-4  d*  e*f*  b  the  algebraic  expression  for  twice  a,  diminished 
by  three  times  the  square  of  b  multiplied  by  the  cube  of  c  and  augmented  by 
four  times  the  fourth  power  of  d  multiplied  by  the  product  of  the  fifth  power 
of  £  and  the  sixth  power  oif. 

XVIII.  An  algebraic  quantity,  which  is  not  combined  with  any  other  by 
the  sign  of  addition  or  subtraction,  is  called  a  monomial,  or,  a  quantity  of  one 
term,  or  simply,  a  term.     Thus,  3  a*,  4  b*,  6  c,  are  monomials. 

An  algebraic  expression,  which  is  composed  of  several  terms,  separated 
from  each  other  by  the  signs  +  or  —  is  called  generally  a  polynomial.  Thus, 
3  a*  +  4  ft* — 6  c  +  d,  is  a  polynomial. 

A  polynomial,  consisting  of  two  terms  only,  is  usually  called  a  binomial, 
when  consisting  of  three  terms,  a  trinomial.  Thus,  a  +  b,Zb*c  —  x  z,  are 
binomials,  and  a  -f  b  —  c,  3  m2  w*  —  6  p3  r  -p9  d,  are  trinomials. 

XIX.  The  numerical  value  of  an  algebraic  expression  is  the  number  which 
results  from  giving  particular  values  to  the  letters  which  compose  the  expres- 
sion, and  performing  the  arithmetical  operations  indicated  by  the  algebraic 
symbols.  This  numerical  value  will,  of  course,  depend  upon  the  particular 
values  assigned  to  the  letters.  Thus  the  numerical  value  of  2  a*  is  54  when 
we  make  a  =  3,  for  the  cube  of  3  is  27,  and  twice  27  is  54.  The  numerical 
v*lue  of  the  same  expression  will  be  250  if  we  make  a  =  5;  for  the  cube  of  5 
b  125,  and  twice  125  is  250. 

The  numerical  value  of  a  polynomial  undergoes  no  change,  however  we 
may  transpose  the  order  of  the  terms,  provided  we  preserve  the  proper  sign 
of  each.  Thus  the  polynomials  4a*  —  3a*b  +  5ac*,  4a8  +  5ac*  —  3a36, 
bac2  —  30*6  +  4 a*, have  all  the  same  numerical  value.  This  follows  mani- 
fest Iv  from  the  nature  of  arithmetical  addition  aud  subtraction. 

XX  Of  the  different  terms  which  compose  a  polynomial,  some  are  preceded 
by  the  sign  +,  others  by  the  sign  — .  The  former  are  called  additive,  or 
positive  terms,  the  latter,  mbtractive,  or  negative  terms. 
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The  first  term  of  a  polynomial  is  not  in  general  preceded  by  any  sign;  in 
that  case  the  sign  +  is  always  understood. 

Terms  composed  of  the  same  letters,  affocted  with  the  same  exponents,  are 
called  similar  terms. 

Thus,7a5  and3a5aresimilarterrns,soare6a>£and7a>c;  also,  10 a b*  c*d 
and  2  a  5s  c*  d\  for  they  are  composed  of  the  same  letters,  and  these  letters 
in  each  are  affected  with  the  same  exponents.  On  the  other  hand,  &ab*c 
and  3  a2  b*c  are  not  similar  terms,  for  although  composed  of  the  same  letters, 
these  letters  are  not  affected  with  the  same  exponents  in  each. 

Examples  of  the  numeral  values  of  algebraic  expressions^— 

Let  a  =  4,  b  =  3,  c  =  2;  then  will 

(1)  a  +  5  —  c=4+3—  2=7—  2  =  5 

(2)  a*  +  a  b  +  b*  =  4s  +  4  X  3  +  3s  =  16  +  12  +  9  =  37 

(3)  ac-aH*c=4  X2  —  4x3  +  3x2  =  8—  12  +  6=2 

(a\     «*  +  &*  —  c*    _  4»  +  3»— 2»  _  16+9  —  4 21 

W  ab—ac  +  bc  "4x8- 4x2+3X2""  12  —  8  +  6""  10 

(5)  V(<*+b)c  — v^(a— b)c*  =  V(4+8)X2— V(4— 3)X2*  =  v'U-^d 

=  8-7416574—2  =  1-7416574 

(6)  °+*  4.  a— c  _  Q—°   =  7    4.   2   _   t  =.268 
V  '  a— c        5+c        a+5         2         5         7         70 # 


ADDITION, 

1.  Addition  is  the  collecting  of  several  similar  quantities  into  one  term 
•urn,  and  the  connecting  of  dissimilar  quantities  by  their  respective  signs. 
The  rule  of  addition  may  be  divided  into  two  cases: — 

(1)  When  the  quantities  are  similar,  and  have  the  same  signs. 

(2)  When  the  quantities  are  similar,  and  have  different  signs. 

Cask  I. 

2.  When  the  quantities  are  similar,  and  have  the  same  signs* 

'Aid  the  coefficients;  affix  the  letter  or  letters  of  the  similar  terms,  an 
prefix  the  common  sign  +  or  —  .* 

Thus  a+2a+3a+4a+5a=(l+2+S+4+5)a=15a 
(_a)+(-2a)+(-3a)+(-4a)=  -(l+2+3+4)a=  -10a 
(2a+85)+(4a+55)=(2a+4a)+  (35+5*/—  6a +8*. 

•  Th«  troth  of  this  rale  U  erldent;  for  suppose  Sa  and  6s  are  to  be  added  together:  then  h? 
#"*Hft*— *  of  a  coefficient  we  bate 

6a  m  a  +  a  +  0  +  0  +  a 
9a  m  a  +  a  +  a 
Hence 6a  +  8a  a  a  +  a  +  o  +  o  +  a+a  +  a  +  a*i9m. 
Similarly,  -  60  =  (-«)  +  (-0)  +  (-«)  +  (-«)  +  (^> 
-Sa  =  (-*>  r  (-«)  +  (-«). 
Heoce-6.  +  <-*«)  «,  (^)  +  (-«)  +  (_«)  +  <-«)  +  (-hi)  4  (-*)  r  (^«)  +  (-*} 

%<      >  ^  2_8o. 
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Examples. 

0) 

C2) 

(3) 

(4) 

(5) 

8a 

aftc 

9  a  ay 

—    5bx 

\/a  +  * 

7a 

Sak 

Saxy 

—    2ft* 

2Va  +  * 

2a 

7a6c 

1  axy 

-      bx 

5^  +  * 

a 

Zabe 

Saxy 

—       ft* 

V^a  +  * 

6a 

ab'e 

axy 

—    4ft* 

7^a+* 

»a 

Babe 

i 
2** 

Saxy 
C7) 

-  *y 

—10  ft* 

4^/a  +  * 

27a          ] 

\9abe 

(«) 

(8) 
20  (a*  —  ft*)*- 

8a»  +    ft1 

\5V*-y> 

SV  +  Sft* 

8**- 

—  7*y 

—  Axy 

,/<,*— ft»    - 

7Vx*—y* 

6at+5^ 

12,/a*  — ft*    — 

<s/x*-y* 

af  +  7ft* 

**■ 

-   *y 

4  (a'-ft*)*- 

•  3  (^-y8)* 

a*  + 6P 

• 

8**- 

-7*y 

2  (a5  —  ft*)*- 

5  (^-y8)* 

Cask  II. 

8.   When  the  quantities  are  similar,  and  have  different  signs. 
Collect  into  one  sum  the  coefficients  affected  with  the  sign  +»  and  also 
'hose  affected  with  the  sign — ;  to  the  difference  of  these  sums  affix  the 
Common  literal  quantity,  and  prefix  the  sign  +  or  — ,  according  as  the  sum  of 
:^«  +  or  —  coefficients  is  the  greater.* 

Thus  a  —  2a  +  8a— 4a  +  5a  =  (I +8  +  5)a  —  (2+4)a  =  9a— 6a  =  8a 
And  8*  +  4y  —  2*  +  By  =  (3  —  2)  *  +  (4  +  3)y  =s  *  +  7y. 

Examples. 

0)  (2)  ^ a       (3) 

a+    ft  xy—    ab  V^  +  y*    —     m2+     M,  —  2m» 

^2a  +  8ft  2*y  +  8aft        — 2A/iT+p    +   8m*— 3   n*-f  5mn 

8a  —  4ft        — 5*y  +  7aft        —  S^/f+y*   —  4w»  +  5  a1  —  7mn 

— 5a  +  6ft        —  *y  — 8aft  2  (**+y*)*+ 12!»*  — 24fi»  +    mn 

7«—    ft  8*y  — 9aft  8  (**+y*)*—   8m8—  ji^-emn 


4a  +  5ft 


1W  troth  at  tfcfe  win  b«  obrloas;  for  to  add  5  a  and— 3  a  tof  ether,  we  have 

-la-(-.)  +  M  +  M 
Hew*  §a  +  (— la)  -a  +  a  +  a-l-a  +  a-i-  (— «)  +  (— o)  +  (— a). 

ma  4>a  at  So. 
EteOariy  li  +  (-fti)=a  +  a  +  H)  +  (-«)  +  H)  +  (-a)  +  H) 

-  +  <-*>  +  <-«>  +  <-•) 
«S(-«)--3* 
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(4)  (5) 

5ax*  —l/J+y    +     (a—*)  2*/xy+xz+yz     -fVax+Zy 

—  7a^/x+2(x+y)^—  3(a— A)  —  5>/*y+**H-y*    — 3  (ax+by)* 

\2a*/x—3\/x~+!/    +  12(a-&)  12  (*y+«r+y*)*+5  (a*+fr)* 

—  3a\/*--4V*+y    —     (a—  *)  —  S^/jry+arz+y*    — 2y«r-ffly 

—  a**  +    (*+yy*-  8(0—4)  (*y+**+yr)*+     (ax+by)* 


(6)  (7) 

a+b+c+d-e+f  —  sCa+ft)^^1^"  +  {a-b)^^rW' 

a+b+c-d+e+f  -  (a+ft)  (*»-^)*  +  3(a-*)  («i+^)* 
<,+*-<:+</+*+/      6(a+A)  (**-r)+  -  (a— 6)  (**+y»)* 

a-b+c+d+e+f  10(a+ft)V?=7   -  5(a-*)  («,+y8)V 

-a+l,+c+d-e+f  -   2(a+£)  (*»-y»)V  +  4(a-*)v5F+7 


4.  Dissimilar  quantities  can  only  be  collected  by  writing  them  in  suc- 
cession, and  prefixing  to  each  its  respective  sign.  Thus  9  xy9  —  Sca\  and 
3abt  are  dissimilar  quantities,  and  their  sum  is  9  xy  +  3  a  b — 5  c<L  In  like 
manner  2  a  bt  3  a  P,  4  a  b3  are  dissimilar  quantities,  and  their  sum  is  2  a  b  •+■ 
8  a  £*  +  4  a  b*i  which,  however,  admits  of  another  form  of  expression,  as  will 
be  explained  in  the  rule  of  Division.  When  several  polynomials,  containing 
both  similar  and  dissimilar  quantities,  are  to  be  collected  into  one  polynomial, 
the  process  of  addition  will  be  much  facilitated  by  writing  all  the  similar  terms 
under  each  other  in  vertical  columns. 


Examples. 

(1.)  Add  together  ax  +  2by+cz;  Jx  +  <Jy  +  V*i  3y*—  2**  +  8**, 
4cz  —  Sax  —  2by;  2ax  —  4</y  —  2z}*. 

ax  -\-2by  +  cz  +  V*  +  */y+  <S* 
—  3ax  —  2by  +  4cz  —  2x*  +  Sy*  +  3z+ 
2ax  —  4*/y—  2x* 

5cz—  */x  +  2  */z  =  sum  required. 

(2.)  Add  together, 
4arb  +  3c*d  —  9m*ft;  4m*n  +  aP  +  5c*d  +  7<*b;  6m2n—  5c*d  +4«s«; 
—  Sat?-,  lmrt+Gc*d  —  bn?n  —  6a*bi  7 c*d  —  lOaft2— 8m*ii  — lO«**s 
and  \2a'b  —  6aV  +  <lc3d  +  mn. 


j 


ADDITION. 

Arranging  the  similar  terms  in  vertical  columns,  we  Ua\e 

4<*b+  3c*d—   9m2n 

l<rb+  bc*d  +   4m2n  +      aft2 

—  bc*d  +   6m2n  —   8aP  +  4mn* 

—    6a*A  +  6c»if—   S^n  +    Tain* 

+  7c,«f  —   8w?n—  lOaft2  —  lOrf1 

12a*A  +  2csa'  —    Baft2 
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17a*A  +  18csa'— 12jh2»  — 23aft2  +  1 1  mn2— lOrf*  +  *nn  =  sum 

(3.)  Add  \lbc  +  4ad—&ac  +  5cd;  8ac  +  7ftc— 2aa*+4  m»;  2c  d 
—  3ab  +  bac  +  an;  and  9 an —  2 be  —  2 a d  +  5 c d together. 

(4.)  Add  together 

2aft2  +  3ac2  —    8ear  +    9A2*  —   SAy2— lOAy 
5a»_4ai»—   7ft*2  —      A2*  —   4*^— 15Ay 
5*y  _    A^-h  liar      +  14  ft3     —  22ac*  — 10*2 
19ac»  — 86*4?+    9a»    +   6Ay   +    2Ay2  +   2aft* 

(5,)  Add  together  a2  —  6s +  3 a2 A  —  5aP;  So9  —  4  a2  A  +  3  ft8  —  Soft2; 
ai  +  fti  +  Saty;  2a3  —  46s—  5 aft2;  6  a*6+  10a ft2,  and  —6a1  —  7a*6  + 
4aft2  +  2ft3. 

(6.)  Add  ^/?T?-*/*TZlrr--b*yi  -SQ^-y2)*  +  8*y-2 (*+?)*% 
gy^  +  y*  —  3»y  — 5y'g'=p;  7  *y  +  10  v^  —  y*  —  12  V*^+?>  and 
*  jr  +  V**  — y*  +  V^+y*  together. 


Answers. 

(3.)  16ftc  +  5ac  +  I2ca*  +  4mn  — 3aft+ lOan. 

(4.)  So'-i-M*2  —  8c*2— 7ft*3  —  ^-fll*— 9Ay*  —  2 Ay2  —  SAy  —  9 Ay. 

(5.)    a,+  atft  +  aft2  +  ft2. 

(C.)    2  V^  -y2  —  10  -v/*2  +  y2  +  8« y. 

5.  When  the  coefficients  are  literal  instead  of  numeral*  that  is,  denoted  by 
letters  instead  of  numbers,  their  sum  may  be  found  by  the  rules  for  the  addition 
of  similar  and  dissimilar  terms;  and  the  sum  thus  found  being  enclosed  in  a 
parenthesis,  and  prefixed  to  the  common  literal  quantity,  will  express  the  sum 
required. 


Examples. 


0) 

ax+bg+cz 
bx+cj+az 
cr-f-ay-f-Ax 

(a+ft+e>r) 


(2) 


Sasr+    (a  +  A)  (* +y)  +  2m»s* 
—  a*—  2(a  +  A)  (sr  -fy)  —  5m»** 
4m**f+5(a  +  ft)  (*  +  y)  +  10a* 

2p°*+(p+q)  (*  +  V)  +  2/« 


+(6+c+a)y  [  =  gum.     (12a+2/>)*+  $  4(a+ft)+;i+a  £  (*+y)  ?  _ 
+(e+a+A)*l  *  '  C~" 


sum* 
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00  (*) 

(a-fc)v'*  +  (m-iO-v/y  +  V'2  (»+n)  y»-(  a—  i>»+av 

(a+c)  **  -  #(«-»)y4     +W2  (n-p)  y»— (2a+  ft>r»—  A*y 

(i-c)-/*  +3(m— »)vty  —3^2  (j>— 2nV— (  c— Sa^+cry 

(c— a)V»  — 5(m— n)Vy  — 6>/2  (^— «)y  —  (  c+2a>»— dry 


(5)  Adda**-f  fty  +  c  to  a*a»  + Ay +  *. 

(6)  Add  together  a2  +  *y-hys;  a*2—  a*y  fay1;  and  —  fty*+**y+ft** 

(7)  Add  *  (*  +  y)  and  +  (* -y).    Also  !?±f|L±i^and  *-«*+**• 

(8)  What  is  the  sum  of  (a  +  ft)  *  +  (<?  —  <*)*  —  *v^2;  (a  — ft)  *  + 
(8c+2  a*)y  + 5*^2;  2ft* +  3rfy  —  2x^/2;  and  —  8ft*  —  tfy  —  <*V2. 


Answers. 

(8)  (a  +  c)>v/*— 2(m  — n)-v/y— 6^/2. 

(4)  ^y3  — (2c  +  2rf)xJ  +  (a  — ft  +  c  — d)*y- 

(5)  (a  +  rf^  +  ^  +  ^y  +  c  +  A. 

(6)  ( 1  +  a  +  ft)  a2  +  (1  -  a  +  ft)  *y  +  (1  +  a  -  ft)y*. 

(7)  First  part  *.        Second  part  sr  +  y\ 
{*)  (2a  —  ft)*  +  (4c  +  8a^y  —  2x^/2. 


SUBTRACTION. 


6.  The  subtraction  of  monomials  it  indicated  by  placing  the  sign  —  be- 
tween the  quantity  to  be  subtracted  and  that  from  which  it  is  to  be  taken. 
Thus  a — ft  signifies  that  the  quantity  denoted  by  ft  is  to  be  subtracted  from 
that  denoted  by  a;  and  if  2  xy  is  to  be  subtracted  from  **  +  y1,  the  result  is 
represented  by  a*  +y*  —  2  xy. 

Place  the  quantity  to  be  subtracted  under  that  from  which  it  is  to  be  taken; 
change  the  signs  of  all  the  terms  in  the  lower  line  from  +  to  —  and  from  — 
to  +,  or  else  conceive  them  to  be  changed,  and  then  proceed  as  directed  in 
Addition. 

It  is  evident,  that  if  all  the  terms  of  the  quantity  to  be  subtracted  are 
affected  with  the  sign  +,  we  must  take  away,  in  succession,  all  the  parts 
or  terms  of  the  quantity  to  be  subtracted;  and  this  is  indicated  by  affecting  all 
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its  terms  with  the  sign  — .  Also,  if  c  — d  is  to  be  subtracted  from  a  +  b% 
then  c  taken  from  a  +  b  is  expressed  by  a  +  b  —  c;  but  if  c  —  d,  which  is  less 
than  c  by  the  quantity  d,  be  taken  from  a  -f  b,  the  former  difference,  a  +  b  —  c, 
will  obviously  be  too  small*  and  will  require  the  addition  of  d  to  make  up  the 
deficiency;  and  therefore  c  —  d  taken  from  a  +b  \b  expressed  by  a  +  b  — 
c  +  d,  which  is  equivalent  to  the  addition  of  —  c  +  dtoa+b.  Hence  the 
reason  for  the  change  of  the  signs  in  the  quantity  to  be  subtracted.  Or  thus: 
Since  c  —  d  is  to  be  subtracted  from  a  +  b;  then,  if  c  be  subtracted,  we 
shall  have  subtracted  too  much  by  d;  hence  the  remainder  a  +b  —  c  is  too 
small  by  d;  and  therefore,  to  make  up  the  defect,  the  quantity  d  must  be 
added. 

Examples. 

0)  (2) 

From  4a+&— «c+M  From      I2xy+ty>—  V7«»+3v^ 

Take     a+2*+  c+5d  Take  —  5xy+7y*— 19x*+2>/2 


Rem.  3a  +  *— Sc+Sa*  Rem.       17xy— 4y*+  2x*+  >/2 


(3)  (4)  (5) 

82o+  36        28a**—  16aV+25aVr—  13a4        2(a+&)+3(a— x) 
5a+17*        18ax»+2(krV— 24a3*—  7a4  (<,+$)_3(a— x) 


(•)  (7) 


6a«y-a!yx+4zx  v'JEZp+^x  +y  )  -svS+T 

2<riy+6zx+2yx  3(*+y)-2(«»— y)*+3  (a+x/ 


W  (9) 

^axy**1  x»_2xy+y»+(x,-y)+  (2xy-y») 


(10) 
£•■4-  aX+  **— 12atx+20ax'—  4x»  +6a,x»— 10ax» 
a*— 3ax+2x*—  16aVH2a*s--  12ax»— 4x»    +  2aV 
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(»> 

4x*— 4xy  +y«— 4<i(x  +y )— 1 0  l/ti^y* + X  V^P 


7.  In  order  to  indicate  the  subtraction  of  a  polynomial,  without  actually  per- 
forming the  operation,  we  have  simply  to  enclose  the  polynomial  to  be  sub- 
tracted within  brackets  or  parentheses,  and  prefix  the  sign  — .  Thus,  2a* 
— 3a*b+4ab? — (a,-r-fts-r*a&2)  signifies  that  the  quantity  a'+^+aA*  is  to 
be  subtracted  from  2a* — Sd*b+4ab\  When  the  operation  is  actually  per- 
formed, we  have  by  the  rule 

2a>_3a'6  +4^'— (a,+fts+ay)=2a»— 9a*b+4ab*-r< 

=  a8— Sa*b+3ab*- 

8.  According  to  this  principle,  wo  may  make  polynomials  undergo  several 
transformations,  which  are  of  great  utility  in  various  algebraic  calculation. 
Thus, 

o»_ Mb+SaP— P=a»— (30*6-- Sa^+a8) 

=a»--$»--(8a,&— 3atf) 
=a>+8ab*— (3fl^+&*) 
=  —  (— a*+3d'b— 3^+^) 
And  x*— 2xy+y,=x«— (2^-^*)=^— (2xy— **). 

Examples  of  Quantities  with  Literal  Coefficients. 

(1)  (2) 

From  ax,+tyx+cy*  From  (a+^v^x'+F+Ca+c)  (a+x)' 

Take  ox*— Axy+fy*  Take  (a-^) <v/i1+yJ+        c    (a+x)1 


Rem.  (a— d)x«+(&+A)xy+(c— %*.       Rem.  2*vV+y* +«(«+*)*. 


(3)  From  m* ft* x* — 2 mnpgx  +/>* ^  take />*  ^ x* — 2 pqmn x+m* *\ 

(4)  From  a  (x+y) — b xy+c  (x— y)  take  4(x+y)+(a+ft) xy— 7  (x— y). 

(5)  From  (a+&)  (x+y)— (c— </)  (x— y)+A*  take  (a—*)  (x+y)+(<?+«0 

(x-y)+*f.        

(6)  From  (2a— hb)</x+y  +  (a— £)  xy— ex*  take  3  *  x  y— (5+c)  *•— 

(3  a—6)  (x+y)* 

(7)  From  2x— y+(y— 2x)— (x— fy)  take  y— 2x— (2y— x)+(*+3y). 

(8)  To  what  if  a+b+c— (a— 6)— (ft— c>- (— ft)  equal  ? 

Answers. 

(3)  (m*  *«— p«  f1)  x«+/>*  ?«— m*  n*  or  (m*  n*-^p*  ?*)  x«— (««•  «*-j*  f«y 

(4)  (a-4)(x+y)-(a+2ft)xy+(c+7)(x-y). 

(5)  2b  (x+y)— 2c  (x-y )  +  A«— A*. 

(6)  (5a— 6*Vx+y+(a— 4ft)xy+5x*. 

(7)  Jf~*. 

(8)  26+2* 


to 


MULTIPLICATION. 


V.  Multiplication  U  usually  divided  into  three  cases:-— 

(1)  When  both  multiplicand  and  multiplier  are  simple  quantities. 

(2)  When  the  multiplicand  is  a  compound,  and  the  multiplier  a  simple 
uantity. 

(3)  When  both  multiplicand  and  multiplier  are  compound  quantities. 

Cask  I. 

10.   When  both  multiplicand  and  multiplier  are  simple  quantities* 
To  the  product  of  the  c6efficients  affix  that  of  the  letters. 
Thus,  to  multiply  5  a  x  by  4  a  ary,  wo  have 

5  X  4  =  20;  ax  X  axy  :±=  a%x*y\ 

.-.  5axX  Aaxy  =  20  X  atxty  =  20a**1y  =  product. 

Rulk  of  Signs  in  Multiplication.* 

The  product  of  quantities  with  like  signs,  is  affected  with  the  sign  •+•;  the* 
product  of  quantities  with  unlike  signs,  is  affected  with  the  sign  — ; 

or 
+  multiplied  by  +  and  —  multiplied  by  —  give  + ; 
-f-  multiplied  by  —  and  —  multiplied  by  +  give  — ; 

or 
like  signs  produce  +  and  unlike  signs  —  • 
The  troth  of  this  may  be  shown  in  the  following  manner: — 

(1)  Let  it  be  required  to  multiply  -f  a  by  +  b. 

Here  a  is  to  be  taken  as  often  as  there  are  units  in  b,  and  the  sum  of 
any  number  of  quantities  affected  with  the  sign  -f* ,  being  +  >  the 
product  a  b  must  be  affected  with  the  sign  + ,  and  is  therefore  +  a  b. 

(2)  Multiply  -f  a  by  —  b,  or  —  a  by  +  b.~ 

In  the  former  case  —  b  is  to  be  taken  as  often  as  there  are  units  in  a, 
sad  in  the  latter  —  a  is  to  be  taken  as  often  as  there  are  units  in  b\ 
but  the  sum  of  any  number  of  quantities  affected  with  the  sign  —  is 
also  — ;  hence  in  either  case  the  product  a  b  must  be  affected  with 
the  sign  — ,  and  is  therefore  —  a  b. 

•  Let  N  re  prut  at  either  a  number  or  any  quantity  whatever,  tad  pat 

o=  +  N;  •  »  —  N 
The*,  dace  a  m  +  a,  and  •  *■  +  6,  we  shall  have 

+  a  **  +  N;  +  *  «  —  N 
—  a  «  —  N;  — »-+  N. 
Wow,  if  la  the—  four  last  equations  we  substitute  the  values  of  a  and  o  from  the  first  two  eqna- 
Ileaw,  we  bare 

+  (+  N)  -  +  N;  +  (— N)  =  —  N 
—  ( +  N)  »  —  N;  —  (—  N)  =  +  N. 
Vow,  la  each  of  these  formulas,  the  sign  of  the  second  number  Is  what  Is  named  the  product  of  the 
two  saga*  of  the  ant  number;  hemes  the  truth  of  the  rule  of  situs. 
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(3)  Multiply  —  a  by  —  b. 

Since  by  the  last  case  +  a  multiplied  by  — -  b  produces  —  a  b;  tad 
since  —  a  multiplied  by  —  b  cannot  produce  the  same  prodoct  at  +  a 
multiplied  by  —  6,  it  is  evident  that  the  product  of  — ■  a  and  —  b  caa 
only  be  -f  a  b. 

11.  Powers  of  the  same  qixntity  are  multip'ied  by  simply  adding  thaw 
indices;  for  since  by  the  def.niuo  of  a  power 
a*  =  aaaaa\  a7  =  aaaaaaa 
.-.  a*  X  a7  =  aaaaa  x  aaaaaaa  =  aaaaaaaaaaaa  sz  «* 
Also  am  =  aaa  ....  to  m  factors;  a"  =  aaa  •  •  •  •  to  *  factor* 
•\  a"  X  a"  =  aaa  ....  to  m  factors  X  aaa  ••••ton  factors 

=  aaaaaa to  (m-f-i»)  factors 

=  a-+». 
It  is  proved  in  the  same  manner  that  a"Xo'XokXal  =  (r,+i+fc+k 

Examples. 

(1.)  4  a*  b*  cd  X  Sab**  =  12  a*  b*  c*  d*. 

(2.)         12^/ay  X  4bx  =  48bx<y/ay. 

(8.)        &f  x*  y8  *4  X  6  xy4  r8        =  83  x3  y7  z7. 
(4.)      lSa'^^yX— 5  0*0:^=  — 65a8*4j?4y4. 
(5.)  —  5  x-y"  X  —  4  J^y"         =  +  20  x-+By"+". 
(«.)  -20a'Mx5aB6'cr         =  —  100  am+D  *■♦*  <*. 


Cask  II. 

12.  W7ien  the  multiplicand  is  a  compound,  and  the  multiplier  a  smpU 

quantity. 

Multiply  each  term  of  the  multiplicand  by  the  multiplier,  beginning  at  tna 
left  hand;  and  these  partial  products  being  connected  by  their  respective  aq 
will  give  the  complete  product. 

Examples. 

(1.)  Multiply  a*  +  ab  +  b*  (2.)  Multiply  a»  —  2ab  +  b* 

By  4a  BySxy 


Product  4a8  +  4a*b+4ab\  Product 3a* *y  —  6abxy  +  8**xj. 


(8.)  Multiply  5mn  + 8  m«  — 2n8  by  12aftfi. 

(4.)  Multiply  Sax  —  5by  +  Ixy  by  —  labxy. 

(4.)  Multiply—  15a*&  +  3a&«  —  12ft3  by  —  bob. 

(6.)  Multiply  ax3  —  ftx*  +  cx— J  by  —  x*. 

(7.)  Multiply  </a~+b  +  V^=y*  —  3  xy  by  —  2  */x. 

(8.)  Multiply  a-x"  +  £-y»  —  c-y-  — rf'x-  by  *- jr\ 


4 
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Case  HI. 

13.  When  both  multiplicand  and  multiplier  are  compound  quantities. 
Multiply  each  term  of  the  multiplicand,  in  succession,  by  etch  term  of  the 
okiplier,  and  the  turn  of  these  partial  products  will  give  the  complete  product 


Examples. 

(1)  (»)  (») 

a  +  b  a  +b  a  —  b 

a  +o  a  —5  a  —  o 


a*  +   ab  rf  +  ab  a1 —  a  b 

+    ab  +  b*  — a&  — b*  —    ab  +ft* 


a*  +  2ab  +  b*  a*— b*  a1— 2ab  +  b* 


•  t 


ab  +cd  a«  +  2a  *  +  &* 

ab  — cd  a*  —    b* 


a*P+abcd  ct  +  ZJb  +  a*** 

—  abed—  (?a*  —  ««*«  —  2aP— *• 


a***—^***  a4+2a,6  — 2aft»— 64 


(f)  Multiply '4a*— 5afft— 80^+2^  bjr  2a*— 3a*— 4*«. 

4ai_  5a*b—  8aft*+  2ft1 
46s 


8a»—  10a4*—  16aV+  40*** 

— 12a^+15«W+24aV—  6aft« 

— 16aV+20aV+82aft4— 8M 

So1— 220*6— 17a8ft*+48a«ft,+26a^4— 8&»  =  product. 


(7)  Multiply  db—aV  by  h'k—MJif. 
db—aV 

Khr-hM 


dbk'k-oVh'k 

—dbhX+aVhh* 

dbk'k-rfh'h-dbhU+ab'hM!  =  [.roduct. 


DIVISION. 


Since  x*  X  x  =  x4,  the  highest  power  of  x  is  4,  and  decreases  successively  by 
unity,  while  that  of  y  increases  by  unity;  hence  the  product  is 

*•  +  0*»y  +  0-*V  +  0  xy*— y4  =  x4— y4  =  product 

(2.)  Multiply  3a* +4ox  —  5x«by2at  —  6ax  +  4x*. 

8  +    4—  5 
2—   6+   4 

6+    8  —  10 
—  18—24  +  80 

+  12  +  16  —  20 

6—10—22  +  46  —  20 
.\  Product  =  6a4  —  lOA  — 22a«x* +  46ax»—  20*4. 

(3.)  Multiply  2a>  —  3a4* +  55*  by  2a*— 55* 

Here  the  coefficients  of  a*  in  the  multiplicand,  and  a  in  the  multiplier,  are 
each  zero;  hence, 

2  +  0—   8+5 

2+0—   5 

4  +  0—  6  +  10 

—  10+    0  +  15  —  25 


4  +  0—16  +  10+  15  —  25 
Hence  4o»—  16a* &«  +  10  a* ft*  +  15a£4—  255»  =  product. 
The  coefficient  of  a4  being  zero  in  tlie  product,  causes  that  term  to  die* 
tppear. 

(4.)  Multiply  x»  — 8x*  +  3x  —  1  by  x«  — 2x  +  1 

(5.)  Multiply  y*  — ya  +  *a*  by  y*  +ya—+a* 

(6.)  Multiply  ax  —  for*  +  ex8  by  1  —  x  +  x«— x3  +x\ 


Answers. 


M.)  a1 
(6.) 


5  a4  +  10a8  —  10a*  +  5a  —  1. 


a 
5 


**+a 
5 

c 


x»— a 

—  5 

—  c 


x4  +  a 

+  * 

+  c 


x»— 5 
—  c 


+  CX7 


Or.ax— {«^-*)*t+(a+5+c)x,— (a+^+c^+Ca+^+c)**— (5+c)x«+iw», 


DIVISION. 


15.  Thi  object  of  algebraic  division  is  to  discover  one  of  the  factors  of  a 
given  product,  the  other  factor  being  given;  and  as  multipKcatien  is  divided 
bito  three  cases,  so  in  like  manner  division  is  also  divided  into  the  three  fol- 
lowing cases. 

(1)  When  both  dividend  and  divisor  are  monomials. 

(2)  When  the  dividend  is  a  polynomial,  and  the  divisor  a  monomial 

(3)  When  both  dividend  and  divisor  are  polynomials. 

o 


^r" 


■^■^^^ 


*W 
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Casx  I. 

16.  When  both  dividend  and  divisor  are  monomials. 
Write  the  divisor  under  the  dividend,  in  the  form  of  a  fraction; 
quantities  in  both  divisor  and  dividend,  and  suppress  the  greatest  factor 
mon  to  the  two  coefficients. 

17.  Powers  of  the  same  quantity  are  divided  by  subtracting  the  exponent 
of  the  divisor  from  that  of  the  dividend,  and  writing  the  remainder  at  ti* 
exponent  of  the  quotient. 

Thus  a7  =  aaaaaaa;  a*  =  aaaa 

a7      aaaaaaa  .     ,  . 

•  •  -5  = =  aaa  =  a*  =  a7—* 

ar  aaaa 

Generally  an=aaaa to  m  factors;  a*=>aaa ....  to  n  factors 

b+=bbbb to  p  factors;  b*=bbb  . . .  •  to  q  factot* 

.    d*b* aaa.... to m factors xbbb.... to p  factors 

aab*    aaa,...  to  nfacionxbbb  ...  to  q  factors 

=zaaa ...  to  (m — w)  factors  xbbb ....  to  {p — q)  factors 

=am— ■  b*-*. 

From  this  reasoning  it  follows  that  every  quantity  whose  exponent  it  0,  it 

equal  to  1 . 


For  —  =  «' 
a* 


=  a°;  but  —  =  1. 

a" 


Again,-,  = 

cr        aaaaa 


.\  o°  =  1. 

qua      1 

aa 


But  we  may  subtract  5,  the  greater  exponent,  from  S,  the  less,  and  affect  Iss 
difference  with  the  sign  —  ;  hence 


a* 


Ji  but  t=  K 


,.  J.  =  «- 

a- 


Similarly,-!-  =  («+*)~\  _*        =  (*+yf*;  ««  =  JLj. 


1 


And 


-  =  (s'+Jf*)     («* — Jf*)    ^;  and  so  on. 


For  more  information  on  negative  exponents,  see  a  subsequent  article. 

18.  In  multiplication,  the  product  of  two  terms,  having  the  sameBgt.» 
affected  with  the  sign  + ;  and  the  product  of  two  terms,  having  different  ssgss^ 
is  affected  with  the  sign  — ;  hence  we  may  conclude, 

(1 .)  That  if  the  term  of  the  dividend  have  the  sign  -f,  and  that  of  the  divis* 
the  sign  +,  the  resulting  term  of  the  quotient  must  have  the  sign  -f  • 

(2.)  That  if  the  term  of  the  dividend  have  the  siga  -r,  aim  that  of  tat 
divisor  the  sign — ,  the  resulting  term  of  the  quotient  must  have  the  sign—. 

(3.)  That  if  the  term  of  the  dividend  have  the  sign  — ,  and  that  of  tnl 
divisor  the  sign  -f-»  the  resulting  term  of  the  quotient  must  have  the  sign—. 

(4.)  That  if  the  term  of  the  dividend  have  the  sign  — ,  and  thai  of  tat 
divisor  the  sign  — ,  the  resulting  term  of  the  quotient  must  nave  the  sign  + 


i 
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Rule  of  Signs  in  Division 

+  divided  by  +,  and  —  divided  by  —  give  -r 

—  divided  by  -K  and  +  divided  by  —  give  — ; 

or, 

+  aft .    .   —  oft ,,   —  aft *  4- «?  _ 

-i —  =  +  ft; =  +b't  - =  —  ft;  X —  =  — . 

+  a  — a  -f-a  — a 

Examples. 

<1.)  Divide  48a3  ft»  c*  a*  by  1206s  c. 

48a*b*c*d       iSaaabbbccd      A       u„j—Ath    j 

— Tz—n = T7z — n =  iaaocd  =  4azocd, 

12aft*c  \2abbe 

(2.)    ^y  Cf  =&<*-*  bfi-*  cd^*  =  5a«  ft*  erf. 

(3.)  —  16a>ygt  =  4as-i  ^1-1^1  =  4aftc. 
—  4aftc 

(5.)  ""48fl"^'    =  —  8a--*  ft--«. 
v    '       6a'ft* 

Case  II. 

19.  When  the  dividend  is  a  polynomial,  and  the  divisor  a  monomia* 

Divide  each  of  the  terms  of  the  dividend  separately  by  the  divisor,  and  con- 
the  quotients  with  their  respective  signs. 

Examples. 

(1.)  Divide  Go* *V— .12o**y  +  lSo4*6^  by  8a«*V. 

(2.)  Divide  1 5a«  b  c— 20a  c  y«+5  c  d*  by  —5a  ft  c. 

Ans.  — 3a+4^1— -  ^- 
6        aft. 


(3.)  Divide  X-+1— x»+*+xB+3-^rn+4  by  x\  Ans.  x— xt+x3— a*. 

(4.)  Divide  5  (a+ft)»— 10  {a+bJ*+\5  (a+ft)  by— 5  (a+ft). 

Ans.  —  (a+ft)*+2(a+ft)— 3. 
(5.)  Divide  12a* tf—  16aV+20a*/— 28a7>»  by— 4a V. 

Ans.  — 3y»+4ay«—  5aV+7a*. 

Case  III. 

20.   TFfcn  ftodi  dividend  and  divisor  are  polynomials. 

1.  Arrange  the  dividend  and  divisor  according  to  the  powers  of  the  same 
letter  in  both. 

2.  Divide  the  first  term  of  the  dividend  by  the  first  term  of  the  divisor,  and 
the  result  will  be  the  first  term  in  the  quotient,  by  which  multiply  all  the 
terms  in  the  divisor,  and  subtract  the  product  from  the  dividend. 

&.  Then  to  the  remainder  annex  as  many  of  the  remaining  terms  of  the 
•Svideud  as  are  necessary,  and  find  the  next  term  in  the  quotient  as  before. 
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Examples. 

(1.)  Divide  o4— 4a8x+6a2x2— 4a  x8-!-*4  by  a*— 2a  x-fx*. 
a2— 2ax+x2)  a4— 4a8  x+6a2  x2— 4a  x^x4  (a*— 2ax+x* 
a4— 2a8x+  a2*8 

— 2a8  x+5a*  x* — 4a  x8 
—2a3  x+4«2  **— 2a  x8 

a*  Xs— 2a  x8-}-*4 
a2^8— 2ax34-** 

Arranging  the  terms  according  to  the  descending  powers  of  x,  we  hat* 
x2 — 2ax-|-a2)  x+ — 4ax8+f>a2x2 — icfix+a?  (x*— 2ax+a* 
x4 — 2ax*4-  a1*8 

— 2a  xs+5a2  x2 — 4a1  x 
—2a  x3+4a2  x2— 2a3  x 


a2^— 2a>x+a4 
a2  x2 — 2as  x-f-a4. 

(2.)  Divide  J'+xV+y4  by  j^+xy+y2. 

*«+*y+y8)  ^+*V+y*  (*,-**+yt 


— x*y — x2^2- 


«*yt+arys+y€ 


(8.)  Divide  a1— a8  £2+2a2  ft8— a  ft4+ft»  by  a2— aft+ftf. 

«UaH4«)  a*— a8ft2+2a2ft8— aft4+ft»  (rf+a2  *— «  M*—-^.— 
a»_-a46+  ^ft2 

a4  ft—  2as62+2a2^ 
a»ft-_  a*b*+  a2  ft8 


—  a8ft2+  a2*8— a*4 

—  a8ft2+  a2*3— aft4 


+**• 


Arrange  tho  terms  according  to  powers  of  ft,  we  get 

**— a  &+<**)  **— «  *4+2a2  ft8— a8  ft2+a»  (ft^a2  ft+  j^ffi^i 
&—ab4+  a2  ft8 


— <i«H-^ 
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The  remits  we  hare  obtained  in  these  two  arrangements  are  apparently 
different;  but  their  equivalence  will  be  established  as  follows:— 

(1)  (a*— ab+b*)  (a»+at^-ad«)  =  a«— a»&8+2a*&1— a  ft1 

Add  remainder  =  +6* 

Proof   ....    a*— oW+Sta**8— a  b4+P 


(2)  (&*- *b+<*)  (P+a*b)  =  **— a64+2a*&«— <*V+tfb 

Add  remainder  =  — a4*-!-*1 


Proof    ....    *»— «64+2a*^— <*P+<fi. 


Examples  tor  PaAcnci. 

(1.)  Divide     a1— 2a*+ft»  by  a—*. 

(2.)  Divide      a*+4ax+4x*  by  a+2x. 

(3.)  Divide  12**— 192  by  3*— 6. 

(4.)  Divide    6*«— 6y*  by  2**— 2y*. 

(5.)  Divide     «*— 5a4  6*+3a*  a4— **  by  J—Sa*  b+Sa  M-^1. 

(6.)  Divide     *»+£**  y +5*  y*+y»  by  **+4*y+y«« 

(7.)  Divide     **— y*  by  * — y. 

(a)  Divide     a4—*4  by  o'+a*  £+a  &«+**. 

(9.)  Divide      **—  9**+27*— -27  by  *--8. 
(10.)  Divide     ^y4  by  *+y. 

(11.)  Divide  48*s— 76a**— 64a**+105a*  by  2*— 3a. 
(12.)  Divide   4*"+ **+**+$  by  4*+l. 

ANSWERS. 

(1.)    a — 6.  (8.)      a — b. 

(2.)    a  +2*.  (9.)      *«— 6*+9. 

(*)  4*M^*+I6*+82.  (10)      ^^   +,^^+  Vo 

(5.)    aH-Sa^+Sa  £»+&».  (11.)  24**-- 2a*— 35a* 

(6.)    *+y.  (12.)     **+*• 

(7.)    ^H-^y+xV+'^+y4- 

EXAMPLIS  WITH  LITERAL  EXPONENTS. 


(1.)  Divide  2a*— 6a«"  ft»+6a»  ft*1— 2&*»  by  a»- 

»)  2a»-— 6a*»  d»+6a«  **^— 2A""  (2a>— 4a"  &-+2*1* 
2a*— .2atmdB 


— ia^^-Ha"^ 
— 4ata6»+4a"6*B 


2a>ftt»_2frta 


mmmm 
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(2.)  Diyide  Jf+^Jt-y+xy-fy +1  by  *-+$• 
(8.)  Divide  a" — x*  by  a — x. 
(4.)  Divide  x^+x^y^+y*  by  x*-+x»yl+y«\ 
(5.)  Divide  a-+»£»  — 40-+*-^  6* — 27<r*+^  $*  +  42a"-HL-i*V*  bf 
a»^— 7a»->6ta. 


Answer*. 

(*)*  +  * 

(8.)  «*-*  4-  «-"**  +  a-V*-^*3-*" 


(4.)  x*»— ^y  +  y8-. 

(5.)  oF  +  Sa--1^— fcr*-***. 

Examples  with  literal  CoErncnim. 

(1.)  Divide  a^+a^+6^+a4^+^4-c^+a^+*j^+c««+*jF4^f+« 

by  a  x*+d  x+c. 
Arrange  the  terms  of  the  dividend  in  the  following  manner,  in  order  It 
Keep  the  operation  within  the  breadth  of  the  page. 

a*+bx+c)  ax*+a\x*+a\x*+a\x*+b\x+c  (**+**+*+ 1  • 

b\       b\       b\       c\ 

ax*+bx*+cx* 


a  x4+<4x*+a|xt 

a  x*+b  x*+c  *» 

a  *s+alx,+d|* 

a  x*+bx*+cx 

a  x*+b  x+c 
ax*+£*+c 

(ft)  Divide  xM-«  *•+*  x+c  by  x— r. 

0  **+a  x«+*  x+c  (x«+  (r+a)  x+  (r«+«  r+e) 
xWx» 


(r+fl)*«+6i 

(r+c)iM^ar)x 


(r«+<ir+*)*+« 

(r«+«  r+6)  *—(r,+a  f*+b  r) 


r,-fart+6r-|-c  Remainder. 


In  the  preceding  and  similar  examples,  the  remainder  differs  only  from  the 
tttfideod  in  having  r  instead  of  x. 


< 
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(*.)  Divide  *»— a  x*+ft  x—c  by 

(4.)  Divide  x*— (a+ft+c)**f  (oH*c+Cfl)x- aftc  by  x- 

(5.)  Divide  x3— (a+2)**+(2a+ft)x— 2ft  by  x— 2. 

(6.)  Divide  lla*  ft—  IQaftc+lOa8—  15a2  c+3aft*  + 15ftc«— 5  ft*c  bv 

5a*+8a  ft— 5ft  c. 
(7.)  Divide  x3— <a+ft+rf)  **+  (a  <*+*  <*+c)  x—c  d  by  x*— (a+ft)  x+c 

Answers. 

(3.)  x*+  (r— a)  x  +(f* — a  r +ft),  and  remainder  is  r* — a  i^-f-ft  r—c. 
(4.)  x«— (a+ft)x+aft.  (5.)  x«— «x+ft. 

(6.)  2a+  (ft— «c).  (7.)  x 


21.  In  those  cases  in  which  the  division  does  not  terminate,  and  the 
fuotient  may  be  continued  to  an  unlimited  number  of  terms;  then  the  quotient 
s  termed  an  infinite  series,  and  the  successive  terms  of  the  quotient  are 
generally  regulated  by  a  law,  which  in  most  cases  is  readily  discoverable. 

Examples.  ' 

(1.)  Divide  1  by  1— x. 

1— x)  1        (!+*+*«+*»+*•+**+ 

1- 


+*• 


The  quotient  in  this  case  is  called  an  infinite  series,  and  the  law  of  formation 
of  this  series  it  that  any  term  in  the  quotient  is  the  product  of  the  imme- 
diately preceding  term  by  x. 

(2.)  Divide  1  by  1  +x.  Ana.  l-^r+  x«— x'+x4— .... 

(S.)  Divide  1  +x  by  1— x.  Ans.  I  +2x+2xt+2x,+2x4-h  .... 

%'4.)  Divide  1  by  x+1.  Ans.  x-1— x-  *+x-«— ar-Vx-*— . . . 

(5.)  Divide  x — a  by  x — ft. 

Ans.  1— (a— ft)  x-1— (a— ft)  ftx-*-^(a— ft)  ft1*-*— 
(6.)  Divide  1  by  1— 2x+x«.  Ans.  l+2x+8x*+4x8+5x4+  ... 

22.  When  a  polynomial  is  the  product  of  two  or  more  factors,  it  is  often 
requisite  to  resolve  it  into  the  factors  of  which  it  is  composed,  and  merely  to 
indicate  the  multiplication.  This  can  frequently  be  done  by  inspection,  and 
by  the  aid  of  the  following  formulas:— 

(x  +  a)(x  +  ft)  =  x«+(a+ft)x+aft (1) 

(x  +  a)  (x  — ft)  =  x8  +  (a  — ft)  x— a  ft (2) 

(*— «)(x  +  ft)  =  *»— (a---ft)x  —  ab (8) 

(*_ a)  (x— ft)  =  x«—  («*  +  ft)x  +  aft (4) 
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(a  +  ft)  (a  —  ft)    =    a*  —  ft* (5) 

(n+l)  (n  +  1)    =    n*  +  2n  +  l (6) 

(n  —  ])  (»  —  1)    =    n*  — 2n+l (7) 

Examples. 

(1.)  Resolve  a*  f</i!— ci2  into  its  component  factors. 

Here  a  **+ft  x* — cx*=x*  (a+ft— c), 
(2.)  Transform  the  expressiou  n*+2  n*+n  into  nictors 
Here  n"+2n*+»  =  n  (n«+2n+l) 

=  n  (n+l)  (n+l)  by  (6) 
=  n(n+l)«. 

(3.)  Decompose  the  expression  x* — x — 72  into  two  (actors. 
By  inspecting  formula  (8)  we  have  —  1  =  — 9+8,  and  — 72  =  —9x8; 
hence  x*— or—  72  =  (x—  9)  (x+8). 

(4.)  Decompose  5a* ftc+l0aft*c+l5aftc*  into  two  factors. 

(5.)  Transform  3m4  ne — 6msn*/?+3ro*n4/>*  into  factors. 

(6.)  Transform  3ft3  c — 3b  &  into  factors. 

(7.)  Decompose  x*+8x+15  into  two  factors. 

(8.)  Decompose  x8 — 2x* — \5x  into  three  factors. 

(9.)  Decompose  x* — x — 30  into  factors. 
(10.)  Transform  a* — ft*+2ftc — c*  into  two  nictors. 
(11.)  Transform  a*x — x3  into  factors. 

Answers. 

(4.)  5aftc(a+2ft+3c).  (8.)  *  (x+3)  (x—  5). 

(5.)  3ro*  n4  (m  n— />)*.  (9.)      (x— 5)  (x+6). 

(6.)  3b  c  (ft+c)  (ft— c).  (10.)      (a+ft—*)  (a— ft+c). 

(7.)  (x+3)  (x  +5).  (1 1.)  *  (a+x)  (a-*). 

23.  By  the  usual  process  of  division  we  might  obtain  the  quotient  of 
<T — b*  iivided  by  a — b,  when  any  particular  number  is  substituted  for  n;  but 
we  si  4 1  here  prove  generally  that  aB— ft"  is  always  exactly  divisible  by 
and  exhibit  the  quotient. 

It  is  required  to  divide  an— ft"  by  a — b, 

ar-b)  a»— ftB        ( a"-1  +  b  (g*-1--^) 

a— ft 

a°— a*— *ft 


a«-ift-_ ft" 
or  6  (a11-1— ft"-1) 


Hence  ^°  =  «^+^=^=L> (,). 


a— A  a- 

Now  it  appears  from  this  result,  that  a" — 6"  wile  oe  exactly  divisible  by 
a— ft,  if  a"—1 — 6"— *  be  divisible  by  a — ft;  that  is,  if  me  difference  of  the 
same  powers  of  two  quantities  is  divisible  by  their  difference;  then  the  dif- 
ference of  the  powers  of  the  neit  trighcr  degree  is  also  divisible  by  that 
difference. 
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Uut  a* — ft*  is  exactly  divisible  by  a — ft,  and  we  hare 

a±^  =  a+b (2). 

a — ft  x  ' 

And  since  a* — ft*  is  divisible  by  a— ft,  it  appears  from  what  has  been  just 
proved,  that  a* — ft*  must  be  exactly  divisible  by  a — ft;  and  hence,  by  putting 
*  for  n  in  formula  (1),  we  get 

r   =  ax+o.  r 

a — ft  a — ft 

=  a«+ft.  (<i+ft)  by  (2) 

=  o*+oft+ft« (8). 

Again,  a4 — ft4  must  be  exactly  divisible  by  a — ft,  since  a* — ft*  is  divisible 
bv  a— ft;  hence,  by  writing  4  for  n  in  formula  (1),  we  have 

a4-ft4  _     •  ,  h  o'-ft8 

r  =  «M-& r 

a — ft  a — ft 

=  o'-l-ft  (a*+aft+ft«)  by  (3) 

=  a'-l-^ft  +aft«+fts. (4). 

Hence,  generally,  a" — ft"  will  always  be  exactly  divisible  by  a — ft,  and  give 
the  quotient 

^=£=om-l+a*-*ft+dll-Jft8+ a«ft»-J+aft»-«+ft'1-1 ....  (5). 

a — o 

In  a  similar  manner  wc  find,  when  it  is  an  odd  number, 
?!±|!=an^-a*-*ft+a»-Jft8— +a8  ft»-»-a  ft'^+ft"-1 . .  .(6). 

And  when  n  is  an  even  number, 
£=£=a-^-«---*ft+a»-1ft«- — a*  **-»+«  ft^-ft"-1 (7). 

By  substituting  particular  numbers  for  n,  in  the  formulas  (5),  (G),  (7),  we 
nay  deduce  various  algebraical  formulas,  several  of  which  will  be  found  in 
he  following  deductions  from  the  rules  of  multiplication  and  division. 


Useful  Algebraic  Formulas. 

(1.)    a*-ft*    =  (a+ft)(a-ft). 

(2.)    a4-*4    =  (a*+ft«)  (a*-ft»)  =  (a*+ft*)  (a+ft)  (a-ft). 

(3.)    a8— ft1    =  (a*+a  ft+ft8)  (a-ft). 

(4.)    a»+ft»    =(««— aft+ft*)(a+ft). 

(5.)    «•-*•    =  (a»+ft»)    (a'-ft*)  =  (a'+ft8)  (a*+o  ft+ft8)  («— ft). 

(6.)    n«-ft*    =  (^+ft»)    (a»-ft8)  =  (a»-fts)(a*-aft+ft*)(a+ft). 

(7.)    «•-*•    =  (a»+ft")    (a»-fts)  =  (a«-ft«)  (a4+a«  ft*+ft4). 

(a)    o«— ft*    =  (a+ft)    (o-JJtflHcM*)^^^ 

(9.)  (a'-ft*)  ■+-  (a-ft)  =  a  +ft. 
(10.)  (a»— ft»)  -+-  (a-ft)  =  <i*+aft+ft*. 
(11.)  (a*+ft»)  ■+-  (a+ft)  =  a«-aft+ft«. 
(12.)  (a4— ft4)  •+-  (a+ft)  =  a'-^ft+aft*— ft». 
(13.)  (a1— ft1)  •+-  (a-ft)  =  a4+a,ft+atft*+aftJ+ft4. 
(14.)  (a,+ftI)  •+-  (a+ft)  =  a4-a3ft+a*ft«-<ift»+ft4. 
(15.)  (a*— ft0)  -+•  (at-ft«)=xa4+af  ft»+ft«. 
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Division  bt  detached  Coefficients. 

24.  Arrange  the  terms  of  the  divisor  and  dividend  according  to  the  suc- 
cessive powers  of  the  letter  or  letters  common  to  both;  write  down  simply  the 
coefficients  with  their  respective  signs,  supplying  the  coefficients  of  the  absent 
terms  with  zeros,  and  proceed  as  usual.  Divide  the  highest  power  of  the 
omitted  letters  in  the  dividend  by  that  of  the  suppressed  letters  in  the  divisor, 
and  the  quotient  will  give  the  literal  part  of  the  first  term  in  the  quotient. 
The  literal  parts  of  the  successive  terms  follow  the  same  law  of  increase  or 
decrease  as  those  in  the  dividend.  The  coefficients  prefixed  to  the  literal 
parts  will  give  the  complete  quotient,  omitting  those  terms  whose 
are  zero. 

Examples. 

11.)  Divide  6a4— 96  by  8a— 6. 

3—6)  6+  0+  0+0—96  (2+4+8+16 
6—12 


12 
12—24 


24 
24—48 

48—96 
48—96 

But  a4-s-a=a*,  and  the  literal  parts  of  the  snccuMivo  terms  are  therefore  <r\ 
a\  a\  a0,  or  a8,  a*,  a,  1;  hence,  2a*+4a£+6«+i6=quotient. 

(2.)  Divide  8a8— 4a4*— 2a8*1+a**3  by  4a«— **. 
4-1-0-1)  8-4-2+1  (2-1 
8+0—2 


—4+0+1 
—4—0+1 


Now,  as-t-at=a*;  hence  a*  and  a*x  are  the  literal  parts  of  the  terms  U  the 
quotient,  for  there  are  only  two  coefficients  in  the  quotient;  therefore 

2a9 — a8«=quotient  required. 

(a.)  Divide  sf4— 3a*8— 8a*a*+l8a*x— 8a*  by  **+2a«— 2a«. 
(4.)  Divide  3^+8*  y*— 4**y— 4a8  by  *+y. 
(5.)  Divide  10a4— 27a8  *+34a«  **— 18a*8— Qx*  by  2a*— 3a*+4a* 
(6.)  Divide  a6+4a*— 8a4— 25a8+85a*+21a— 28  by  a*+5a+4. 

Answer  8. 

(8.)  *«— 5a*+4a«  (5.)  5a«— 6a«— 2**.  , 

(4.)  — 4*f+8yt.  (6.)  a4— a8— 7rt*+14a— 7, 
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Synthetic  Division. 

25.  In  the  common  method  of  division,  the  several  terms  in  the  divisor 
are  multiplied  by  the  first  term  in  the  quotient,  and  the  product  subtracted 
from  the  dividend;  but  subtraction  is  performed  by  changing  all  the  signs  of 
the  quantities  to  be  subtracted,  and  then  adding  the  several  terms  in  the  lower 
line  to  the  similar  terms  in  the  higher.  If,  therefore,  the  signs  of  the  terms  in 
the  divisor  were  changed,  we  should  have  to  add  the  product  of  the  divisor 
and  quotient  instead  of  subtracting  it.  And  since  the  process  would  be  the 
same  for  every  step  in  the  operation,  the  successive  products  of  the  divisor 
and  the  several  terms  in  the  quotient  would  all  become  additive.  By  this 
process,  then,  the  second  dividend  would  be  identically  the  same  as  by  the 
usual  method;  but  the  second  term  in  the  quotient  is  found  by  dividing  the 
first  term  of  the  second  dividend  by  the  first  term  of  the  divisor;  and  since  the 
sign  of  the  first  term  in  the  divisor  has  been  changed,  it  is  obvious  that  the 
sign  of  the  second  term  in  the  quotient  will  also  be  changed.  To  avoid  this 
change  of  sign  in  the  quotient,  the  sign  of  the  first  term  in  the  divisor  might 
remain  unchanged,  and  then  omit  altogether  the  products  of  the  first  term  in 
the  divisor  by  the  successive  terms  in  the  quotient;  because  in  the  usual 
method  the  first  term  in  each  successive  dividend  is  cancelled  by  these  pro- 
ducts. Omitting,  therefore,  these  products,  the  coefficients  of  the  first  term 
in  any  dividend  will  be  the  coefficient  of  the  succeeding  term  in  the  quotient, 
the  coefficient  in  the  first  term  of  the  divisor  being  unity;  for  in  all  cases  it 
can  be  made  unity,  by  dividing  both  divisor  and  dividend  by  the  coefficient  of 
the  first  term  in  the  divisor.  This  being  the  case,  the  coefficients  in  the 
quotient  are  respectively  the  coefficients  of  the  first  terms  in  the  successive 
dividends.  The  operation,  thus  simplified,  may  however  be  further  abridged 
by  omitting  the  successive  additions,  except  so  much  only  as  is  necessary  to 
show  the  first  term  in  each  dividend,  which,  as  before  remarked,  is  also  the 
coefficient  of  the  succeeding  term  in  the  quotient,  and  writing  the  products  of 
the  modified  divisor,  and  the  several  terms  of  the  quotient  as  they  arise, 
diagonally,  instead  of  horizontally,  beginning  at  the  upper  line.  Hence  the 
following 

Rule.* 

(1).  Divide  the  divisor  and  dividend  by  the  coefficient  of  the  first  term  in 
I  be  divisor,  which  will  make  the  leading  coefficient  of  the  divisor  unity,  and 
the  first  term  of  the  quotient  will  be  identical  with  that  of  the  dividend. 

(2).  Change  all  the  signs  of  the  terms  in  the  divisor,  except  the  first,  and 
multiply  all  the  terms  so  changed  by  the  term  in  the  quotient,  and  place  the 
products  successively  under  the  corresponding  terms  of  the  dividend,  in  a 
diagonal  column,  beginning  at  the  upper  line. 

(3).  Add  the  results  in  the  secoud  column,  which  will  give  the  second  term 
of  the  quotient;  and  multiply  the  changed  terms  in  the  divisor  by  this  result, 
the  products  in  a  diagonal  series,  as  before. 


•  The  rule  here  firen  for  SfutktUe  Division  b  due  to  the  late  W.  G.  Horner,  E*q..  of  Bath, 
muuxfaes  in  science  bare  lamed  In  several  elegant  and  useful  processes,  especially  In  the 
of  algebra,  and  in  the  evolution  of  the  roots  of  equation  of  all  dimensions. 
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(4).  Add  the  results  in  the  third  column,  which  will  give  the  next  tern  ii 
the  quotient,  and  multiply  the  changed  terms  in  the  divisor  by  this  term  in  tat 
quotient,  placing  the  products  as  before. 

(5).  This  process  continued  till  the  results  become  0,  or  till  the  quotient » 
determined  as  far  as  necessary,  will  give  the  same  series  of  terms  at  the  smsI 
mode  of  division  wheu  carried  to  an  equivalent  extent. 

Examples. 
(1.)  Divide  a6— 5a4*+10a»«*—  10a**M-5a  *•-*•  by  a*— 2a*+«*. 


1 

+2 
— 1 


1—5+10—10+5—1 
+2—  6+  6—2 
_  1+  8—3+1 


1—3+  3—  1     *    * 
Hence  a3— 3a*  x+3a  ** — r3=quotienL 

In  this  example  the  coefficients  of  the  dividend  are  written  horizontally, 
and  those  of  the  divisor  vertically,  with  all  the  signs  changed,  except  the  6m. 
Then  +2  and  —  1,  the  changed  terms  in  the  divisor,  are  multiplied  by  I, 
the  first  term  of  the  dividend  or  quotient;  and  the  products  +  2  and  —  1  are 
placed  diagonally,  under — 5  and  +10,  the  corresponding  terms  of  the  dividend. 
Then  by  adding  the  second  column  we  have  —  3  for  the  second  term  in  the 
quotient,  and  the  changed  terms  +  2  and  —  1  in  the  divisor,  multiplied  by—  3, 
give  —  6  and  +  3,  which  are  placed  diagonally  under  +  10  and  —  10.  The 
turn  of  the  third  column  is  +  3,  the  next  term  in  the  quotient,  which  mahi- 
piied  into  the  changed  terms  of  the  divbor,  gives  +G — 3,  for  the  next  diagonal 
column.  The  sum  of  the  fourth  columu  is  —  I,  and  by  this  we  obtain  the  hst 
Jiagonal  column  —  2+1.  The  process  here  terminates,  since  the  sums  of  tat 
iifth  and  sixth  columns  are  zero;" end  the  quotient  is  completed  by  restorhf 
the  letters,  as  in  detached  coefficients. 

Having  made  the  coefficient  of  the  first  term  in  the  divisor  unity,  that  co- 
efficient may  be  omitted  entirely,  since  it  is  of  no  use  whatever  in  cootinouf 
the  operation  here  described. 

(2.)  Divide  *•— Sa^+l^— 24x%+27x*—  13*+5  by  *«— 2*,+4*t— 2*+!. 


1 
+2 

—4 
+2 
— 1 


1  —5+15—24+27—13+5 
+2—  6+10 
—  4+12—20 

+  2—  6+10 
—  1+  3—5 


1—3+  5       0      0       0     0 
Pence  ** — 8x+5=quotient  required. 

(3.)  Divide  o»+2a46+3a3fct— a8 6s— 2ab4— 36*  by  at+2a6+Sft*. 

1+2+3—1—2—3 
—2+0+0+2 
—3+0+0+3 


—2 
—3 


1+0+0—1 
Hence  a3+0,al  b+0'a  b* — b*=c? — 6*=quotient. 
(4.)  Divide  I—*  by  1+x.  Ans.  1— 2*+2**— 2**+,  &c. 

(5.)  Divide  1  by  1—  x.  Ans.  I +*+*»+*'+,  &c. 

(6.)  Divide  ^-y7  by  *-y.        Ans.  **+**y+;rV +*V +*V+*  J*  +/ 
(7.)  Divide  «■— S/i^+Sa**4— **  by  a1— Sa'x+Sa**— x\ 

Ans.  aJ+3«tjr+3a*t+*> 


GREATEST  COMMON  MEASURE.  IU 

The  Greatest  Common  Meabuik. 

86.  A  measure  of  a  quantity  is  any  quantity  that  is  contained  in  it  exactly, 
or  divides  it  without  a  remainder;  and,  on  the  other  hand,  a  multiple  of  a 
quantity  is  any  quantity  that  contains  it  exactly. 

21.  A  common  measure,  of  two  or  more  quantities,  is  a  quantity  which  is 
contained  exactly  in  each  of  them. 

28.  The  greatest  common  measure,  of  two  or  more  quantities,  is  the  greatest 
factor  which  is  common  to  each  of  the  quantities.  Thus  5  is  a  measure  of  15, 
and  15  is  a  multiple  of  5;  for  5  is  contained  in  15  exactly  3  times,  and  15  con- 
tains 5  exactly  3  times;  also  8*  is  a  common  measure  of  12ox  and  ISbx,  and 
6*  is  the  greatest  common  measure  of  \2dx  and  186x« 

29.  To  find  the  greatest  common  measure  of  two  polynomials* 

Arrange  the  polynomials  according  to  the  powers  of  some  letter,  and 
divide  that  which  contains  the  highest  power  of  the  letter  by  the  other,  as  iu 
division;  then  divide  the  last  divisor  by  the  remainder  arising  from  the  first 
division;  consider  the  remainder  that  arises  from  this  second  division  as  a 
divisor,  and  the  last  divisor  the  corresponding  dividend,  and  continue  this 
process  of  division  till  the  remainder  is  0;  then  the  last  divisor  is  the  greatest 
common  measure. 

Note  I.  When  the  highest  power  of  the  leading  quantity  is  the  same  in 
both  polynomials,  it  is  indifferent  which  of  the  polynomials  is  made  the 
divisor,  the  only  guide  being  the  coefficients  of  the  leading  terms  of  the  poly- 
nomials 

Note  2.  If  the  two  polynomials  have  a  simple  common  measure,  it  may  be 
suppressed  to  simplify  the  process;  but  as  it  is  a  factor  of  the  greatest  common 
sneasare,  it  must  be  restored  in  the  final  divisor,  and  therefore  the  last  divisor 
must  be  multiplied  by  the  common  factor  at  first  rejected. 

Note  3,  If  any  divisor  contains  a  factor,  which  is  not  a  factor  also  of  the 
dividend,  that  factor  must  be  rejected  before  commencing  the  division,  as 
such  Actor  can  form  no  part  of  the  greatest  common  measure. 

Note  4.  If  the  coefficient  of  the  leading  term  of  any  dividend  be  not  divisible 
by  that  of  the  divisor,  it  may  be  rendered  so  by  multiplying  every  term  of  tho 
dividend  by  a  proper  factor,  to  make  it  divisible. 

In  order  to  prove  the  truth  of  this  rule,  we  shall  premise  two  lemmas. 

Lemma  1.  If  a  quantity  measures  another  quantity,  it  will  also  measure 
smy  multiple  of  that  quantity.  Thu%  if  d  measures  a,  it  will  also  measure  m 
times  a,  or  ma;  for  let  a=ha\  then  ma~mhdf  and  therefore  d  measures  ma, 
the  quotient  being  mh. 

Lemma  2.  If  a  quantity  measures  two  other  quantities,  it  will  also  measure 
both  their  sum  and  difference,  or  any  multiples  of  them.     For  let  a  =  h  dt  and 
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b  =  hd,  then  d  measures  both  a  and  b\  hence  oXo  =  h  dil/d  =  <f  (AXi) 
and  therefore  d  measures  botn  a+b  ana  a— 6,  the  quotient  being  A-f-i  in  tfct 
former  case,  and  A— A  in  the  latter;  and  by  lemma  1,  d  measures  any  mu&plei 
ot  a+b  and  a — b. 

Now,  let  a  and  6  be  two  polynomials,  or  the  terms  of  a  fraction,  and 

let  a  divided  by  b  leave  a  remainder  c  b)  a  (at 

b c d  mb 

c d  leave  no  remainder,  as  is  shown  ~— ■" 

in  the  marginal  scheme.     Then  we  have,  by  the  nature  C'      ** 

of  division,  these  six  equalities,  vis.:  nc 

c-mi  =  c  ....  (I)        fl  =  w  He  .  .  ,  .  (4)  d)c(p 

b — n  c  =  </...  (2)        b  =  n  c+d  ....  (5)  p  j 

c—p  d  —  0  .  .  .  .  (8)        c=>pd      (6)  

Where  the  equalities  marked  (4),  (5),  (6),  are  not  deduced  from  those  marked 
(1),  (2),  (3),  but  from  the  consideration  that  the  divideud  is  always  equal  to 
the  product  of  the  divisor  and  quotient,  increased  by  the  remainder. 

Now,  by  (6)  it  is  obvious  that  d  measures  c,  since  c=p  d;  hence  (Leant  I) 
d  measures  nc,  and  it  likewise  measures  itself;  therefore  (Lemma  2)  d  sws* 
sures  nc-\-dt  which  by  (5)  is  equal  to  b;  hence  again  d,  measuring  b  andc, 
measures  mb-\-c,  by  the  Lemmas  1  and  2. 

.-.  d  measures  a,  which  is  equal  to  mb+c  by  (4). 

Hence  d  measures  both  the  polynomials  a  and  b,  and  is  consequently  a 
common  measure  of  these  polynomials;  but  d  is  also  the  greatest  cwmstna 
measure  of  a  and  b;  for  if  d'  is  a  greater  common  measure  of  a  and  b  thaa  rfk, 
it  is  obvious  that  by  (1)  d  measures  a — mb,  or  c;  and  <f  measuring  both  # 
and  c,  it  measures  b—n  c,  or  d  by  (2);  hence  ct  measures  d,  which  is  absard, 
since  no  quantity  measures  a  quantity  less  than  itself;  therefore  cf  in  tks> 
greatest  common  measure.  Q.  E.  D. 

Again,  let  a=ha?  and  b=htf;  then  the  greatest  common  measure  of  a 
and  b  will  be  h  ct,  where  ct  is  the  greatest  common  measure  of  «r*  and  ¥• 
For  let  cl  =  dm,  and  b'  =  dn;  then  a  =  ha?  =  hd'mf  and  6  =  A6*  =  Adf  s; 
then  m  and  n  contain  no  common  factor,  for  ct  is  the  greatest  common  am* 
sure  of  a!  and  V\  hence  h  d  is  obviously  the  greatest  common  measaif  of 
hd  m  and  h  ct  n,  or  of  a  and  b;  and  this  proves  the  truth  of  Note  2. 

Moreover,  if  any  divisor  contains  a  factor,  which  is  not  a  factor  also  of  tkl 

corresponding  dividend,  it  must   be  rejected  before  b)  a  (st 

commencing   the   division.     For  as  in  the  marginal  m  b 

scheme,  let  c  contaiu  a  factor  A,  which  is  not  a  factor  — 

also  of  a  and  h;   then  rejecting  A,  the   remaining  j^f  f 

factor  d  is  employed  as  a  new  divisor,  instead  of  c,  and  *  /  *  '* 
so  on.     For,  by  the  nature  of  division,  we  have 

a — mb—hd .  ...  (1)           a=mb+hd  ....  (4)  d=zkd 

b—nd=kd ....  (2)            b=*c+kd  ....  (5)  d)  J  (P 

d-yd=0 (3)           d-pdt      (OJ  p4f 
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•  * 

Now,  by  (6)  we  sec  that  cf  is  a  measure  of  d;  hence  ct,  measuring  n  d  and 
k<fy  it  also  measures  nd+hdt,  or  b;  therefore  cf,  measuring  d  and  6,  mea- 
sures m  ft+A  c*,  or  a;  hence  cf*  measures  both  a  and  6,  and  it  is  also  the 
greatest  common  measure.  For  if  d  be  a  greater  common  measure  than  cf , 
then  d,  measuring  both  a  and  b,  measures  a — mbf  or  hd  by  (1);  but  d  does 
not  measure  A,  and  it  must  therefore  measure  d;  hence  d  measures  nd  and  b; 
therefore  it  measures  b — ndt  or  kef  by  (2);  but  again,  d  does  not  measure  k, 
and  hence  it  must  measure  cf;  but  d  is  greater  than  dft  and  cannot  therefore 
measure  it;  hence  cf  is  the  greatest  common  measure.  This  is  the  proof  of 
note  3,  and  in  rery  nearly  the  same  manner  it  is  proved,  that  if  any  dividend 
be  multiplied  by  a  factor,  which  is  not  a  factor  of  the  greatest  common  mea- 
sure, in  order  to  make  the  leading  term  of  the  dividend  divisible  by  that  of 
the  divisor,  the  final  divisor,  or  resulting  greatest  common  measure,  will  re- 
main unchanged. 

Thus  it  appears  that,  to  avoid  the  difficulty  of  operating  with  fractional 
quotients,  we  can  always  remove  fiom  the  divisor,  or  introduce  into  the  divi- 
dend any  factor  which  may  obstruct  the  exact  division  of  the  leading  coefficient 
of  the  dividend  by  that  of  the  divisor.  These  remarks  will  be  fully  exem- 
plified in  the  subsequent  examples;  and  as  the  process  for  finding  the  greatest 
common  measure  of  any  two  polynomials  is  now  very  important,  being  em- 
ployed in  the  general  solution  of  equations,  we  have  endeavoured  to  explain 
the  reasons  of  the  several  steps  in  the  process,  with  perspicuity  and  clearness, 
as  far  as  our  limits  will  permit. 

90.  If  the  greatest  common  measure  of  three  quantities  be  required,  find 
the  greatest  common  measure  of  two  of  them,  and  then  that  of  this  measure 
and  the  remaining  quantity  will  be  the  greatest  common  measure  of  all  three. 
For  let  a,  bf  c,  be  the  quantities,  and  let  d  be  the  greatest  common  measure  of 
a  and  bf  and  cf  the  greatest  common  measure  of  c  and  d;  then  any  measure  of 
d  will  evidently  measure  a  and  bt  and  whatever  measures  c  and  d  will  also 
measure  a,  b,  c;  hence  the  greatest  common  measure  of  c  and  d  is  also  the 
greatest  common  measure  of  a,  b,  c,  and  therefore  cF  is  the  greatest  common 
measure  of  a,  b,  c.  This  reasoning  may  be  extended  to  any  number  of 
quantities. 

81.  If  the  two  polynomials  be  the  terms  of  a  fraction,  as?,  and  d  their 

greatest  common  measure,  then  we  may  put  a=dd%  and  b"=dV\  hence 
r  =  -7-rj  =  j.t  and  consequently,  by  dividing  both  numerator  and  denominator 

<*"  t  fraction  by  the  greatest  common  measure  of  the  terms  of  the  traction,  the 
faulting  fraction  will  be  simplified  to  its  utmost  extent,  and  thus  the  proposed 
faction  will  be  reduced  to  its  lowest  terms. 


Examples. 

' '•)  What  is  the  greatest  common  measure  of  4**  y*t*  and  8**y*z*? 

***re  4  is  the  greatest  common  measure  of  4  and  8,  and  a8^8*3  is  that  of 
luersi  parts;  hence  4xty*zt  is  the  greatest  common  ueasure  required. 
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(2.)  Find  the  greatest  common  measure  of  -j-^**. 

a8 — «y* 


ay* +,y3=yt  (*+y);  rejecting  the  factor  a* 

*+y)   «*— y*  (*— y 


Hence  #+y  is  the  greatest  common  measure  sought,  and 

^  =  g±lQ±^)  =  ?!l^±|j!  =  red»ced  fiction. 
a3— y*       (a3— y2)-K*+y)  *— Jf 

(3.)  Required  the  greatest  common  measure  of  the  two  polynomials 

6a»—  6a*y+2ay*— 2y*  ....  (a) 
12a8— 15ay  +3y*  (A).    • 

Here    6a3—  60*^+20^—2^  =  2  (3a3— SaV+q^-y) 
12a«— 15ay  +8y*  =  8  (4a«— 5ay  +y«); 

And  therefore,  by  suppressing  the  factors  2  and  3y  which  have  no  coouaoa 
measure*  we  have  to  find  the  greatest  common  measure  of 
8as— Scfy+ay*— y3  and  4a*— 5ay+y*. 
UP—bay+y*)  8a3—  3a*y+  «y*—  y3 

4 


12a3—  12a*y+4ay»— 4y*  (3a 
12a3— ISaV+Say1 

80^+  ay3-  4y> 

4 

12a*y+  40^-16^  (3y 
12a*y-15ay*+  Sy3 


190^-19^=19^  (  a-y) 
Or,  a—y)  4a*— oay+y1  (4a— y 
4a9— 4ay 


—  qy+y1 

—  qy+y1. 


Hence  a—y  is  the  greatest  common  measure  of  the  polynomials  a  and  6. 
(4.)  Required  the  greatest  common  measure  of  the  terms  of  the  fraction 

<r5+a»*-a4a*-a3«3* 

Here  a1  is  a  simple  factor  ot  the  numerator,  and  a3  is  a  factor  of  the  deno- 
minator; hence  a*  is  the  greatest  common  measure  of  these  simple  factors. 
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which  mutt  be  reserved  to  be  introduced  into  the  greatest  common  Measure  of 
tie  other  factors  of  the  terms  of  the  proposed  fractions;  viz.: 

a* — x4  and  a"  +a8x— ax*— x3. 
a*+a2x — ax* — Xs)  aK — x4  (a— x 

a4  -|-  a?x — a5x* — ax8 


— cAt+aV+ax8 — x4 
— a*x — a*x,+ax3-f-x4 


2aV— 2x*=2x*  (a8—*2);  rejecting  2** 

a* — x4)  eP+cPx—cu? — x1  (a-fx 
a3 — ax2 


A-x8 
a*x-x* 

Therefore  a*  (a* — x*)  is  the  greatest  common  measure;  and  hence 

o«— q'x4  _  (a6— <rV)  -h  a*  (q*-x*)  =  q'+x* 

J+rfx—a***—***        (a^+a^x— a4x»— a'x8)  -*-a3  (a8— x8)        a'+aar' 

Additional  Examples. 

(1.)  Find  the  greatest  common  measure  of  2a2x*f  4afy*,  and  6xfy. 

(2.)  Find  the  greatest  common  measure  of  the  two  polynomials  a* — a*b+ 
SaP—Sb3,  and  a*— 5a£+4£*. 

(3.)  What  is  the  greatest  common  measure  of  x* — xy*  and  x*-|-2xy-|-ys  ? 

(4.)  Find  the  greatest  common  measure  of  x'+y8  and  xw— yu. 

(5.)  Find  the  greatest  common  measure  of  the  polynomials 
(b-c)  x*-b  (2b-c)  x +b*  ....      (a) 
(a+^aJ-a^+cj^+pfc lb). 

(6.)  Find  the  greatest  common  measure  of  the  polynomials 

x4—  8x*+ 21x«— 20x+4  ....      (a) 
2x*— 12x*+21x  —10  (b). 

Answers. 

(1.)    2x*  (4.)    x-y. 

(2.)     a—*.  (5.)     x— b. 

(3.)    x+y.  (6.)    x— 2. 

The  least  Common  Multiple. 

32.  We  have  already  defined  a  multiple  of  a  quantity  to  be  any  quantity 
that  contains  it  exactly;  and  a  common  multiple  of  two  or  more  quantities  is 
a  quantity  that  contains  each  of  them  exactly. 

The  least  common  multiple,  of  two  or  more  quantities,  is  therefore  the  least 
quantity  that  contains  each  of  them  exactly. 

33.   To  find  the  least  common  multiple  of  two  quantities. 

Divide   the   product  of  the  two  proposed  quantities  by  their  greatest 
measure,  and  the  quotient  is  the  least  common  multiple  of  these 

li  8 
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quantities;  or  divide  one  of  the  quantities  by  their  greatest  common  measure, 
and  multiply  the  quotient  by  the  other. 

Let  a  and  b  be  two  quantities,  d  their  greatest  common  measure;  and  at 
their  least  common  multiple;  then  let 

a  =  ha\  and  b  =  kd; 
and  since  d  is  the  greatest  common  measure,  h  and  h  can  have  no  common 
factor,  and  hence  their  least  common  multiple  is  A  A;  therefore  hkd  is  the 
least  common  multiple  of  h  d  and  k  d;  hence, 

,,  , hkd*      hdxkd axb ab  r*  i?  r* 

Examples. 
(1.)  Find  the  least  common  multiple  of  2a2*  and  80***. 

Here  m  =  —7-  = —5 =  8a*x*  =  least  common  multiple. 

(2.)  Find  the  least  common  multiple  of  4x*  (x*— y1)  and  12*3  (**—,$/*). 
Here  </  =  4x*  (*— y),  and  therefore  we  have 

or  m  =  12^+12a^y— 12a?y— 12«y. 
(3.)  Find  the  least  common  multiple  of  x,+2j?y-fyf  and  x* — xy*. 
Here  a*  =  x+y,  and  therefore  we  get 

=  *  (*+y)  (**-— y8)  =  least  common  multiple. 
(4.)  What  is  the  least  common  multiple  of  x4— Sx'-r-Qx1 — 7x-f-2,  and 
x4— 6x*+8x— 3  ? 
J$y  the  process  for  finding  the  greatest  common  measure,  we  firM 

d  =  Xs— Sx^Sx— 1 

=  (x— 2)  (x4— 6x«+8x— 3) 

=  x»— 2x*— 6xs+20x1—  19x+6,  the  least  common  multiple. 
(5.)  Find  the  least  common  multiple  of  a* — %ab+h\  and  a4 — b\ 
(6.)  Find  the  least  common  multiple  of  a*— o2,  and  a*-f-o\ 
(7.)  Find  the  least  common  multiple  of  x* — y*,  and  x*— y\ 
(8.)  Find  the  least  common  multiple  ofy* — 8y+7,  andy*+7y — 8. 

Answers. 
(1.)    (<,-*)  (a4-*4).      .        (3.)    (*+y)(*»-y») 
(2.)    (a-o)  (a>+^)-  (*•)    ^-57^+56. 

84.  JEftury  common  multiple  of  two  quantities,  a  ana*  b,  is  a  multiple  of  m, 
the  least  common  multiple. 

For  let  aV  be  a  common  multiple  of  a  and  0,  then,  because  m9  ia  greater 
than  m;  and*  if  we  suppose  that  ml  is  not  a  multiple  of  m,  we  have,  aa  in  the 
annexed  scheme,  m)  m*  (h 

nl^hm+k  ...  (1)  hm 

»V— Am=A  ...  (2)  A  =  remainder. 


1 

i 
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Now  the  remainder  k  is  always  less  than  m  the  divisor;  hence,  since  a  and  ft 
measure  m  and  m*,  it  is  evident  by  (2)  that  a  and  ft  measure  m'—h  m,  or  h; 
therefore  h  is  a  common  multiple  of  a  and  ft,  and  it  has  been  proved  to  be  less 
than  m,  the  least  common  multiple,  which  is  absurd;  hence  m  must  measure  ra\ 
or  m'  is  a  multiple  of  nu 

35.  To  find  the  least  common  multiple  of  three  or  more  quantities. 

Let  a,  ft,  c,  d\  Ac,  be  the  proposed  quantities; 

find  m  the  least  common  multiple  of  a  and  b 
•  •mr........«       c  and  fit 

.  .  m" •       a*  and  m' 

Ac.  &c. 

Then,  since  every  multiple  of  a  and  b  measures  m,  their  least  common  mui- 
Jple,  the  quantity  sought,  x,  measures  m;  but  x  also  measures  c;  therefore  x 
measures  both  c  and  m,  and  thence  it  measures  m';  but  *  measures  a*  and  m', 
and  therefore  must  measure  m";  hence  x  cannot  be  less  than  m",  and  there- 
fore m"  is  the  least  common  multiple. 


Examples. 

v  L)  Find  the  least  common  multiple  of  2af,  4a3  ft2,  and  6a  ft*. 
Here  taking  2a*  and  4a*  6s,  we  find  a*  =  2as,  and,  therefore, 

»  =  i£f=2*,X4a>y  =  4q»y. 

7^  2a* 

Again,  taking  m,  or  4a*  6s,  and  6a  ft*,  we  find  rf= 2a  ft2;  hence 
^=  cm  =  6a_^x^r^  _  ^p  _  ^ired. 

(2.)  Find  the  least  common  multiple  of  a— x,  a* — x2,  and  a*—*3. 
Taking  a — x  and  a* — Xs,  we  have  </=a — x;  and  hence 

m  =s  ?*  s  ?=f  x  (a2-x2)  =a«— x«. 
a         a — x       x  ' 

Again,  taking  a* — x*  and  a* — x8,  we  find  </=a — x;  hence 

***=  eJ£  =  (^-^H**-**)  =  (a+*)  (a»-x*)=  answer  sougnt 


(3.)  Find  the  least  common  multiple  of  15a*  ft2, 12a  ft2,  and  60*6. 

(4.)  Find  the  least  common  multiple  of  6a2  x2  (a— x),  8x*  (a* — x*)  and 
12  (a— x)2. 

(5.)  Find  the  least  common  multiple  of  Xs — xfy— x^+y8,  Xs— x2^ +xy*— w*; 
and  x4— y4. 

(6.)  Find  the  least  common  multiple  of  (a-j-ft)2,  (a2— ft2),  (a— ft)2,  and 
«,+8offt+8aft2+ft*. 

Answers. 

(*)    60a»y.  (5.)    x^-xy^xtyfy1. 

(4.)   S4afx»(a-«)(^-  »>      (6.)    (a+ft)  (a2-ft2)t. 
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Op  Algebraic  Fractions. 


86.  Algebraic  fractions  differ  in  no  respect  from  arithmetical  fractions; 
all  the  observations  which  we  have  made  upon  the  latter,  apply  equally  to 
former.     We  shall  therefore  merely  repeat  the  rules  already  deduced,  addi 
a  few  examples  of  the  application  of  each.     It  may  be  proper  to  remind  t! 
reader,  that  all  our  operations  with  regard  to  fractions  were  founded  upon 
three  following  principles: — 

1 .  In  order  to  multiply  a  fraction  by  any  number ;  we  must  multiply  tSs 
numerator ;  or  divide  the  denominator  of  the  fraction  by  that  number, 

2.  In  order  to  divide  a  fraction  by  any  number,  we  must  divide  the  nume- 
rator, or  multiply  the  denominator  of  the  fraction  by  that  number* 

8.   The  value  of  a  fraction  is  not  changed,  if  we  multiply  or  divide  both 
the  numerator  and  denominator  by  the  same  number** 


Reduction  of  Fractions. 

1.   To  reduce  a  fraction  to  its  lowest  terms* 

87.    Rule. — Divide  both  numerator  and  denominator  by  their  greatest 
common  measure,  and  the  result  will  be  the  fraction  in  its  lowest  terms* 

When  the  numerator  and  denominator  are,  one  or  both  of  them,  monomials! 
their  greatest  common  factor  is  immediately  detected  by  inspection;  thus. 


So  also, 


a*bc      a*bxc      c  .    ..    i         .  . 

— 5-~=-v; ,=-;  ln  lts  lowest  terms. 

&a*b*    a*b  X5b    5b 


a**        x  X  ax      jm    ^  {{s  lowegt  termg> 


ax+x*    a(a-fa?)     a+x 


If,  however,  both  numerator  and  denominator  are  polynomials  we  most 
nave  recourse  to  the  method  of  finding  the  greatest  common  measure  of  two 
algebraic  quantities,  developed  in  a  former  article.  Thus,  let  it  be  reqaired 
to  reduce  the  following  fraction  to  its  lowest  terms: 

Co8— 6«»y+2ajrf— 2y* 
12a*— 150^+3^ 

•  These  principles  will  be  obrious  from  tho  following  consideration!  :— 

1.  If  the  numerator  of  a  fraction  be  Increased  any  number  of  timet,  the  fraction  Itself  wffl  be 
Increased  as  many  times;  and  if  the  denominator  be  diminished  any  number  of  times.  She  fraction 
must  still  be  increased  as  man  y  times. 

S.  If  the  denominator  of  a  fraction  be  increased  any  number  of  times,  or  the  numerator  dimi- 
nished toe  same  number  of  times,  the  fraction  itself  will  in  either  case  be  diminished  the  same 
number  of  times. 

8.  If  the  numerator  of  a  fraction  be  increased  any  number  of  times,  the  fraction  is  increased  the 
tame  number  of  times ;  and  if  the  denominator  be  increased  as  many  times,  the  fraction  b  again 
diminished  the  same  number  of  times,  and  must  therefore  have  its  original  value. 
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reatsst  common  measure  of  the  two  terms  of  this  fraction  was  round  In 
14  to  be  a — y;  therefore,  dividing  both  numerator  and  denominator  by 
antity,  we  obtain  as  our  result  the  fraction  in  its  lowest  terms ;  or, 

60*+  2y» 

12  a  —  3  y 

1  manner,  taking  the  fraction  ■      A  ,    .  "T.  a   „    it «       „  "~I  f  . — »-*- 

latest  common  measure  of  the  two  terms  is  found  tobe2a*-f-2a& 
and  dividing- both  numerator  and  denominator  by  this  quantity,  the 
1  fraction  is, 

2a'  —  2ab  +  b* 
3a1—  a  b  —  2b* 

Examples  for  practice. 
Reduce  ^ — ■      Ql —      _    to  its  lowest  terms. 

O  X  •  —  *•»  X  —  v 

43  /- 1  .«i_  qq  x  % ]5 

Reduce  —? — r — ~T  .  .  ., —  to  its  lowest  terms. 

24*»  — 22«t+17«—  6 

Reduce  »        *   T* ^  *>  **  lowest  terms. 

25«4+5*8  —  *  —  1 

Reduce    **|+f*?t  ,l*!"~"*t,l    to  ite  lowest  terms. 
15**— 2**  +  10  *8  —  *+  2 

'  Reduce  >Sltbcjtk_laUx*+  7*^— 1  acd** -2l6' ds*+*\b>cs^*iW salted*    »  MS 

.        4  a  (o  +  36) 
terms.      Ans.  ?= — ?  /*— 5 — r-* 

It  frequently  happens,  however,  that  when  the  polynomials  which  form  the 
rator  and  denominator  of  a  fraction  which  can  be  decomposed  are  not  very 
icated,  we  are  enabled  by  a  little  practice  to  detect  the  factor  and  effect 
duction,  without  performing  the  operation  of  finding  the  greatest  common 
ire,  which  is  generally  a  tedious  process.  The  results  to  which  we  called 
ention  of  tbo  reader,  at  the  end  of  algebraic  division  (see  page  107),  will 
nd  particularly  useful  in  simplifications  of  this  nature, 
is  for  example: 

3x»y+3ry»        _  2ay{x+y)  3xy(x+y)         =   xy 

1  Zx*+6xy+3?      "    3(x+y)»  ""  3(*+yX*+^)  *+* 

,  Ai'+iOfl'H-^gy  _5fl(fl>+2flH-yj„  ^g+^y       =  *(«+*)! 

' 8a»+8a«6       ""        8a*(a+b)     "  *a*(a+b)  8a 

«•_*»  (fl»4^w+x»X«-«)-^!±5±^ 
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ao  x    ac+bd+ad+bc    __(a+byc+(a+b)d  _        frf  » 
K    'J  qf+*bx+2ax+bf  ~(a+b)f+2x(o+b)-      f+ftx 

(11 }  *ac+l0oc+9ad+l5bd    _    3a(2c+3d)+5b(2c+3d)    _    3a+Sb 
1    %)      6c*+9ai— 2c— 3d       ""      3c(2c+  3d)-(2c+  2d)      ~~     So— 1 


IL  To  reduce  a  mrjrerf  quantity  to  an  improper  fraction* 

89.  Rule. — Multiply  the  integral  part  by  the  denominator  of  the  fraction,  and  to 
the  product  add  the  numerator  with  its  proper  sign  ;  then  the  result  placed  over 
t/te  denominator  will  give  the  improper  fraction  required,    Thus, 

2a9 


(2.)  i+fl,-<  =«!±*!±« 


+«•  a«+x" 

c+2d 
_  2aft(c+(Q 

■"  c+2rf 


m  i  i  b'+c*-*   _  2cc+o'+c«-^   _  (H-c)» 

w     ^        2Ac         ""  26c  ""  2bc 

40.  It  is  to  be  remarked  that  when  a  fraction  has  the  sign  — ,  it  signifies  that  the 
whole  fraction  is  to  be  subtracted,  and  consequently  the  negative  sign  applies 
to  the  numerator  alone ;  and  when  the  numerator  is  a  polynomial,  the  negative 
sign  extends  to  every  term  of  the  polynomial;  thus, 


(5.)  1-A   = 


a_  b 


WC-eJ  =*-*=& 


7  -       d 


%  ,       gt—tob+b*  _    q»+o«—  (a*  —  2ab+F)   _     *mb 
v  a*  +  b*        ""  a*+b*  ""  ««  +  l»    • 


(7. 


_  g«—  (6»—  g&c+c*) 

""  «6c 


_   a»—  (6— cy 

~         S6c 
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(a)  fti»f+  S-  +-**9+**9*-*. 

=    x*+3x*y+3xy  «+y'-<ra-~  3^//+3ary,-.y») 

x  +  y 
=    6s«y+gy» 

x+y 
_   *yQte%+y%) 

*+y 

*    '  **  m  +  n  m+n 

__  mfn — mpq  —  mnf+pgn 

m  +  n 
__   y»y/(i?i  —  n)  —  ;>y(m — n) 
m  +  n 

(mn  — pg)(m  —  n) 

m  +  n 

III.  ro  redta*  fractions  to  others  equivalent,  and  having  a  common  denomi- 
nator. 

41.  Rule. — Multiply  each  of  the  numerators,  separately,  into  all  the  denomi- 
nators, except  its  own,  for  the  new  numerators,  and  all  the  denominators  together 
for  a  common  denominator* 

Thus:  reduce  j-  and  -y  to  equivalent  fractions  having  a  common  deno- 


a  X  d  is  the  new  numerator  of  the  first, 
c  X  O  is  the  new  numerator  of  the  second, 
b  X  d  is  the  common  denominator; 

Therefore  the  fractions  required  are  -r-r-  and  -j—t  • 

Reduce  -r-»  -79-7*  -?*»  -7»  — •   *°  a  common  denominator. 
o      a     f    n      In 

adfhln        chfhln        ehdhln        gbdfln       hhdfhn      rnbdfhl 

bdfhln'       bdfhln'       bdfhln'      bdfhln'     bdfhln'     bdfhln' 

are  the  fractions  required. 

I  +  x  1  +  x*  1 4-  «• 

Reduce    —-2- — ,  X   ...  t  ~    u   to  a  common  denominator, 

l— x  I  — x"  1  — x* 


the  fractions  required* 


ADDITION  OP  FRACTIONS. 


42.  Ruuc. — Reduce  the  fractions  to  a  common  denominator,  add  (he  numerator* 
together,  and  subscribe  the  common  denominator.    Thus : 

/1  x    a    ,    e    mmm    ad     ,     be    mmm   ad+be 
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~h~        it  q  y  bnqy     '     bnqy      '     bnqy  T  ftngy 

=   anqy  -f»  mbgy    -f»  pbny  +  x6»g 

bnqy 

••  n    «  j c_     ,    _e_         __  adfx9    ,    cft/x*      ,    ebdx* 

1    }  bH'*  dx*   ***  fx*         "   6<*/x«   "*"  R/^?   ■*"  JT/F 

q^/g*  +  &*/**    +  ^ga1 

r«  *  +  **  j-  *-**     -     o  +  g'y      +     d-«!f 

1    '  1  — x*    T   l  +  x»         ""   (I  —  x«)(l  +  x*)    T  (I  — x*)(l  +  x«) 

—    (i—  x*)(l  +  x*) 
_  g(l  +  x«) 

"~      1  —  x* 

{5)      1        +  1  -  *-«  j. l+* 


(l+*)(l_x) 


—    1— x+ 1+* 
""  (l  +  x)(l— X) 


SUBTRACTION  OF  FRACTIONS. 


43.  Rule. — Reduce  the  fractions  to  a  common  denominator,  subtract  the 
rator  or  tfte  sum  of  the  numerators  of  the  fractions  to  be  subtracted,  from  the 
numerator  or  the  sum  of  the  numerators  of  the  others,  and  subscribe  the  common 
denominator. 

a  c   ad        be  _  ad  —  be 

">J  —  5"  —  y2  ~"  bd-  ~~bd 

■%. 

,g\  £L  j_   —_<£._—=:  <m<®    i    »wfyy  _  pbny xbnq 

^  '   b     '     n  q  y    ~~   bnqy    '     fotgy         bnqy         bnqy 

__   cngy  +  mbqy  —  pb*y  —  *&**! 

~~  bnqy 

a     ,      «        _e        £  _  a^fa*        ftc/'^x6         fedftx*  bdfg* 

w  £i  +  s?  — /x» ""  Ax*  -  Mf Ax»  +  w/Axw  ""  £p?«  —  £y%c* 

udf/ix9  +  fc/fo*    —  bedh*    —  bdfgx* 
=       bdfhxfi =™=" 

W    i~IT>     —     a  +  b  -       («  +  6)  («  —  b) 
»  4«fr 
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W    ^^7*  _    l  +  x*   -  "(1  —  x*)  (I  +  x«)  —  (T--x*)(H  **") 

-  0  +  x*)2  — (1— x«)» 

-  (l-x*)(l  +  a:«) 
_    4  x« 

""  1— x« 

44.  When  the  denominators  of  the  fractions  which  it  is  required  to  reduce  are 
expressed  in  numbers,  the  result  will  frequently  be  much  simplified  by  finding 
the  least  common  multiple  of  the  denominators,  and  then  reducing  the  fractions 
to  their  least  common  denominator,  according  to  the  method  explained  in 
Arithmetic. 

Thus,  if  we  are  required  to  reduce  the  following  fractions : 

a  —  3x        3a  —  5x        Sa —  5  x 
4        "*"  5  +         §0 

The  least  common  multiple  of  4  and  5  is  20,  the  denominator  of  the  third 
fraction ;  therefore  the  fractions,  when  reduced  to  their  least  common  denomi- 
nator, are 

5  a  —  15 x      12  g —  gQ»  ,   3d  —  &x  _5a — \5x+  12g —  20s+3a —  5g 
20        +         20         +       20       ~  20 

_    2Qg  —  40  x 
~  20 

=    fl-2i 
£k>a1so, 

5  —  37* 


x 


27  —  9  X        5x  +  9        61  2  x  +  h         29  +  4  x 

+  4  ~~        6        ~"  12  +  3  "*  12        ~" 


12 


the  least  common  multiple  of  3,  4,  6  is  12,  which  will  be  the  least  common  de- 
uominator,  and  the  above  fractions  become 

!2x        81— 27x        10x+4        61        8x+20       29+4x       5  — 37s 
17"  +         12  12        "~  12 +        12       +       12       ~~       12 

Or, 
I2r+8t—  27  x—  10x—  4  —  61 +  8x+ 20  +  29 +  4r—  5  +  37*      24x+60 

12  —       12 

=  2x  +  5 
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45.  Rulb. — Multiply  all  the  numerators  together  for  a  new  numerator,  and  all 
the  denominators  together  for  a  new  denominator.    Thus, 

a  e  ac 

o>t  *  7  =  n 

,  ^  a  m  p  x  am px 

/n-*-»    -«— /^  k+l      p-q      (a  +  b)(e-f)(l  +  D(p-Q} 
(S)7+i*  g—h*  m  —  n*  r+  *~  (c  +  d)(j^ A)  (m— »)£*+•) 
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Wr«X  c7*X  <Ti"*X  «*«X/*»—  bcdefx*  ~ /*» 


DIVISION  OF  FRACTIONS. 

46.  Rulr. — Invert  (he  divisor  and  proceed  as  in  Multiplication* 
,.K  a  e  a  d  ad 

Wj  +  7  =  b  *  t  =  rc 

/9\  a  +  b    .    e—f  _  a  +  h  x,  Irz*  —  (*  +  bl  (isr h^ 


c  +  d   -*•   JZa   -   c  +  d    *    e—f  -    (c+d)  (*— /) 


/oN1**'  1-X«__    1+XV,    1  +  S*  (l+g')t 

...        x*— ft*  x*  +  bx  _         x*  —  b*  x  —  b 

C4'**_  gJar+J*-*"     *_  6     -  *«  —  24*  +  J*  X  *f+ft* 

—  (j4  — ft4)(g  — ft) 

—  (*«--2  ft  «  +  **)  (*«  +  ft*) 


—  (xf  — ^,)(xt  +  ^,)ff— ^> 
""         (*  —  ft) %.x.(x  +  b) 

_  Qr+ft)(s-ft)  £!  +  *_!)_(*-_*) 

—  x(x—b)(x—b)(x  +  b) 

—  **  +  *' 


47.  Miscellaneous  Examples  in  the  operations  performed  in  Algebraic  Fractions 

,n  3a    .5/       .£   _  42qgy-f  35ft/jr  —  8ft«« 

1  '  il  +  8d        7y  "  56  ftey 

2a  5rf/  tfgg    _  \6abc+  \5ctff — 4deg 

(*'3Tc+  To*c  ""6ft»c*  ""  24ft,ct 

.    a  c  rf  __   a  —  cx  +  rfxr  +  * 


^  %      .        .                  ft»e— Saft'c+a1      2aft'  — ftc«4-3«*c* 
f5)  c+  9ab—S*c— bTZTh " b'-bc 


(6)  -_±L*  +  -_=L»    ,  . 


.(8> 
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13a  —  5b         la  —  2b        3a  __  89a  —  55b 

4  6  5    ""  60 


.   v   3g— 4&         gfl-  3  —  c         15g  — 4c         85a  —  20  3 
W   —7—  —  3  +  12  -  55 

„,«%   *     .    * — 3*    ■    «•  —  b'~ab        aed  —  4ft*+  g» 

0<»T  +  "73"  + J73 = ITd 

/n         g»  gfr  5       __  o'+  ab*  +  b9 

lli)  (a  +  6)»  ""  (a  +  3)"  +  <T+~5  —        (a  +  6)1 

3  S  1  1  2  1  +  x  +  x« 

(12)  4(i—*)'  +  8(i—«) +  8rr^)~iir+o = 1— »—»•+*• 

x  q»+  3*        a  —  6  _  g«  +  6» 

s»  — 0*  +  20        x»  —  13*+ 42  _  g'-  11  x+28 
(14J        x*  — 6x        X       x'  —  5*       ""  x*""^ 

/ioiI±l£±-?  v   **+  5*+*        *  +  8 
V*'  x*+2x  +  1  *  x»+7  x+  12""  x  +  8 

iL  j.   £. 

'lfil      *  d     -    (ad+bc)/h 

f    +     h 

g  -4-  6    ■    a  —  0 


0 


3~5~  a  +  b 


a  +  x  a  — x 

g  —x  "*"  a  +  x  _  g    +  ** 

g  +x  g  —x  "~      2a* 

a  — x  g  4-  x 

'-•-+-■ 

A  •  —  g  *  X  +  fl  X  *  —  X  *  fl4  —  7** 

W     «•  —  ««*+ a»xf  —  g«*a+g*4  —  x#    -  fluUT^  '      ' 

-    __^±^__ 
g*-h  a2**  -4-*4 
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ON  THE  FORMATION  OF  POWERS,  AND  THE  EXR ACTION  OF  ROOTS  OF  ALGEBRAIC 

QUANTITIES. 

48.  We  begin  by  considering  the  case  of  monomials,  and,  in  order  to  simplify 
the  subject  as  much  as  possible,  we  shall  first  treat  of  the  formation  of  the  square 
and  the  extraction  of  the  square  root  only,  and  then  proceed  to  generalise  our 
reasonings  in  such  a  manner  as  to  embrace  powers  and  roots  of  any  degree 
whatsoever. 

Definition. — The  square  root  of  any  expression  is  that  quantity  which,  when 
multiplied  by  itself,  will  produce  the  proposed  expression.  Thus  the  square  root  of 
a  *  is  a,  because  a,  when  multiplied  by  itself  produces  a  * ;  the  square  root  of 
(<x  -f-  5)  f  is  a  -f-  b,  because  a  -\-  b,  when  multiplied  by  itself  produces 
(a  +  b)  f ;  in  like  manner  8  is  the  square  root  of  64,  12  of  144,  and  so  on.  Tlie 
process  of  finding  the  square  root  of  any  quantity  is  called  the  extraction  of  the 
square  root. 

The  extraction  of  the  square  root  is  indicated  by  prefixing  the  symbol  \/  to 
the  quantity  whose  root  is  required.  Thus  \/  a  *  signifies  that  the  square 
root  of  a 4  is  to  be  extracted ;  \/  a*  -fc  Vab  +  b*  signifies  tliat  the  square 
root  ofa,+  2afl+fl,istobe  extracted,  &c 

In  order  to  discover  the  method  which  we  must  pursue  in  order  to  extract 
the  square  root  of  a  monomial,  let  us  consider  in  what  manner  we  form  its 
square.     According  to  the  rule  for  the  multiplication  of  monomials, 

(5a*b*c)*  =z  5a*b*cX  $a*b*c  =  25  a*b'c* 

So, 

(Oao'c'd4)1      =9ai*c,d4X9flJ,c,d4  =  8U,i«cJd8 
And, 
(Axm  y"zh---)*  =Axm  y  »zh— -X  Ar"  y"*h--^=  A,a:8,ny*Bs,l,•• 

49.  Hence  it  appears,  that,  in  order  to  square  a  monomial,  we  must  square  Us 
coefficient,  and  multiply  the  exponents  of  each  of  the  different  letters  by  2.  There- 
fore, in  order  to  derive  the  square  root  of  a  monomial  from  its  square,  we 
must, 

L  Extract  the  square  root  of  its  coefficient  according  to  the  rules  of  Ara% 
metic. 

IL  Divide  each  of  the  exponents  by  ?. 

Thus  we  shall  have,  

!         *  \/6±a*b*    =    8a*b* 

This  is  manifestly  the  true  result,  for 

(8a,o«)'  =  8as6f  X  8  a*  b9  =  64a«6« 

Similarly, 

v'655or5T7*      =  25  a  4 4  c  • 
Here  also, 

(25  a  b*  c9)*    =  25ab*c*  X  25abAc*  =  625  a1©**1 

50.  It  appears  from  the  preceding  rule,  that  a  monomial  cannot  be  the  square  <f 

unother  monomial  unless  its  coefficient  be  a  square  number,  and  the  exponents  cf 

ilie  different  letters  all  even  numbers.     Thus  98  a  b*  is  not  a  perfect  square,  fi* 

18  is  not  a  square  number,  and  the  exponent  of  a  is  not  an  even  number,   hi 

this  case  we  introduce  the  quantity  into  our  calculations,  affected  with  the  flj1 
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/  T&nd  it  is  written  under  the  form  \/98  a  b  4.     Expressions  of  this  nature 
are  ceiled  Surds,  or  Radicals,  if  the  Second  degree. 

51.  Such  expressions  can  frequently  be  simplified  by  the  application  of  the 
following  principle : —  The  square  root  of  the  product  if  two  or  more  factors  is 
equal  to  the  product  of  the  square  roots  of  these  factors.  Or,  in  algebraic 
language, 

y/aTcd =  v/«Tx    v/5*  X   y/c~%   y/T- 

In  order  to  demonstrate  this  principle,  let  us  remark,  that,  according  to  our 
definition  of  the  square  root  of  any  expression,  we  have, 

(*/«  bed -)»  =  aic(/ 

Again,  ^  ^  ^ 

Way.  y/Fy.  t/c  x  %/<<  -  -  -)a  =  (Vay  x  Wby  x  iVcy  x  (v^1  — 

=  aicrf 

Heooe,  since  the  squares  of  the  quantities  V a  6  c  </ -,  and  \/a  .  \/b 

\/c~.   \/d are  equal,  the  quantities  themselves  must  be  equaL 

This  being  established,  the  expression  given  above  y/98ab*  maybe  put  un- 
der the  form  \ZWb~*  X  V*o\  but  y/±9bA  is  by  (Art  49)  =  7  J!j  hence 

\/9SbAa  =  y/WT*  X  V^Sa  =  7G»v/i"a 

Similarly, 
\/*ba'b*  c~d    =  \Z9a9b>c*  %5bd        =  y/9a'b*c*  X  y/TtTd 

=  3abc  \ZKb~d 

So  also, 

v/s<>4  a*b*  cn  =  \/\Ua*bAc»  X  6bc  =  \/l44«f  b4c10  X  v/oT< 

=  12a£fc5  y/Gbc 

In  general,  therefore,  in  order  to  simplify  a  monomial  radical  of  the  second 
degree,  separate  those  factors  which  are  perfect  squares,  extract  their  root  (Art 
49),  place  the  product  of  all  these  roots  before  the  radical  sign,  under  which  are 
to  be  included  all  those  factors  which  are  not  perfect  squares. 

In  the  expressions,  7  b  »  y/2  a,  3  a  b  c  \/b  b  d,  12  ab*  c* y/ti  b  c,  &c.  the 
quantities  1  b%,  3  a  b  c,  \2  a  b*  c  ',  are  called  the  coefficients  of  the  radical 

52.  We  have  not  hitherto  considered  the  sign  with  which  the  radical  may  be 
affected.  But  since,  as  will  be  seen  hereafter,  in  the  solution  of  problems  we  are 
led  to  consider  monomials  affected  with  the  sign  — ,  as  well  as  the  sign  +,  it  is 
necessary  that  we  should  know  how  to  treat  such  quantities.  Now  the  square 
of  a  monomial  being  the  product  of  the  monomial  by  itself,  it  necessarily  fol- 
lows, that  whatever  may  be  the  sign  of  a  monomial,  its  square  must  be  affected 
*M  the  sign  +.      Thus,  the  square  of  +  5  a  *  b 8,  or  of  —  5  a  *  b 3,  is 

Hence  we  conclude,  that  if  a  monomial  be  positive  its  square  root  may  be  either 

P°*itive  or  negative.  Thus,  v/97*  =  +  3a!,or  —  3  a  *,  for  either  of  these 
Quantities,  wlien  multiplied  by  itself,  produces  9a4;  we  therefore  always  affect 
the  &qoare  root  of  a  quantity  with  the  double  sign  +,  which  is  called  plus  or 

**nw.  Thus,  \/9T*=z  +  3a*,  y/ 144  a  *  brcr=T+  \2ab*c*. 

63.  If  the  monomial  be  affected  with  a  negative  sign,  the  extraction  of  its  square 
^M  is  impossible,  since  we  have  just  seen  that  the  square  of  every  quantity, 
**ether  positive  or  negative,  is  essentially  positive.    Thus,\/ —  9,  \/ — 4a* 
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y/  —  5,  arc  algebraic  symbols  which  represent  operations  which  it  if  impossible 
to  execute  Quantities  of  this  nature  are  called  imaginary,  or,  impossible,  quam* 
*ities,  and  are  symbols  of  absurdity  which  we  frequently  meet  with  in  resolving 
quadratic  equations. 

By  on  extension  of  our  principles,  however,  we  perform  the  same  operations 
upon  quantities  of  this  nature  as  upon  ordinary  surds.     Thus,  by  (Art.  51). 


ITS     =\/9X  — 1  =\/9V—  1  =3t/  —  L 


t/—  4a*  =  \/4.a»X  —  1  =  v^4  a  *\/ —  i  =    2a\/  — L 

/ZStfizs  \Z2X4a«  X&X— 1      =  V^Xv/^Xv/— i  =  2a\Z55l/— L 

54.  Let  us  now  proceed  to  consider  the  formation  of  powers  and  extraction 
of  roots  of  any  degree  in  monomial  algebraic  quantities. 

Definition. — The  cube  root  of  any  expression  is  that  quantity  which,  multiplied  * 
twice  by  itself,  will  produce  the  proposed  expression.  The  fourth,  or,  biquadratt 
root  of  any  expression  is  that  quantity  which,  multiplied  three  times  by  itsel( 
will  produce  the  proposed  expression ;  and  in  general,  the  n'k  root  of  any  ex- 
pression is  that  quantity  which,  multiplied  (»  —  1)  times  by  itself  will  product 
the  proposed  expression.  Thus,  the  cube  root  of  a  *  b 8  is  a  b%  because  abt  mul- 
tiplied by  itself  twice,  produces  a3  b 3 ;  for  the  same  reason,  (a  -f-  b)  is  the  6** 
root  of  (a  +  b)  •,  2  is  the  seventh  root  of  128,  &c.  . 

65,  Let  it  be  required  to  form  the  fifth  power  of  2  a  *  b  *. 

(2a*b*)>  =  2a,JlX2a86,X2a,i!X2a,ft,X2a,6l 
=  32aub". 

Where  we  perceive,   1°.  That  the  coefficient  has  been  raised  to  the  fifth 
power ;  2°.  That  the  exponent  of  each  of  the  letters  has  been  multiplied  by  & 
Jn  i;i'e  manner, 

(Sa'i'c)1    =  8af&3c  X  8a«&«c  X  8a«0'c 

=  S'a^  +  ^^'  +  '  +  '^+i  +  i 

=  5l2a*b9c\ 
So  also, 

(2ab*c*d*)a     =    2ab*c*d*X  2ao«c'<i*X toafacton 

=    2*a*btn  c*a  d*m. 

Hence  we  deduce  the  following  general 


RULE  TO  RAISE  A  MONOMIAL  TO  ANT   POWER. 

Boise  the  numerical  coefficient  to  the  given  power,  and  multiply  the  exponent* 
of  each  of  the  Utters  by  the  index  of  the  power  required. 
And  hence  reciprocally  we  obtain  a 


RULE  TO  EXTRACT  THE  ROOT,  OP  ANY  DEGREE,  OP  A  MONOMIAL 

1*.  Extract  the  root  of  the  numerical  coefficient  according  to  the  rules  ofarti* 
suite 
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ride  the  exponent  of  each  letter  by  the  index  of  the  required  root 

tyeia'b'c*  =    4a«5cf 

VlQo*bl*c»d*     =    2a*b*c4tL 

^cording  to  tins  rule,  we  perceive  that  in  order  that  a  monomial  may  be 
power  of  that  degree  whose  root  is  required,  its  coefficient  must  be  a 
ower  of  that  degree,  and  the  exponent  of  each  letter  most  be  divisible 
tdex  of  the  root 

the  monomial  whose  root  is  required  is  not  a  perfect  power  of  the  re* 
agree,  we  can  only  indicate  the  operation  by  placing  the  sign,  \/  be- 
quantity,  and  writing  within  it  the  index  of  the  root  Thus,  if  it  be  re- 
» extract  the  cube  root  of  4  a  *  b  •,  the  operation  will  be  indicated  by 
he  expression,  _1_ 

l/taTFK 
ions  of  this  nature  are  called  turds,  or,  irrational  quantities,  or,  radicals 
xond,  third,  or,  ft*  degree,  according  to  the  index  of  the  root  required, 
e  can  frequently  simplify  these  quantities  by  the  application  of  the  fol- 
Nrineiple,  which  is  merely  an  extension  of  that  already  proved  in  (Art 

r*  root  of  the  product  of  any  number  of  factors  is  equal  to  the  product 
k  roots  of  the  different  factors*    Or,  in  algebraic  language, 


=   Vfl*V7xVTXV2"x 


each  of  these  expressions  to  the  nower  of  n,  then 
roU--~-~3-  =    aocsJ---- 

i. 

Vl~x  Vc  x  i/3---)-  =  (V«)'X(V»'X(Vc7(V«"---- 

=    <z&c<2-*-- 

e,  since  the  ir*  powers  of  the  quantities  \/abca\  and  Va~.  \ZT> .  \/c  • 

-  -,  are  equal,  the  quantities  themselves  must  be  equal 

being  established,  let  us  take  the  expression  v/54  a*  b*c* ,  whose  root 

ye  exactly  extracted,  since  54  is  not  a  perfect  cube,  and  the  exponents  of 

are  not  exactly  divisible  by  3. 

ave, 

{/Mo^'e1  =   {/27  X  ^Xfl'X^X  b9  X  c« 

=  1/27  xl/fl'X  t/P  X  t/TST* 
irinciple  just  proved,  

=  3aby/2ac* 

■Of 

V48a»o8c§  =  V\6  X  3  X  a4  X  a  X  *§"X  c4  X  «• 

=  \/l6X  VPxJ^X  ^c*  X  t/3  X  l/a  X  t/P 

r=  2a6,c4/3acA 

^Mcv6P  =  V**  X  3  Xji§  XflX*  X^M 

=  V64  X  W'X  fc*  X  1/  3  x  t/"«  x  l/"5 

=  2a  c*  \/3  ai. 
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In  the  above  expressions,  the  quantities  3  a  A,  2ao*^  9«c*,  plicid 
the  radical  sign,  are  called  the  coefficients  of  the  radical. 

58.  There  is  another  principle  which  can  frequently  bo  employed  who  afas* 
tage  in  treating  these  quantities ;  this  is. 

The  m'k  power  of  then*  power  of  any  quantity  it  equal  to  the  mm*  power  tf 
that  quantity*     Or,  in  algebraic  language, 

{*■}"    =    a-\ 
For  we  have, 

t=    a*  +  *  +  *  +  *  =    alK 
And  \n  general, 

{<*■}■=    a'Xfl'Xfl'X  «■ tomlkts** 

=    a*  +  n+m+* torn  tenia, 

=    «■■. 
And  reciprocally, 

7%e  wa*  root  of any  quantity  it  equal  to  the  «•  root  of  then*  not  qf*** 
quantity.  '  Or,  in  algebraic  language, 


vr  = 


V« 


Raise  the  two  quantities 

to  the  power  of  m,         VaT  s    p", 

Again,  raise  both  to  the 
power  of  n,  «  =r    paa 

Extract  the  m  «*  root,    "i^a"         =    p9 
But  by  supposition, 


^VT     =  *  _ 
-VT       =  -/v. 


Hence,  as  often  as  the  index  of  the  root  is  a  number  composed  of  twe  or  a* 
fat-tors,  we  may  obtain  the  root  required  by  extracting  in  succession  tat  s** ] 
whose  indices  are  the  factors  of  that  number.    Thus, 


(1.)  V4a* 


9X\/iT\ 


=     f/2a 
(2.)  V36^IT     =    J  JWTFF 


(3.)  In  general, 


That  is  li>  say,  that  when  the  index  of  the  radicat  it  multiplied  by  am 
"umtUt  n9ind  the  quantity  under  the  radical  *ign  is  an  exact  n*  power,  riri 
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r*  rami  of  tke  ememtity  under  tke 


(/25a«*<c*      =  ,*t/5*a*o*c*X* 

=  \/Sa*bc9 

tytfm»m'p*  =  ,xt/3«i««XimtXipiXt 

s  l/im'»V 


».  This  last  pfea*afcion  it  the  oonnai  of  another  not  lorn  important*  which 
•min*  is  thii»  thetmt  may  wmttiply  tke  index  of  a  radical  by  any  number,  pro* 
*mi  m  raise  tke  auantity  under  tke  migm  to  tke  power  whom  degree  is  marked 
h  **  mmbsr,  or,  is  algebraic  language, 

Fwltfcd,  a  it  the  tame  thing  m  %/«*.  m*  Uitwfora, 


64.  By  aid  of  this  last  principle,  we  can  always  reduce  two  or  more  radicals  of 
•■•wtat  degrees  to  others  which  thtll  have  the  tame  index.  Lot  it  be  required, 
»*  rumple,  to  redact  the  two  vndicab  \/u  a  and  \/3o~c  to  others  which 
**fl  U  eeatialent,  and  hare  the  tut*  index,  If  we  multiply  3  the  index  of 
****«.  by  *  the  iodex  of  the  second,  and  at  the  seme  time,  raise  2  a  to  the 
**r*»«r;  if.  in  like  manner,  we  multiply  &  the  index  of  the  second,  by  3  the 
**v  of  ihe  first,  and  at  the  sasae  time  raise  3  b  c  to  the  3d  power,  we  shall 
*t  oWp  the  vane  of  the  two  radicab,  which  will  time  become 

1/3*7=    ,xt/(3lcp   =    V^^Fc1" 
W«  ihaB  that  hate  the  following  general 

BULK. 

U  mder  to  redact  two  or  more  radicate  to  otktrt  whick  email  be  equivalent  and 
ve  tke  tame  tneVr,  multiply  ike  index  of  tack  radical  hy  the  product  of  the  m 
>j  *feM  tke  otkere^  end  raim  tke  quantity  under  &•»  sign  to  tke  power  wkoee 

jprr  is  moratsf  by  tkat  product  

TW  let  U  be  required  to  reduce  y/Ta,  f3  b  *  c  \  V*  •*•«>/•,  to  the 
mm  ii 


V'jtt*    =  *x*x(/(sitci)tX»     =  V3irr-cir 

l'4i*«*/«  =  ,*i*i/(*e,4el/Vxi  =  V*,"or^7V» 

In*  above  rait,  which  heart  a  treat  analogy  to  that  given  for  the  reduction 
Hun* mm  in  a  common  denominator,  is  susceptible  of  the  same  modifications. 
1  a.  be  received,  for  example,  to  rednce  the  radicals,  V",  l/5~i»  f  *  c,  to 
nae  index :  since  the  least  common  multiple  of  the  numbers  4,  6,  8,  is  84, 
nil  he  stjgrisnl  to  multiply  the  index  of  the  first  by  6,  of  the  second  by  4* 
I  ef  the  third  by  3,  raising  the  quantities  under  the  radical  in  each  cast  to 
of  6, 4, 3,  immsctively,  

I  2 
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61.  Let  us  now  proceed  to  execute  upon  radicals,  the  fundamental  operatioi 
of  arithmetic. 


ADDITION  AND  SUBTRACTION  OP  RADICALS.   ' 

Definition. — Radicals  are  said  to  be  similar  when  they  have  the  same  i 
dex,  and  when  the  quantity  under  the  radical  sign  is  the  saine  in  each;  thus, 
3v^aT  12  ac\/a\  15  fry/aT  are  similar  radicals,  as  are  also,  4  a  *  b  \/m  u  p*t 
bl  \/mn*  p\2b  d\/mn*  p\  &c 

This  being  premised,  in  order  to  add  or  subtract  two  sistilar  radicals  we  have 
the  following 

RULE, 

Add  or  subtract  their  coefficients,  and  phot  the  sum  or  difference,  as  a  coeffi- 
cient, before  the  common  radical    For  example, 

(i.)  3VJ"+  2t/r         =«t/r 
(2.)  3t/r—2t/r         b  i/r 

(3.)   3  p  qtyrnli  +  t  ly/ltn  t=  (3pfl+4/)V^» 

(4.)   dcdy/'oT — 4tcdy/lT    =  &cdy/~a 
If  the  radicals  are  not  similar,  we  can  only  indicate  the  addition  or  subtrac- 
tion by  interposing  the  signs  +  or  — * 

It  frequently  happens,  that  two  radicals,  which  do  not  at  first  appear  similar, 
may  become  so  by  simplification;  thus, 

(5.)  y/  48aTr+  by/Wa  =  \Z3Xl£XaX**  +  V3X&>Xa 

=  4  6t/3a  +  bby/Ta 
=  9by/Wa~ 


(6.)  2^/55"—  3y/  5  =  2v/5X  9  —  By/  6 

=  3y/6 


(7.)  t/8«8o+16a*— y/bA  +  2ab*  =  \Z*a*(b+*a)  —  y/b*(b+*a)       • 

=  (2a-J)  V*a  +  b 

(a)  3  t/iT1  +  2  1/sT  =  3  1/2T+  2  V^T 

=  5  I/2T 

MULTIPLICATION  AND  DITISION  OF  RADICALS. 

62.  In  the  first  place,  with  regard  to  radicals  which  have  the  same  index,  let  it 
be  required  to  multiply  or  divide  Va  by  y/Ft  then  we  shall  have 

v«  x  vs  =  i/Jv"**  Vfl-f  i/r=  yj- 

For  if  we  raise  V«  X  l/^and  VaU,  each  to  the  power  of  **  w«  obtain  the 
result  a 6;  hence  these  two  expressions  are  equal 


j 
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-=p^  and  ,/—  when  rawed  to  the  -th  power,  gin  -■; 
are  equal.     We  shall  thus  have  the  following 


In  order  to  multiply  or  divide  two  radical*  which  have  the  tame  index,  mull:. 
pfy  or  divide  the  quinttitie*  under  the  *ign  by  each  other,  and  affect  the  result 
with  the  common  radical  sign.  If  there  be  any  coefficient*,  we  commence  6y 
wwittpljfing  or  dividing  them  teparately.     Thus, 


]/o-J 
(2.)  3c  V8*1  X  **  t^*«'«  =  8«J  (/»*o«c 

(&:,  2ov/*lX  SAv'oTpX  «V««         =s  «  o»6  v'S  a' i«  c1 
=  6«*4'eVT 

4  gq\/T  B  «    /T 

_  ffla'o      A«"^i 

■t/t 

fiOM     /I 

"-TV7 


If  the  radicals  ban  not  the  came  Index,  we  must  reduce  them  to  others  hat 
icig  the  tame  index,  sad  then  operate  upon  them  as  above;   thus, 

(7.)  soVT  X  slVTc        ■=  a  a  VTt  x  a  °  VST* 

(a.)  V5^r^  x  ••■•■»•*  =  w»w»'C'x  vrs^p «• 

SS    t/550a'Atc'1T_ 
S3   ««*  ffiOOoMc 
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FORMATION  OF  POWERS,  AND  EXTRACTION  OF  ROOTS  OF  RADICAL* 

63.  Let  it  be  required  to  raise  m\/~a  to  the  nth  power;  then, 
(Vo)n  =  V«"X  V«"X  V«    -    -    -    to  it  factors, 

=  y/a  *  according  to  the  rule  for  multiplication  just  fBtaMinheti 
Hence  we  have  the  following 

RULE, 

JH  order  to  raise  a  radical  quantity  to  amy  given  power,  roue  the  quantity 
under  the  sign  to  that  power,  and  affect  the  result  with  tke  radical  sips  with  its 
original  index.  If there  be  any  coefficient,  we  must  raise  tke  coefficient  separate* 
ly,  to  the  required  power*    Thus, 

00   (ViTO1     =    VieT^ 

=     2  a  Va* 

(&)     (3  &2a)*     =      3»  {/Wo1 

=     243  J/327P 
=      486  a  1/4  a  • 

When  tlie  index  of  the  radical  is  a  multiple  of  the  exponent  of  the 
which  we  wish  to  form,  the  operation  may  be  simplified. 

Let  it  he  required  for  example,  to  square  {/2  a,  we  have  seen  (Art.  58,)  thai 

*\/2  a—  y/  y/ta\  but  in  order  to  square  this  quantity,  it  is  sufficient  to  sap* 
press  the  first  radical  sign,  hence,  ({/2d)t  =  y/2a.  Again,  lei  it  be  re- 
quired to  raise  'Va  b c  to  the  power  of  5 ;  now,  l\/a be  =  ^/  \Zabc,  but  in 
order  to  raise  this  quantity  to  the  power  of  5,  it  is  sufficient  to  suppress  the  first 
radical  sign;  hence,  Qy/abc)  *  =  \/abc,  and  in  general, 

that  is  to  say, 

If  the  index  of  the  radical  be  divisible  by  the  index  of  the  required  power,  we 
may  divide  the  index  of  the  radical  by  the  index  of  the  power,  and  leave  tke 
quantity  under  the  sign  unchanged. 

64.  With  regard  to  the  extraction  of  roots,  by  virtue  of  the  principle  established 
in  (Art.  59),  we  shall  manifestly  have  the  following 


RULE, 

In  order  to  extract  any  root  of  «  radical  quantity,  muhifdy  the  index  of  As 
radical  by  the  index  of  tke  root  required*  and  leave  tke  quantity  under  tke  sign 
unchanged.  If  there  be  any  coefficient,  we  must  extract  Us  root  separate^.   Tks% 


(l.)    yt/57  =    VTc 
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If  the  quantity  under  the  sign  be  a  perfect  power  of  the  taste  degree  as  ilia 
root  required,  we  may  simplify.     Thus, 

(4)    VvsT9    "   V\/ST*  # 

=   \/ra 

Examples. 

(i.)  v/24    +  %/3T  —  \Z<T     =       4\/«" 

(2.)  y/\T  +  2\Z2T+  3\Z^T  +    9y/W   =    59%/s" 
(3.)  t/8P—  2\f*T+ \/W  +  ft/65"  =s    8v/7"—  fa" 

(4w)  v/45?  —  %/80?  +  y/!7c°  =     (a— c)\/5c" 
(5.)  v/iSV    +  t/SSa^    =   (Srt  +  5dbyy/EF 


(«.)  t/^^^'c  —  i/4X64a'BM    +    f4X«4a&»c  

=    (Sa^  —  5ao\r  +  6fl)  \/Aubc 


26 


(7.)  y^I  -  yw  .   (3-D^ 

-     (Sab—  ^L+  o-H  +  e)  \'«^ 


w    ./CSfp  +  SlD  -  ■  4nfl"H^ 


(11.)  i/3a*c-f-6a6c-J-36*c      =s         (a  +  6)\/3c" 
(!*.}  |/4a»**_ »O«rV+*>«0    =  (2 a*  —  5 £) x/ZJT 


•  ItbfDMMntdtet.tegMerd,  */"•«*  =  l/«/STfor  by  (Aft  5»)  each  of  thwe  expwadom  fa 
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(14) 

v/n*x  —  2ax*  +x9 

+  3* 

^ac 

-2ab  +  b* 

riis.^ 

la-J> 

_       * — *  x 


ye 


2 


a  — A 

(16.)  (/r  x  C/f  x  vr    =     ;/» 

(17.)  t/*"  X    V5"    X   V5"       ss        4V3981312 

(18.)  aViX  *Vy"X  «Vr      s         aoc  "Va^y**" 


65.  Let  lis  now  consider  the  sign  with  which  the  monomial  may  be  affected. 

We  have  seen  (Art.  52)  that,  whatever  may  be  the  sign. of  the  monomial  its 
square  is  always  positive;  and  it  is  evident  thai,  in  like  manner,  every  evm 
power  must  be  positive,  whatever  may  be  the  sign  of  the  original  monomial, 
and  that  every  uneven  power  will  be  affected  with  the  same  sign  as  the  original 
monomial. 

Thus  —  a  when  raised  to  different  powers  in  succession  will  give 
—  a,  +  a1 ,  —  a\  +  a*,  —  a»,  +  a§,  —  a1,  Bus. 
And  +  a  in  like  manner  will  give 

+  a,  +a\  +  a\  +  «\  +  a\  +  a\  +  a\  &* 
In  fact,  every  even  power  2  n  may  be  considered  as  the  square  of  the  »*  power, 
or  atn  =  (a°)*,  and  must  therefore  be  positive;  and  in  like  manner,  every 
power  of  an  uneven  degree  (2  n  -f-  1)  may  be  considered  as  the  product  of  the 
2  71th  power  by  the  original  monomial,  and  must  therefore  have  the  same  sign 
with  the  monomial. 

Hence  it  appears, 

I.  That  every  root  of  an  uneven  degree  of  a  monomial  quantity,  must  be 
affected  with  the  same  sign  as  the  quantity  itself.    Thus : 

V+TaT  =  2a;      \/—  8a9   =  —  2a;      V—  32a10P   =  —  *a'b 

II.  That  every  root  of  an  even  degree  of  a  positive  monomial  may  be  affected 
with  the  sign  +,  or  the  sign  — ,  indifferently.     Thus: 

1/81  a*b"  =  +  3a&»  ;  {/eiePzz  +  Zo* 

III.  That  every  root  of  an  even  degree  of  a  negative  monomial  is  anh 
sible  root.     For  no  quantity  can  be  found  which,  when  raised  to  an  even  poi 
can  give  a  negative  result.     Thus  v^—  <*»    \/ —  c, . . .  are  symbols  of 
tions  which  cannot  be  performed,  and  are  called  impossible,  or,  imaginary 
quantities,  as  v/— «,  \/ — 6,  iu  (Ark  56). 
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66.  The  different  rules  which  hare  been  established  for  the  calculation  of 
radicals,  are  exact  so  long  aa  we  treat  of  absolute  numbers ;  but  are  subject  to 
some  modifications,  when  we  consider  expressions  or  symbols  which  ate  purely 
algebraical ;  such  as  the  imaginary  expressions  just  mentioned. 

Let  it  be  required,  for  example,  to  determine  the  product  of  v/ a  by 

y/ — a;  by  the  rule  given  in  (Art.  62.) 


V—  a    X    V—  a        =       \/—a  X  — 


But  \/+  a*  =  +  a,  so  that  there  is  apparently  a  doubt  as  to  the  sign  with 
which  a  ought  to  be  affected,  in  order  to  answer  the  question.  However,  the 
true  result  is  — a;  because,  in  general,  in  order  to  square  y/m  it  is  sufficient 
to  suppress  the  radical  sign ;  but  \/ — a  X  V — a  is  the  same  thing  as 
(y — a)  • ,  and  consequently  is  equal  to  — a. 

Next,  let  it  be  required  to  determine  the  product  of  V —  a  by  y/ — b\  by 
the  rule,  (Art  62.) 

\/=a  X  x/^T       =       \/—  a  X  —  6 

=       y/+ab 
=         ±v'5T  

The  true  result,  however,  is  — x/cTF,  so  long  as  we  suppose  the  radicals  v/ —  a, 
V^TJ  to  each  preceded  by  the  sign  +  ;  for  we  have,  according  to  (Art.  53.) 

*/— a  =        y/a".  %/.—  l 

Hence,       

y/ZIi  X\/— b  =        y/aT(V^T)r 

SB  V^X    -1 

=       — v/iT 

Aoeording  to  this  principle,  we  shall  find  for  the  different  powers  of  */^l 
1U  following  results : 

(vz-ry       =     _i_       

(V-iy        =      (v/-o'-v/-i 

-      _\  x  — i 

Sinn  the  four  following  powers  will  be  found  by  multiplying  +  1  by  the 
fat*  the  second,  the  third,  and  the  fourth,  we  shall  again  find  for  the  four  new 
powers  -|-v/ —  1,  —  1,  — y/ —  I,  ■+•  1  ;  so  that  all  the  powers  of  \/ —  I,  will 
■*■  a  repeating  cycle  of  four  terms,  being  successively,  \/ —  1,  —  1,  — \/ — I 

t  nb  aay  to  txprwd  In  Its  most  general  form  tha»,  If  n  be  any  who***  narnher  t 
(fl^^T)4"  =       a4»   X   +1  =       «4n 

^•«"^«"  +  «     =       a40*-1   X  -I  =        -a4"+f 

fc%rZ"o«»+»    =       ««■•♦»   x  -vC^  -a4n-r*  •  VZT 
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*    Finally  let  it  be  required  to  determine  the  product  of  ('  -a  by  i/il  f 

which  according  to  the  role  wotJd  be  {/+ab.     To  doteintra*  the  trae  tesoh\ 
we  must  observe  that* 

i/— a  =  t/«"  •     V~l 


And  .*. 
But, 


Hence, 


The  above  principles  will  enable  the  student  to  operate  upon  these  quantitii 
without  enibiUit»oou*«iii. 


THEORY  OF  FRACTIONAL  AND  NEGATIVE  EXPONENTS. 

67.  This  is  the  proper  place  to  explain  a  species  of  notation  which  is  found 
extremely  useful  in  algebraic  calculations. 

L  Let  it  be  required  to  extract  the  nlh  root  of  a  quantity  such  as  a".  We 
have  seen  by  (Art  55.)  that,  if  m  is  a  multiple  of  n,  we  must  divide  m,  the 
index  of  the  power,  by  n,  the  index  of  the  root  required.  But  if  ails  not 
divisible  by  n,  in  which  case  the  extraction  of  the  root  is  algebraically  impos- 
sible, we  may  agree  to  indicate  that  operation,  by  indicating  the  division  of  the 
exponents.     We  shall  thus  have, 

the  expression  a*  being  understood  to  signify  the  it*  root  of  a",  by  a  conven- 
tion founded  upon  the  rule  for  the  extraction  of  roots  of  monomial  quantities. 
According  to  this  convention  or  definition,  we  shall  have, 

\/a*     =    a*  ;         {/a1     =    a* 

IT.  Let  i;  be  required  to  divide  a"  by  a* .  According  to  the  rale  in  (Art 
17.)  we  must  subtract  the  index  of  the  divisor,  from  the  index  of  the  dividend ; 
so  that, 


it  is  to  be  remarked,  however,  that  here  it  is  supposed,  that  m  *£.  ft  Bat 
if  m  -7  n,  in  which  case  the  division  is  algebraically  impossible,  we  may  agree 
to  indicate  the  division  by  subtracting  the  index  of  the  divisor,  from  the  index 
of  the  dividend.  Let  p  be  the  absolute  difference  of  m  and  n;  so  that  *  s=  s» 
+  p,  we  shall  then  have 

*•  _  a" 

IF  ""  a*^ 

ss  a*-(-T* 
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B.I    «" -*-i~ ._-..-_     1 


jap  may  also  be  put  under  the  farm  J^  by  suppressing  the  mctora"*, 
common  to  both  terms  of  the  fraction;  we  shall  then  have 

""     of 

« 

The  expression  a-*  it  then  the  symbol  of  a  division  which  cannot  be  executed ; 
and  the  true  value  of  the  expression  is  unity  divided  by  the  same  letter  a,  affected 
with  the  exponent  j?,  taken  positively.  According  to  this  convention,  we 
shall  have, 

^    »     h  **    =     3T*  ** 

IIL  By  combining  Che  two  last  conventions,  we  arrive  at  a  third  notation, 
wliich  is  the  negative  and  fractional  exponent. 

Lei  it  be  required  to  extract  the  n*  root  of  — . 

In  the  first  place,  JL=:«--;  hence  y^r  =  V^    =    a~^  substitut- 
ing  the  fractional  exponent  for  the  ordinary  sign  of  the  radical. 

As  in  words,  am  is  usually  enunciated  a  to  the  power  qfm,  m  being  a  positive 

integer;  so  by  analogy,  o»  ,  ar*\  <*""""■",  are  usually  enunciated,  a  to  the 
jfower  of  m  by  a,  a  to  the  power  of  minus  m,  and,  a  to  the  power  of  minus  m 
bgn. 

All  that  has  been  hitherto  said,  with  regard  to  fractional  and  negative 
exponents,  most  be  considered  as  a  mere  matter  of  definition  *  in  short,  that  by 

a  convention  among  algebraists,  a~  is  understood  to  mean  the  same  tiling  as 
l/tr\  <f"  to  be  the  same  as  — »  *°d  d"Tas  ^/^s".  We  shall  now  pro- 
ceed to  prove,  that  the  rules  already  established  for  the  multiplication,  division, 
tfMination  of  powers,  and  extraction  of  roots,  of  quantities  affected  with  positive 
integral  exponents,  are  applicable  without  any  modification,  when  the  exponents 
are  fractional  or  negative.     We  sliall  examine  the  different  cases  in  succession. 

6&.  Mui/i  .vocation.     Let  it  be  required  to  multiply  a*  by  a* ;    then  it  is 
asserted,  thai  it  will  be  sufficient  to  add  the  two  exponents,  and  that, 

a*    X«*  =    ««  +  * 


For  by  car  definition, 


a« 


.1  =   i/jr- 

.«.  a*  X  «*    =    V"1  X  V\ 


=  V?7 


19 


=    a^by  definition  iu  (Art.  67.  L) 
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Next  let  it  be  required  to  form  the  square  of  a  trinomial  (x  +  a  +  by,    Let 
us  represent,  for  a  moment,  the  two  terms,  x  +  a,  by  the  single  letter  *» 

Then, 

(s  +  a  +  b)*    s  (x  +  by 

=  z*  +  2zb  +  b* 
Bui, 

««    =  (x  +  a)* 

=  «*  +  2xa  +  a* 
And, 

2x6    =  2b{x+a) 

s  2x0  +  2ao 


Therefore,  substituting  for  z  ■  and  2  s  6  their  values,  we  find, 

(x  +  a  +  6)*    =    2'+a*-f  6*-f2*a-f-2:i;6-f  2ao 


Hence  it  appears,  that  the  square  of  a  trinomial  is  composed  of  the  swm  oftm* 
squares  of  all  the  terms,  together  with  twice  the  sum  of  the  products  of  ail  the 
terms  multiplied  together  two  and  two. 

We  shall  now  prove,  that  this  law  of  formation  extends  to  all  polynomials, 
whatever  may  be  the  number  of  terms.  In  order  to  demonstrate  this,  let  us 
suppose  that  it  is  true  for  a  polynomial  consisting  of  n  terms,  and  then  endea* 
your  to  ascertain  whether  it  will  hold  good  for  a  polynomial  composed  of 
(n  +  1)  terms. 

Let  s  +  a  +  o  +  c-f-  -  -  -  -  +  A  -f-  /  be  a  polynomial  consisting  of  n  +  1 
terms,  and  let  us  represent  the  sum  of  the  n  first  terms,  by  the  single  letter  *• 

then, 

{x+o+b+c-\ +*+/)  =  (z+l) 

and, .-.  (x+a+b+oi +k+t)*  =  (*+0* 

or  putting  for  z  its  value,  =  (x+a+b+cj +A)f  +  S(x+o+i 

But,  the  first  part  of  this  expression,  being  the  square  of  a  polynomial  con- 
sisting of  n  terms,  is,  by  hypothesis,  composed  of  the  turn  of  the  squares  of  all 
the  terms,  together  with  twice  the  sum  of  the  products  of  all  the  terms  multi- 
plied two  and  two :  the  second  part  of  the  above  expression  is  equal  to  twiee 
the  sum  of  the  products  of  all  the  n  first  terms  of  the  proposed  polynomial, 
multiplied  by  the  (n  -f-  1)*  term  /:  and  the  third  part  is  the  square  of  the 
(n  +  I)*  term  L 

Hence,  if  the  low  of  formation  already  enounced,  holds  good  to  a  polyno- 
mial composed  of  »  terms,  it  will  hold  good  for  a  porynomial  canftnief 
(n  +  1)  terms. 

But  we  have  seen  above  that  it  does  hold  good  for  a  polynomial  composed  of 
KAree  terms;  therefore  it  must  hold  for  a  polynomial  composed  otfbwr 


J 
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*«V 


* 

"™ 

a 

«• 

=  v^* 

,  and  a 

•«*■■ 

V* 

a 

ITT 

=    •{/?  »>T  (Art.  «> 
=    a*  by  definition 


/ 
**  lite  manner,  we  can  prove  that 

-^  =  at-(-t> 

^^Krally,  let  it  be  required  to  divide  a  ■"  by  #»* 

Then, 

■i— » 

=    a    »i 

For, 

s>    =     \/a",  and  a*     =s     V**i 

,\  a  »  -s-  a  1      :=      - 

■  <  — "F 

=    a     »*      by  definition. 
'  ■  •  Hence  we  bare  the  following  general 


MJLB  OF  EXPONENTS   IN  DIVISION. 

&  onfcr  to  divide  quantities  expressed  by  the  same  Utter,  subtract  the  erpon- 
Btoftiu  dwisor  from  the  exponent  of  the  dividend,  whatever  may  be  the  nature 
If  ^exponents. 

Aii  if  the  same  rule  as  that  established  in  (Art  17),  for  quantities  affected 
**  integral  and  positive  exponents.    According  to  this  rule  we  have 


W2 
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a  -t-a~~ 

*  _ 

.*-«- 

-0 

= 

.« 

,W 

_ 

a"* 

72.  Formation  of  powers.  In  order  toraise  a  monomial  to  any  power,  the 
rule  given  in  the  case  of  positive  and  integral  exponents  was,  to  multiply  Hit 
index  of  the  quantity  by  the  index  of  the  power  sought  We  hare  now  to  pews 
that  this  holds  good,  whatever  may  be  the  nature  of  the  exponent. 

4 
Let  it  be  required  to  raise  a     to  the  4*  power. 

Then, 
For, 

<•♦  =  v?.  «*(«V  »  <W)4. 

But, 

(VJ9*     =     (/?*,  by  (Ait  68.) 

Generally,  let  it  be  required  to  raise  a  *  to  the  power  of  p. 

*****  /      x 

I  a  »  i       ss     a  ■ 

sr    a  » 
For, 

«■     =    V«".  and(a-)      =    (Va1)', 
But, 

=    a  ■ 

The  demonstration  will  manifestly  be  precisely  the  same  if  we  suppose  as*  or 
both  of  the  indices  to  be  negative. 

73.  Hence  we  have  the  following  general 

RULE  FOR  RAISING  A  MONOMIAL  TO  ANT  POWER. 

Multiply  the  exponent  of  the  monomial  by  the  exponent  of  the  power  teaming 
whatever  may  be  the  nature  of  the  exponents. 

This  is  the  same  rule  as  that  established  in  (Art  65)  lor  quantities 
with  positive  integral  exponents.    According  to  this  rale  we  have 


i 
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—  *    # 

=    64a        5\ 

74,  ExT»AcnoH  op  Roots.  In  order  to  extract  the  n*  root  of  any  quantity 
according  to  the  role  in  (Art  55),  we  must  divide  the  exponent  of  each  letter  by 
the  index  n  of  the  root.    i#et  oa  examine  the  ease  of  fractional  exponents. 

Let  it  be  required  to  extract  the  cube  root  of  a  • 
Then, 


=    «« 

For, 

a* 

=  V«*»  ■"* ' 

.'.(/J*    = 

t/\/r 

But, 

VVa* 

=    a**  by. 

definition. 

Generally,  let  it  bo  loajuired  to  ex***  the  p*  root  of  a  -  . 
Then,  

For, 


a 
B*. 


*    =     «/«■  ,  »d  .'.  {/a "    ~    V  V*» 


yv?    =    "Va",  (by  Art.  58.) 
=:    a  *"?,  by  definition* 


75.  nonce  we  have  {lie  following 


BUI*  FOR  THE  EXTRACTION  OF  ART  ROOT  OF  AN  ALORBBA1C  MONOMIAU 

Dhnde  the  exponent  of  the  wmmnud  by  the  exponent  qf  the  root  required, 
may  be  the  nature  ftfiMeaponenis.    Thus, 
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— 1+/ 
b 


76.  We  shall  close  this  discassion  by  an  operation  which  includes  the  deou 

stration  of  every  possible  variety  of  the  two  preceding  rules. 

i  r 

Let  it  be  required  to  raise  a  ■  to  the  power  c€  — —;  we  most  prove  that. 


(ja  ■ )      •     ==    a**  •" 

■  r 

=    a     ■•• 


If  we  recur  to  the  origin  of  this  notation,  we  find  that 


(a  •  )      7    —     V  (aT") 


■  r 

ss    a     »• 

77.  The  notation  above  explained  can  be  extended  to  polynomials,  by  inchrfag 
them  within  brackets,  in  the  same  manner  as  was  explained  in  the  case  of  in- 
tegral exponents.  ___ 

Thus,  (x  -J-  a)  i  signifies  the  same  thing  as  y/x  -f-  a,  or,  the  sowars  root  •/ 
x+a. 

So,  (x  -f°  a)  *■  equivalent  to  x  ,  or,  wmty  divided  by  the  ajsart 
roof  of  x+  a. 

In  like  manner,  (*  +  a  +  b)  }  will  be  the  same  at  i/(x+  a-f-  6)1,  or, 
ffc  fourth  root  of  the  third  power  of  the  quantity  *  +  «  +  o,  and  (x  +  « 
+  0)  —  i  will  be  unity  divided  by  the  last  mentioned  quantity.     Since  the  «• 

ponent  unity    is  always   understood,    when  no  other  index   is  expreawi 

1 
(x  +a)  —  *  is  the  same  as  %  -f-  a,  ^d  ■©  on« — Tb*  *■■*•  nu^s  which  have  be* 

established  for  the  treatment  of  monomials  affected  with  exponents  will  ah* 
manifestly  apply  to  polynomials  under  the  same  restrictions. 

Examples*  ** 


(1.)  a      *  X  «  =    a  =s    o(/iT 


EXTRACTION  OF  ROOTS.  146 


14.)  a_~  -*-  o""T  s    «i"  s    a     m" 

fr)ca*  -5-  da*  =  -3  •  a~* 

«.*»*  +  .-■»-*.»  ^ 

c 
c*d»  6*  c*dV 

11^**-.**-*—**  +  **    =    Qt_b 

,     ^  Haying  thus  discussed  the  formation  of  powers,  and  the  extraction  of  roots, 
,   ***ooomial  quantities,  we  shall  now  direct  our  attention  to  polynomials ;  and 
***e  first  place,  let  it  be  required  to  determine  the  square  of  x  -f-  a;  then, 

(*  +  a)'  =  («+a)X(*+«) 

=  **  +  2*o+«*    by  rait*  of  multiplication. 
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Next  lei  it  be  required  to  form  the  equal*  of  a  trinomial  (x  +  a  +  o>    Lei 
us  represent^  for  a  moment!  the  two  terms,  x  +  a,  by  the  single  letter* 

Then, 

(x  +  «+b)*    =  (*  +  *)« 

=  z*  +  2zb  +  b* 
But* 

t»    =  (*  +  «)* 

=  x*  -f-  2xa  -f-  a* 
And, 

2^    =  2o(*-f  a) 

s  2xb  +  2ab 


Therefore,  substituting  for  x  *  and  2  s  6  their  values,  wo  find, 

(x  +  a  +  o)«    =    x*  +  a*  +  b*  +  2xa  +  2xb  +  2*b 

Hence  it  appears,  that  the  square  of  a  trinomial  is  composed  of  the  sum  e/nV 
squares  of  all  the  terms,  together  with  twice  the  sum  of  the  products  of  off  6U 
ter/w*  multiplied  together  two  and  two* 

We  shall  now  prove,  that  this  law  of  formation  extends  to  all  polynofluak, 
whatever  may  be  the  number  of  terms.  In  order  to  demonstrate  this,  let  m 
suppose  that  it  is  true  for  a  polynomial  consisting  of  n  terms,  and  then  eaeW 
vour  to  ascertain  whether  it  will  hold  good  for  a  polynomial  composei  «f 
(it  +  1)  terms. 

Let  x  +  a  +  o-f-c-f-----  -f-jfc-f-ib*  *  polynomial  consisting  of «+ 1 

terms,  and  let  us  represent  the  sum  of  the  it  first  terms,  by  the  tingle  letter'' 
then, 

{x+a+b+c+  -  -  -  +*+/)  =  (z+l) 

and,  .\  (z+a+b+c-i +*+0f  =  (*+0f 

=  z*+2zl+t* 
or  putting  for  z  its  value,  =  (x+a+b+oj H*)f  +  2(i+«|* 

But,  the  first  part  of  this  expression,  being  the  square  of  a  polynomial  es»* 
sisting  of  n  terms,  is,  by  hypothesis,  composed  of  the  sum  of  the  squares  ef  ttt 
the  terms,  together  with  twice  the  sum  of  the  products  of  all  the  terns  wM0 
plied  two  and  two:  the  second  part  of  the  above  expression  is  equal  to  tvfe* 
the  sum  of  the  products  of  all  the  it  first  terms  of  the  proposed  peljaeriaV 
multiplied  by  the  (it  -J-  1)*  term  /:  and  the  third  part  is  the  square  of  uw 
(n  +  if  term  L 

Hence,  if  the  law  of  formation  already  enounced,  holds  good  for  a  perrat- 
mial  composed  of  »  terms,  it  will  hold  good  for  a  polynomial  cosafamitf 
(n  -J-  1)  terms. 

But  we  have  seen  above  that  it  does  hold  good  for  a  polynomial  composed  at 
Hire*  tonus;  therefore  k  mast  hold  for  a  polynomial  composed  of  four  tone; 
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and  therefore  for  a  polynomial  id  five  terms,  and  so  on  in  succession.    Than* 
fore,  the  law  is  general,  and  we  hare  the  following 


KUL8  FOR  TUB  FORMATION  OF  TUB  SQUARE  OF  A  POLYNOMIAL. 

The  square  of  any  polynomial  is  composed  of  the  sum  of  the  squares  of  all 
the  terms  together,  with  twice  the  sum  of  the  products  of  all  the  terms  multiplied 
together  two  and  two*    According  to  this  rule,  we  shall  have, 

(1.)  [a+b+c+d+e)% =  <**+b*+  c%+d%+e^+  2ab+2ac+2ad+2ac+2bc 

+W+2be+2cd+2ce+2de. 

t£«  (a— 6— c+d)*     =  a'+bt+ct+d'-^b—iac+lrt+Mc-- 8W- 9cd 

If  any  of  the  terms  of  the  proposed  polynomial  he  affected  with  exponents 
or  coefficients,  we  must  square  these  monomials  according  to  the  rules  already 
established. 

(3L)  (2«—  4o*cs)f  =  4a*  +  16o4c«  —  16a©8*1 

(4.)  (3af  —  9ab  +  *b*)%        =9c4  +  4c,4l+  16  b*  —  \2  a*  b 

+  a4af0*  —  l«ao* 
=  9a4— \%a*b+9aa*b%— I6ab*+I6b*  ar- 
ranging according  to  powers  of  a,  and 
reducing. 

(a.)  (ba'b— Aabc+Gbc*— 3a*c)*  =  85  a*b*+ 16  at^c*  +  36  b*c*  +  9  a*c  « 

—  40  a*b*c  +  60a«of<:*  —  30a4oc 

—  48  ab*c*  +  24a*  b  c«  —  36  a*bc>. 
=  25a4of—  4<k^ftsc+76a«*1c*-^16aft,lcI 

-f  366«c*  — 'SOa'Ac  +  S4a'6c* 

—  36  a«oc»+  9  a4 c*. 

79.  Let  as  now  pass  on  to  the  extraction  of  the  square  root  of  algebraic 
quantities. 

Let  P  be  the  polynomial  whose  root  is  required,  and  let  R  represent  the  root 
which  for  the  moment  we  suppose  to  be  determined ;  let  us  also  suppose  the  two 
polynomials  P  and  R  to  be  arranged  according  to  the  powers  of  some  one  of 
the  letters  which  they  contain ;  a,  for  example. 

If  we  reflect  upon  the  law  of  the  formation  of  the  square,  it  will  be  seen,  that 
the  two  first  terms  of  the  polynomial  P,  when  thus  arranged,  will  enable  us  at 
once  to  determine  the  two  first  terms  of  the  root  sought;  for, 

1*.  The  square  of  the  first  term  of  R  must  involve  a,  affected  with  an  ex- 
ponent greater  than  «ny  that  is  to  be  found  in  the  other  terms  which  compose 
the  square  of  R. 

2°.  Twice  the  product  of  the  first  term  of  K  by  the  second,  must  contain  a, 
affected  with  an  exponent  greater  than  any  to  be  found  in  the  succeeding 

K  2 
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Hence,  the  two  terms  of  which  we  speak  not  being  susceptible  of  reduction 
with  any  other  terms,  will  necessarily  form  the  two  terms  of  P,  affected  with  the 
highest  exponent  of  a,  and  the  one  immediately  inferior.  It  follows  from  this, 
that  if  P  be  a  perfect  square, 

L  The  first  term  must  be  a  perfect  square ;  and  the  square  root  of  this  term, 
when  extracted  according  to  the  rule  for  monomials  (Art.  49),  is  the  first  term 
ofR. 

II.  The  second  term  must  be  divisible  by  twice  the  first  term  of  R  thus  found, 
and  the  quotient  will  be  the  second  term  of  It. 

III.  In  order  to  obtain  the  remaining  terms  of  R,  square  the  two  terms  of  R 
already  determined,  and  subtract  the  result  from  P;  we- thus  obtain  a  new  poly- 
nomial P',  which  contains  twice  the  product  of  the  first  term  of  R  by  the  third 
term,  together  with  a  series  of  other  terms.  But  twice  the  product  of  the  first 
term  of  R  by  the  third,  must  contain  a,  affected  with  an  exponent  greater  than 
any  that  is  to  be  found  in  the  succeeding  terms,  and  hence  this  double  product 
must  form  the  first,  term  of  P. 

IV.  The  first  term  of  P  must  be  divisible  by  twice  the  first  term  of  R,  and 
the  quotient  will  be  the  third  term  of  R. 

V.  In  order  to  obtain  the  remaining  terms  of  R,  square  the  three  terms  cf 
the  root  already  determined,  and  subtract  the  result  from  the  original  polyno- 
mial P ;  *  we  thus  obtain  a  new  polynomial  P",  concerning  which  we  may  rea- 
son precisely  in  the  same  manner  as  for  P,  and  continuing  to  repeat  the  ope- 
ration until  we  find  no  remainder,  we  shall  arrive  at  the  root  required. 

The  above  observations  may  be  collected  and  embodied  in  the  following 

RULE  FOR  THE  EXTRACTION  OF  THE  SQUARE  ROOT  OF  ALGEBRAIC  POLYNOMIALS. 

1*.  Arrange  the  polynomial  according  to  the  powers  of  some  one  letter. 

2*.  Extract  the  square  root  of  the  first  term  according  to  the  rule  for  mono* 
mials,  and  the  result  will  be.  the  first  term  of  the  root  required. 

3°.  Square  the  first  term  of  the  root  thus  determined,  and  subtract  it  from  the 
original  polynomial. 

4*.  Double  the  first  term  of  the  root,  and  divide  by  it  the  first  term  of  the  re- 
mainder, and  annex  the  result  (which  will  be  the  second  term  of  the  root  J  with 
its  proper  sign  to  the  divisor, 

5°.  Multiply  the  whole  of  this  divisor  by  the  second  term  of  the  root,  and  sub- 
tract the  product  from  the  first  remainder. 

6*.  Divide  this  second  remainder  by  twice  the  two  first  terms  of  the  root  al- 
ready found,  and  annex  the  result  (which  will  be  the  third  term  of  the  root  J 
with  its  proper  sign  to  the  divisor. 

T.  Multiply  the  whole  of  this  divisor  by  the  third  term  of  the  root,  and  sub* 
tract  the  product  from  the  second  remainder;  continue  the  operation  in  this 
manner  until  the  whole  root  is  ascertained. 

The  above  process  will  be  readily  understood  by  attending  to  the  following 
examples : — 


*  In  practice  this  operation  i*  dispensed  with  by  following  thejreeeptB  5*,7\  in  the  fbttowiag  rule, 
which  evidently  come  to  the  Mune  thinjr 
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Example  1. 

Extract  the  square  root  of  10 x *  — 10*' 12  x5  +  5x*  +  9xc  —  2x-f- 1. 

Or,  arranging  according  to  the  powers  of  x, 

9xg— 12x*  +  10x4  —  l0x«  +  5x«  —  2x  +  I  I  S*3  — 2x*+x—l 
9  j*  I 


Cx*  —  2x* 


—  12x»  +  10x4— lOx^Sx1  — -2x  +  1 

—  12x5  +    4x4 


6jr»  — 4x1  +  x|6x4  — I0x»  +  5x»  — 2x+l 

6x4 —  4x,-f-x* 


6x»  -4xf +  2x— 1 


—  6x*  +  4x«  —  2x  +  I 

—  6x8  +  4<r*_  2x  +  1 


0. 


Having  arranged  the  polynomial  according  to  powers  of  x,  we  first  extract 
the  square  root  of  9  x  •  the  first  term,  this  gives  3  x  *  for  the  first  term  of  the 
root  required;  this  we  place  on  the  right  hand  of  the. polynomial  as  in  division: 
squaring  this  quantity,  and  subtracting  it  from  the  whole  polynomial,  we  obtain 
for  a  first  remainder,  —  12  x  *  -f-  19  x4  —  10  x  3  +  5  x  *  —  2  x  -f-  ' ;  we  now 
double  3  Xs  and  place  it  as  a  divisor  on  the  left  of  this  remainder,  and  dividing 
by  it  —  12  x  *,  the  first  term  of  the  remainder,  we  obtain  the  quotient  —  2  x  * 
(the  second  term  of  the  root  sought),  which  wo  annex  with  its  proper  sign  to  the 
double  root  6  x  3;  multiplying  the  whole  of  this  quantity,  6  a:3  —  2  x  *,by — 2a?2, 
And  subtracting  the  product  from  the  first  remainder,  we  obtain  for  a  second 
remainder,  6  x  4  —  10  x  8  +  5  x  *  —  2  x  +  1.  Next  doubling  3  x  8  —  2  x  *, 
the  two  terms  of  the  root  thus  found,  and  dividing  6i4,  the  first  term  of  the 
new  remainder,  by  6  x  *,  the  first  term  of  the  double  root,  we  obtain  x  for  a  quo- 
tient, (which  is  the  third  term  of  the  root  sought,)  and  annex  it  to  the  double 
root  6  x  8  —  4  x  *,  multiplying  the  whole  of  this  quantity  6  x  8  —  4  x  •  -f-  x  by 
xv  and  subtracting  the  product  from  the  second  remainder,  we  obtain  a  third 
remainder  —  6x8+4i'  —  2  x  +  I,  we  now  double  3is  —  2  x  *  +  x,  the 
three  terms  of  the  root  already  found,  and  dividing  —  6i8,  the  first  term  of 
the  new  remainder,  by  6  x  8,  the  first  term  of  the  double  root,  we  obtain  —  1 
for  the  quotient,  (which  is  the  fourth  term  of  the  root  sought,)  and  annex  it  to 
the  double  root  6  x  8  —  4  x  *  -f-  2x,  multiplying  the  whole  of  this  quantity 
fix*  —  4  x  *  -f-  2  x  —  1  by  —  1,  and  subtracting  it  from  the  third  remainder, 
we  find  0  for  a  nftw  remainder  which  shows  that  the  root  required  is 

3»s-  2x*  +  x— 1 
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(9)  Extract  the  square  root  or 

*    4  #    *  4  4    *  V 

*,+  4sty*  +  6xfz»  +  4yt+12y*z*+9z^ 

Ana.  **  +  2y*+3*' 

f  10)  Extract  the  square  root  of 
ixa+  12x*y*a*o*  —  16  ****a*<?  *—  20x*a*d*  +  9  6  »  j  » 
—  24  6  *y*c***—  30*  *y*d*+16c»*»  +  40c ***d*  +  85 d' 

Ans.2**a*  +  35*y*  — 4c*z*  — 5</* 

80.  If  the  proposed  polynomial  contain  several  terms  affected  with  the  same 
power  of  the  principal  letter,  we  must  arrange  the  polynomial  in  the  manner 
explained  in  division  (Art  20.) ;  and  in  applying  the  above  process  we  shall  be 
obliged  to  perform  several  partial  extractions  of  the  square  roots  of  the  cocfi- 
cunts  of  the  different  powers  of  the  principal  letter,  before  we  can  arrive  at  ibe 
toot  required.     Such  examples  however  very  rarely  occur. 

Before  quitting  this  subject  we  may  make  the  following  remarks : — 
L  No  binomial  can  be  a  perfect  square  ;  for  the  square  of  a  monomial  is  s 
monomial,  and  the  square  of  the  most  simple  polynomial,  that  is,  a  binoaial, 
consists  of  three  distinct  terras,  which  do  not  admit  of  being  reduced  with  each 
other.  Thus,  such  an  expression  as  a  %  +  b  *  is  not  a  square;  it  wants  tat 
term  -f-  2  a  b  to  render  it  the  square  of  (a  -f-  b). 

IL  In  order  that  a  trinomial,  when  arranged  according  to  the  powers  of  tern 

one  letter ;  may  be  a  perfect  square,  the  two  extreme  terms  must  be  pajkt 

squares,  and  the  middle  term  must  be  equal  to  twice  the  product  of  the  sqwsn 

roots  of  the  extreme  terms.    When  these  conditions  are  fulfilled,  wo  may  ebtvs 

1  the  square  root  of  a  trinomial  immediately,  by  the  following 

Rule. 

Extract  the  square  roots  of  the  extreme  terms,  and  connect  the  two  term  fkss 
found  by  the  sign  +,  when  the  second  term  of  the  trinomial  is  positive,  smi  fy 
the  sign  — ,  when  the  second  term  of  the  trinomial  is  negative*  Thus  tht  ex- 
pression 

9c«-  48a46'-f64a'6< 

is  a  perfect  square ;  for  the  two  extreme  terms  are  perfect  squares,  and  the 
die  term  is  twice  the  product  of  the  square  roots  of  the  extreme  terms, 
the  square  root  of  the  trinomial  is 


v/9o»  —  y/6  4  a *~b  « 
Or, 

3a»  —  Sab9 

An  expression  such  as  4  a  «  +  12  a  b —  9  b  f  cannot  be  a  perfect  square, 
tkough  4  a  *  and  9b\  considered  independently  of  their  signs,  are  perfect 
and  12  a  b  =  2  a  X  6  5,  for  —  9  b  *  is  not  a  square,  since  no  quantity, 
snakiplied  tor  itself;  can  have  the  sign  — . 
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ITL  In  performing  the  operations  required  by  the  general  rule,  if  we  find 
fiat  the  first  term  of  one  of  the  remainders  is  not  exactly  divisible  by  twice  the 
first  term  of  the  root,  we  may  immediately  conclude  that  the  polynomial  is  not 
a  perfect  square. 

IV.  We  may  apply  to  the  square  roots  of  polynomials  which  are  not  perfect 
squares,  the  simplifications  already  employed  in  the  case  of  monomials  (art  51). 
Thus,  in  the  expression, 

%/a8$  +  4a*6*  +  4a&8 

The  quantity  under  the  radical  is  not  a  perfect  square,  but  it  may  be  put  un- 
der the  form 

v/a6(aa  +  4a$  +  4&«) 
The  factor  within  brackets  is  manifestly  the  square  of  a  +  2  b,  hence 


y/a*b  +  *a*b*  +  tab'  =  i/a  b  (a  »  +  4  a  b  +  4  b  *) 

=  v/a  b  (a  +  2  b)  * 
=  (a  +  2  b)  Vab 

81.  Let  as  next  proceed  to  form  the  Cube  of  x  -f-  a. 

(t  +  a)8  =  (x  +  a)  X  (x  +  a)  X  (*  +  a) 

=  x*  +  3x*a  +  3xa*  +  a*     by  rules  of  multiplication. 

£«t  it  be  required  to  form  the  cube  of  a  trinomial  (x  +  a  -f-  b) ;  represent  the 
hro  last  terms  a  +  b  by  the  single  letter  5,  then 

=  *8  +  3x,*+3x*8  +  s8 

=  x  8  +  3  z  2  (a  +  ft)  +  3  x  {a  +  b) «  +  (a  +  A) 8 

+  3a86+3a6*  +  63 

i*  expression  is  composed  of  the  stun  of  the  cubes  of  all  the  terms,  toyct/i  r 
**■  three  times  the  sum  of  the  squares  of  each  term,  multiplied  by  the  simple 
.   ***er  of  each  of  the  others  in  succession,  together  with  six  times  the  product  of 
simple  power  of  all  the  terms. 


y  following  a  process  of  reasoning  analogous  to  that  employed  in  (Art  78), 
am  prove  that  the  above  law  of  formation  will  hold  good  for  any  polynomial 
^haterer  number  of  terms.     We  shall  thus  find 


V*^hb+c+d)  ■     =a  8+6  8+c  *+d  *+3a*  b+3a*  c+3a*  d+338  a+W  c+3#  d 

+3c*  a+3c*  b+3c%  d+3d*  a+3d*  b+3d*  c+6al>cd 


l$***-4<ib+3btY  =  8a§  —  64a*b*  +  27b§  —  48a*b+36a*b*+96a*b* 

+  \44a*b*+5*dlb*--lOSabi--lUa?b' 
=  «<*•— 48a*6+132a*a8— 203a86s+198a8A*  —108  ab' 
+  27  b* 

u  a  similar  manner,  we  can  obtain  the  4th,  5th,  &c.  powers  of  any  poly- 
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82.  We  shall  now  explain  the  process  by  which  we  can  extract  the  cube  root 
of  any  polynomial,  a  method  analogous  to  that  employed  for  the  square  root,  and 
which  may  easily  be  generalized,  so  as  to  be  applicable  to  the  extraction  of 
roots  of  any  degree. 

Let  P  be  the  given  polynomial,  R  its  cube  root     Let  these  two  polynomials 
oe  arranged  according  to  the  powers  of  some  one  letter,  a  for  example.     It  fol- 
lows, from  the  law  of  formation  of  the  cube  of  a  polynomial,  that  the  cube  of  R 
contains  two  terms,  which  are  not  susceptible  of  reduction  with  any  others;  these 
are,  the  cube  of  the  first  term,  and  three  times  the  square  of  the  first  term  mul- 
tiplied by  the  second  term ;  for  it  is  manifest  that  these  two  terms  will  involve 
a  affected  with  an  exponent  higher  than  any  that  is  to  be  found  in  the  succeed- 
ing terms.     Consequently  these  two  terms  must  form  the  two  first  terms  of  P 
Hence,  if  we  extract  the  cube  root  of  the  first  term  of  P,  we  shall  obtain  the 
first  term  of  R,  and  then,  dividing  the  second  term  of  P  by  three  times  the 
square  of  the  first  term  of  R  thus  found,  the  quotient  will  be  the  second  term  of 
R.     Having  thus  determined  the  two  first  terms  of  R,  cube  this  binomial,  and 
subtract  it  from  P.     The  remainder  P*  will  contain  three  times  the  product  of 
the  square  of  the  first  term  of  R  by  the  third,  together  with  a  series  of  terns 
involving  a,  affected  with  a  less  exponent  than  that  with  which  it  is  affected  in 
this  product,  which  consequently  forms  the  first  term  of  P.     Dividing  the  first 
term  of  P  by  three  times  the  square  of  the  first  term  of  R,  the  quotient  will  be 
the  third  term  of  R.     Forming  the  cube  of  the  trinomial  root  thus  determined, 
mid  subtracting  this  cube  from  the  original  polynomial  P,  we  obtain  a  new  po- 
lynomial P",  which  we  may  treat  in  the  same  maimer  as  1",  and  continue  the 
op  ration  till  the  whole  root  is  determined. 


EXTRACTION  OF  THE  SQUARE  ROOT  OF  NUMBERS!. 

83.  We  have  already  given  rules  in  our  Arithmetic,  by  which  we  are  enabled  to 
extract  the  Square  and  Cube  Roots  of  any  proposed  number;  we  shall  now 
proceed  to  explain  the  principles  upon  which  these  rules  are  founded. 

The  numbers 

1,    2,    3,    4,    5,    6,     7,     8,     9,     10,      100,        1000, 
when  squared  become 

1,    4,    9,  16,  25,  36,  49,  64,  81,  100,  10000,  1000000, 

and  reciprocally,  the  numbers  in  the  first  line  are  the  square  roota  of  the  nam 
bers  in  the  second. 

Upon  inspecting  these  two  lines  we  perceive,  that  among  numbers  expreaseol 
by  one  or  two  figures,  there  are  only  nine  which  are  the  squares  of  other  whole* 
numbers;  consequently,  the  square  root  of  all  the  rest  must  be  a  whole  number* 
plus  a  fraction. 

Thus  the  square  root  of  53,  which  lies  between  49  and  64,  is  7  plus  a  frac- 
tion.    So  also,  the  square  root  of  91  is  9  plus  a  fraction. 

84.  It  is  however  very  remarkable,  that  Me  square  root  of  a  whole  number, 
which  is  not  a  perfect  square,  cannot  be  expressed  by  an  exact  fractum^  em*  i 
therefore  incommensurable  with  unity. 


■J 


t 
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To  prove  this,  let  -*-,  a  fraction  in  its  lowest  terms,  be,   if  possible,   the 

,  a  a* 

square  root  of  some  whole  number  N,  then  the  square  of  — ,  or     ,-,  must  he 

b  b- 

equal  to  N.     But  since  a  and  b  are,  by  supposition,  prime  to  each  other,  a8  and 

b*  are  also  prime  to  each  other;    therefore,    rj-   is  an  irreducible  fraction, 
and  cannot  be  equal  to  a  whole  number. 

85.  The  difference  between  the  squares  of  two  consecutive  whole  numbers  is 
greater  in  proportion  as  the  numbers  themselves  are  greater ;  the  expression 
for  this  difference  can  easily  be  found. 

Let  a  and  a  -f* 1  be  two  consecutive  whole  numbers; 
Then 

(a+l)«  =        a,+  2a+l 

Hence 

(a-fiy  —  a*     =s        2a +1 

dint  is  to  say,  the  difference  of  the  squares  of  two  consecutive  whole  numbers,  is 
tfjnal  to  ticice  the  less  of  the  two  numbers,  plus  witty. 

Thus  the  difference  between  the  squares    of  348  and  347   is  equal  to 
2  X  347  +  I,  or  695. 

Let  us  now  proceed  to  investigate  a  process  for  the  extraction  of  the  square 
fuotof  any  number,  beginning  with  whole  numbers. 

Extraction  of  the  square  root  of  whole  numbers. 

3&  If  the  number  proposed  consist  of  one  or  two  figures  only,  its  root  miy  he 

found  immediately,  by  inspecting  the   squares  of  the  nine  first  nuiiihcis   in 

(*-t»  £3.).      Thus,  the  square  root  of  25  is  5,  the  square  root  of  42  is  6  plus  a 

fra'*tion,  or  6  is  the  approximate  square  root  of  42,  and  is  within  one  unit  of 

">e  true  value;  for  42  lies  between  36,  which  is  the  square  of  6,  and  49,  which 

18  *he  square  of  7. 

*-«t  us  consider,  then,  a  number  composed  of  more  than  two  figures,  60m  * 
**"  example. 

^ince  thb  number  is  comprised  between  100,  which  is  the  60/84      ..^ 

•^-s^re  of  10,  and  10000,  which  is  the  square  of  100,  its  root  -1^ 

**^t  necessarily  consist  of  two  figures,  that  is  to  say,  of  tens     148 
"*«i  units.     Designating  the  tens  in  the  root  sought  by  a, 
^**1  the  units  by  b,  we  have 

60*84    =    (a  +  b)*     =    a*  +  2ab  +  b* 

**ich  shows,  that  the  square  of  a  number  consisting  of  tens  and  units,  is  com- 
r****erf  of  the  square  cfthe  tens,  phis  twice  the  product  of  the  tens  by  the  unit*, 
P^M  the  square  of  the  units. 

This  being  premised,  since  the  square  of  a  certain  number  of  tens  can  contain 

^Hhing  lower  than  hundreds,  it  follows  that  the  squares  of  the  tens  contained  in 

^e  root  must  be  found  in  the  part  60  (or  60  hundreds),  to  the  left  of  the  two 

i         W  figures  of  6084   (which  written  at  full  length  is  6000  +  80  +  4  ) ;    we 

7        therefore  separate  the  two  last  figures  from  the  others  by  a  point.     The  part 

f        60  is  comprised  between  the  two  squares  49  ami  64,  the  roots  of  which  are  7 

aad  8,  hence  7  is  the  figure  which  expresses  the  number  of  tens  in  the  root 


I18'4 
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sought;  for  C000  is  evidently  comprised  between  49C0  and  6400,  Which  are  Hit 
squares  of  70  and  80,  and  the  root  of 6r84  must,  therefore,  be  comprised  between 
70  and  80 ;  hence,  the  root  sought  is  composed  of  7  tens  and  a  certain  number 
of  units  less  than  ten. 

The  figure  7  being  thus  found,  we  place  it  on  the  right  of  the  given  number, 
separating  them  by  a  vertical  line  as  in  division  ;  we  then  subtract  49,  which  is 
the  square  of  7,  from  60,  which  leaves  as  remainder  1 1,  after  which  we  write 
the  remaining  figures  64.  The  number  1184  which  results  from  this  first 
operation  contains,  as  we  have  seen  above,  twice  t!  e  product  of  the  tens  mel» 
tiplied  by  the  units,  plus  the  square  of  the  units.  But  the  product  of  the  tens 
multiplied  by  the  units  cannot  be  less  than  tens,  and  therefore  the  last  figure  4 
cannot  form  any  part  of  the  product  of  the  tens  by  the  units ;  hence  this  pro- 
duct is  contained  in  the  part  1 18  to  the  right  of  the  figure  4,  which  we  there- 
fore separate  from  the  others  by  a  point 

If  we  double  the  tens,  which  gives  14,  and  divide  118  by  14,  the  quotient 
8  is  the  figure  of  units  in  the  root  sought,  or  a  figure  greater  than  the 
one  required.  It  may  manifestly  be  greater  than  the  figure  sought,  for  1  IN 
may  contain,  in  addition  to  twice  the  product  of  the  tens  by  tlie  units,  other 
tens  arising  from  the  square  of  the  units.  In  order  to  determine  whether  8 
expresses  the  real  number  of  units  in  the  root,  it  is  sufficient  to  place  it  on  tlie 
right  of  14-,  and  then  multiply  the  number  148,  thus  obtained,  by  8.  In  this 
manner  we  form,  1°,  the  square  of  the  units;  2°,  twice  the  product  of  the 
units  by  the  tens.  This  operation  being  effected  the  product  is  1 184,  a  number 
equal  to  the  result  of  the  first  operation  ;  subtracting  this  product  the  remainder 
is  0,  which  shows  that  6084-  is  a  perfect  square,  and  78  the  root  sought. 

It  will  be  seen,  in  reviewing  the  above  process,  that  we  have  successively 
subtracted  from  6084-,  the  square  of  7  tens  or  70,  plus  twice  the  product  of  7(1 
by  8,  plus  the  square  of  8,  that  is,  the  three  parts  which  enter  into  the  compo- 
sition of  the  square  of  70  +  8,  or  78 ;  and  since'  the  result  of  this  subtraction  is 

0,  it  follows  that  608+  is  the  square  of  78. 

Take  as  a  second  example  t\u  number  841.  8*41  |  29 

This  number  being  comprised  between  100  and  10000,  its  |_4_ 

root  must  consist  of  two  figures,  that  is  to  say,  of  tens  and  49 
units.  We  can  prove,  as  in  the  hist  example,  that  the  root 
of  the  greatost  square  contained  in  8,  or  in  that  portion  of 
the  number  to  the  left  of  the  two  last  figures,  expresses  the  number  of  tens  is 
the  root  required.  But  the  greatest  square  contained  in  8  is  4,  whose  root  is 
2,  which  is  therefore  the  figure  of  the  tens.  Squaring  2,  and  subtracting  tat 
result  from  8,  the  remainder  is  4;  bringing  down  the  figures  of  the  second 
period  41,  and  annexing  them  on  the  right  of  4,  the  result  is  441,  a  number 
which  contains  twice  the  product  of  the  tens  by  the  units,  plus  the  square  ef 
the  units. 

We  may  further  prove,  as  in  the  last  case,  that  if  we  point  off  the  last  figum 

1,  and  divide  the  preceding  figures  44  by  twice  the  tens,  or  4,  the  quotient  »U| 
be  either  the  figure  which  expresses  the  number  of  units  in  the  root,  or  a  figure 
greater  than  the  one  sought     In  this  case  the  quotient  is  11,  but  it  is  manifest 
that  we  cannot  have  a  number  greater  than  9  for  the  units,  for  otherwise  we  amw 
suppose  that  the  figure  already  found  for  the  tens  is  incorrect.  —  Let  us  try  •» 
place  9  to  the  right  of  4,  and  then  multiply  this  number  49  by  9;  the  prods* 
is  441,  which,  when  subtracted  from  the  result  of  the  first  operation,  leftfeM 
remainder  0      o*;n«f  that  29  is  the  root  required. 


44*1 
441 

0. 
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12*87  I  35 
9 


65 


38>7 
325 


62 


56'82'14'44 
+9 


7538 


145 


78'2 
725 


1503 


571'4 
4509 


T 


J  5068,  12054'4 
120544 

a 


r 


Let  us  take,  as  a  third  example,  a  number  which  is  not  a  perfect  square,  such 
fts  1287. 

Applying  to  this  number  the  process  described  in  the 

preceding  examples,  we  find  thai  the  root  is  35,  with  a 

remainder  62.      This  shows  that  1287  is  not  a  perfect 

square,  bat  that  it  is  comprised  between  the  square  of  35 

and  that  of  36.     Thus,  when  the  number  is  not  a  perfect 

square,  the  above  process  enables  us  at  least  to  determine 

the  root  of  the  greatest  square  contained  in  the  number,  or  the  integral  part  of 

the  root  of  the  number. 

87.  Let  us  pass  «wi  to  consider  the  extraction  of  the  s  mare  root  of  a  number 
composed  of  more  than  four  figures. 
Let  56821444  be  the  number. 
Since  the  number  b  greater  than  10000,  its  root 
mast  be  greater  than  100;   that  is  to  say,  it  must 
eoawt  of  more  than  two  figures.      But,  whatever 
lb  number  may  be,  we  may  always  consider  it  as 
composed  of  units  and  of  tens,  the  tens  being  ex- 
pftsftd  by  one  or  more  figures.     (Thus,  any  num- 
ber such  as  37  142  may  be  resolved  into  37140+  2, 

*  37 1 4  tens,  plus  two  units.) 
Now,  the  square  of  the  root  sought,  that  is,  the  proposed  number,  contnins 

tile  square  of  the  tens,  plus  twice  the  product  of  the  tens  by  the  units,  plus  the 
*9°*reof  the  units.     But  the  square  of  the  tens  must  give  at  least  hundreds. 
**&<%,  the  two  last  figures,  44,  can  form  no  part  of  it,  and  it  is  in  the  portion 
°*  *he  number  to  the  left  hand  that  we  must  look  for  that  square.     We  further 
a&en>  that  if  we  find  the  root  of  the  greatest  square  contained  in  this  portion  of 
"e  foot  to  the  left  hand,  considering  its  absolute  value  568214  alone,  without  re- 
ference to  the  remaining  figures  44,  we  shall  determine  the  whole  number  of 
*°s  in  the  root  sought 

*  or  let  a  be  the  root  of  the  greatest  square  contained  in  5G82I4,  then  this 
■*•  number  must  be  comprised  between  a  *  and  (a  +  1)  *,  hence,  568214  X  100, 

0r  £6821400  is  comprised  between  a*  X  100  and  (a  +  l)8  X  100,  and  since 

.  >e^«  two  last  numbers  differ  from  each  other  by  more  than  a  hundred  (Art.  85. ), 

follows,  that  the  proposed  number  itself,  56821444,  is  comprised  between 

0     X  100 and  (a+lJ'X  100,  and  the  root  required  must  be  comprised  be- 

*^^n  the  square  roots  of  these  two  numbers,  that  is,  between  a  X  10  and 

*•*+»  1)  X  10.     Hence,  it  appears  that  the  root  sought  consists  of  a  tens,  plus  a 

f**t«in  number  of  units  less  than  ten.     The  question  is  thus  reduced  to  find- 

&*  the  square  root  of  56^214,  considering  its  absolute  value  alone. 

Reasoning  with  regard  to  thb  number  in  the  same  manner  as  for  the  original 

^**iber,  in  order  to  find'  the  tens  contained  in  its  root,   we  must  extract  the 

**^*t  of  the  greatest  square  contained  in  the  part  to  the  left  of  the  two  last 

*^***es,  14,  (which  we  therefore  separate  from  the  preceding  ones  by  a  point,) 

*****  ia,  in  5682. 

"*"Tie  question  is  now  farther  reduced  to  extracting  the  square  root  of  5682, 
idering  its  absolute  value  alone,  without  reference  to  the  figures  which  follow 
**  In  order  to  find  the  number  of  tens  in  this  new  root,  we  must  again  sepa- 
^t*  the  two  last  figures  82  by  a  point,  and  extract  the  root  of  the  greatest 
**l*are  contained  in  56. 

then  the  root  of  56,  we  find  7  for  the  root  of  49,  the  greatest 
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square  contained  in  56 ;  we  place  7  on  the  right  of  the  proposed  number,  and 
squaring  it,  subtract  49  from  56,  which  gives  a  remainder  7,  to  which  we  an- 
nex the  following  period  82,  because  we  must  determine  the  second  figure  of 
this  root  of  the  greatest  square  contained  in  5682.  Separating  the  last  figure  to 
thti  ri^ht  of  782,  and  then  dividing  78  by  14,  which  is  twice  the  root  already 
found,  we  have  5  for  a  quotient,  which  we  annex  to  14,  we  then  multiply  liie 
whole  number  145  by  5,  and  subtract  the  product  725  from  782 ;  75  represents 
the  number  of  tens  contained  in  the  root  of  the  number  568214. 

In  order  to  obtain  the  units  in  the  root  of  the  above  number,  we  bring  down 
the  period  14,  annex  it  to  the  second  remainder  57,  and  point  off  the  last  figure 
of  this  number  5714.  Dividing  571  by  150,  which  is  twice  the  root  already 
found,  the  quotient  is  3,  which  we  place  to  the  right  of  150,  and  multiplying 
the  whole  number  1503  by  3,  we  subtract  the  product  4509  from  5714.  Hence, 
753  expresses  the  whole  number  of  tens  in  the  root  of  the  number  56821444. 

Finally,  in  order  to  find  the  figure  of  units,  we  bring  down  the  last  period 
44,  annex  it  to  the  third  remainder  1205,  and  point  off  the  last  figure  of  this 
number  120544.  Dividing  12054  by  1506,  which  is  twice  the  root  already 
found,  the  quotient  is  8,  which  we  place  on  the  right  of  1506,  and  multiplying 
the  whole  number  15068  by  8,  we  subtract  the  product  120544  from  the  last  re- 
sult 120544.      The  remainder  is  0;  hence,  7538  is  tiie  root  sought 

From  what  has  been  said  above,  it  is  easy  to  deduce  the  rule,  which  we  hive 
already  given  in  aritii metic,  for  the  extraction  of  the  square  root  of  a  number 
cousistiii;r  of  any  uuui'ier  of  figures,  and  which  it  is  unnecessary  here  to  repeat. 


Extraction  of  the  square  root  by  approximation. 

£8.  When  a  whole  number  is  not  the  square  of  another  whole  number,  we  hai 
seen  (Art  84.)  that  its  root  cannot  be  expressed  by  a  whole  number,  and  a 
exact  fraction ;  but  although  it  is  impossible  to  determine  the  precise  value  of 
the  fraction  which  completes  the  root  sought,  we  can  approximate  to  it  as  nearly 
as  we  please. 

Suppose  that  a  is  a  whole  number  which  is  not  a  perfect  square,  and  that  w* 

ore  required  to  extract  the  root  to  — ,  that  is,  to  determine  a  number  which 
sluill  differ  from  the  true  root  of  a,  by  a  quantity  less  than  the  fraction  — 


n 
To  effect  tli is,  let  us  observe  that  the  quantity  a  may  be  put  under  the  for* 


an  * 


7;  if  we  designate  the  integral  portion  of  the  root  of  on1  by  r,  this  numb* 

a  n  * 
an2  will  be  comprised  between  r 2  and  (r  +  1)  *,  hence,  -jj-7-  is  comprised  be- 

r  -  ( r  4-  n  8 

tween  -3  an;l  v     '  ,  '  ,  and  consequently,  the  root  of  a  is  comprised  bet*** 

r*  (V  4-  1 ) 2  t  r-J-1 

the  roots  of  — ;  and  t — ,  that  is,  between  —  and  — — •     Thus,  it  *»• 

n  *  H  H  n 

r  I 

pears,  that  —  represents  the  square  root  oi*  a  within  —•  of  the  true  value* 

From  this  we  derive  the  following 
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RULE. 

Jiultiply  the  given  number  a,  by  the  square  of  n,  (n  being  the  denominator 
ef  the  fraction  which  determines  the  required  degree  of  approximation),  extract 
the  integral  part  of  the  square  root  of  the  product,  and  divide  this  integral  part 
kg  the  denominator  n. 

Let  ii  be  required,  for  example,  to  find  the  square  root  of  59  within  ^  of 
the  true  value. 

Multiply  59  by  the  square  of  12,  that  is  144,  the  product  is  8496,  the  integral 
pit  of  the  root  of  8496  is  92.     Hence,  {£  or  fT  is  the  approximate  root  of  59, 
the  result  differing  from  the  true  value  by  a  quantity  less  than  *fc. 
So  also, 

y,'T\_  =    Sfr  true  to  TV 
/&>3  =  14$£  true  to  & 

88.  The  method  of  approximation  in  decimals,  which  is  the  process  most  fre- 
quently employed,  is  an  immediate  consequence  of  the  preceding  rule. 

In  order  to  obtain  the  square  root  of  a  whole  number  within  -fa.  yfoj,  TT^ny . .  • 
•f the  true  value,  we  must,  according  to  the  above  rule,  multiply  the  proposed 

number  by  (10)  *,  (100)  *,  (1000)  8, or,  which  comes  to  the  same  thing, 

place  to  the  right  of  the  number,  two,  four,  six, cyphers,  then  extract 

the  integral  part  of  the  root  of  the  product,  and  divide  the  result  by  10,  100, 
1000 

Hence,  in  order  to  obtain  any  required  number  of  decimals  in  the  root,  we 
most 

Place  on  the  right  hand  of  the  proposed  number  twice  as  many  zeros  as  we 
**kA  to  have  decimal  figures;  extract  the  integral  part  of  the  root  of  this  veto 
"wder,  and  then  mark  off  in  the  result  the  required  number  of  decimal  places. 

This  role  has  already  been  sufficiently  exemplified  in  our  arithmetic. 

Extraction  of  the  square  root  of  fractions. 

W«  hate  seen  (Art.  62)  that   / ±  =^L,  hence,  in  order  to  extract  the 

V    b        v  o 

^"tte  root  of  a  fraction,  it  is  sufficient  to  extract  the  square  roots  of  the  nun  o- 

r*" and  denominator,  and  then  divide  the  former  result  by  the  latter.     Tliis 

°*ibod  may  be  employed  with  advantage  when  either  one  or  both  of  the  terms  of 

"*  proposed  fraction  are  perfect  squares;  but  when  this  is  not  the  case,  it  will  l.e 

food  inconvenient  in  practice.     If,  for  example,  we  take  the  fraction  f ,  al- 

*<*gh  /  —  =  ^ ,  (since  each  of  these  expressions,  when  multiplied  by  it- 

*H  produces  the  same  quantity  f ,)  we  must  find  an  approximate  value  both 
■r  v7  3  and  also  for  y/  5,  and  afier  all  we  shall  not  be  able  to  determine  at 
*to*  the  degree  of  approximation  in  the  result.  Under  such  circumstances 
f*  following  process  may  be  employed : — 

I*t  the  proposed  fraction  be  -r,  this  may  be  put  under  the  form  f~j  ,  this  be- 

Ui$  premised,  let  r  represent  tlte  integral  part  of  the  root  of  the  numerator 

./i         ab         a    •  •     .  i  r*      *(r  +  0"  i       i 

•£•,  hence  rj,  or  -*.  is  comprised  between  t-j  and       A*      >  consequently,  the 
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root  of  -r  is  comprised  between    v-and  — ^r-  •     Thus  it  appears,  that  j-*t» 

presents  the  root  of  -r  within  j-  of  the  true  value.     Hence,  in  order  to  obtain 

the  square  root  of  a  fraction, 

Make  the  denominator  of  the  fraction  a  perfect  square,  by  multiplying  both 
terms  of  the  fraction  by  the  denominator,  extract  the  integral  part  of  the  rootoj 
the  numerator,  and  divide  the  result  by  the  denominator* 

Let  it  be  required  to  extract  the  square  root  of  -^. 

This  fraction  is  the  same  as  7; .  2   or  ,     a     But  the  irtegr.i  pmtiif  tkf 

9 
square  root  of  91  is  9,  hence,  p;  is  the  root  sought;  a  result  within  ^  of  the 

true  value, 

A  greater  degree  of  approximation  may,  perhaps,  be  required.    In  this  cue, 

91 
returning  to  the  number  /-»— r*  extract  the  root  of  91  to  any  required  degi* 

of  approximation.     Suppose,  for  example,  we  wish  to  find  the  root  of  91  within 

1  « 

lOO0**  ttl°  reR*  ?alue»  'li  W*U  become,  by  (Art  88)  y/9\  =  9 .  53 Hsoei 

7  91  9.53  1 

the  root  of  «pj,  or  ,rrr-2,  will  be  —y«-,  or  a  result  within  yr— ;  of  the  true  value. 

V      .    .  91  .    ^   t  (9.53)*       .  (9. 54)' 

ror  it  is  evident  that  rnrr*  is  comprised  between  -  ,....,■  and  — tji~"» 

91  7  9 .  53 

hence  the  square  root  of  /jjTii  or  -rj,  differs  from    *.o-  by  a  quantity  ksi  thso 

1 

lJOO" 

Remark — Tt  frequently  happens  that  the  denominator  of  the  fraction,  si* 

though  not  a  perfect  square,  has  a  perfect  square  for  one  of  its  factors,  in  whks 

case  the  above  operation  may  be  simplified 

23 
Let  the  fraction,  for  example,  be  7-.    48  is  equal  to  16  X  3,  or  (4)  *  X  3{ 

hence,  multiplying  both  terms  of  the  fraction  by  3.  it  becomes  t-Mr  ^-  ;-t^ti  « 

l*)    X  (3) 
69 
7TJT*»  and  the  denominator  is  thus  made  a  perfect  square.    Extracting  tat 

1  8  3  83 

root  of  69  to  j^,  which  gives  8.  3,  we  find  -—-,  or,  j^  for  the  root  required, 

1 
a  result  within  tjj  of  the  true  value. 

In  general,  therefore,  whenever  the  denominator  of  the  fraction  involves  a  foe* 
tor  which  is  a  perfect  square,  multiply  both  terms  of  the  fraction  by  the  factor 
which  is  not  a  perfect  square* 

Extraction  of  the  square  root  of  decimal  fractions. 

90.  This  process  is  an  immediate  consequence  of  the  preceding  remark. 

Required,  for  example,  the  square  root  of  2.36. 

236 
This  fraction  is  the  same  as  t~  ;  in  this  case  the  denominator  is  a  perissj 
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are,  extracting  therefore  the  integral  part  of  the  root  of  the  numerator  we 

15  1 

r*  T7*  »  remit  within  77;  of  the  true  value* 

Iv  1U 

Igun,  let  it  be  required  to  extract  the  square  root  of  3.425. 

3425 
Ihis  fraction  is  the  same  at  1  qqq*    But  1000  if  not  a  perfect  tquare,  it  if 

werer  equal  to  100  X  10,  or  (lOf  X  10;  thus,  in  order  to  render  the  deno- 

aator  a  perfect  square  it  is  sufficient  to  multiply  both  terms  of  the  fraction  by 

54250         34260 
>,  which  gives  jqqjjq.  or  TTqq^    Extracting  the  integral  part  of  the  root 

185 
W50  we  find  185,  hence  the  root  required  is  rrrt,  or  1.85,  a  result  which  is 

fithin  —  of  the  true  value. 

If  we  wish  to  have  a  greater  number  of  decimal  places  in  the  root,  we  must 
id  00  the  right  of  34250  twice  as  many  zeros  as  we  wish  to  have  additional  de- 
*«1  figures. 

From  what  has  just  been  observed,  we  readily  deduce  the  general  rule  for 
*t  extraction  of  the  square  root  of  a  decimal  fraction  which  has  been  already 
(iisn  in  our  Arithmetic. 


EXTRACTION  OP  THE  CUBB  ROOT  OF  NUMBERS. 

91.  The  numbers, 

1,  2,   3,     4,      5f       6,       7,       8,       9,       10,         100,  1000, 

■fa*  cubed  become 

1,  8,  27,   64,    125,  216,   343,  512,   729,    1000,    1000000,    1000000000; 
"4  roriprocaliy,  the  numbers  in  the  first  line  are  the  cube  roots  of  the  numbers 
"the  second. 

Upon  inspecting  the  two  lines  we  perceive,  that,  among  the  numbers  expressed 
ty  °ne,  two,  or  three  figures,  there  are  only  nine  which  are  perfect  cubes,  conse- 
l^tly,  the  cube  root  of  all  the  rest  must  be  a  whole  number  plus  a  fraction. 

92.  But  we  can  prove,  in  the  same  manner  as  in  the  case  of  the  square  root, 
«*  the  cube  root  of  a  whole  number,  which  is  not  the  perfect  cube  of  some  other 
°fc&  nxmber,  cannot  be  expressed  by  an  exact  fraction,  and  consequently  its 
**  root  is  incommensurable  with  unity. 

For  if  we  suppose  -jr9  an  exact  fraction  in  its  lowest  terms,  to  be  the  cube  root 

'  tons  whole  number  N,  it  follows  that  the  cube  of  -r*,  or  t-j,  must  be  equal 
>  N.    But  since  a  and  b  are,  by  supposition,  prime  to  each  other,  a  *  and  b  * 

*  ibo  prime  to  each  other ;    and  therefore   r-j  cannot  be  equal  to  a  whole 

»*ber. 

&  The  difference  between  the  cubes  of  two  consecutive  whole  numbers  is 
*£r  in  proportion  as  the  numbers  themselves  are  greater ;  the  expression 
'  (his  difference  can  easily  be  found. 

Ut 

a  and  a  +  1  be  two  consecutive  whole  numbers ; 
lien. 

(a+1)1  =    a,  +  3a*  +  3a+l; 
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Hence, 

(a+l)»— a9  =  8a«-f-3a+l; 
that  is  to  say,  the  difference  of  the  cubes  of  two  consecutive  whole  numbers  «r 
equal  to  three  times  the  square  of  the  less  of  the  two  numbers,  phis  thru  tarn 
the  simple  power  of  the  number,  phis  unity. 

Thus,  the  difference  between  the  cube  of  90  and  the  cube  of  89  is  equal  to 
8X(89)£+3X89+1  =  24081. 

Let  us  now  proceed  to  investigate  a  process  for  tne  extraction 'of  the  cube 
root  of  any  number. 

Extraction  of  the  Cube  Root. 

94.  The  cube  root  of  a  proposed  number,  consisting  of  one,  two,  or 
three  figures  only,  will  be  found  immediately  by  inspecting  the  cubes  of  the 
first  nine  numbers  in  Art  91.  Thus  the  cube  root  of  125  is  5,  and  the  cube 
root  of  54  is  3  plus  a  fraction,  for  8  X  8  X 8=27,  and  4  X  4  X 4=64;  therefore 3 
is  the  approximate  cube  root  of  54  within  one  unit  of  the  true  value. 

For  the  purpose  of  investigating  a  new  and  simple  rule  for  the  extraction  of 
the  cube  root,  it  will  be  necessary  to  attend  to  the  composition  of  a  complett 
power  of  the  third  degree.     Now,  since  we  have 

(a+bf=(a+b)  (a+b)  (a+&)=a3+8a*&+3a£*+&\ 

it  is  obvious  that  the  cube  of  a  number,  consisting  of  tens  and  units,  will  be 
algebraically  indicated  by  the  polynomial 

a*+Sa*b+Sab*+b* 

where  a  designates  the  number  of  tens,  and  b  the  number  of  units  in  the  root 
sought.     The  number  in  the  tens'  place  will  evidently  be  found  by  extncnsg 

the  cube  root  of  the  monomial  a*,  for  v^a*=a,  and  removing  a*  from  the  poly- 
nomial  as-f-8a*6+8a6*-|-6s,  we  have  the  remainder 

8a£6+8a6£+*,=(3a«+8a*+M)  b; 

and  the  difficulty  that  has  been  hitherto  experienced  in  the  extraction  of  the 
cube  root  entirely  consists  in  the  composition  of  the  expression  3a*+$ab+Vt 
which  is  obviously  the  true  divisor  for  the  determination  of  b,  the  figure  of  the 
root  in  the  place  of  units.  The  part  Sa*  of  the  expression  SoP+Sab+Pt 
being  independent  of  6,  the  yet  unknown  part  of  the  root,  is  employed  si* 
trial  divisor  for  the  determination  of  b;  but  since  the  expression  8a,+8s£+^ 
involves  the  unknown  part  of  the  root  in  its  composition,  it  is  obvious  that  the 
trial  divisor  3a2,  which  does  not  contain  b,  will  at  the  first  step  of  the  opeis* 
tion  give  no  certain  indication  of  the  next  figure  of  the  root,  unless  the  figtf* 
denoted  by  b  be  very  small  in  comparison  with  tint  denoted  by  a;  for  the 
trial  divisor  8a*  will  be  considerably  augmented  by  the  addend  8a£+M,  wbes 
b  is  a  large  number,  while  the  augmentation,  whan  b  is  a  small  number,  wB 
not  so  materially  affect  the  trial  divisor. 

When  the  figure  in  the  tens'  place  is  a  small  number,  as  1  or  2,  it  is  beset 
obvious  that  little  or  no  dependence  can  be  placed  on  the  trial  divisor;  but  if « 
be  great  and  b  small,  the  trial  divisor  3a*  will  generally  point  out  the  vttoe 
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}.  All  this  will  be  evident  if  we  consider  that  the  relative  values  of  a  and 
laterialljr  affect  the  true  divisor,  Sat+Sab+b*.  In  the  successive  steps, 
rever,  of  the  cube  root,  this  uncertainty  diminishes;  for  conceiving  a  to 
ignate  a  number  consisting  of  tens  and  hundreds,  and  b  the  number  of 
b,  then  the  value  of  b  being  small  in  comparison  with  a,  the  amount  of  the 
ct  of  6  in  the  addend  Sab+P  will  be  very  inconsiderable;  hence  the  trial 
bor,  3a1,  will  generally  indicate  the  next  figure  in  the  root. 

To  remove,  in  some  measure,  the  difficulty  which  has  hitherto  been  expo- 
sed in  the  extraction  of  the  cube  root,  we  shall  proceed  to  point  out  two 
thods  of  composing  the  true  divisor,  8a*+ 3a£+0*,  and  leave  the  student 
■elect  that  which  he  conceives  to  possess  greater  facility  of  operation. 


95.  First  method  of composition  of  3a* + Sab +b*. 


«X  a     =  a*  a*+3a*b+Sab*+P  («+*  =  root  sought 

a  a*Xas= a* 

•  at  


3a* 

«+*)x*=       *ab+b* 
b         


3a*6+3a0&+*i 


*        (aa*+8a*+**)X*s fett+SaP+P 

A*  


'+86        8a*+ead+3&* 

)*tinguishing  the  three  columns  from  left  to  right,  by  Jlrst,  second,  and 
tf  columns,  we  write  a  in  the  root,  and  also  three  times  vertically  in  the 
column;  then  aXa  produces  a*,  which  write  also  three  times  vertically  in 
•econd  column;  multiply  the  second  a*  by  a,  placing  the  product,  a*, 
w  a*  in  the  third  column;  then  subtracting  a*  from  the  proposed  quantity, 
bave  the  remainder  &a*b+$a  ©•-r-ft*.  The  sum  of  the  three  quantities  in 
■econd  column  gives  3a8  for  the  trial  divisor,  by  which  find  b,  the  next  figure 
be  root,  and  to  3a,  the  sum  of  the  three  last  written  quantities  in  the  first 
ma,  annex  b;  then  the  sum,  9a+b9  is  multiplied  by  b>  and  the  product, 
+6*,  is  placed  in  the  second  column;  then  the  trial  divisor  3a*,  and 
•ddend  Sab+b*  being  collected,  give  the  true  divisor,  Sot+Sab+b*, 
&  multiply  by  6,  and  place  the  product,  3a*6-f  3a6*+6s,  under  the  re- 
>dcr  3a,6-r-3aM+i^.  When  there  is  a  remainder  after  this  operation, 
process  may  be  continued  by  writing  b  twice  in  the  first  column,  under 
4,  and  6*  once  in  the  second  column,  under  the  last  true  divisor;  then 
Hto6-t-30*,  the  sum  of  the  last  written  three  lines  in  the  second  column, 
be  another  trial  divisor,  with  which  proceed  as  above.  We  have  written 
i  the  second  column  three  times  in  succession,  to  assimilate  the  first  step 
e  operation  to  the  other  successive  steps,  but  the  first  trial  divisor,  3a*, 
be  written  at  once,  and  the  symmetry  of  the  disposition  of  the  quantities 
e  first  steps  disregarded 

L  8 
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06.  Second  method  oj  composing  Sot+Sab+b*,  the  true  divisor. 


2a 


2a* 
9a* 


a*+9a*b+aab*+b*  (a+* 
a* 

Za*b+3ab*+bK 


8a  +b 
b 

3a+2b 
b 

3a+Sb 


.... 


Sab+  ft* 


dat+3a^+  b*  ...  .       Sa*b+SaP+P 


8a  ft+2&* 


8a*+6a  b+&b*  =  second  trial  divisor. 


In  this  method  we  write  a  under  a  in  the  first  column,  and  the  sum  2a 
oeing  multiplied  by  a,  gives  2af  to  place  under  a*  in  the  second  column,  and 
the  sum  of  2a*  and  a*  is  3a*  for  the  trial  divisor.  Again,  under  2a  in  the  first 
column  write  a,  and  the  sum  of  2a  and  a  gives  So.  Now,  having  found  b  by 
the  trial  divisor,  annex  it  to  3a  in  the  first  column,  making  Sa+b9  which*  mul- 
tiplied by  b,  and  the  product  placed  in  the  second  column,  gives,  by  addition, 
the  true  divisor  3a*+8a  b+P,  as  before.  We  shall  exhibit  the  operation  of 
extracting  the  cube  root  by  both  these  methods. 


Examples. 


(1.)  What  b  the  cube  root  of  «•— Oar'+Sfl*1— 99*»+]56**— 14 4* +64? 


By  the  first  method. 


** 
«< 
** 


. . . .   —  &■•+  •*• 


ft* 


-*fl»+S7#t-t?4t 


IU*-^ «••+ 166j«— Utr+64 


li**-*t#+16 


8*— ltf*+tftf'-*e»+16 .  .  .         l«r«— 7S««+I56i*— 144»+«4 
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(2.)  What  is  the  cube  root  of  j'+oV— 40*»  f  96*-«4? 

By  the  second  method. 


** 

s* 
.  •  Is* 

6s* +4** 

ts*. 

•    •    •    • 
-Mr-l-16 

6f*— 40** 

W-i 

■is . 
is 

is* 

•    • 

• 

««•+ It*4  4-  S#* 

a«*4 

is.  . 

U 

llf*    IQj*  1  9ftf    it 

a*H-l&r*+12i* 
1 .  .                — li*«- 

- 

is*+lls*    — 

lis+\6 

— 1 2**-4&** +9&r— 64. 

(3.)  What  is  the  cube  root  of  as+3a*ft+da6*+P+3<i*c+6a&c+36Ic 
+3ac*+S0  ct+^V  Ans.a+$-r-«. 

(4.)  Extract  the  cube  root  of  *•— 6*»+  l&r4— 20r»+ 15*«— fcr+  1 . 

Ans.  **— 2x+* 

97.  The  same  process  is  employed  in  the  extraction  of  the  cube  root  i 
numbers,  as  in  the  subsequent  examples. 


Examples. 


(1.)  Extract  the  cube  root  of  403588419. 


•     • 


7 

49 

403583419  (739  =  root 
343 

7 

49 

§ 

60583 

213   .  .  -  . 

147 
639 

3 
3 

15339    

4601? 

9 

14566419 

15987 
, 19791 

Sr53^BS5^*™^B*W^e^^^^^ra^Bw 
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(2.)  What  is  the  cube  root  of  115501806? 

115501806  (487 snot 


61501 


8 82 


4  48 

128 1024 

8  


5824 46592 


136 1088 


8  4900808 

6912 


1447 10129 


701329 4900808 


98.  The  local  values  of  the  figures  In  the  root  determine  the 
of  the  figures  in  the  several  columns,  as  is  exemplified  by  working  the  I 
example  as  below;  and  by  omitting  the  terminal  ciphers,  the  arrangement 
precisely  the  same  as  in  the  preceding  example. 

115501806  (400+80+7 

400 160000 64000000    =487 

400  — — 

51501806 

800  .....  .  820000 

400        

480000 

1200 

80 

1280 102400 

80        

582400 48509000 

1360 106800  

80        4V08303 

691200 

1440 

7 

1447 10129 


701329  4909303 
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99.  Extraction  of  the  fourth  root  of  whole  number*. 

The  investigation  of  a  method  for  extracting  the  fourth  root  of  any  Dumber 
ii  similar  to  that  employed  for  the  cube  root     Thus,  since 

ve  ntj  conceive  a  to  denote  the  number  of  tens,  and  b  the  number  of  units 
in  the  root  of  the  number  expressed  by*al+4<z*6+6a*&*+4a6'+64-  Then 
vV=a,  figure  in  the  tens'  place,  and  the  remainder,  when  a4  is  removed,  is 

4«,*+6^6«+4ay+ft4=(4a,+6^+4a6«+y)  b. 

The  method  of  composing  the  divisor  4aB-f-64'6-f-4a  fi'+o3,  for  the  deter* 
niottioD  of  b,  the  figure  in  the  units*  place,  may  be  illustrated  as  follows: 

tt+tJb+ecNfi+iaP+P  (a+b 


«Xa  =  a* 


«*Xa 

2fX«  =2a* 

_«         Wxa 
6flt 


=  a1 

a*Xa 
=  3a*_ 

4a* 


=  «• 


4a,5+6a«5*+4a  P+54 


(6at+4a5+5*)5  =   6aft+4a&t+&» 


(4a,+eat6+4a68+ft,)*=    4a*6+6aW+4a5,+64. 

100.  From  this  mode  of  composing  the  complete  divisor  we  easily  derive 
the  following  process  for  the  extraction  of  the  fourth  root  of  any  number. 

Example.— What  is  the  fourth  root  of  1 185921  ? 


3X3 

=     9 

1185921  (33=root 

3 

9X3 

= 

27 

6X3 

=  18 

27X3 

ss 

81 

3 

27X3 

= 

81 

"375921 

• 

9X3 
3 

123X3 

=  37 

=-    369 

108  ..  . 

5769X3= 

17307 

X3 

%  «^ 

125307 

875921 

169  ALGEBRA. 

In  the  same  manner  the  student  may  readily  investigate  rules  for  the  ex- 
traction of  the  higher  roots  of  numbers,  simply  observing  to  use  an  additional 
column  for  each  successive  root 

101.  To  represent  a  rational  quantity  at  a  turd. 

Let  it  be  required  to  represent  a  in  the  form  of  a  surd  of  the  nth  order; 

then,  by  Art  63,  the  form  will  be  Va\  or  (a")a;  for  by  raising  a  to  the  nth 
power,  and  then  extracting  the  nth  root  of  the  nth  power  of  a,  we  must  evi- 
dently revert  to  the  proposed  quantity,  a.     Hence  we  have 

a  =  vV  =  V*  =  VV  =  %»  =  Va~  =  V* 
a  =  (a«)T=  (a*)*=  (a*)*=(a^)=* ' 

102.  When  the  given  quantity  is  the  product  of  a  rational  quantity  and 
surd,  we  must  represent  the  rational  quantity  in  the  form  of  the  given  surd 
and  then  express  the  product  by  means  of  the  radical  sign,  or  fractional  index 
Thus  we  have 

a*/b    =  Va**Vb  =  VOT  

3a V55  =  VSaXSa  X  a/5o  =  ^9a*X5b  =  a/SSSS" 

a\/xy~=.  VaXaXaX  V*y=  V?xV^=  VSy 

12*/7  =  a/144   X    a/7       =  a/144x7    =  a/1008 

a(-a-V)+=  (a*)+  (l-a-W)T=  {a*-a°t*)+  =  Vf?=^ 

Examples. 

(I.)  Represent  a*  in  the  form  of  a  surd,  whose  index  is  a. 
(2.)  Represent  2 — a/3  in  the  form  of  a  quadratic  surd. 
(3.)  Transform  6a/U  into  the  form  of  a  quadratic  surd. 
(4.)  Transform  a*Ja — b  into  the  form  of  a  quadratic  surd. 

(5.)  Represent  as  a  surd  the  mixed  quantity  (*+y)  a  / -tt* 
(6.)  Represent  as  a  surd  the  mixed  quantity  (*+4)  a  /         • 

Answers. 
(1.)  Va,0or(a,0)i  (4.)  joT^ofb  or  (a*— a9*)*. 

(2.)  >v/7— 4  V3.  (5.)  a/?11^  or  (*"— $*)+ 


(3.)  a/396.  (6.)  a/*+4  or  (*+4)  • 

103.  To  find  multiplier t  which  will  render  binomial  turds  ratumaL 


The  product  of  two  irrational  quantities  is,  in  many  instances,  a 
quantity,  and  therefore  an  irrational  quantity  may  frequently  be  found,  which, 
employed  as  a  factor  to  multiply  some  other  given  irrational  quantity,  will 


J 
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produce  a  rational  result;  and  aince  the  product  of  the  sum  and  difference  of 
two  quantities  is  equal  to  the  difference  of  their  squares,  we  have,  evidently, 

V*x  W  =  *;(*  +  Vy)  (*  -  Vy)  =  **-y 

Vyx Vy^J=y;  W*  —  y)  W*  +  y)  =  *  — y1- 

Hence  it  is  obvious  that,  in  these  and  similar  equations,  if  one  of  the  factors 
be  given,  the  other  factor  or  multiplier  is  readily  known,  and  the  proposed 
irrational  quantity  is  thus  rendered  rational.     In  the  same  manner,  since 

.-.  (V*±!/y)  fr*+tey+l/f)=*±y. 

and  the  expression  */•*+  Vy  may  therefore  be  rationalized  by  multiplying  it 

by  V*1  +  vS5+  vy,  and  V**  +  V*~y  +  Vy1.  multiplied  by  V*+  V*  wil1 
produce  a  rational  result. 
Again,  by  division, 

^f  =  ir^+»*-V+a*-y +«*-y  + +1T-1 


Put  **=<*;  then*=V<>;  •*— 1=V5=::r;  •*-"*=  V**-"2;  Ac* 
y»=&;  theny=V&;  y*     =  V**;  y*=VPi  &c.; 
hence,  by  substitution  in  the  three  preceding  equations,  we  have 

VaZ hyb~~  Vo^*  Vo^o*  V5=%*+  V^^-r-  •  •  •  +  VS^3  .  (1) 
1-£^=V^-V«^+'^:^  •  •  •  -J/S^3  .  (2) 


Now  the  dividend  being  the  product  of  the  divisor  and  quotient,  it  is  ob- 
vious that  a  binomial  surd  of  the  form  l/a —  \/b  will  be  rendered  rational  by 
multiplying  it  by  n  terms  of  the  second  side  of  equation  (1),  and  a  binomial 

surd  of  the  form  Z/a+y/b  will  be  rationalized  by  employing  it  terms  of  the 
second  side  of  equation  (2)  or  (3),  according  as  n  is  even  or  odd,  the  product 
in  the  former  case  being  a — b,  and  in  the  latter  a — b  or  a+b. 

Nate, — When  n  is  an  even  number  employ  equation  (2),  and  when  it  is  an 
odd  cumber  use  equation  (3),  in  order  to  rationalize  **/a+*Vb9 

Examples. 

(1.)  Find  a  multiplier  to  rationalize  jJ/IT— 1/7. 

Employing  equation  (I),  we  have  a==ll,  0=7,  and  n=3;  hence  required 
multiplier  ==VTr,+  VrT7+V5*=  Vl2 1  +  ^/77+  J/49. 
For  VIST  +J/^7  +VS5 
VT\     -V7 

VI33T+  v"847+  J/539 

—  V847—  V539—  J/343 

11  •  •  —     7     =4,  a  rational  product. 
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(2.)  Rationalize  the  binomial  surd  V5-fv^4. 

Here  we  have  a=5, &=4,  n=d,  an  odd  number;  hence  by  equation  £8) 
we  have  multiplier  required  =  ^25— ^StO+jJ/To7";  *°r  by  multiplication 
(^5+^/4)  (v^5— -t^6+i/16)=5+4=9=  a  rational  number. 

(3.)  What  multiplier  will  render  the  denominator  of  the  fraction  -j— — j-- 

a  rational  quantity. 

5 
(4.)  Change -j- jt^  into  a  fraction  that  shall  have  a  rational  denominator 

(5.)  Change  -57-r — — — 7~rra  into  a  fraction  that  shall  have  a  rational 
*   '         °    V^+yxy+yy1 

denominator. 

(6.)  Change    , .  into  a  fraction  that  shall  have  a  rational  de- 

V  a  -f* — ya — x 

nominator. 

Answers. 
(3.)  V74+  ^755+  VTW+  Vt5»+  **      150^X^±^>)==£±^ 

V*-;  5  (6.) • 


104.   To  extract  the  square  root  of  a  binomial  surd. 

Before  commencing  the  investigation  of  the  formula  for  the  extraction 
of  the  square  root  of  a  binomial  surd,  it  will  be  necessary  to  premise  two  or 
three  lemmas. 

Lemma  1.  The  square  root  of  a  quantity  cannot  be  partly  rational  and 
partly  irrational. 

For  if  \/a=b+\/cf  then  by  squaring  we  have 

a=6£+c-r-2&v'c:  therefore  y'c=g""TT"Tc; 

that  is,  an  irrational  equal  to  a  rational  quantity,  which  is  absurd. 

Lemma  2.  If  a ±  */b=x -f-  vfr  be  an  equation  consisting  of  rational  and 
irrational  quantities,  then  a=#,  and  v^=  */y. 

For  if  a  be  not  equal  to  *,  let  a — x=-a\  then  we  have 

±</yTv^=« — «;  but  a — «=<?;  therefore 
±  vty  +  ^b=dt  which  is  Impossible, 
,\  a=c,  and  //*==  vty* 

Lemma  3.  If  \Zn+72=«+y;  then  */a —  ,/&=#— y ;  where  #  and  jr  are 
supposed  to  be  one  or  both  irrational  quantities. 

For  since  a -f  <*/£=** +y*+2ay;  and  since  c*  and  y*  are  both  rational, 
2a  y  must  be  irrational,  otherwise  \/b-=&-\-yi+(2xy — a,  a  rational  quantity 
which  is  impossible  by  Lemma  1 ;  hence  by  Lemma  2,  we  have 

a=*»+y«;  */b=2xy 

\  a— -/*=«*— 2*y+y* 

and  */a — V%=j 


1 

I 
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Let  it  now  be  required  to  extract  the  square  root  of  a+  Vh 
Assume  */a+  */b  =  «+Jf;  then  */a—  v^  =  *— Jf 

«— v^  =  a*+Jf*-2*y 
.-.  By  addition  3a        =  2  (jr'+y*),  or  a  =  ^-hy*. 
Again,  */a+*/b  X  */o—  V*"  =  •A-^,»  or  </«*—*  =  a*— **. 


Hence  **+**  =  a 

a*— jf*=  t/cP—b  =c,  suppose. 
Therefore,  by  addition  and  subtraction  we  have 


*-=p«d*i- 


2 


Heoe,  ^+7&  =  v^  +  ^ (1) 


'a— c 


2 

where  c  =  A/a*— A;  and  therefore  a* — 6  must  be  a  perfect  square;  and  this  is 
the  test  by  which  we  discover  the  possibility  of  the  operation  proposed 

Examples. 

(1.)  What  is  the  square  root  of  11  +  v^»  or  11+6V2? 

Here  a=  11;  6  =  72;  c  =  v'a5=F=V'i2 1—72  =  7 

(2.)  What  is  the  square  root  of  28— 8^/7  ? 

Here  a  =  28;  ft  =  8*X7  =  448;  c  =  v'a^S  =  v^29— 448  =  9 

(3.)  What  is  the  square  root  of  14±6 ^5?  Ans.  8+^5. 

(4.)  What  is  the  square  root  of  18±  2^/77  ?  Ans.  *Jl±j\\ 

(5.)  What  is  the  square  root  of  94+42^/5  ?  Ans.  7+3 -v/5. 

(6.)  What  is Vnp+2nP~- 2mjnp+mr  equal  to?  Ans.  <y/np+m*—m. 

(7.)  Simplify  the  expression  V^16+80^/^l  +V^16— 80 ^/— 1.  Ans.  10. 

(8.)  What  is  </28+\0VS  equal  to  ?  Ans.  5+  ^/3. 

(9.)  V*  c+26 </*  c— $»+ v'*  c— 2* v^  c— &*= +2*. 
(10.)  v'a&+4c,— d»+2^/4a*c^— a&tfeV'aM-V^c1— d*. 
(1 1.)  What  is  the  square  root  of  —  2  v^  ?  Ans.  1  —  */^T. 

(12.)  What  is  the  square  root  of  8— 4 1/=1?  Ans.  2—  <S~. 

(130  Wh*b  the  .q»™  root  of»±*+^    l'.»+»^t 

Aas.fl  +  ^2).(5+v'3) 
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105.  It  is  manifest,  from  what  has  been  said  above,  that  algebraic  polynomials 
may  be  raised  to  any  power  merely  by  applying  the  rules  of  multiplication.   We 
can  however  in  all  cases  obtain  the  desired  result  without  having  recourse  to  this 
operation,  which  would  frequently  prove  exceedingly  tedious.     When  a  binomial 
quantity  of  the  form  x  -f-  a  is  raised  to  any  power,  the  successive  terms  are  sound 
in  all  cases  to  bear  a  certain  relation  to  each  other.    This  law,  when  expressed 
generally  in  algebraic  language,  constitutes  what  is  called  the    "Binomial 
Theorem."    It  was  discovered  by  Sir  Isaac  Newton,  who  seems  to  have  arrives1 
at  the  general  principle  by  examining  the  results  of  actual  multiplication  in  a 
variety  of  particular  cases,  a  method  which  we  shall  here  pursue,  and  givs  a 
rigorous  demonstration  of  the  proposition  in  a  subsequent  article   of  toil 
treatise. 

Let  us  form  the  successive  powers  of  x  ■$-  a  by  actual  multiplication. 


x-j-a 
ar+  a 

ar*-f-    xa 
+    xa+a% 

x  +  a 

x9  +  2x*a  +    xa*i 
+    x*a+2xa*  +  a* 

x  -f-  a 

x*  +  3x*a+3x*a*  +    xa9 
+    x*a  +  3x*a*+3xa*  +  a* 

x4  4-4x3a4-  6x2a2  4-4xa8  4- a4 ." 

..6th  povtb 

x    +  a 

x*  +  tx*a  +  ()x*a*  +  tx*a*+    x  a* 
+    x4a  +  lx*a*  +  6x*a*  -f4*a4  +  a* 

x*  4- 5  X4  a -MO*1  a8  4-  10x8a8  4-5sa*  4-  a*   «... 

x   +   a 

+  «• 

x6  +  5xbu+l0x4a*  +  10s8a8  +   5x*a*  +    xa* 
■f    x*a+l  5**a*4-  10x8a8-f  \0x*aA  +  5*a* 

x*+6x*a+l5x*a*  +  20x'a*+\5x*a*  +  6xa5 
x  +  a 

4-af  

xi+6x*a+\5x*a*+2Qx*a*  +  l5xla*+  tix*a* 
+   x*a+  6x*  a*  +I5x*a*  +  2Qx*  a4  +\5x*a 

•f.   xa* 
*+6xa*  + 

x1+7x*a+2l  x* a8+35 x*a*+35x*a*  +21  ** a*  +7 xa* +Q1 7th power. 

In  order  that  these  results  may  be  more  clearly  exhibited  to  the  eye,  we  ssaU 
arrange  them  in  a  table. 


J 
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TABLE  OF  TUB  POWERS  OP  X  -f-  tU 


x  +a 


*■+  2xa  +*1 


e"  +  3**fl+   3xa%  +a9 


*  +  4x*a  +   6x*af+   4xa»  +  a 


c*  +  5*4a+ 10*8a*  +  10*,<r,+    5za4f  a* 


ce  +  6x»a+15**a*  +  20*,fl,+15xia4+   6*a»  +  a§ 


^  +  7*fla+21*»af  +  35*4a,+  35*,a*+21**a»+7*a«+a' 


^+8ap7a  +  28xiat+56x»at+70x*a*  +  56«1a»+28x,a,+8a»f+«8 


oy6  table,  the  quantities  in  the  left  hand  column  are  called  the  ex- 

r  a  binomial  raised  to  the  first,  second,  third,  &c.  power  ;  the  corre- 

lantities  in  the  right  hand  column  are  called  the  expansions,  or,  de- 

of  the  others. 

developments  of  the  successive  powers  of  x  —  a  are  precisely  the 

hose  of  x  +  a,  with  this  difference,  that  the  signs  of  the  terms  aie 

■f-  and — ;  thus, 

o)»  =  x'-—5a;4a+10a;,a,--10a:2<i8+5za4.— as 

11  the  others. 

considering  the  above  table  we  shall  perceive,  that 

i  case  the  first  term  of  the  expansion  is  the  first  term  of  the  binomial 

>  given  power,  and  the  last  term  of  the  expansion  is  the  second  term 

dial  raised  to  the  given  power.     Thus,  in  the  expansion  of  (x  +  a)  4 

n  is  x  *  and  the  last  term  is  a  4,  and  so  for  all  the  rest 

uantity  a  does  not  enter  into  the  first  term  of  the  expansion,  but  ap 

t  second  term  with  the  exponent  unity.     The  powers  of  x  decrease 

id  the  powers  of  a  increase  by  unity  in  each  successive  term.     Thus, 

ision  of  (x  +  a)  •  we  have,  xB,xia,x4at,x3a\x%a\xai,a\ 

coefficient  of  the  first  term  is  unity,  and  the  coefficient  of  the  second 

iTery  case  the  exponent  of  the  power  to  which  the  binomial  is  to  be 
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raised.     Thus  the  coefficient  of  the  second  term  of  (x  +  a)  *  is  2,  of  (x  +  a)  ■  tk 
6,  of  (x+a)7ia  7. 

IV.  If  the  coefficient  in  any  term  be  multiplied  by  the  index  of  x  in  that  term 
and  divided  by  the  number  of  terms  up  to  the  given  place,  the  resulting  quotient 
will  be  the  coefficient  of  .the  succeeding  term.    Thus  in  the  expansion  of  (x-f-a)* 
the  coefficient  of  the  second  term  is  4 ;  this  multiplied  by  3,  the  index  of  x  in  that 
term,  gives  12,  which  when  divided  by  2  the  number  of  terms  up  to  the  givea 
place  gives  6,  the  coefficient  of  the  third  term.     Again,  6  the  coefficient  of  tat 
third  term  multiplied  by  2,  the  exponent  of  x  in  that  term,  gives  12,  which,  when 
divided  by  3,  the  number  of  terms  up  to  the  given  place,  gives  4,  the  coefficient 
of  the  4th  term.     So  also  35,  the  coefficient  of  the  5th  term  in  the  expansion  of 
(z-f-  a)  7,  when  multiplied  by  3,  the  index  of  x  in  that  term,  gives  IOlS,  which, 
when  divided  by  5,  the  numl>er  of  terms  up  to  the  given  place,  gives  21,  tneo> 
efficient  of  the  succeeding  term. 

By  attending  to  the  above  observations,  we  can  always  raise  a  binomial  of  wt 
form  (x  +  a)  to  any  required  power,  without  the  process  of  actual  multipiia- 
tion. 

Example  L 

Raise  *  +  a  to  the  power  of  9. 

The  first  term  is  rV 

—  second  9s*t 

—  third     -y-*Taf=    36Vi" 

—  fourth   ^-?  *•«•  =   8**V 

—  fifth       ^^  *>«*  =  126**** 

_  sixth      l-?^  *«««  =  126*V 

—  seventh — jj —  *•«•  =8t*V 

—  eighth  —7-     *sa7  =36*f«' 

30X2  , 

—  ninth     ~ —5 —  xla*  =  9*'a 

—  tenth     -£-**a»=    *V. 


9 


Hence, 


(x  +  a)»  =  x»  +  9x8a  +  36a:7a,  +  84a;«a»+l26*»a4+126*i«l+ 
&x*a*+  36x8a7  +  9xa8  +  a9. 

Example  II. 
In  like  manner, 

(x  —  a)'n    =    x10  —  10  x9a  +  45x8a«—  MOs'a*  +  *10  *««• 
—  252**as+210a;4a«—  190xaa'  +  45x«a«— 10*<i»+ « lf. 
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mar  of  determining  dm  coefficients  may  be  moth  abridged  by  at 
following  additional  considerations  * 

bar  of  terms  in  the  expanded  binomial  is  always  greater  by  unity 
of  the  binomial.     Thus  the  number  of  terms  in  (*  -J-  a)  *  k 
B  (x  +  a)M  is  10  +  I.  or  11. 

when  the  exponent  is  an  eren  number,  4be  namber  of  terms  in 
■ill  be  odd,  and  it  will  be  observed,  on  examining  the  examples 
that  after  wo  pass  the  middle  term  the  coefficients  are  repeated  in 


trtsaf  (x+a)*  are  1,4,6,4,  1. 

(*  +  «)•  —   1,  6,  15,  30,  15,  6,  1. 
-         (x+  «)•  —   I,  8,  28,  56,  20,  56,  28,  8,  1. 

the  exponent  is  an  odd  number,  the  number  of  terms  in  the  ex* 
e  even,  and  there  will  be  two  middle  terms,  or  two  contiguous 
•hich  is  equally  distant  from  the  corresponding  extremities  of  the 
case  the  coefficient  of  the  two  middle  terms  is  the  same,  and  then 
of  the  preceding  terms  are  reproduced  in  a  rerene  order ;  thus, 

stfsof  (*  +  «)'  are  1,3,3,  I. 

(x  +  a)>  —  1,  5,  10,  10,  5,  1 

(x  +  a)'  —  1,7,21,85,35,21,7,  I. 

(x  +  a)1  —  1,9,36,84,1*6,126,84,36,0,1. 


terms  of  the  giren  binomial  be  affected  with  coefficients  or 
■ost  be  raised  to  the  required  powers,  according  to  the  princinloj 
hed  for  the  inrolution  of  monomials ;  thus : 

Example  IIL 
'f  5a')   to  the  power  of  4b 
will  be  (**V  =    16** 

4(2*J)8X(5af)  =    4X8X5*f«f 

-£— XC^XC&i*}8    =    6X4X25*6*4 

i*2(2*»)lX(5«i,)8  =    4X*Xl25*Ja* 

-1  (**•)•  X  (5aV      =    625a« 

a1?     =     16x"  +  160xfaf+600xia4+1000jr1afl+625at 

Example  IV. 

(*')•+  *aJ)»  X  (3a*)+3«a'y  X  (**)*  +  »4(a»  J»  X  (3ao)» 
+l*f*y)'  X  (3o6/  +  \*6(<tr  X  (**?  +»4(«,),  XWaAj* 
+36  (a1  f  X  (So©)*  +  9a1  X  (tehf  +  &ibf 

«■+  *7e*6+3*4«s:,D,+  2268«i"»5»-f-  10-»06Vi»W  +  a»18sW 
4-61 236  a"6*  +  7*732  a13*1  +  59tM«i  a11  &•  +  I9683af#» 

U  now  proceed  to  exhibit  the  binomial  theorem  in  a  general  form 
ired  to  raise  any  binomial  (r  +  a)  to  the  power  represented  by 
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the  general  algebraic  symbol  n.  Then  by  the  preceding  principles  we  dull 
liave 

* 

The  first    term  x* 

—  second —    , nxa—la 

—  third    —    n(8-1)In-ta> 

1.8 

~  fourth  -   nCn-nfr-g)  ,._a. 

^^  1.2.3 

_  fifth     _   n(n-l)0,-2)(ii-3j        4  # 

1.2,3.4 
&c  &c. 

—  last      —    a" 

The  whole  number  of  terms  will  be  n-f- 1,  and  the  coefficients  be  repeated 

in  a  reverse  order  after  the  (-   '     )*,  or  (  —  +  l)tt  term,  according  as  *  is  odd  or 

2  * 

even ;  moreover,  the  terms  will  all  have  the  sign  +,  if  the  quantity  to  be  if* 
panded  be  of  the  form  of  x+a,  and  they  will  have  the  sign  -f~  and — alteraatftlj, 
if  the  quantity  be  of  the  form  x — cu     Hence  generally, 

+ ^fir*  *••- + =^*»«-h-««-m^ 

(x-*T    =    x*-nx->a+n±!=n- f* 

In  this  last  case,  if  n  be  an  even  number,  the  last  term,  being  one  of  the  odd 
terms,  will  have  the  sign  -f- ;  and  if  n  be  an  odd  number,  the  last  term,  being 
one  of  the  even  terms,  will  have  the  sign  — . 

Both  forms  may  be  included  in  one,  by  employing  the  double  sign ;  thus, 

(«±«y  =  x-  ±r^la+nl?^x^a*+*^l}n-px^rf+ H 

1  •  «  ~*~      1  .  *  •  3 

Example  V. 
To  exemplify  the  application  of  the  theorem  in  this  form,  let  it  be  ressini 
to  raise  x-j-a  to  the  power  of  5. 

Here  we  have     n  =  5,        n  — 1  =  4,        n  —  2=3,    &c. 
Hence, 
'  #» is  a»  =     «■ 

nxu~la  ~  5x*a  =    &*•« 

itp!}  x-»o»  —  |^|  x*<fi  =  10** 

•-^^  ~* - -  m  **  =  '«■' 

«Wja^ -fcfefcJ-  ■  =  «- 

fi  (n— 1 )  (*— g)  (w— 3)  (*t— 4-)  y,_,  3.4.3.2.1       ,_.> 

1.2.3.4.     5  1.2.3.4.5  — 

(x+a?     =    aJ  +  5x«a+ 10x,a*+10a:*a*+5»i4+ o» 
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Example  VL 
JW»  5c» —  9jr«  to  tAe  power  of  4. 
Ban*, 

r-5jx  f  becomes  (5c*)4  s  625  c8 

4(5c»yx(2y*)        =  1000  c«y* 

4' 3  (ac1)1  X  (%(*)»  =  600c*y«j« 


1.2 


.•.  (5««— 9yr>*  =  625c»  — 1000^*  +  fiOOcV**  —  160c8 y**»+  ley1*4 

111.  We  hare  sometimes  occasion  to  employ  a  particular  term  in  the  expansion 
of  i  binomial,  while  the  remainder  of  the  series  does  not  enter  into  our  calcula- 
tions. Our  labour  will,  in  a  case  like  this,  be  much  abridged,  if  we  can 
*ooee  determine  the  term  sought,  without  reference  either  to  those  which  pre- 
*4e,or  to  those  which  follow  it  This  object  will  be  attained,  by  finding  what  is 
ttfed  the  general  term  of  the  series. 

If  we  examine  the  general  formula,  we  shall  soon  perceive  that  a  certain 
■elation  subsists  between  the  coefficients  and  exponents  of  each  term  in  the 
topuded  binomial,  and  the  place  of  the  term  in  the  series ;  thus, 

ft*  first  term  is  *■    which  may  be  put  under  the  form  x*-H-1 

-  *Ctmd    ...      nf'xa  wT^a*-1 


••• 


•*• 


iki-J  »(»  —  !)     •-•  S  »(»— Sfl      .-t+i    s-l 

***  -  ^m&^s     'raCT^1  *- 

m     ...    y-^c^v-v      f^^XT'^^ 


Observing  the  connection  between  the  numerical  quantities,  it  is  manifest, 
if  we  designate  the   place   of  any  term  by  the  general   symbol   p, 
b  pu  term  is, 


.fr-lXav-gft-S) (nrP+2) 

1.2.3.4  (^—1) 

as  is  called  the  general  term,  because  by  giving  to  p  the  Values  1,  9,  3,  4* 
we  can  obtain  in  succession  the  different  terms  of  the  series  te 

Example  VIL 
fiequired  the  7*  term  of  the  expansion  of  (z+a)B. 

n—p  +  2    =     7,        »—  P+«     »     « 
/♦-l     a    6, 

M 


»> ... 
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Substituting  these  values  in  the  general  expression,  we  find  (hat  the  tern 
sought  is, 

12.  11.  10.9.8.7  ^^  m** 

1   .g.3.4.5.6*6*'     «*   0*"1*- 


Example  Vlir. 
Required  tlie  5*  term  of  (2  c1  —  4  A5  )* . 

Here     n  =  9,        p  =:  5,       x  =  2c*,        a  =  4  4* 
.-.     j,— .p+2  =  0,        n— p+  I  =  5,        p— 1  =  4 

.-.  the  5th  term  is  ?'l?'»*f  («*  )5  X  (4A5  )\        or  126  X  3fc  X  256c»A« 

Since  the  second  term  of  the  proposed  binomial  has  the  sign  — ,  all  the  even 

terms  of  the  expansion  will  have  the  sign  — ,  aud  all  the  odd  terms  the  sign  -J- ; 

therefore  the  5lk  term  is, 

+  1032192  c*%» 

Example  IX. 

Required  the  middle  term  of  the  expansion  of  (r— <r)18- 

Since  the  exponent  is  18,  the  whole  number  of  terms  will  be  19,  and  heao* 
the  middle  term  will  be  the  10,h ;  And  since  it  is  an  even  term,  it  will  hare  the 
sign  — ;  hence  it  will  be, 

18.17.  16.15.14.13.  M.11.10^   or_48620j,a. 


1.2.3.  4.  5.  6.7.8.9 


112.  By  employing  the  Binomial  Theorem,  we  can  raise  any  polynomial  to  any 
power,  without  the  process  of  actual  multiplication. 

For  example,  let  it  be  required  to  raise  x-\-a-\-b  to  the  power  of  & 
Pat 

u+b  =    y 

Then, 
{x+a+by-    (*+y)\ 

=    ar*  +  4jty+63,^8  +  *y,  +  y*i  potting  for  y  its  value, 
zz    x*  +  4*»-(u  f  b)  +  6V  \a+by  +  t*ia+bf  +  (a+o)* 


Expanding  (a+bf ,  (a+bf ,  («+£)* ,  by  the  Binomial  Theorem,  and 
forming  the  multiplications  indicated,  we  shall  arrive  at  the  expansion  of 
{x+a+by. 

It  is  manifest,  that  we  may  apply  a  similar  process  to  any  polynomial. 

1 1 3.  In  the  observations  made  upon  the  expansion  of  (x-f-a)  »  we  have  supposed 
n  to  be  a  positive  integer.  The  binomial  theorem,  however,  is  applicable, 
whatever  may  be  the  nature  of  the  quantity  n,  whether  it  be  positive  or  nega- 
tive, integral  or  fractional  *  When  n  is  a  positive  integer,  the  series  consists  ef 
n  +  1  terms  *,  in  every  other  case  the  series  never  terminates,  and  the  develops* 
raent  of  (x  +  a)  n  constitutes  what  is  called  an  infinite  series. 

Before  proceeding  to  consider  this  extension  of  the  theorem,  we  may  remark 
that  in  all  our  reasonings  with  regard  to  a  quantity,  such  as  {x  +  a)  ■  we  aUf 

•  No  algebraist  has  succeed**  in  proving  this  in  a  manner  altogether  satisfactory.     The  last  «u 
eeptiouabie  of  the  demonstrations  which  hare  been  proposed,  will  be  given  in  a 
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corfine  oar  attention  to  the  more  simple  form  (1  +  a)  ■  to  which  the  former 
sjay  always  be  reduced.    For, 

(z+a)  =  *(l+°) 

2SXm(l+^)"<*X*(l  +  «)»       lf«Wp«t«=- 

X  X  *  •  X 

-••ilO.*    a    ,    «Cs3—l)    a*        «(»— l)(n— 2)  gj 
SX-J1+H.-  +     K    2  'v  +        TT871 *»  + 

»(ii-l)(it-2)ftt-3),««  ) 

1.2.3.4  **+&c,J 

Svppose  m  =-—  where  r  and  t  are  any  whole  numbers  whatever, 
Then  (x  +  a)  ■  becomes  (x  -J-  a)' ,  and  substituting  -  for  n  in  the  series. 
(*  +  a)T  =  a.{l+-J' 

.  ra  7(7-*;, -,  :-(,-->)(,--*),. 

#-oc— )c--)._.t>, 

T  1.2.3.4        .        a:*^        J 


Or 


±/,    ,  r    a    ,  r(r  —  s)  a1       r(r  — *)(r—  2*)  /*« 

,   r(r-t)(r-«s)(r-3t)    yj  > 

+  1.2.3.4  ,*  -aji  +  ^J 

114.  The  binoamial  theorem,  wider  this  form,  is  extensively  employed  in 
smaiyais  for  developing  algebraic  expressions  in  series. 

* 

Example  L 


Expand  \/x  -|-  a  in  «  series. 

V'J+'a  =  (*  +  «)* 

-**('+  iY    Here  r=  1,1  =  2. 

ssjr2I+2    I  +  — f75 ?+ 17773 '  *» 

•Kt-')(t-»)U-0  <l.  1 

+    1.8.3.4 *   +  ) 


m2 
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(l+2'*  +  ~1T2 *»+ uTTs: — -7 

2  *"""  2  *~  2             8    .  £  f 

+  1.2.3.4  "«•    + ) 

_J$i.JL     «  1  a*     ■       1.3         £  1.3.5 

"■*   I    +2  '  *       TTWTi  '  *»    +  1.*.3.8**»  ""1.2.3.4.16 


^ + - 1 


«« 
*• 


which  may  be  put  under  the  form 

-*iljJL     a        J_     *     ,       1^3       a1  1.3.5     «' 

<   ^l"**""  2.4  '  a1    +  2.4.6  *?"  ""  2.4.6.8? 

.       1.3.5.7         o»         -               .  ) 

+  2.4.6.8.10  •  ?  —  te   $ 

where  the  law  of  the  series  is  evident. 

Example  IL 
Expand  y/^ZZT?  in  a  series 

=  fl(l—  «»)*    Here  rsl,    isS,    -=s—<* 

..^t-O,   t(t-'Xt->  , 

*+ — j-^ e« nF-5 * 


■U- 


,  7<T-')(t-'X7-')  , 

"{ 1 O         Q        A. * 


1.2.3.4 

_     5,        *     *  !       4  1.3      .  1.3.5     „       .     \ 

-all~!ie  -  27ie    ""27476^""  8.4.6. 8  *  — **$ 


Example  II L 
Expand     ,  l  t         4   in  a  series. 


=    m(6«  +  c«)      * 


=    m&        (l  +  JV       •  Hewrss— lf#=«;j  =p 

•   c  *- t  •  p  +  rn it 


+ 1.2.3  V 


BINOMIAL  THEOREM.  *H 

r4  (-T-0  (-*-•)  i-\-') 


+  1.9.3.4 

-4 

X 


IFjJ     otc.  ..•*•*•••••..••.■••»■•....•.••.. •••••.••»«*aM##, •••.„. f 

?-},       I    C*   ,     "~2  X  ~"2     c«       "™2X""2X""1 

•c1— 7-P+ T75 P  + TTTTs 


1,3,5  7 


ci,            2  ~       2  "       2  ~      2  clf  ,     _  i 

•T«+ 1.2.3.4 P  +  to S 

_    m  C         1      c4  f    1.3      c«       1.3.5      cM       1.3.5.7 
—      2  C1— T*6»+».4  'i'*""2.4.6  '  P  +  2.4.0.8 


ew 


•  A--** • 3 

Example  IV. 


—  n*^    (1-.-^)     \  Hew,r  =  — l,«  =  ft-=— -^ 

=  T  i1  +  T      "P"  +  IT*  v"P") 

—  1.2.3  •   VTTV 

+  1.2.3.4  V  b~i~  '  -**$ 

—  2LJ,    ,     *       c,<jf    .    L_3     c4*4   .    K3.5     c«e« 

—  b  I  l+~2   *    T7"  +  2.4*  "?•     +ST476'"Tr 

1.3.5.7     c  8  c  8  ^ 

+  2.4.6.8  •  "P"  T  «• J 

Example  V. 


X  ffl 


» 


182  ALGEBRA. 


3  3 

»J     \*       4'm'+  1.8  '  MP/ 

3         3  S 

+  1.2.3  *  W'    ) 

=    i£±2S  3     n^    .       3.7     n"  3.7. 1) 

m*     £  *"*"»3         l.2.4«m  •        1.8.3.4' 

n1*       3.7.  II  .  15    »»  ) 

*ii71+i.2.3.4.44ii11  —  &a ) 

17     a  l  i     ,      v—  *  I   5,       2*  ,    3x«       4i»         ? 

t     t  /  2         ,vl  15,        3     *•       3    x*       5     *•      7   *•         ) 

Lx.7.(c»-*«)*    =    cf{l-ivp-Sl.^-p.Sl-ii.c-i-M 

p     o    /  t  x     TJ,      — S,    ,     3      x    ,   3.  13         *•        ,   3.13.3* 

x'  .  3.13.23.33  t1       ^( 

•l.rf.3.a,+         10*  l.f.3.4***** 

P     o  1  _  x       6x*       6.11.x*  ,  6. 11. 16. J4         ) 

(i  +  *)*      ~     *""  6  +5TlO""5.10.15+5.10.1d.JW-&C,i 

Ex.  la    The  11th  term  oftlie  set:*  for  (a»  —  *»)*is=  —  {^j^-p> 

1 15.  The  binomial  theorem  is  also  employed  to  determine  approximate  values^ 
of  the  roots  of  numbers. 

In  the  formula, 
/     i      \n  o/.    .         «    i      n(n — 0  a%  i   n0» — 0(* — *)    **  ■  ^ 

(*  +  «)  =  *■(!+,..  -+_L_A_  + 1>8^3      J-P  +  -HP 

Let  us  put  n  =  — ,  the  expression  becomes  (x  +  a)    »    0r  {/x  -f-  a,  saof- 
we  have 

.^-^.i.i  ,-&-■>  •..,4(i-o('7-» 

v  -r       v*\ -rr     #-r       1#g        x<i  1.2.3 


«> 


•P  + 


^i/xn+1   ±_±   =!   i+i.Ez*.!^.*  « 


If  we  wished  to  form  a  new  term,  it  would  manifestly  be  obtained  fay  mM 
plying  the  fourth  by  — j-~  -  and  — ,  then  changing  the  sign,  and  so  OS)  far 
the  rest,  the  terms  after  the  first  being  alternately  positive  and  negative* 
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Tbii  being  promised,  let  ft  be  required  to  extract  Uie  cube  root  of  31.  Tin 
greatest  cube  contained  in  31  is  27 ;  in  the  above  formula  let  u*  make  rrJ, 
j  =  27,  a  =  4,  and  we  shall  then  have 

V3T  =  t/sT+4 


=    f"( 


■+«* 


-^,+"3  *27—  3  *   3  "7*3  +  3"   3  '   9  '  15555   ""   &C- 

0     .      4  16       .        320 

=  3    +    3!?    — 


27  2187     •     531441 


320      .      3  r  —  I 


5«i  1 44 1  4  r  x 

^  2     4  2560 

3  "  27'  Wld  then  changing  **•  s»g™>  which  will  give  us  —  ^__ 

'n  'ike  manner,  we  shall  find  the  next  term  by  multiplying    V*"7J  ■  ■  by 

^  •  7,  *  ™U  therefore  be  j^^^  X  ^  X  F?  =   i7iilMaMlWfl««* 
°n  f«,r  any  nuinoer  0f  terms. 

us  however  confine  our  attention  to  the  first  five  terms  of  the  series,  and 
Uce  them  to  decimals,  we  shall  have,  for  the  sum  of  the  additive  terms, 


3    =     3.00000 
i      =     0.14815 

_     0.00060 

^*^   *or  the  sum  of  the  subtract! ve  terms, 

2157       =-0.<H>73l 
=  —  0.00006 


3.14875 


43046721 

*lei:cef 

t/5T    =     a  14138 


=  —  0.00737 


aifesuh  which  we  shall  proceed  to  show  is  within  0.00001  of  the  truth. 

"*•  When  the  expression  for  a  number  is  expanded  in  a  series  of  terms,  tho 
mn^rical  value  of  which  go  on  decreasing  continually,  we  easily  perceive  that  the 
P^^the  number  of  terms  which  ue  take,  the  more  nearly  shall  we  approach 
to  the  real  value  of  the  proposed  expression.  J3ut  if,  in  addition  to  this,  we 
MPP<*tthat  tho  terms  of  the  series  are  alternately  positive  and  negative,  we 
°^  upon  stopping  at  any  particular  term,  determine  precisely  the  degree  of 
Jppftximation  at  which  we  have  arrived. 

Ui  then  be  a  series  a— 6-j-c — d-\*e—f-{-g — A+A — /-f-m composed  of 

a  indefinite  number  of  terms,  in  which  we  suppose  that  the  quantities  a,  b%  c.  d, 
gooo  diminishing  in  succession,  and  let  us  designate  by  N  the  number  reprc- 
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■ented  by  this  series,  we  shall  prove  that,  the  numerical  value  qfSti 
any  two  consecutive  sums  of  any  number  of  the  terms  of  the  above 
For  let  us  take  any  two  consecutive  sums, 

a  —  b  +  c  —  d  +  e  — f    and,  a  —  b  -f-  c  —  d  +  e  — f  +  g 

Upon  considering  the  first  of  these,  we  perceive  that  the  terms  which  follow 

—/are,  +  (ff  —  h)  +  (k  —  /)  ^ ;  but  since  the  series  is  a  decreastif 

one,  the  positive  differences  g  —  A,  A  —  /,  &c  are  all  positive  numbers,  bene* 
it  follows,  that,  in  order  to  obtain  the  complete  value  of  N,  we  must  add  to  the 
gum  a  —  o  +  c  —  d+  e  — /  some  positive  number.     Hence, 

a  —  o-f  c  —  d-f  e—  f^L  N 

With  regard  to  the  second  sum,  the  terms  which  follow  +  a  are,  —  (A  —  i), 

~  (/  —  m), ;  but  the  partial  differences,  h  —  A,  /  —  m,  &c,  are  positive, 

hence,  —  (h  —  A),  —  (/  —  wi), are  all  negative,  and  therefore,  in  order 

to  obtain  the  complete  value  of  N,  we  must  subtract  some  positive  number  frost 
the  sum  a  —  b  +  c  —  d+  e  — f  +  g.    Hence, 

a  —  6  +  c— d+«—  f+g  -7  N 
and  it  has  been  shown  that 

a  —  o-fc  —  d-fe  —  /       ^  N 

therefore  N  lies  between  these  two  sums. 

From  this  it  follows,  that,  since  g  is  the  numerical  value  of  the  difference  of 
these  two  sums,  the  error  committed  when  we  assume  a  certam  number  of  terms 
a  —  b-\-c  —  d  +  e  — /  for  the  value  of  N,  is  numerically  less  ikon  the  term 
which  immediately  follows  that  at  which  we  stopped. 

In  the  preceding  example,  all  the  terras  after  the  first  being  alternately  posi- 
tive and  negative,  we  may  conclude  that  the  numerical  value  of  the  first  five 
terms 

*i    i.  16  320  2560 

3  +  27  —  2187  +  63U41  ~~  43016721 

differs  from  the  true  value  of  1/31",  by  a  quantity  less  than  the  value  of  the  sixth 

112640 
term,  wliich  was  found  to  be  equal  to  iiivvgootuitf  Du'  *"'8  fraction  is  by  mart 

inspection  less  than    .^^   therefore  when  we  assume  that  (/ 31  =  3.141381  the 
Result  is  within  0.00001  of  the  truth. 

117.  From  what  has  been  said  above  it  will  be  seen,  that,  in  order  to  obtain  m 
Approximate  value  of  the  n'h  root  of  any  number  N  by  the  method  of  series,  m 
may  make  use  of  the  following 

RULE. 

Resolve  the  given  number  N  into  two  parts  of  the  form  p*  +  q%  where  p?  is  the 

highest  n,k  power  contained  in  N,  and  in  the  dtvelopement  of  (x  +  a}  ■  mmts 
%  =  p n,  a  =  q.     The  number  of  terms  to  be  taken  in  the  resulting  series  «ss* 


i 
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depend  upon  the  degree  of  accuracy  required,  and  can  be  determined  by  the  prin* 
ctptejtut  explained.  Convert  all  the  terms  of  which  account  is  taken  into  deci- 
wuds,  and  then  effect  the  reduction  between  the  additive  and  subtractive  terms. 

This  method  cannot  be  employed  with  advantage  except  when  \  is  a  small 

fraction ;  for  unless  this  be  the  case  the  terms  of  the  series  will  not  diminish 
with  sufficient  rapidity,  and  it  will  be  necessary  to  take  account  of  a  great  num- 
ber of  terms  in  order  to  arrive  at  a  near  approximation. 

It  may  happen  that  pn  is  *£.  qt  we  must  then  modify  the  above  process,  for  then 

—  or  —  is  greater  than  unity,  and  therefore  all  the  powers  of  —  will  in- 
crease in  numerical  value  as  the  degree  of  the  power  increases. 

Suppose,  for  example,  that  the  cube  root  of  56  is  sought,  27  being  the  greatest 
cube  contained  in  56,  we  shall  have 

x  =  27,     a  =  29    and  .•.  —  =  5=, 

•ad  the  terms  of  the  series  will  go  on  increasing  instead  of  diminishing,  (we  do 
not  speak  of  the  coefficients,  which  are  fractions  differing  but  little  from  unity). 

8  1 

But  we  may  resolve  56  into  64 — 8,  or,  4s  —  8;  but  -ru  or,  —  is  a  small  frac- 
tion. On  the  other  hand,  if  we  substitute  — a  for  a  in  the  expression  for 
\/x  +  a,  we  have 

m     1  la        1    n— 1    aj      ±    n  —  \    2w—  1   a 

y/x— a  _  s"(l  —  -JT'-J—  n  •-g7--x«—  n  •    2n   '    3»    mx*~m~ 

If  we  put  x  =  64,  a  =  8,  we  shall  obtain  a  series  of  terms  which  will 
decrease  with  great  rapidity. 

Here  all  the  terms,  with  the  exception  of  the  first,  are  negative,  and  we  can- 
not apply  to  this  series  the  criterion  established  in  Art  (116.)  for  fixing  the  de- 
gree of  approximation.  But  we  shall  approach  very  nearly  to  the  required  de- 
gree of  approximation  if  we  take  into  account  such  a  number  of  terms  that  the 
first  which  we  neglect  shall  be  less,  by  one  tenth,  for  example,  than  the  decimal 
place  to  which  we  wish  to  limit  the  approximation. 

The  student  may  take  the  following  examples  as  exercises : 

Ex.1.    (/39     =  \/32+7     =  2.0807 true  to  0.0001. 

2.  J/65     =  1/64  +  I     =  4.02073...     0.00001. 

3.  1/260  =  1/ 256+4     =  4.01553...     0.00001. 

4.  W08  =  1/128—20=  1.95204...     0.00001. 
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118-  Numbers  may  be  compared  in  two  ways. 

When  it  is  required  to  determine  by  how  much  one  number  is  greater  or  less 
than  another,  the  answer  to  this  question  consists  in  stating  the  difference  be- 
tween these  two  numbers.   This  difference  is  called  the  Arithmetical  Ratio  of  the 
two  numbers.     Thus,  the  arithmetical  ratio  of  9  to  7  is  9  —  7  or  2,  and  if  a,  b 
designate  two  numbers,  their  arithmetical  ratio  is  represented  by  a  —  & 
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When  it  is  required  to  determine  how  many  times  one  number  contains,  or, 
is  contained  in,  another,  the  answer  to  this  question  consists  in  stating  the  ouo- 
tirnt  which  arises  from  dividing  one  of  these  numbers  by  the  other.  This  quo- 
tient is  called  the  Geometrical  Ratio  of  the  two  numbers.  The  term  Ratio,  when 
used  without  any  qualification,  is  always  understood  to  signify  a  geometrical 
ratio,  and  we  shall,  at  present,  confine  our  attention  to  ratios  of  this  descrip- 
tion. 

1 1 9.  By  the  ratio  of  two  numbers,  then,  we  mean  the  quotient  which  arises  from 
dividing  one  of  these  numbers  by  the  other.  Thus  the  ratio  of  12  to  4  is  repre- 
sented by  ~t  or  3,  the  ratio  of  5  to  2  is  —  or  2.5,  the  ratio  of  1  to  3  is  -5-  or 

.333 . . .  We  here  perceive  that  the  value  of  a  ratio  cannot  always  be  expressed 
exactly,  but  that,  by  taking  a  sufficient  number  of  terms  of  the  decimal,  we  can 
approach  as  nearly  as  we  please  to  the  true  value.  It  may  happen  that  one  or 
both  terms  of  the  ratio  can  only  be  expressed  in  decimal  fractions  which  do  not 
terminate ;  thus,  in  the  ratio  of  I  to  \/2t  and  in  the  ratio  of  y/3  to  t/7,  the 
quantities  a/ 2,  \/3,  [/*!  can  only  be  expressed  in  decimals  which  do  not  ter 
minate,  and  therefore  the  values  of  the  above  ratios  cannot  be  exactly  expressed, 
although  we  can  approach  to  them  as  nearly  as  we  please. 

120.  If  a,  A,  designate  two  numbers,  the  ratio  of  a  to  b  is  the  quotient  arising  from 

dividing  a  by  b,  and  will  be  represented  by  writing  them  a :  o,  or,  -r~. 

121.  A  ratio  being  thus  expressed,  the  first  term,  or  a,  is  called  the  antecedent 
of  the  ratio,  the  last  term,  or  6,  is  called  the  consequent  of  the  ratio. 

122.  It  appears,  therefore,  that,  in  arithmetic  and  algebra,  the  theory  of  ratios 
becomes  identified  with  the  theory  of  fractions,  and  a  ratio  may  be  defined  as  a 
fraction  whose  numerator  is  the  antecedent,  and  whose  denominator  is  the  con- 
sequent of  the  ratio. 

1*23.  When  the  antecedent  of  a  ratio  is  greater  than  the  consequent,  the  ratio 
is  called  a  ratio  of  greater  inequality  ;  when  the  antecedent  is  less  than  the  con- 
sequent it  is  called  a  ratio  of  less  inequality;  and  when  the  antecedent  and 

12 
consequent  are  equal  it  is  called  a  ratio  of  equality.    Thus,   —  is  a  ratio  of 

4 

12  3 

greater  inequality,  ttt  is  a  ratio  of  less  inequality,  -=-  or  1  is  a  ratio  of  equali- 
ty. It  is  manifest  that  a  ratio  of  equality  may  always  be  represented  by 
unity. 

124.  When  the  antecedents  of  two  or  more  ratios  are  multiplied  together  to  form 
a  new  antecedent,  and  their  consequents  multiplied  together  to  form  a  new 
consequent,  the  several  ratios  are  said  to  be  compounded,  and  the  resulting  ratio 

is  called  the  sum  of  the  compounding  ratios.  Thus,  the  ratio  4r  is  compounded 
with  the  ratio  -^  by  multiplying  the  antecedents  a,  c,  for  a  new  antecedent, 

and  the  consequents  b,  d,  for  a  new  consequent,  and  the  resulting  ratio  r4 

a  c 

is  called  the  sum  of  the  ratios  ->   and  -= . 

o  d 

In  like  manner,  the  ratios  of  — ,  -£-,  -,  — ,  are  compounded  by  multiplying 

all  the  atitcrcdciit.o  together  for  a  new  anterodent,  and  all  the  consequents  for 
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SJBB  S9i   S^  s? 

ft  oom  consequent,  and  the  resulting  ratio  — £ —    is  called  the  sum  of 


the 


m   p     r     t 

ratios  —,  <£-,  — ,  — . 
n*  q9  #•  w 


126.  When  a  ratio  is  compounded  with  itself  the  resulting  ratio  is  called  the 


.    a 


duplicate  rath,  or,  double  ratio  of  the  primiti  Ye.  Thus,  if  we  compound  the  ratio-r- 
with  g9  the  resulting  ratio  ^  is  called  the  duplicate  ratio  of  -r-. 


«». 


Similarly,  i-j  is  called  the  triplicate  ratio  or  frtpfe  ratio  of  •?•• 

a "  a 

And  generally,  j-j-  is  called  the  sum   of  the  ratio  t-  added  n  times  to- 
gether. ^ 

According  to  the  same  principle,  the  ratio  — r  is  called  the  subduplicate 

ratio,  or,  half  ratio  of  -t-  ;  for  the  duplicate  ratio  of  — \  is  -r  X    "1  =  r* 

**       b*        A* 

a* 
8o  sJso  the  ratio  r-%  is  called  the  subtriplicate  ratio,  or,  0110  third  of  the  ra- 


a  a*      a*       a*       a*         a 

tio\  of  j.    For  the  triple  of  -?  is  -^  X  —\  X   "1  =  "lv 

6*      6*        6f       o* 


x 
aa a 


And  in  general,  -^  is  called  one  n*  of  the  ratio  -r-;  for  w  times  the  ratio 

X  X  X  X 

a*  .     a0     ,  an     ,  an  a 

-j    is    -jX    "1  X   -j  X  ...  to  n  terms  -=    ^« 

&•        b*        ba        bn 

Nans.    The  ratio  -7  is  celled  the  sesqiiiplicate  ratio  of  -jr  for  it  b  com. 

a*         a         a* 
pounded  of  the  simple  and  subduplicate  ratio;  thus,  —  X   nr  =  — • 

ft*  £* 

1 26.  //'  the  terms  of  a  ratio  be  both  multiplied,  ot  both  divided,  by  the  same 
pvmtity,  the  value  oftiie  ratio  remains  unchanged* 

The  ratio  of  a  to  b  is  represented  by  the  fraction  -r,  and  since  the  value  of  a 

rrmrtion  is  not  changed,  if  we  multiply,  or  divide,  both  inmeratoi  and  denomi 
tutor  by  the  same  quantity,  the  truth  of  the  proposition  is  evident.     Thus, 

a 

n  m  a  n  .  .  a      b 

-»    =  — 7  =  -7-.  or,  a :  b  =  ma:  mb  ~  —  :  — . 
o         m  o  o  n      n 


8  ALGEBRA. 

127.  Ratios  are  compared  with  each  other  by  redwing  the  fractions,  by 
they  are  represented,  to  a  common  denominator. 
If  we  wish  to  ascertain  whether  the  ratio  of  2  to  7  is  gioater  or  \sm  (hi 


£  3 

of  3  to  8,  since  these  ratios  are  represented  by  the  fractions  -—  and  — , 

lft  21 

are  equivalent  to  —  and  —  ;  and  since  the  latter  of  these  is  greater  thi 

former,  it  appears  that  the  ratio  of  2  to  7  is  less  than  the  ratio  of  3  to  8. 

128.  A  ratio  of  greater  inequality  is  diminished,  and  a  ratio  of  a  Uu  { 
is  increased,  by  adding  the  same  quantity  to  both  terms. 

Let  j-  represent  any  ratio,  and  let  x  be  added  to  each  of  its  terms.    Tl 

ratios  will  then  be 

a,    a  +  x 
b     b  +  x 

which,  reduced  to  a  common  denominator,  become 

ab  +  ax,    ab+  bx 

b  (b+  x)    b(b  +  xy   . 

a 
If  a  7  b,  i.e.  -y,  a  ratio  of  greater  inequality,  then 

ab  +  ax        ab  +  bx 
b(b+x)        F(b  +  x) 

and  .*.  -T-  is  diminished  by  the  addition  of  the  same  quantity  to  each 

terms. 

Again  if  a  ^.  b,  i,  e,  nr,  a  ratio  of  less  inequality,  then 

ab  -f-  ax  ab  +  bx 

h  <J>  +  x)         b(b  +  x)9 

and  .*.  -T-   is  increased  by  the  addition  of  the  same  quantity  to  each 
b 

terms. 

129.  If  there  be  any  number  of  ratios  in  which  the  consequent  of  the  fin 
is  the  antecedent  of  the  second,  and  the  consequent  of  the  second  the  antecec 
the  third,  and  so  on,  the  mm  of  any  number  of  said  ratios  is  the  ratio 
first  antecedent  to  the  last  consequent. 

Let  the  proposed  ratios  be 

a     °     c     !L  JL 
T'  T'  T'    e'  /• 

Then  by  (Art  124.)  their  sum  is 

a  b  c  d 


Or, 


7XTXe*X«X/ 

aftede---- 


bede f 

u    7 


130.  Proportion  consists  in  the  equality  of  ratios. 

Thus,  if  a,  b,  c,  d  be  four  quantities,  such  that  a  when  divided  by  b  gi 
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quotient  as  e  when  difided  by  a\  th*&  a,b,e,d\are  said  to  be  proper* 

ttonals;  the  numbers  20,  5,  36f  9  are  proportionals,  for  -jp  =  4,  and  ^  =  4. 

131.  "When  four  quantities  are  proportionals,  it  is  usually  enunciated  by  saying 
thai  the  first  is  to  the  second  as  the  third  is  to  the  fourth.  Thus,  if  a,  b,  c,  d 
are  proportionals,  we  say  that  aisto6ascistoa\  and  this  is  expressed  by 
writing  them 

a  :  h  ::  c  :  d 

Or  sm  Auctions, 

a  c 

r  =  * 

The  former  notation  is  usually  employed  in  geometry,  the  latter  in  analytical 

Investigations. 

a         c 
192.  The  expression  aibucidot  "T"  =*  7T  i»  called  a  proportion,  and  a,  6,  c,  rf, 


sereralry  called  the  femu  of  the  proportion.  The  first  and  last  are  called 
the  extreme  terms,  the  second  and  third  the  mean  terms*  The  first  term  is 
called  the  first  antecedent,  the  second  term  the  first  consequent,  the  third  term 
the  second  antecedent,  and  the  fourth  term  the  second  consequent 

183.  When  the  second  and  third  terms  of  a  proportion  are  identical,  the  quan- 
tity which  forms  these  terms  is  called  a  mean  proportional  to  the  other  two;  thus, 
If  we  hare  three  quantities  a,  bt  c,  bach,  thai 

a  b_ 

o 


a  :  b  ::  b  :  c   or    TT   = 


then  b  is  said  to  be  a  mean  proportional  to  a  and  c,  and  c  is  called  a  third  pro- 
portional to  a  and  6. 

If,  in  a  series  of  proportional  magnitudes,  each  consequent  be  identical  with 
the  next  antecedent,  these  quantities  are  said  to  be  in  continued  proportion^  thus, 
if  we  hare  a  series  of  quantities,  a,  b,  c,  d\  e,  f  g,  h,  such  that 

a:b::b  :c::  c  :d::  d:e::  e  :f::f:  $•::  g:  h 
Ur, 

a  b    ^    c    d   e   f  g 

TT~"    c    "™    d  ~~    e         f        ~g         h 

Caen  the  quantities  a,  b,  e,  d\  e,f,  g$  h,  are  in  continued  proportion. 

The  following  are  the  most  important  propositions  connected  with  the  subject 
ef  proportion. 

L  If  Jour  quantities  be  proportionals,  the  product  of  the  extreme  terms  will  be 
equal  to  the  product  of  the  mean  terms. 

a:b ::  c  :d 
Or, 

a         c 

Naltiplying  these  equals  by  b  d  the  expression  becomes 

ad  =  b  c 
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IL  Convanwr?.  if  the  product  of  any  two  quantities  be  equal  to  the  proAtet 
of  any  other  two,  these  four  quantities  will  constitute  a  proportion,  the  term  of 
one  of  the  products  being  the  means,  and  the  terms  of  the  other  the  extremes. 

Let, 

a  d  =  b  c 


viding  these  equals  by  b  d  the  expression  becomes 


* 

T 


~d   or'  H 


a 

T 


I.  e.    a :  b  : :  c  :  d\  or,  c  :  d  : :  a  :  b 


In  the  first,  a  and  d  are  the  extremes,  and  b  and  c  the  means,  in  the 
b  and  c  are  the  extremes,  and  a  and  d  the  means. 

11 L  If  three  quantities  be  in  continued  proportion,  the  product  of  the 
terms  is  equal  to  he  square  of  the  mean. 

This  follow  immediately  from  the  last  proposition,  for  let  a,  6,  e,  be 
quantities  in  oontinutxi  proportion,  then 

,       .  a  b 

aibizbic  or,  •«-  = — 

1    b  e 


1    b         e 
•••  ac  =  b  X  b  by  last  prop. 


IV.  Conversely,  If  the  product  of  any  two  quantities  be  equal  to  tit 
of  a  third,  the  last  quantity  will  be  a  mean  proportional  to  the  other 
Urns,  if  a  c  =  &  •,  6  if  a  mean  proportional  to  a  and  4  for  si 


dividing  these  equals  by  b  e 


1   = 


e  =  b* 


—  or  a  i  b  ::  b  :  e 
c 


V    Quantities  which  have  the  same  ratio  to  the  same  quantity  are 
ene  another,  and  those  to  which  the  same  quantity  has  the  same  ratio 
to  one  another. 

First,  let  a  and  b  have  the  same  ratio  to  the  same  quantity  c,  then  a 

Since, 

a  :  c  ::  b  :  c 
Or, 

i    -    1 
c     ~~     c 


=*. 


Multiply  these  equals  by  c  .\  a  =z  b 
Again,  let  c  have  the  same  ratio  to  each  of  the  quantities  a  and  6, 

Since, 

c  :  a  ::  c  :  b 

Or, 

T   ~    ft 


And, 


We  i-are, 
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Dividing  these  equals  by  e 

I  1 

"3"  =   T 

••.    a  =    ft 

VI.  Ratio*  that  are  the  tame  to  the  same  ratio  are  the  tame  to  one  am.thtr. 
Let, 

a  :  b  ::  x  :  y  i 
-And.  £  Then,  a  :  6  : :  c  :  d 

c  :  d  :z  x  :  y) 

Sim*, 

« :  6  ::  *  :  y,  or  -T-  =  — - 

^  c         a: 

c  :  a  : :  x  :  y,  or  -j  =r  — 

—    =    -r  and  alio  =   -t 
y  b  d 

a  e  ,  _ 

•••  r   =   -r  or,  a  :  6  ::  e  t  d 

VII.  ij  Jour  quantities  be  proportionate,  they  will  be  proportionals  alto 
sriferaando,  that  is,  ike  ftrtt  will  have  the  tame  ratio  to  the  third  that  the  second 
ha*  to  the  fourth* 

Let  a  i  b  : :  c  :  vl,  then  also,  a  i  c  : :  b     d 

a         c 
Since  nr  •=  *7»  divide  each  of  these  equals  by  c  and  multiply  each  by  b. 

Then  —    =r    -r-    Le.    a  :  c  ::  b  :  d 

c  d 

VIIL  If  four  quantities  be  proportionals,  they  will  be  proportionals  also 
InTertendo,  that  it,  the  second  will  have  to  the  first  the  tame  ratio  that  the 
fourth  hat  to  the  thirdL 

Let  a  :  b  : :  c  :  a\   then  also  b  :  a  : :  d  :  « 

a  c 

Since   T   =    3t  divide  anity  by  each  of  these  equals.    We  hare 

Or, 


—  =  —    L  e.  6  :  i  :  :  a  :  e 

a  e 


IX.  If  four  quantities  be  proportionals,  they  will  be  proportionals  alto  com- 
ponendo,  that  is,  the  first  together  with  the  second,  will  have  to  the  second  the 
ratio  that  the  third  together  with  the  fourth  hat  to  the  fourth. 
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Lei  a  :  b  : :  c  :  d\  then  also,  a  -j-  b  :  b  ::  c  +  d  :  d 

ft  c 

Since  -r  =  -?,  add  1  to  each  of  these  equals,  then 

(V, 

a  +  b  c  +  d  s 

— j- —    =:     — ^ —  te.a  +  6:a::c+  did 

X.  If  four  quantities  be  proportionals,  they  will  be  proportionals  also  diri* 
dendo,  that  is,  the  difference  of  the  first  and  second  will  have  to  the  second  tht 
same  ratio  that  the  difference  of  the  third  and  fourth  has  to  the  fourth. 

Let  a  :  b  : :  c  :  d,  then  also,  a  —  b  :  b  ::  c  —  did 

a  c 

Since    .-  =   -.-,  subtract  unity  from  each  of  these  equals,  then 

a  c 

b  i  -   d         1 


Or, 

a  —  b  __  c  —  d 
~o~  -        d 


Le»  a  — -  b  :  b  ::  c  —  did 


XI.  If  four  quantities  be  proportionals,  they  will  be  proportionals  also 
vertendo,  that  is,  the  first  unU  have  to  the  difference  of  the  first  and  second  tht 
same  ratio  that  the  third  has  to  the  difference  of  the  third  and  fourth* 

Let  a  :  b  : :  c  :  d,  then  also,  a  :  a  —  b  ::  c  :  c  —  d 

Since  -*-  =:   -r  then  by  prop,  VIII.  -    =  —  and  hence  subtracting  these 
equal  quantities  from  unity, 

a  c 

Or, 

a  —  b  c  —  d 

a        ~~        c 

Or, 

a  c         .  . 

r  =  *    i.  e.  a  :  a  —  b  : :  c  i  c 

a  —  b        c  —  d 


XIL  If  four  quantities  be  proportionals,  the  sum  of  the  first  and 
will  have  to  their  difference  the  same  ratio  that  the  sum  of  the  third  andfimttk 

has  to  their  difference. 

Let  a  :  b  : :  c  :  d,  then  also,  a-j-b:a— buc-i-dzc  —  d 

a  c  * 

Since  -r  =:  -*■  we  hare 


By  Prop.  IX  a-±±  =  <L%A 
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Anil, 

By  Prop.  X.   ±^-    -  C ~- 

Dividing  these  equals  by  each  other, 

a  +  b  c  +  d 

b  _d 

a  —  b  c  —  d 

~b~  ~~i~ 

Or, 

a  +  b          c+d    . 
- r   =    i i    i. 


a 


^-t   =       .    i.  «.    a-j-  b:a  —  b  ::c  +  d  :e  —  d 


III.  If  there  be  any  number  of  quantities  more  than  two,  and  as  many  other s^ 
k,  taken  two  and  two  in  order,  are  proportionals,  (ex  mqtiali,)  the  first 
\ftoe  to  the  hist  of  the  first  rank  the  same  ratio  that  the  first  of  the  second 
has  to  the  last. 

Let 

a,  b,  Cj  d  «...  be  any  numbers  of  quantities 
tnd 

e,  f,  g,  h  .  .  .  .  as  many  others 
Lei 

a  :  b  ::  e  :  f  j 

b  :  e  : :  /  :  g  >    Then  also,  a  :   </  :    e  :  k 

e  :  d  ;:  g  :  h  ) 

For  since 

a  e 

T    =    / 

L  =  f- 

*  9 

c     —     ?_ 
1    -    "A 


rtiplying  the  first  column  together,  and  also  the  second, 

abc    __    «/*£ 
fc  c  rf    "~    /^  h 

-y-     =     -t-   l.  e.    a  :  a  : :  *  :  /* 


y.  If  there  be  any  number  of  quantities  wwe  than  ha>,  and  as  manu  others, 
taken  two  and  two  in  a  cross  order,  are  pro/tot  tionaJs,  (ex  mqunli  per. 
i,)  the  first  will  hone  to  the  last  of  the  first  rank  the  same,  ratio  that  t/te 
f  the  second  rank  has  to  the  lout, 

a,  b,  c,  d  .  .  .  .  be  any  number  of  quantities, 
e,  /,  g,  A  .  .  ,  •  as  many  others, 

N 


m 
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Let 


a  :  b  ::  g  :  h*% 
b  z  c  ::  f :  g  > 
c  :  d  i:  e  :  /  J 


Then  also,  a  :  4  ::  •  •  A 


For  since 


or 


a 

c 

_c 

d 

abc 


a 


k 

JL 

9 

e 

f 

9f* 
hgf 


~j-  i. e,  aidnei k 


XV.  If  four  tjnantities  he  proportionals,  any  power*  or  roots  of  these  a* 
tities  will  also  be  proportionals* 


Let 

Since 
a 

T 


a:biic:d\  then  abo,  am  :  bm  :i  cn  :  dm 
=  -j  raising  eachoftfaeet  equale  tc  the  power  of  n,  f  -rj  =r  f 


7 


or. 


c  ■ 

-tj  U   am  i  bm  :i  cm  :  dn 


Where  n  may  he  either  integral  or  fracticrr«L 


XVI.  If  there  be  any  number  of  proportional  quantities,  the  first 
to  the  second  the  same  ratio  that  the  sum  of  all  the  antecedents  has  to  the 
ad  the  consequents. 


Let 


a,  b,  c,  a\  e,  f  g,  h,  he  any  number  of  proportional  quantities,  surli  tik 


Then, 


We  hart. 


a  z  b  i:  c  :  a  ::  e  :  f ::  g  :  k 
a  ib  ::  a  +  c  +  e  +  g  :  b+d+f+h 


a 
b 


c 
d 

ab 
ad 
a  f 
ah 


9 
1 


ba 
bo 
be 
** 


* 
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a(b  +  d+f+h)  =  b(a  +  c+e  +  g) 

a       _  g  +  c  +  e  +  9 

T     - b+d+f+h 

a  :  b  ::  *  +  c+  e  +  g  :  b  +  d+f+h 


-tt 


I VII    Ifthrtt  tptantitie*  be  in  continued  proportion,  the  first  wiU  hone  to  the 
tf  th*  Mtf-ix^ite  ratio  of  that  which  it  has  to  the  second. 

Let  a  :  b  : :  b  :  c,  then,  a  :  c  : :  a  f  :  b  f 


7    =    -  ,  multiply  each  of  the*  equals  by  t,  then. 


TXX  =  7X   fP 


=   —  i.  e.  a  :  c  : :  •  *  :  6  * 


VIM.    It'  f-ur  tpt-tntitics  be  in  continued  proportion,  the  first  uriB  hang  tc 
ttuth  th*-  trioleate  ratio  of  that  which  it  has  to  toe  second* 
€  ««.  A.  c,  d,  lx  four  quantities  in  coutinueil  jt«  portion,  to  thai* 

a  z  b  : :  b  :c  ::  c  :  a\  iltmt  aUo,  a  ;  4  :  t  •  '  i  it ' 


r»  \    ' 


c  tf 


*  = 

* 

-^.  we  ha\c# 

• 

a 

T    = 

a 

<M|iiaU  i.iqi* 

i.«i. 

J7* 

a 

.'rfllMl1 
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ON    EQUATIONS. 


PRELIMINARY  REMARKS. 

184*  Ax  equation,  in  the  most  general  acceptation  of  the  term,  signifies  two  tlft> 
braic  expressions  which  are  equal  to  each  other,  and  are  connected  by  thesigi=» 

Thus,  ax  =  b,  cxi  +  dx  =  e9cxi^gx%  =  hx  +  kt  »x4-f-  nx*+p%% 
+  q  x  -f-  r  =  o,  are  equations* 

The  two  quantities  separated  by  the  sign  =  are  called  the  members  of  th) 
equation,  the  quantity  to  the  left  of  the  sign  =z  is  called  the  first  member,  the 
quantity  to  the  right  the  second  member.  The  quantities  separated  by  the : 
+  and  —  are  called  the  terms  of  the  equation. 

195.  Equations  are  usually  composed  of  certain  quantities  which  are 
given,  and  others  which  are  unknown.     The  known  quantities  are  in 
represented  either  by  numbers,  or  by  the  first  letters  in  the  alphabet,  a,  6,  4  to; 
the  unknown  quantities  by  the  last  letters,  s,  tt  x,  y,  2,  &c, 

186.  Equations  are  of  different  kinds. 

l'\  An  equation  may  be  such,  that  one  of  the  members  is  a  repetition  of  Ik* 
other,  as,  2  x  —  5  =  2  x  —  5. 

2°.  One  member  may  be  merely  the  result  of  certain  operations  iiiiliceirfil 
the  other  member,  as,  5 x  +  16  =  10 x  —  5  —  (5  x — £1),    (x+w)  (*—  #) 

=  *•— y\  ifEy"  =  x*  +  *y+y*- 

3°.  All  the  quantities  in  each  member  may  be  known  and  given,  n\ 
25  =  10  +  15,  a+  b  =  c  —  <i,  in  which,  if  we  substitute  for  a,  6,  e,  4  tar 
known  quantities  which  they  represent,  the  equality  subsisting  between  tint 
members  will  be  self-evident 

In  each  of  the  above  cases  the  equation  is  called  an  identical  equation. 

4°.  Finally,  the  equation  may  contain  both  known  and  unknown 
and  be  such,  that  the  equality  subsisting  between  the  two  members 
made  manifest,  until  we  substitute  for  the  unknown  quantity  or  quantities 
tain  other  numbers,  the  value  of  which  depends  upon  the  known  numbers 
enter  into  the  equation.     The  discovery  of  these  unknown  numbers 
what  is  called  the  solution  of  the  equation. 

The  word  equation,  when  used  without  any  qualification,  is  always 
to  signify  an  equation  of  this  last  species;  and  these  alone  are  the 
oar  present  investigations. 

*  -f-  4  =:  7  is  an  equation  properly  so  called,  for  it  contains  an 
quantity  x,  combined  with  other  quantities  which  are  known  and  given,  m 
equality  subsisting  between  the  two  members  of  the  equation  cannot  he 
manifest,  until  we  find  a  value  for  x,  such,  that  when  added  to  4,  the 
be  equal  to  7.     This  condition  will  be  satisfied,  if  we  make  x  =  3, 
va'ue  of  x  being  determined,  the  equation  is  solved. 

Tlie  value  of  the  unknown  quantity  thus  discovered  is  called  the  reef  of 
equation 
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tiff.  Equations  are  divided  into  degrees  according  to  the  highest  power  of  the 
known  quantity  which  they  contain.  Those  which  involve  the  simple  power 
>ty  of  the  unknown  quantity,  are  called  simple  equations,  or  equations  of  the 
r*t degree;  those  into  which  the  square  of  the  unknown  quantity  enters,  are 
Ued  quadratic  equations,  or,  equations  of  the  second  degree  ;  so  we  have  cubic 
wtions,  or,  equations  of  the  tlurd  degree  ;  biquadratic  equatvms,  or,  equations 
the  fourth  degree;  equations  of  the  fifth,  sixth, ntk  degree.    Thus, 

fli-f  i  =  car+rf  is  a  simple  equation. 

4 x*  —  2x  =  5  —  x%  is  a  quadratic  equation. 

xl -\-  p  x*  -=z  2  q  is  a  cubic  equation. 

i1-f-/>x*~1  +  qxm-*-j-t  &c.  =  r,  is  an  equation  of  the  nA  degree. 

188.  Numerical  equations  are  those  which  contain  particular  numbers  only,  in 
liiion  to  the  unknown  quantity.  Thus,  jr3-f-5x,  =  3x-f-17)isa  nume- 
al  equation. 

189.  Literal  equations  are  those  in  which  the  known  quantities  are  represented 
letters  only,  or  by  both  letters  and  numbers.  Thus,  xl  +  p  x%  +  q  x  =.  r, 
—  3p  x  •  -f.  5<7Xa-f-rx  =  5  are  literal  equations. 

HO.  Let  us  now  pass  on  to  consider  the  solution  of  equations,  it  being  under- 

xri,  that,  to  solve  an  equation,  is  to  find  the  value  of  the  unknown  quantity,  or 

find  a  number  which,  when  substituted  for  the  unknown  quantity  in  the  equa- 

fa,  renders  the  first  member  identical  with  the  second. 

The  difficulty  of  solving  equations  depends  upon  the  degree  of  the  equations, 

wl  the  number  of  unknown  quantities.     We  first  consider  the  most  simple 

Me. 


W  THE  SOLUTION  OF  SIMPLE  EQUATIONS  CONTAINING  ONE  UNKNOWN  QUANTITY. 

"1*  The  various  operations  which  we  perform  upon  equations,  in  order  to 
mve  at  the  value  of  the  unknown  quantities,  are  founded  upon  the  following 

"nciples: 

V  to  two  equal  quantities,  the  same  quantity  be  added,  the  sums  will  be  equal. 

If  from  two  equal  quantities,  the  same  quantity  be  subtracted,  the  remainders 

tibeequal. 

!f  two  equal  quantities  be  multiplied  by  the  same  quantity,  the  products  will 

If  two  equal  quantities  be  divided  by  the  same  quantity,  the  quotients  will  be 
al 

Tiese  principles,  when  applied  to  the  two  equal  quantities  which  constitute  the 
members  of  every  equation,  will  enable  us  to  deduce  from  them  new  equa- 
i,  which  are  all  satisfied  by  the  same  value  of  the  unknown  quantity,  aud 
>h  will  lead  us  to  discover  the  value  of  that  unknown  quantity. 
2.  The  unknown  quantity  may  be  combined  with  the  known  quantities  in 
given  equation,  by  the  operations  of  addition,  subtraction,  multiplication, 
division.     We  sliali  consider  these  different  cases  in  succession. 

Lei  it  be  required  to  solve  the  equation, 

x  +  a  =  b 
,  from  the  two  equal  quantities  x  +  a  and  b,  we  subtract  the  same  quantity 
e  remainders  will  be  equal,  and  we  shall  liave, 

x  +  a  —  a  =  b  —  a 
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or, 

9  =  b — a,  the  value  of  x  required. 
80  also,  in  the  equation, 

x+6  =  24 
Subtracting  6  from  each  of  the  equal  quantities  x+6  and  24,  the  remit  ii, 

x  =  24  —  6 

=  18,       the  value  of  x  required. 

H.  Let  the  equation  bef 

x  —  a  =  b 

If,  to  the  two  equal  quantities  x — a  and  b,  the  same  quantity  a  be  added,  tat 
sums  will  be  equal,  then  we  have, 

x  —  a-f-a  =  6  +  a 
or, 

x  =  b  +  a  the  value  of  x  required. 
80  also  in  the  equation, 

*-— 6  =  24 

Adding  6  to  each  of  these  equal  quantities,  the  result  is, 

x  =  24  +  6 
=  30,  #     the  value  of  x  required. 

It  follows  from  (L)  and  (II.)  that, 

We  may  transpose  any  term  of  an  equation  from  one  member  to  the  otktr%  if 
changing  the  sign  of  that  term, 

We  may  change  the  signs  of  every  term  in  each  member  of  the  equation,  wm% 
out  altering  the  value  of  the  expression.  This  is,  in  fact,  the  same  thing  a? 
transposing  every  term  in  each  member  of  the  equation. 

If  the  same  quantity  appear  in  each  member  of  the  equation  affected  with  At 
same  sign,  it  may  be  suppressed, 

IIL  Let  the  equation  be, 

a  x  •=.  b 
Dividing  each  of  these  equals  by  a,  the  result  is, 

x  =  —  the  value  of  x  required. 

So  also  in  the  equation, 

6x  =  24 

Dividing  each  of  these  equals  by  6,  the  result  is, 

x  =  4,    the  value  of  x  required. 

• 

From  this  it  follows,  that, 

When  one  member  of  an  equation  contains  the  unknown  quantity 
affected  with  a  coefficient,  and  the  other  member  contains  known 
the  value  of  the  unknown  quantity  is  found  by  dividing  each  membet  of  the 
Hon  by  the  coefficient  of  the  unknown  quantity. 


IV.  Let  the  equation  be, 


x 

a  ~° 


Multiplying  each  of  these  equals  by  a,  the  result  is, 

x  =z  abt    the  value  of  x  required. 
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80  also  in  the  equation, 

Multiplying  each  of  these  equals  by  6,  the  result  is, 

x  =  144 

From  this  it  follows,  that, 

When  one  member  of  the  equation  contains  the  unknown  quantity  alone, 
divided  by  a  known  quantity,  and  the  other  member  contains  known  quantities 
only,  the  value  of  the  unknown  quantity  is  found  by  multiplying  each  member  of 
the  equation  by  the  quantity  which  is  the  divisor  of  the  unknown  quantity. 


V.  Lei  the  equation  be, 

ax  dx         m 

e    ~"   n 


T-°  = 


In  order  to  solve  this  equation,  we  must  clear  it  of  fractions ;  to  effect  this, 
reduce  the  fractions  to  equivalent  ones,  having  a  common  denominator  (Art. 
52),  the  equation  becomes, 

aenx  bdnx        bem 

ben    """  ben  ben 

Multiply  these  equal  quantities  by  the  same  quantity  ben,  or,  which  is  evi- 
dently the  same  thing,  suppress  the  denominator  ben  in  each  of  the  fractions, 
and  multiply  the  integral  term  by  b  en,  the  result  is, 

aenx  —  been  =  bdnx  —  bem,  an  equation  clear  of  fractions* 

8o  also  in  the  equation, 

2x3  x 

—  -    =    li  4-    * 

3  4  l  T   6 

Reducing  the  fractions  to  a  common  denominator, 

40*        45   i,  _.    l2x 

60    ~"  60   —    1J  +    60 

Multiplying  both  members  of  the  equation  by  60,  the  result  is, 

40  x  —  45  =  660  +  18  x,  an  equation  clear  of  fractions. 

If  the  denominators  have  common  factors,  we  can  simplify  the  above  opera- 
tion by  reducing  them  to  their  least  common  denominator,  which  is  done  (see 
arithmetic)  by  finding  the  least  common  multiple  of  the  denominators.  Thus 
in  the  equation, 

5  x        4x  _     7  13  x 

18~"3"~3—     8   ""     6 

The  least  common  multiple  of  tj>e  numbers  12,  3,  S,  6,  is  24,  which  is  there- 
lore  the  least  common  denominator  of  the  above  fractions,  and  the  equation 

•rill  become, 

10  x        38  x  21         52  x 

"24"  ~~    24  13    —    24  ~~  "7T 

Multiplying  both  members  of  the  equation  by  24*  the  result  is, 

1 0  x  —  32  x  —  312  =  21  —  52  x,  an  equation  clear  of  fraction* 

I  fence,  it  appears  that, 
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]n  order  to  clear  an  equation  of  fractions,  reduce  the  fractions  to  a 
JenomiAaur,  multiply  each  integral  term  by  this  common  denominator,  and  then 
Suppress  it 

143.  From  what  has  been  said  above,  we  deduce  the  following  general 


BULB  FOB  THE  SOLUTION  OF  A  SIMPLE  EQUATION  CONTAINING  ONE  UNKNOWH 

QUANTITY. 


1°.  Clear  the  equation  effractions,  and  perform  in  both  number*  aU  the  aim* 
braic  operations  indicated. 

2°.  Transpose  all  the  terms  containing  the  unknown  quantity  to  one  memUr 
of  the  equation,  and  all  the  terms  containing  known  quantities  only  to  the  ether 
member  of  the  equation,  and  reduce  each  member  to  its  most  simple  form, 

3°.  We  thus  obtain  an  equation,  one  member  of  which  contains  the 
quantity  alone,  affected  with  a  coefficient,  and  the  other  member  eontah 
quantities  only  ;  the  value  of  the  unknown  quantity  wiU  be  found  by  riividimj  the 
member  composed  of  the  known  quantities  by  the  coefficient  of  the  unbunm 
quantity. 

The  terms  containing  the  unknown  quantity  are  usually  collected  in  tkmjlnt 
member  of  the  equation. 

Example  1. 

Given,                            19*+ 13        =  59  —  4* 

Transposing,                  19*+**        =  59  — 13 

Reducing,                                  23*        =  46 

Dividing  by  23,                            x        =  2 

Example  & 
Given,  x_        x  *_±+11 

6         4  T  3         2  T 

Reducing  to  least  common  denominator  12, 

*f_:<*+io      =      !£_§f  +  n 

12       12 T  12        12  T 

Multiplying  both  members  by  12, 

2x  —  3*+  120      =        4x  —  ttx  +  13* 

Transposing,      2s  —  3*  —  4uc+ftr  =  132—120 
Reducing,                                 x         =         12 

Example  3. 
Given,  6x+3    ,    7  _         4*— 10    ,    . 

Reducing  to  least  common  denominator  20,% 

Multiplying  both  members  by  20, 

25x+15+140  =  8x  —  20  +  200 

Transposing,               25*  —    8*  =  200  —  20  —  15—140 

Reducing,                                 17*  =  25 

25 

Dividing  by  17,  x        =        tX 
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Example  4. 

gg^5       7x+10  _         1A       12r— 10 

4  3  ~  5 

I  to  common  denominator, 

30a? —.75        140r+200  lg        144jt— 120 

CO  60  60 

ing  both  members  by  CO, 

Sta—  75~l4oi  —  200  =         960— 144.r+120 

ing,         30z  — 140*+  144*  =        960  +  75  +  200+120 

j,  34x  =         1355 

by  34,  x        = 


1355 
34 


Example  5. 
12  —  4*       2z  +  5  «     ,    7*  +  60       CA 

— TO 5-  =      3  +— i 50 

;  to  least  common  denominator, 

12—4*       4a?+10  _  35s  +  300 

10  HT"fc  ""        **    +  10      """^ 

ng  by  10, 

12  —  4x  —  4*—  10  =        30+  35*  + 300  — 500 

ing,  —  4jc  —  4c  —  35*  =5        30+300—12+10  —  500 

—  43*  =    —  17£ 
rt  the  sigus  of  both  members, 

43*  =s         172 

by  43,  x  s  4 


Example  6. 

<»  +  ft          =  C*  +  rf 

ing,                          ox  —  ex        =r  (2  —  5 

ng,                        (a  —  c)  x        =  d  —  ft 


by  (a— c\  x        = 


d  — ft 
a  —  c 


Example  7* 

au,  .   ex    .  *    %   ox  . 

T+d+e      =      /'  +  T  +  '" 

;  to  a  common  denominator, 

adhx  ,   ftc/u;   ,  .    ,    bilgx  , 

-WA  +  53J+'       =      Jk+-m  +  m 

ng  by  ftdA, 

odftx  +  bchx  +  ftckA         =        bdfhx  +  ftc^rx  +  ftdAm 
ing, 
x  +  ftcAx  —  bdfhx  —  ftdpz        =        ftd/im  —  bdeh 

to  +  ftc/.  —  ftd/A  —  bdUj)  x        =        ftd/im  —  bdt h 
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bdhm  —  bdeh 
Dividing  by  coefficient  of  x,  x        =        adh  + bck  —  bdJh  —  Mg 

*~        adh  +  bch  —  bd/h  —  bdg 


Kxample  8. 

Given,  ±_|_*  +  3aj 

a  c 

Reducing  to  common  denominator, 

ex        ,        adx 


=        0 


~  _  1  —  -™  +  Sab        =        0 
etc  ac 


or  A 


Multiplying  by  ac, 

ex  —  ac  —  adx  -f-  %a*bc 
Transposing  and  simplifying, 

(c  —  ad)  x        =        ac  —  3a*bc 

Dividing  by  coefficient  of  x,  x        =r        — ^  .    * 

144.  In  addition  to  the  principles  detailed  in  (Art.  150.}  we  may  subjoin  the 
following : 

If  two  equal  quantities  be  raised  to  the  same  power,  the  results  will  be  equal 
If  the  same  root  of  two  equal  quantities  be  extracted,  the  results  will  be  equal 
Hence,  any  equation  may  be  cleared  of  a  single  radical  quantity,  by  bans- 
posing  all  the  other  terms  to  the  opposite  side,  and  then  raising  each  iwnnbgr  to 
the  power  denoted  by  the  index  of  the  radical.     If  there  be  more  than  ont 
radical,  the  operation  must  be  repeated.     Thus* 

Example  9. 
Given,  ^ 

v/3*  +7  =  W 
Squaring  each  member  of  the  equation, 

&r  +  7  =  100 

Transposing,                                     3x  =  100  —  7 

Reducing  and  dividing  by  3,             x  =  31 


Exampli 
Given, 

e  10. 

Squaring  both  sides  of  the  equation, 

4x  +  2 

y/4x+S 
Ax  +  10v/4x  +  25 

Reducing,                            —  10\/4.r 

•= 

£3 

Squaring  both  sides,                    400a; 

= 

629 

X 

= 

529 
400 

Example  11. 

65<«n.  v/£+J?<        J      yAr  +  38 

i/x  +  4  y/X  +  6 
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Clearing  the  equation  of  fractions, 

x+28x/x+6^/x+  \68  =  x+3Sy/x  +  4s/x+152 

Transposing  and  reducing,               16  ==  8/x 

Dividing  both  members  by  8r            £  ==  y/x 

Squaring  both  members,                    4  =  jr 


Example  12. 
▼en, 

Va+7       =z       *Vx*  +  5ax  +  fr 
]{; lisiiig  both  members  to  the  power  of  m, 

a  +  *  =  y/x*  +  box  +  £* 
Squaring  both  members, 

a*  -f  2<zx  +  x*  =  x  +  5«x  -f-  b* 

Transposing  and  reducing,       —  3ox  =  &  —  u* 

Changing  the  signs,  Sax  =  a*  —  6s 

Dividing  by  3a,  x        =        a*--^ 

Ex.  13.  Gifta  4x  +  36      =      5x  +  34 

Ans.  x  =  2 

Ex,  14.  Given  4x  —  1£ -f  3x -f  1    =    £*+4 

Ana,  1=3 

Ex.15.  Given  3a  +  x  —  Gb+2    =    76  —  a  +  c  +  6 

Ans.  x  =  1£6  — .  4a  -f-  t  -f-  4 

Ex.  10.  Given  13}  —  i      =r      fir-  8} 

Ans.  x  =  9 

E*.I7.  Given  l£i  +  3x  —  6—  ^      =       ^  — &l 

3  4 

A  us.  x  ~  139  J 

E*-  18.  Given  *  +  *       =      -1+7 

Ans.  x  ==  12 

E*-  19.  OWen  31  +  *L=H       =       5*-5+97-7* 

Ans.  x  =  9 

K*     oa  r.-       &*         <*  a        ex 

a         c  o         a 

ad 
Ans.  x  =  x- 

*v^.      „                         6x— 1    .    Ar  —  L>        llr  — 3            13x— 15        fi*-^-8 
^    **■  0i™  2  1  +   -fj-  + py-     =    — 3 j- 
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r  lo         10  y  10         8 

Ans.  x  =  16 

Ex.23.  Giveu  ^  _  (-^±^-' *  _  &r      =      „e_3te 

Ans.  x  =:  >  / 

"u*x       (a*+b')d 

Ex.  2-k  Given -^- -  — ^—  +  3-T      =     ^-f-gj 

ABi"  *  -  2.a6  — 9*+12 

w      ok    n-  bx  (Mc+adyx        Sab         (3bc—<xd)x       5a(2&-fl) 

Ex.  25.  Given  .7 xd  -w— r-A  —  * i  =    r  ,•       /T  — — \    uy 

9b  — a       2ab(a-+b)       3c — d       2ab(a—b)  «•— # 


Ex.  20.  Given  / 10  x  +  3    =    7 


a  *° 


Ex.  27.  Given  \/*  —  38  .-s  16  —  \/?: 

Ana.  m  ss  61 


lix.  28.  Given    = -  1  -.  v 


v/d  *  +  3  * 

Ans.  x  =  5 


Ex.  29.  Given  h\/ax  —  b  =  kVcx  +  dx  — / 

bh*- 

a  A'  —  (c  +  d)«* 


Aiw.  x  =  — — — -* — ^ — 


Ex.  30.  Given-^-Z_  ^  v.  =  /m 

i/a  +  a;  —  v«  —  * 

2  a  v/m 

A»*  *  =  t+H 

Ex.  31.  Given    {/a^  =   V^J§ 

1 

Ans.  x  =   ~y*7==TTST  —  ^ 
^  a  v/a*  +  c 


Kx,  :«e.  Given  i~  i//'Vi:,+  ?'  +  ^T"  =  r* 

Ans.*  —  tmnvt 
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THE  SOLUTION  OF  SIMPLE  EQUATIONS,  CONTAINING  TWO  OK  MORE  UNKNOWN 

OHANTITIKS. 

.  A  single  equation,  containing  two  unknown  quantities,  admits  of  an  infinite 
er  of  solutions;  for  if  we  assign  any  arbitrary  value  to  one  of  the  unknown 
ities,  the  equation  will  determine  the  corresponding  vnlue  of  the  other 
own  quantity.  Thus,  in  the  equation  yrxf  10,  each  value  which  we 
issign  to  x  will,  when  augmented  by  10,  furnish  a  corresponding  value  of 
m  equation  of  this  nature  is  called  an  indeterminate  equation,  and  since  the 
of  y  depends  upon  that  of  x,  y  is  said  to  be  a, function  of  x. 
general,  every  quantity \  whose  value  depends  upon  one  or  more  quantities,  is 
o  be  a  function  of  these  quantities. 

us,  in  the  equation  y  =  a  x  -f-  o,  we  say  that  y  is  a  function  of  x,  and 

t  is  expressed  in  terms  ofx,  and  the  known  quantities  a,  b. 

however,  we  have  two  equations  between  two  unknown  quantities,  and  if 

equations  hold  good  together,  then  it  will  be  seen  that  we  can  combine 

in  such  a  manner  as  to  obtain  determinate  values  for  each  of  the  un- 

m  quantities. 

general,  in  order  that  questions  of  this  nature  may  admit  of  determinate 
ions,  we  must  have  as  maty  separate  equations  as  there  are  unknown  quan- 
;  a  groupe  of  equations  of  this  nature  is  called  a  system  of  simultaneous 
tions. 

4>.  In  order  to  solve  a  system  of  two  simple  equations  containing  two  unknown 
■tides,  we  must  endeavour  to  deduce  from  them  a  single  equation,  contain* 
only  one  unknown  quantity ;  we  must  therefore  make  one  of  the  unknown 
itities  disappear,  or,  as  it  is  termed,  we  must  eliminate  it  The  equation 
obtained,  containing  one  unknown  quantity  only,  will  give  the  value  of 
unknown  quantity  which  it  involves,  and  substituting  the  value  of  this 
lown  quantity  in  either  of  the  equations  containing  the  two  unknown 
titles,  we  shall  arrive  at  the  value  of  the  other  unknown  quantity. 
*e  process  which  most  naturally  suggests  itself  for  the  elimination  of  one  of 
'"known  quantities,  is  to  derive  from  one  of  the  two  equations  an  expres- 
for  that  unknown  quantity  in  terms  of  the  other  unknown  quantity,  and 
substitute  this  expression  in  the  other  equation.  We  shall  see  that  the 
*<*tion  may  be  effected  by  different  methods,  which  are  more  or  less  simple 
li*]g  to  the  nature  of  the  question  proposed. 

Example  1. 
it  be  proposed  to  solve  the  system  of  equations, 

y  —  *  =   6 0)) 

y  +  x   =  i* (*)> 

•  First  Method.— From  equation  (1)  we  find  the  value  of  y  in  terms  of  #, 
gives  y  =r  x  +  6;  substituting  the  expression  x  -f-  6  for  y  in  equation 
becomes  x  -f-  6  -f-  x  =    12,  from  which  we  find  the  determinate  value 

3 ;  since  we  have  already  seen  that  y  =  x  +  6,  we  find  also  the  detenui. 

v*]oe  y  =  3  +  6  or  9. 


m 
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Thus  it  appears,  that  although  each  of  the  above  equations,  considered  wp*. 
rately,  admits  of  an  infinite  number  of  solutions,  yet  the  system  of  eqaaikw 
admit  only  one  common  solution,  x  =  3,  y  :=  9. 

148.  Second  Method. — Derive  from  each  equation  an  expression  for  5  ii 
terms  of  x,  we  shall  then  have 

y    =      x  -f-  6 
y    =    12  —  x 

These  two  values  of  y  must  be  equal  to  one  another,  and,  by  comparing  than, 
we  shall  obtain  an  equation  involving  only  one  unknown  quantity,  vfx. 

x  +  6    =     12  —  x 
Whence, 

x    =    3 

Substituting  the  value  of  x  in  the  expression  y  =  x  +  6,  we  find  y  =  9. 

The  substitution  of  3,  the  value  of  x,  in  the  second  expression,  y  =  12  —  jt, 
leads  necessarily  to  the  same  value  of  y,  for  we  derived  the  value  of  x  from  tst 
equation  x  -f-  6  =  12  —  jr. 

149.  Third  Method. — Since  the  coefficients  of  y  are  equal  in  the  two 
tions,  it  is  manifest  that  we  may  eliminate  y  by  subtracting  the  two 
from  each  other,  which  gives 

(y  +  x)  -  (y  -  *)  =  12  -  6 
Whence, 

x   =    3 

Having  thus  obtained  the  value  of  x,  we  may  deduce  that  of  y  by  sukiBf 
x  =  3  in  either  of  the  proposed  equations;  we  can  however  determine  the 
value  of  y  directly,  by  observing,  that,  since  the  coefficients  of  x  in  the  prosed 
equations  are  equal  and  have  opposite  signs,  we  may  eliminate  x  bysdtfty 
the  two  equations  together,  which  give 

(y  —  x)  +  (y  +  x)  =  12  +  fi 
Whence 

y  =  9 

If  we  examine  the  three  above  methods,  we  shall  perceive  that  they 
in  expressing  that  the  unknown  quantities  have  the  same  values  in  both 

These  methods  have  derived  their  names  from  the  processes  employei  H 
effect  the  elimination  of  the  unknown  quantities. 

The  first  is  called  the  method  of  elimination  by  substitution* 
The  second     ..  ..  comparison. 

The  third        ..  addition  and  subtract*** 
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Example  2. 
(equations 

2  x  +  3y  =  13 (1) 

5  x  +  4  y  =  22 (2) 

inatimg  by  substitution. 

nation  (I)  we  find 

13  — 2  a: 

y  =  — * — 


in*;  the  Taloe  of  y  in  terms  of  x  in  equation  (2)  it  becomes 
5  x  +  4  X  5 =  22 


i  containing  x  alone,  which,  when  solved,  gives 

x  =  2 

le  of  x,  substituted  in  either  of  the  equations  (1)  or  (2),  gives 

y  =  s 


JMZfiiiy  oy  comparison. 

ion  (1)    y  = 

13  —  2  * 
3 

ion  (2)    y  = 

22  —  5  x 

4 

ase  values  of  y. 

13—2* 

1       3       — 

22—6* 

4 

nee, 

x  = 

2 

an  equation  containing  x  only 


;  this  value  for  x  in  either  of  the  preceding  expressions  for  y  we  find 

If  =  3 

noting  by  subtraction. 

to  eliminate  y,  we  perceive  that  if  we  could  deduce  from  the  pro- 
ions  two  other  equations  in  x  and  y,  in  which  the  coefficients  of  y 
(glial,  the  elimination  of  y  would  be  effected  by  subtracting  one  of 
quations  from  the  other. 

y  seen  that  we  shall  obtain  two  equations  of  the  form  required,  if  we 
the  terms  of  each  equation  by  the  coefficient  of  y  in  the  other. 
,  therefore,  all  the  terms  of  equation  (1)  by  4,  and  all  the  terms  of 
)  by  3,  they  become 

8*+  I2y    =r     52 
15*-|.  12y     =     66. 
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Subtracting  the  former  of  these  equations  from  the  latter,  we  find 

7  a:     =     14 
Whence, 

—       <** 

In  like  manner,  in  order  to  eliminate  g,  multiply  the  first  of  the  proposed 
equations  by  5,  and  the  second  by  2,  they  will  then  become 

10x+15y    =     65 

\0x+    8y     =     4*. 
Subtracting  the  latter  of  these  two  equations  from  the  former, 

7y     =    21 
Whence, 

y    =      3. 

In  order  to  solve  a  system  of  three  simple  equations  between  three  unknown  quan- 
tities, we  must  first  eliminate  one  of  the  unknown  quantities  by  one  of  the  me- 
thods explained  above ;  this  will  lead  to  a  system  of  two  equations,  containing 
only  two  unknown  quantities  ;  the  value  of  these  two  unknown  quantities  may  be 
found  by  any  of  the  methods  described  in  the  last  article,  and  substituting  the 
value  of  these  two  unknown  quantities  in  any  one  of  the  original  equation*,  we 
shall  arrive  at  an  equation  which  will  determine  the  value  of  the  third  un- 
known quantity. 

Example  3. 
Take  the  system  of  equations, 

3x  +  2y+    z     =s     16 -..(1) 

2s+2y  +  2z    =    18 (2) 

2x+2y  +    z    =     14 (3) 

• 

1°.  Eliminating  by  substitution. 
From  equation  (I)  we  find 

z    =     16— 3x— 2y (4) 

Substituting  this  value  of  z  in  equation  (2)  and  (3),  they  become 
2x  +  2y  +  2(16  —  3a:  —  2y)     =     18.. .(5)  ) 
2*  +  2y  +    (16— 3x— 2y)     =     14.. .(6)  5 
these  two  last  equations  contain  x  and  y  only,  and  if  treated  according  to  any  of 
the  above  methods,  will  give  us 

x    =     2,  y     =     3. 

Substituting  these  values  of  x  and  y  in  anyone  of  the  equations  (I),  (2),  (3) 
(4\  we  find 

z     =     4. 

2°.  Eliminating  by  comparison. 

In  order  to  eliminate  z  derive  from  each  of  the  three  proposed  equations  a 
value  of  z  in  terms  of  x  and  y,  we  then  have 

z    =     16  — 3x  — 2y 
z    =z       9  —     a: —    y 
z    =     14  —  2x  —  2y; 
equaling  the  first  of  these  values  of  z  with  the  senond  and  with  t?ie  thlisl  iu  m* 
cession,  we  arrive  at  a  system  of  two  equations  : 

16  —  3x_  >y     =     H  —  2x  —  2^J 


mmmm 
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Mag  x  and  y  only ;  those  equations  give 

x    =    ^  jr    =    3; 

talon*  ofx  a»i  jr,  when  substituted  in  any  of  the  throe  tipniiuiw  far  a, 

*    =    4. 

UtmtmmUng  by  Mmbtractiom. 

to  eliminate  a  between  equations  (1)  and  (2% 

**+**+     *    =    16 
2*+2*  +  2a    =     18; 
ive  that  ia  order  to  reduce  these  equations  to  two  others  in  which 
of  z  shall  bo  the  sesae,  it  will  be  sufficient  to  divide  the  two 
f  tho  seeotasl  cqastion  by  (2),  for  we  thus  hate 

#  +  jr  +  a    =    9. 
trortiot;  tab  from  the  fa*  equation, 

3*+2jr  +  a    =     !«• 
I  aa  equation  between  two  enknown  quantities, 

**+jf    =    7 .(•> 

ewer  loeliaiinaU  a  between  equations  (1)  and  (3), 

2x  +  2^  +  s    =     14. 
tract  the  latter  from  the  former,  which  gives 

x    =    2; 
kaiUAHio  of  this  ?aloe  of  x  in  equation  («)  ghat 

Jr    =    ^ 
r  ^bstitatioa  of  these  values  of  x  and  y  in  any  of  the 


M     s      4. 

pmirubr  form  of  the  proposed  equations  enables  as  to  simplify  the  abofO 
ot»«i.  f«c  u  »e  mUract  equation  (J;  froui  equations  ( I)  and  (2)  ia  mooes 
>•  lute 

i^-i-  -,  +  *)  —  (2x  +  *y  +  s)    =     16—14,  whence  x    =    2 
'*  +  «*  +  **)—  <**+**  +  *)  =     18  — 14,  whence  a    =    4; 
ustituuus;  tame  values  of  x  and  a  in  any  of  the  proposed  equations  we 

y    s    a 

«^rr  to  »Wm  «  *y  4cm  of  four  ey— flows  between  fowr  vnkmown  qmtmtitie*, 
at*  ihi»  r-i**  i«.  i.i«  Usi  by  eliminating  one  of  the  unknown  quantities. 
••  amt«  ai  a  ».»  •i<»iu  <if  three  equations  between  three  unknown  quanti- 
•*••  «h*-h  too  «a.ue  of  these  three  unknown  quantities  smay  be  found. 
jMuas;  ihase  %  aloes  in  any  one  of  the  equations  which  involve  the  other 
•  u  jmjmutj.  wv  deduce  t'roau  it  the  value  of  thai  unknown  quantity. 


Example  4. 


e  the  tjtteia  of  equations. 


x  +  jr+*  +  /     =     U (1) 

*  +  *  +  -•-'     =      4 (*) 

«ty-<  +  -'=     11  (3) 

#  — /  +  *+  i*  rt     1.- (4)< 

u 
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The  first  equation  gives 

t    =     14  — x— y  — z (5) 

Substituting  this  expression  for  /  in  the  three  other  equations  we  Jbei 

*+3f  +  *    =      9 (6) 

x+y+Sz=:     17 (7) 

x  +  2y+  z     =     12 (8). 

Id  order  to  solve  these  three  equations  between  x,  y,  z,  we  find  from  the  far 

z    =    9  —  x  —  y (9), 

and  substituting  this  value  of  z  in  the  two  other  equations,  they  become 

x+y    =     5 (U) 

y    =     3 (11) 

Whence  x    =    2 02> 

Substituting  the  values  of  x  and  y  in  equation  (8),  we  find 

*    =s    4 (Hi). 

Substituting  these  values  of  x,  y,  z,  in  any  of  the  first  five  equations,  we  fiat1 

*    =    5. 

We  can  arrive  at  the  same  result,  more  simply,  by  subtracting  equation  (1) 

from  the  three  following  in  succession ;  we  shall  thus  find 

2*  =14  — 4,     2*  — t=14  — 11,     2y  — 2*=14— 18; 

the  first  of  the*o  three  new  equations  gives  t  =  5;  this  value  of  t  swbstkahd 

in  the  two  other  equations  gives  z  =  4,  y  =  3,  and  substituting  these  vshwi 

of  y,  z,  I,  in  any  one  of  the  original  equation*,  we  find  x  =  2L 

By  following  a  process  of  reasoning  analogous  to  the  above,  we  sliall  be  abb 

to  resolve  a  system  of  any  number  of  equations  of  the  flrsi  degree,  provided  there 

be  as  many  equations  as  unknown  quantities. 

It  frequently  happens  that  each  of  the  proposed  equations  do  not  involve  ill 

the  unknown  quantities.     In  this  case,  a  little  dexterity  will  enable  us  to  effect 

the  elimination  very  quickly. 


Example  5. 
Take  the  system  of  equations, 

2x  —  3y+2z  =     13 (1) 

4f  —  2x  =     30 

4y  +  2z  =     14 

by  +  3  t  =     32 (4) 


OK 
(2)1 

CO] 


Upon  examining  these  equations,  we  perceive,  that  the  elimination  of  *  be- 
tween equations  (I)  and  (3)  will  give  an  equation  in  x and  y9  and  thattb* 
elimination  of  t  between  equations  (2)  and  (4)  will  give  a  second  equstioa  is 
X  and  y.     These  two  unknown  quantities  may  thus  be  easily  determined  :— 

The  elimination  of-?  between  (I)  and  (3)  gives, *J  y 2x  =  1 

—        —  '       —       00  a^  (±)  gives 20  y  -f.  <>  x  =  W 

Multiply  the  first  of  these  equations  by  3,  and  then  add  them, 

we  have,  41*  =  41 

Whence,  «  —  | 

Substituting  the  value  of  y  in  1  y —  2x  =  1,  we  have, x  =  S 

Substitute  this  value  of  x  in  (2),  we  have, 4  f  _  6  =30 

Wheuce,  f  =  9 

Finally,  the  substitution  of  the  value  of  y  in  (3),  gives, a  at  * 
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We  have  seen  hi  the  method  of  elimination  by  subtraction,  that,  in  order  to 
mder  the  coefficients  of  the  unknown  quantity  the  same  in  both  equations,  we 
net  multiply  each  of  the  equations  by  the  coefficient  of  the  unknown  quantity 
bich  it  is  required  to  eliminate,  in  the  other.     If  the  coefficients  of  the  un 
lown  quantity  hare  a  common  factor,  this  operation  may  be  simplified;  thus, 


Example  6. 
Take  the  system  of  equations, 

12x  +  32y  =  340 (1) 

8s  +  24y  =  854 (2) 


i 


In  order  to  render  the  coefficients  of  y  equal,  observe,  that  32  and  24  hare  a 
ounon  factor  8;  it  will  suffice  then  to  multiply  equation  (1)  by  3,  and  equa- 
»  (2)  by  4,  they  then  become, 

36*  +  96y  =  1020 
32x  +  96y  =  1010 

8eJbtracting  the  latter  from  the  former, 

4*  =  4 
*  =  I 

Again,  in  order  to  eliminate  x,  since  12  and  8  have  a  common  factor  4,  it 
rul  suffice  to  multiply  equation  (I). by  2,  and  equation  (2)  by  3;  we  then 

24x  +  64y  =  680 
34  *  +  72  y  =  762 

Subtracting  the  former  of  these  two  equations  from  the  latter,  we  hate, 

8  y  =r  82 
y  =  10* 


&.  7.  Given,    bx  +  ly    =    43 (1) 

llx  +  9jr    =    69 (2) 

Ans.  x  =  3,  y  =  4 


} 


b.8.  Given,  8x_2ly    =    33 (1)> 

6x  +  35y    =  177 (2)  J 

Ans.  x  =  12,  y  =  3 


12 

v        x  1 

|— "2+2  =  j-2*  +  6 

Ans.  x  =  2,  y  =  7 


«*  »««,,_  ii1+i>'+  „  =  >,  +  *-±±2 (1)) 


^ «c 


Ans.  x  =  8,  y  =  2 
o'2 


«!■ 
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Ex.  11.  Given,  a  x  +  by  =r  c. 

fx  +  gy  =  h. 


(0 


$ 


Ana. 


eo  —  b  h          a  A  — 
*  =  -*- — i-^.if=  


ag—bf* 


a§  — 


Ex.  12.  Given,  bcx  =  cy  —  2b 


box  =  cy-  2  6 (1)\ 

a(c«  —  b*)        26*  ,      t  /-xl 

h   *  +         be  =  T  +  c   * Wj 


<*             a  +  2b 
Ans.  x  =  7— .  y  ==  — * 


Ex.  13    Given,  5  *  —  6  y  +  4  *  =  15. 

7*-f-4y  —  3x=  10. 

2x+     y  -f  6  z  ==  46. 

Ans.  x 


.(0 

(2) 
(3> 


!} 


=  3,  y  =  4,  *  =s  6 


Ex.  14».  Given.  —  4-  —     s    a. 
^   *   ^  y 

7  +  T   =   «• 


Am.  c  = 


f 


•(») 

(3) 

« 

t 


—  «— b+<? 


Ex.  16.  Given,  -J  +  i  +  ^ 

x+  £  +  ^ 


s    68. 


4 


=     76. 


3* 


2    +  ¥  +    5 

y  +    *   +   « 
Ana.  x  = 


=     79. 


(0 
.(3) 


=  2« (4)J 

12,  y  =  30,  x  =  168,  k  =  50 


Ex.  16.  Given,  7  x 

4y 

5y 

4r 


2z  +  3u  = 
2*+  <  = 
3x  —  2«  = 
3«  +  2*  = 
8x  +  8«  = 
Ans.  x=2,y  =  4,  *=3,  «  =  3,f=l 


17. 
11. 

8. 

9. 
33. 


.0) 

.<*) 
(3) 

(4) 
.(5) 


I 

«"-• 


ON  THE  SOLUTION  OP  PROBLEMS   WHICH   PRODUCE  SIMPLE  EQUATIONS. 

150.  Every  problem  which  can  be  solved  by  Algebra,  includes  in  its  enuncUuti 
a  certain  number  of  conditions,  by  which  we  are  enabled  to  detect  the  rebut* 
which  the  unknown  quantities  bear  to  the  known  quantities  upon  which  UNf 
depend.  These  relations  can  always  be  expressed  by  equations,  in  which  IB* 
known  and  unknown  quantities  are  combined  with  each  other,  in  a  bubs* 
more  or  leas  complicated,  according  to  the  degree  of  diAculty  in  the  quotisl. 
proposed. 
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poeshne  to  give  a  general  itile,  which  will  enable  us  to  translate 
lent  into  algebraic  language,  this  is  a  faculty  which  can.  be  acquired 
on  and  practice  alone;  we  shall  give  a  few  examples,  which  will 
nitiale  the  student,  and  the  rest  must  be  left  to  his  own    in- 


Problem  1. 
two  -numbers,  such,  that  their ^um  shall  be  40,  and  their  difference 

Let  x  denote  the  least  of  the  two  numbers  required, 
Then  will  x  -f-  16  =  the  greater, 
And  x  +  x  +  16  =  40  by  the  question. 
That  is,   2x  =  40—  16  =  34 

Or   x  =  —  =12=  less  number, 

And  x  +  16=  12  -f-  16  =  28  =  greater  number  required. 


Problem  2. 
umber  is  that,  whose  J  part  exceeds  its  £  part  by  16? 

Let  x  =  number  required, 
Then  will  its  t  part  be  i*,  and  its  £  part  \x\ 
And  therefore  {x  —  \x  =  16  by  the  question, 
That  is,    x  —  }x  =  4£,or4x —  Sx=  192; 
Hence      x  =  192,   the  number  required. 

Problem  3. 

1000  among  a,  b,  and  c,  so  that  a  shall  hare  £72  more  than  n.  *ud 
ore  than  a. 

Let  x  =  b*s  share  of  the  given  sum, 
Then  will  x  +    72  =  a's  share, 
And  x  +  172  =  c's  share, 

bid  the  sum  of  all  their  shares  x-f-x-f-72-f-x-f-  172, 
Or  3x  +  244  =  1000  by  the  question, 
That  is,  3x  =  1000  —  244  =  756, 

Or  x  =  £L6  =  £252  =  b's  share; 

iS 

Hence  x  +    72  =  252  +    72  =  £324  =  a's  share. 
And     x  +  172  =  252  +  172  =  £424  =  c's  share; 

b's  share,         £252 

a's  share,  324 

c's  share,  424 


Sura  of  all,       ^1000    the  proof. 
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Problem  4% 


Out  of  a  cask  of  wine,  which  had  leaked  away  },  21  gallons  wen  drawn, 
and  then,  being  gauged,  it  appeared  to  be  half  full :  how  much  did  it  hold  ? 

Let  it  be  supposed  to  have  held  x  gallons, 
Then  it  would  have  leaked  ±x  gallons, 
Conseq.  there  had  been  taken  away  21  -f-  \x  gallons. 
But        21  +  tx  =  *±x  by  the  question, 
That  is,  63  -f  x  =z  f  x 
Or        126  +  2x  =  3x 
Hence    Sx  —  ?x  =  126 
Oris  126  =  number  of  gallons  required. 


Problem  5. 

A  liare  pursued  by  a  greyhound  is  60  of  her  own  leaps  in  advance  of  the  dog. 
She  makes  9  leaps  during  the  time  that  the  greyhound  makes  only  6 ;  bat  3 
leaps  of  the  greyhound  are  equivalent  to  7  leaps  of  the  hare.  How  many  leap 
must  the  greyhound  make  before  he  overtakes  the  hare  ? 

It  is  manifest  from  the  enunciation  of  the  problem,  thai  the  space  which  miwt 
be  traversed  by  the  greyhound,  is  composed  of  the  60  leaps  which  the  hare  u 
in  advance,  together  with  the  space  which  the  hare  passes  over  from  the  tint 
that  the  greyhound  starts  in  pursuit  until  he  overtakes  her. 

Let  x  =  the  whole  number  of  leaps  made  by  the  greyhound.     Since  the 

hare  makes  9  leaps  during  the  time  that  the  greyhound  makes  6,  it  folloM 

9         3 
that  the  hare  will  make  -    or  —  leaps  during  the  time  that  the  greyhound 

62  3x 

makes  1,  and  she  will  consequently  make  -j  leaps  during  the  time  that  the 

greyhound  make*  x  leaps. 

We  might  here  suppose,  that  in  order  to  obtain  the  equation  required,  it 

3x 
would  be  sufficient  to  put  x  equal  to  60+  -3-;    in  doing  this,  however,  «• 

should  commit  a  manifest  mistake,  for  the  leaps  of  the  greyhound  are  greater 
tlian  the  leaps  of  the  hare,  and  we  should  thus  be  equating  two  heterogeneoii 
numbers ;  that  is  to  say,  numbers  related  to  a  different  unit  In  order  to  renew 
this  difficulty,  we  must  express  the  leaps  of  the  hare  in  terms  of  the  leaps  of  tat 
greyhound,  or  the  contrary. 

According  to  the  conditions  of  the  problem,  3  leaps  of  the  greyliouud  an 

equal  to  ?  leaps  of  the  hare ;  hence,  1  leap  of  the  greyhound  is  equal  to  -r- 

7l 
leaps  of  the  hare,  and  consequently  x  leaps  of  the  greyhound  are  equal  to  r 

leaps  of  the  hare ;  hence  we  have  at  length  the  equation, 

3  T  2 

Clearing  of  fractions,        Ux        =         360  +  9x 

x        =:  72 
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Hence  the  greyhound  will  make  73  leaps  before  he  reaches  the  tiare,  and  in 
that  time  the  hare  will  make  72  X  i »  or  108  leaps, 

Problem  6. 

Find  a  namber  such,  that  when  it  is  divided  by  3  and  by  4,  and  the  quotients 
afterwards  added,  the  sum  is  63. 

Let  x  be  the  number,  then,  by  the  conditions  of  the  problem,  we  have 

}  +  ?  =  " 

Clearing  of  fractions,  Ix     =      63  X  12 

*      =       108 

If  we  wished  to  find  a  number  such,  that  when  divided  by  5  and  by  6,  the 
sum  of  the  quotients  is  22,  we  must  again  translate  the  problem  into  algebraic 
language,  and  then  solve  the  equation ,  in  thi«  cam  we  have 

—  -4-  *      —      22 
5  T   6      —      ** 

Clearing  of  fractions,  1  \x     =      88  X  30 

r     =      GO 

If,  however,  we  desire  to  solve  both  these  problems  at  once,  and  all  others  of 
the  same  class,  which  differ  from  the  above  in  the  numerical  values  only,  we 

most  substitute  for  these  particular  numbers,  the  symbols  a,  b,  c, ,  which 

may  represent  any  numbers  whatever,  and  then  solve  the  following  question. 

Find  a  number  such,  that  when  it  is  divided  by  a  and  by  bt  and  the  quotients 
afterwards  added,  the  sum  is  p.    We  have 

x    .    x 

a+T     =     " 
(« +  b)x     =     abp 

abp 


x    = 


a+B 


151.  This  expression  is  not,  strictly  speaking,  the  value  of  the  unknown  quantity 
in  our  problems,  but  it  presents  to  our  view  the  calculations  which  are  requisite 
for  die  solution  of  them  alL  An  expression  of  this  nature  is  called  a  formula. 
This  formula  points  out  to  us  that  the  unknown  quantity  is  obtained  by  multi- 
plying- together  the  three  numbers  involved  in  the  question,  and  then  dividing 
their  product  abp  by  a+£,  the  sum  of  the  two  divisors ;  or  we  should  rather 
say,  that  our  formula  is  a  concise  method  of  enunciating  the  above  rule. 
Algebra,  then,  may  be  considered  as  a  language  whose  object  is  to  express 
various  processes  of  reasoning,  a  language  whicli  we  must  be  able  to  write  and 
to  read. 

8och  is  the  advantage  of  the  above  formula,  that,  by  aid  of  it,  the  most  igno- 
rant Arithmetician  could  solve  either  of  the  proposed  problems  as  readily  as  the 
expert  algebraist.  The  former,  however,  could  only  arrive  at  the  result  by 
reliance  on  his  rule ;  different  kinds  of  problems,  moreover,  reoiux* 
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different  formulas,  and  the  algebraist  alone  possesses  the  secret  by  which  thtj 
can  be  discovered. 


Prollera  7. 

A  labourer  engaged  to  serve  40  days,  upon  these  conditions;  that  for  every 
day  he  worked,  lie  was  to  receive  20d.f  but  for  every  day  he  was  iille  lip 
was  to  forfeit  8d.  Now  at  the  end  of  the  time,  he  was  entitled  to  reoeiie 
£  I  1  Is.  8<L  It  is  required  to  find  how  inauy  days  he  worked,  and  how  uuuiy 
he  was  idle  ? 

Let  x  be  the  numbers  of  days  lie  worked, 

Then  will  40  —  x  be  the  number  of  days  he  was  idle, 

Also  1X20  =  20x  =  the  sum  earned, 

And  (40 —a;)  X  8  =  3*0  —  *x  =  sum  forfeited, 

Hence  20x  —  (320  —  Sx)  =  380&  =  £  I  1  Is.  hd.    by  the  question; 

That  is,  20j  —  320  +  Hx  =  380, 

Or  28*  =  380  +  320  =  700, 

Hence       x  =        =25=  numbers  of  days  be  worked, 
And  40 — x  =  40  —  2o  =  15  =  uumber  of  days  he  was  itlla. 

We*  may  generalize  the  above  problem  in  the  following  manner : 

Let    n  =  the  whole  number  of  days  for  which  he  is  hired, 

a  =  the  wages  for  each  day  of  work, 

b  =  the  forfeit  for  each  day  of  idleness, 

c  =  the  sum  which  he  receives  at  the  end  of  n  days, 

x  =  the  number  of  days  of  work, 

Then  n — x  =  the  number  of  days  of  idleness, 

ax  =  the  sum  duo  to  him  for  the  days  of  work, 

6(/* — x)  =  the  sum  he  forfeits  fur  the  days  of  idleness. 

We  thus  hud  for  the  equation  of  the  problem, 

ax  —  b(n — x)     =     c 
Whence  ax  —  bn  +  bx     =     c 

(a  +  b)x     =     c  +  bn 

x     =     c^tL_i<  the  number  of  chiys  of  work, 
a  -f~o 

c  +  bn 
Ai.d    .'.  n  —  x     =     »—  a  '  ^ 

an  -j-  bn — c  —  bn 

""  a  +  b 


an 


a  +  b 


the  number  of  days  «rf  idlew* 


Problem  8. 

A  can  perform  a  piece  of  work  in  G  days,  15  can  perfor.n  the  sane  «*k ' 
b  days :  in  what  time  will  they  finish  it  if  both  work  together  ? 

Let  x  =  the  time  required. 
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perform  the  whole  work  in  6  days,   j-  will  denote  Um  quantity  be 

x 
in  1  day,  and  therefore  —  the  quantity  he  can  perform  in  x  days  j 

-  -  will  he  the  quantity  which  B  can  perform  in  x  days 

o 

hate 

14x      =     48 
x      =    $i  days, 

valise  the  above  problem. 

arm  a  piece  of  work  in  a  days,  B  in  b  days,  C  in  c  day*,  D  In  f 

I  time  will  they  perform  it  if  they  all  work  together? 

Let  x  =  the  time; 

A  can  perform  the  whole  work  in  m  days,  —  will  denote  the 

x 
in  perform  in  I  day,  and  consequently  —  wiUbetheqaantityhecaa 

daya;  for  the  aame  reason,  £-,  — ,  £-f  will  be  the quantities  which 
perforin  re»p.*«lheiy  in  x  da}*;  we  thna  have 

T  +  i  +  7" +  7F    =    ("»*  »«*») 

*    -  «** 


Problem  % 

who  tn  i  tiled  at  tl.c  rate  of  31}  wile*  in  5  hours,  was  despatched 
ii  cilv  ;  >»  hour*  alter  his  departure,  another  courier  wa*  sent  to 
The  « ootid  courier  travelled  at  the  rate  of  *<J}  miles  in  :i 
bat  time  «.id  he  overtake  the  iirst,  and  at  what  distance  from  tlie 
xurc? 

i&tttLcr  of  hours  that  the  second  courier  tratels, 
km  hat  o  urivr  travel*  at  the  rote  of  31 J  miles  in  5  hours,  thai  is, 

mwr,  be  will  travel  r\  x  miles  in  x  hours,  and  since  be  started  8 

l  •  wtr  i*«l  cour..i,  the  whole  distance  travelled  by  liiiu  will  be 


iw  the  second  amrier  travel*  at  the  rote  of  £2  J  miles  in  3  hours, 

4 
iln  n«  1  hour,  he  will  Ik  nee  travel  ,.  x  m*les  in  x  hours* 

r%  are  Mippmrd  to  be  together  at  the  end  o(  the  time  X,  and 
me  travelled  by  each  must  be  tlie  same ;  heuce, 


tie 
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45 

63 

=   (*  +  *>lo 

450  x 
72* 

X 

=     (8  +  *)  378 
=     3024 
=     42 

Hence,  the  second  courier  will  overtake  the  first  in  42  hours,  and  the  whole 

45 
distance  travelled  by  each  is  -g-  X  42  =  315  miles 

To  generalize  the  above, 

A  B  C 

Let  a  courier,  who  travels  at  the  rate  of  m  miles  in  t  hours,  be  despatched 
from  B  in  the  direction  C ;  and  n  hours  after  his  departure,  let  a  second  cou- 
rier, who  travels  at  the  rate  of  m'  miles  in  f  hours,  be  sent  from  A,  which  is 
distant  d  miles  from  B,  in  order  to  overtake  the  first  In  what  time  will  he 
come  up  with  him,  and  what  will  be  the  whole  distance  travelled  by  each  ? 

Let  x  =  number  of  hours  that  the  second  courier  travels. 

Then,  since  the  first  courier  travels  at  the  rate  of  m  miles  in  t  hours,  that  is, 

-  miles  in  1  hour,  he  will  travel  -  x  miles  in  x  hours,  and  since  he  started 

n  hours  before  the  second  courier,  the  whole  distance  travelled  by  him  will 

*•  (»  +  *)  7" 

Again,  since  the  second  courier  travels  at  the  rate  of  «r*  miles  in  t  hours,  that 

is,  -z  miles  in  1  hour,  he-  will  travel  -j  *  miles  in  x  hours ;  but  since  he  started 
from  A,  which  is  distant  d  miles  from  B,  the  whole  distance  travelled  by  the 

ni 

second  courier,  or-ri  will  be  greater  than  the  whole  distance  travelled  by 
the  tirst  courier,  by  this  quantity  d\  hence, 

m'  m 

yx  —  d  =     (»  +  *)- 

K*-t)x    =    —  +d 

—     (m  n  +  *  **)  * 
tii  t  —  mtf 

V 
The  whole  distance  travelled  by  first  courier      =r     —  •<  — T7^~ r-  ■+-  * i 

4  t       I    lit  t Mf        T       j 

The  whole  distance  travelled  by  second  courier  =    -7  •  ^— rr j-  —  d 


Problem  la 

A  father,  who  has  three  children,  bequeaths  his  property  by  will  in  the  fol- 
lowing manner :    To  the  eldest  son  he  leaves  a  sum  a,  together  with  the  **  part 
of  what  remains ;  to  the  second  he  leaves  a  sum  2  a,  together  with  the  fi*  pari 
of  what  remains  after  the  portion  of  the  eldest  and  9  a  have  been  subtracted) 
to  the  third  he  leaves  a  sum  3  a,  together  with  the  n*  part  of  what  remains  after 
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the  portions  of  the  two  other  sons  and  3  a  have  been  subtracted.  The  property 
is  found  to  be  entirely  disposed  of  by  this  arrangement  Required  the  amount 
of  the  property. 

Let  x  =  the  property  of  the  father. 

If  we  can,  by  means  of  this  quantity,  find  algebraic  expressions  for  the  por- 
tions of  the  three  sons,  we  must  subtract  their  sums  from  the  whole  property  x, 
and  putting  this  remainder  =r  0  we  shall  determine  the  equation  of  the  problem. 

Let  us  endeavour  to  discover  these  three  portions. 

Since  x  represents  the  whole  property  of  the  father,  x —  a  is  the  remainder 
after  subtracting  a;  hence, 


x  —  a 

Portion  of  eldest  son,  =    a  ^ — 

it 

_   gn  "H  x  —  a 

""  n 


•0) 


an  +  x  —  a 
x  —  2a  — — 

Portion  of  second  son,  =    2a  4 

■  n 

.   nx  —  San  —  x+a 

=     2  a  J 5 : — 

1  n* 

_     2an*  +  nx  —  San  —  x  +  a 

-     "  n~* <*) 

a»+«— «       &an*+nx — San— x+a 
x~3a ■ n8   

Portion  jf  third  son,   =  3a  H - - 

.              n*  x  —  6an*  —  2nx  4-  4an  4-  x —  a 
=  3«  + ;p-^ 1 

2_   San* -j-n* x  —  6anf  —  2nx  +  4-an  +  x — a  /ox 


According  to  the  conditions  of  the  problem,  the  property  is  entirely  disposed 
of.  Hence,  when  the  sum  of  the  three  portions  is  subtracted  from  x,  the  differ- 
ence must  be  equal  to  aero ;  this  gives  us  the  equation 

an+x—a     2an*+nx—San—x+a      San  *+n '  x—6an*—%nx+4an+x-a 
*- Z n~* iP* =0; 

clearing  the  equation  of  fractions,  and  reducing, 

n*  x 6  an9  —  S  n*  x  +  10  an*  -f-  3  n  x  —  5  an  —  x  +  a  =  0 

•.   (»*—  Sn*+Sn—  l)x    =     Gan*— KW+5oji— a    = 

_     €ant~-]Qant+5an— a     _     (6n'—  I0n'+5n—\)g 
X    —         *"— '3n*+3tZ^i  ~"  («—  1/ 

By  reflecting  upon  the  conditions  of  the  problem,  we  may  obtain  an  equation 
much  more  simple  than  the  preceding.  It  is  stated  that  the  portion  of  the  third 
son  is  3  a,  together  with  the  w*  of  what  remains,  and  that  the  property  is  thus 
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entirely  disposed  of;  in  other  words,  (he  portion  of  the  third  eon  It  S  «,  m  »  Iks 
remninder  just  mentioned  is  nothing. 

We  found  the  expression  for  that  remainder  to  be 

n*  x —  6  an* —  3**+4an-f-r —  a 

n* 

Equating  this  quantity  to  aero,  we  have 


\n*x —  Ban* —  2nx+  4ian  +  x  —  a    __ 

n* 
.•.   n * x  —  6  an*  —  2nx+  4an+  x  —  a    =    0 
(n  •  —  2n+  i)x    =    6an2  —  4an+  a 

__    6  a  n* —  4c  n+  a 
X     ~  n*  —  2n+l 

_    (<*»'  —  4  n  -f  \)a 

This  result  is,  moreover,  more  simple  than  the  former.  We  can  easily  prtft 
that  the  two  expressions  are  numerically  identical,  for  applying  to  the  tee  ttiy- 
nomials(6n»  —  I0n*+5n—  l)o,  and  (a*—  3  n  *  +  3*  +  l^thef/rasi 
for  finding  the  greatest  common  measure,  we  shall  find  that  these  two  cism- 
sions  have  a  common  factor  n —  1 ;  dividing,  therefore,  both  terms  of  the  int 
result  by  this  common  factor,  we  arrive  at  the  second. 

The  above  problem  will  point  out  to  the  student  the  importance  of  ei  isiiawg 
with  great  attention  the  enunciation  of  any  proposed  question,  in  order  Is  eV 
cover  those  circumstances  which  may  tend  to  facilitate  the  solution ;  at  tril 
otherwise  run  the  risk  of  arriving  at  results  more  complicated  than  the 
of  the  case  demands. 

The  above  problem  admits  of  a  solution  less  direct,  but  more  simple 
gant  than  those  given  above.    It  is  founded  on  the  observation,  that  after  savisf 
subtracted  3  a  from  the  former  portions,  nothing  ought  to  remain. 

Let  us  represent  by  r» ,  r* ,  n ,  the  three  remainders  mentioned  ia  lb 
enunciation ;  the  algebraic  expressions  for  the  three  portions  most  be, 

a+J-    .    2a  +  —   ,    3a-J 

1     n    '  '     n  ■     m 

1".  Hy  the  conditions  of  the  problem  we  have  r%    =r    OL 
Hence  the  third  portion  is  3  a. 


Dim  son  nas  receiveu  xa  -\- 

ft  (ft— 1)* 

—  — ,  or <- 

n  n 

But  this  is  the  portion  of  the  third  son,  hence  we  liave 


2°.  The  remainder,  after  the  second  son  has  received  xa  ~\ may  be  tf> 

s 

presented  by  r%  —  — ,  or  *" 


fc^i     =    3a 

San 


I 
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D   a  _  O  j- 

Hence,  the  portion  of  the  second  son  Is  %  a  -f-  — — r  -+-«  =  2  a  -f-  —  ., 

reducing, 

2cn+a 


3" .  The  remainder,  after  the  eldest  son  has  received  a  -| ,  may  be  repre 

sented  by  r, ,  —  — ,  or   —   . 

But  this  remainder  forms  the  portion  of  the  two  other  sons,  hence  we  have 

(m  —  I)  rt  2fln  +  a 


+  3a 


n      = 


»  — 1 
5  a  n*  —  2a  n 


(«-!)» 


Hence,  the  portion  of  the  eldest  son  is  a  -J — ,    .vf — *-n=a-f-  -? —^ 

or  reducing 

gn*+3q«  — a 
M*  —  2n+l      - 

Hence,  the  whole  property  is 

t   2<m-f-a  t   an8-f-3an —  41 

reducing  the  whole  to  a  common  denominator, 

SaQt'—  2n+\)+  (2  an+  a)  («  —  Q  +  an'+San  — a 

«»  — 2«+l, 

performing  the  operations  indicated,  and  reducing 

(6«*—  4/i+  1)a 
»  *  —  2  *  +  1    * 

the  result  obtained  above. 

This  solution  is  more  complete  than  the  former,  for  we  obtain  at  the  sam 
time  the  property  of  the  father  and  the  expressions  for  the  portions  of  his  thr 
sons. 

We  shall  now  solve  one  or  two  problems,  in  which  it  is  either  necessary  or  con 
venient  to  employ  more  than  one  unknown  quantity. 


Problem  11. 

Required  two  numbers,  whose  sum  is  70  and  whose  difference  is  16. 

Let  x  and  y  be  the  two  numbers ;  then,  by  the  conditions  of  the  problem, 

x  +  y    =     70 (1) 

*  —  y    =     10 (2) 

which  are  tlie  two  equations  required  for  its  solution. 
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Adding  the  two  equations, 

2  s    =     86 
x    =    43 
Subtracting  the  second  from  the  first, 

2y    =    5* 
y    =     27 
Hence  43  and  27  are  the  two  numbers. 

Problem  12. 

A  person  has  two  kinds  of  gold  coin,  7  of  the  larger  together  with  12  of  the 
smaller  make  888  shillings;  and  12  of  the  larger  together  with  7  of  the  smaller 
make  358  shillings.     Required  the  value  of  each  kind  of  coin. 

Let  x  be  the  value  of  the  larger  coin  expressed  in  shillings,  y  that  of  the 
smaller. 

Then,  by  the  conditions  of  the  problem, 

7  x+  12  y  =  288 (I) 

And, 

12  *  +     7  y  =  338 (2) 

Multiplying  equation  (1)  by  7,  and  equation  (2)  by  12,  and 

subtracting  the  former  product  from  the  latter, 95  x  =r  2280 

,\  x  =    24 
Substituting  this  value  of  *  in  equation  (1),  it  becomes, ...  168  +  12  y  =  288 

.-.  y  =    JO 

The  larger  of  the  two  coins  is  worth  24  shillings,  the  smaller  10  shillings. 

Problem  13. 

An  individual  possesses  a  capital  of  £30,000,  for  which  he  receives  interest 
at  a  certain  rate ;  he  owes,  however,  £20,000,  for  which  he  pays  interest  at  a 
certain  rate.  The  interest  be  receives  exceeds  that  which  he  pays  by  £800. 
Another  individual  possesses  a  capital  of  £35,000,  for  which  he  receives  interest 
at  the  second  of  the  above  rates ;  he  owes,  however,  £24,000,  for  which  he  pays 
interest  at  the  first  of  the  above  rates.  The  interest  which  he  receives  exceeds 
that  which  he  pays  by  j£310.     Required  the  two  rates  of  interest  ? 

Let  x  and  y  denote  the  two  rates  of  interest  for  jglOO. 

In  order  to  find  the  interest  of  £30,000  at  the  rate  x,  we  have  the  proportion, 

30,000  x 
100  :  30,000  ::  x  :      '  =300* 

In  like  manner  to  find  the  interest  of  £90,000  at  the  rate  of  y 

100  :  20,000  : :  y  :  ^^  y  =  200  y 

Butt  by  the  enunciation  of  the  problem,  the  difference  of  these  two  sums  is 
£800,  hence  we  shall  have,  for  the  first  equation. 
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300*  —  SOOy  =  800 (1) 

Translating,  in  like  manner,  the  second  condition  of  the  problem  into  alge- 
braic language,  we  arrive  at  the  second  equation 

850  y  —  240  «  =  310 (8) 

The  two  members  of  the  first  equation  are  divisible  by  100,  and  those  of  the 
second  by  10;  they  may  therefore  be  replaced  by  the  following 

3*  —    2y  =r    8 (3) 

35  w  —  34*  =  31  (4) 

In  order  to  eliminate  £,  multiply  equation  (3)  by  8,  and  then  add  equation 
(4),  hence, 

19  y    =     95 
.".    y    =      5 

Substituting  this  value  of  y  in  equation  (3),  we  have 

3  *  —  -10  =  8 
.*.      #  =  6 

Then  the  first  rate  of  interest  is  6  per  cent,  and  the  second  5  per  cent. 

Problem  14w 

An  artisan  has  three  ingots  composed  of  different  metals  melted  together. 
A  pound  of  the  first  contains  7  ox.  of  silver,  3  oz.  of  copper,  and  6  oz.  of  tin. 
A  pound  of  the  second  contains  12  oz.  of  silver,  3  oz.  of  copper,  and  1  oz.  of  tin. 
A  pound  of  the  third  contains  4  oz.  of  silver,  7  oz.  of  copper,  and  5  oz.  of  tin. 
How  much  of  each  of  these  three  ingots  must  he  take  in  order  to  form  a  fourth, 
each  pound  of  which  shall  contain  8  oz.  of  silver,  3}  oz.  of  copper,  and  4±  os. 
of  tin? 

Let  x,  y$  and  z  be  the  number  of  ounces  which  be  must  take  in  each  of  the 
ingots  respectively,  in  order  to  form  a  pound  of  the  ingot  required  ? 

Since,  in  the  first  ingot,  there  are  7  oz.  of  silver  in  a  pound  of  16  oz-  it  fol- 

7 
lows,  that  in  1  oz.  of  the  ingot  there  are  jg  oz.  of  silver,  and  consequently  in  x 

7  x 
oz.  of  the  ingot  there  must  be  -jg  oz.  of  silver.    In  like  manner,  we  shall  find 

that  -jo*    -nr  represent  the  number  of  ounces  of  silver  taken  in  the  third  and 

fourth  ingots  in  order  to  form  the  fourth ;  but,  by  the  conditions  of  the  pro- 
blem, the  fourth  ingot  is  to  contain  8  oz.  of  silver,  we  shall  thus  have 

To  +  IT  +  16  -  8 0) 

And  reasoning  precisely    3_a?        3_y         7_z  _  15  -  . 

in  the  same  manner  for      16    "*"    16   "*"    16  4 * 

the  copper  and  tin,  we    6  x    •     J£     ■    5_£  11  (*\ 

find  16    +    16    "*~    16    —    4 ™ 

which  are  the  three  equations  required  for  the  solution  of  the  problem. 
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Clearing  them  effractions  they  become 

7x+l2y+4*=128 (4; 

3  x  +     3  y  +  7  z  =     60 (5) 

6  x  +         y  +  5  z  =     68 (6) 

« 

In  these  three  equations  the  coefficients  of  y  are  most  simple;  it  will,  there- 
fore, be  convenient  to  eliminate  the  unknown  quantity  first. 

Multiply  equation  (5)  by  4,  and  subtract  equation 

(4)t  from  the  product,  we  have !..  5  *  +  24  *  =  112 (7) 

Multiply  equation  (6)  by  3,  and  subtract  equation  (5) 

from  the  product,  we  have 15  i  +  8:=  144 (8* 

Multiply  equation  (8)  by  3,  and  subtract  equation  (7) 

from  the  product,  we  have 40  x  =  320 

.-.    x  =  8 
Substitute  this  value  of  x  in  equation  (8),  it  becomes    120  +  8  r  =  J  44 

.••     z  =  3 
Substitute  these  values  of  x  and  z  in  equation  (6),  it 

becomes 48  +  ?+  15=  08 

,\    y  =  5 

Hence,  in  order  to  form  a  pound  of  the  fourth  ingot,  we  mast  take  8  ounces 
of  the  first,  5  ounces  of  the  second,  and  3  ounces  of  the  third. 

Problem  15. 

There  are  three  workmen,  A,  B,  C.  A  and  B  together  can  perform  a  cer- 
tain piece  of  labour  in  a  days.  A  and  C  together  in  b  days,  and  B  and  C  toge- 
ther in  c  days.  In  what  time  could  each,  singly,  execute  it,  and  in  what  time 
could  they  finish  it  if  all  worked  together? 

Let  x  =  time  in  which  A  alone  could  complete  it 
y  =  time  in  which  B  alone  could  complete  it 
z  =  time  in  wliich  C  alone  could  complete  it. 

Since  A  and  B  together  can  execute  the  whole  in  a  days,  the  quantity  which 
they  perform  in  one  day  is  - ,  and  since  A  alone  could  do  the  whole  in  x  days, 

the  quantity  he  could  perform  in  one  day  is  -  ;  for  the  same  reason,  the  quan- 

tity  which  B  could  perform  in  one  day  is  — ;  the  sum  of  what  they  could  do 

y 

singly  must  be  equal  to  the  quantity  they  can  do  together,  hence, 

7  +  y  =  7 0) 

-  +  -  -   -L  ( » 

In  like  manner  we     x   T    a -   ~~    b    •—•!*/ 

shall  ha\e  1.1  I 

7  +  T  =  7  (») 
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•  8ubtra<*  equation  (3)  from  (1) 

1        1-2         1  <4\ 

s         m         m         o  J 

Add  equation!  (8)  and  (4) 

a  c*{-  be  —  ab 
In  like  manner, 

—  2a&c 

—  3a6c 

—  aHac  —  &c 

Let  /  be  the  time  in  which  they  could  finish  it  if  all  worked  together,  then 
by  Prob.  8* 

,(1  +  1  +  1)  =  , 


x     ■     y 
1  VT  +  2T57 )  - 


a 

2ao« 


\  t  = 


a£  +  a«  -f-  ^  c 


Prob.  16L  What  two  numbers  are  those  whose  difference  is  7,  and  sum  33  ? 

Ans.  13  and*) 

Prob.  17.  To  divide  the  number  75  into  two  such  parts,  that  three  times  the 
greater  may  exceed  7  times  the  less  by  15.  Ans.  o4  and  21. 

Prob.  18.  In  a  mixture  of  wine  and  cyder,  }  of  the  whole  plus  25  gallons  was 
wine,  and  }  part  minus  5  gallons  was  cyder ;  how  many  gallons  were  there  of 
each  ?  Ans.  85  of  wine,  and  35  of  cyder. 

Prob.  19.  A  bill  of  120L  was  paid  in  guineas  and  moidores,  and  the  number 
of  pieces  of  both  sorts  that  were  used  was  just  100 ;  how  many  were  there  of 
each  ?  Ans.  50  of  each. 

Prob.  20.  Two  travellers  set  out  at  the  same  time  from  London  and  York, 
whose  distance  is  150  miles;  one  of  them  goes  8  miles  a  day,  and  the  other  7 ; 
in  what  time  will  they  meet?  Ans.  In  10  days. 

Prob.  21.  At  a  certain  election  375  persons  voted,  and  the  candidate  chosen 
had  a  majority  of  91 ;  how  many  voted  for  each  ? 

Ans.  233  for  one,  and  142  for  the  other. 

Prob.  22.  What  number  is  that  from  which,  if  5  be  subtracted,  J  of  the  re 
■winder  will  be  40?  Jta&»  ft*. 
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Prob.  83.  A  post  is  J  in  the  mud,  J  in  the  water,  and  10  feet  above  the  wa- 
ter ;  what  is  its  whole  length  ?  Ana.  24  feet. 

Prob.  34.  There  is  a  fish  whose  tail  weighs  91b.  his  head  weighs  as  much  as 
his  tail  and  half  his  body,  and  his  body  weighs  as  much  as  his  head  and  bis 
tail;  what  is  the  whole  weight  of  the  fish  ?  Ans.  721b. 

Prob.  25.  After  paying  away  {  and  J  of  my  money,  I  had  66  guineas  left 
in  my  purse;  what  was  in  it  at  first?  Ans.  I  iO  guineas. 

Prob.  26.  A's  age  is  double  of  B's,  and  B's  is  triple  of  Cs,  and  the  sum  of 
all  their  ages  is  140 ;  what  is  the  age  of  each  ? 

Ars.  A's  =  84,  B's  =  43,  and  Cs  =  14. 

Prob.  27.  Two  persons,  A  and  B,  lay  out  equal  sums  of  money  in  trade ;  A 
gains  .£126,  and  B  loses  £87,  and  A's  money  is  now  double  of  B's;  what  did 
each  lay  out?  Ans.  £300 

Prob.  28.  A  person  bought  a  chaise,  horse,  and  harness,  for  £60,  the  horse 
came  to  twice  the  price  of  the  harness,  and  the  chaise  to  twice  the  price  of  the 
horse  and  harness ;  what  did  he  give  for  each  ? 

Ans.  £13  6s.  8cL  for  the  horse,  £6  13s.  4d.  for  the  harness,  and 

£40  for  the  chaise. 

Prob.  29.  Two  persons,  A  and  B,  have  both  the  same  income :  A  saves  \  of 
his  yearly,  but  B,  by  spending  £50  per  annum  more  than  A,  at  the  end  of  4 
vears  finds  himself  £100  in  debt;  what  is  their  income  ?  Ans.  .£125. 

Prob.  30.  A  person  has  two  hones,  and  a  saddle  worth  £50 :  now,  if  the 
saddle  be  put  on  the  back  of  the  first  horse,  it  will  make  his  value  double  that 
of  the  second ;  but  if  it  be  put  on  the  back  of  the  second,  it  will  make  his  value 
triple  that  of  the  first ;  what  is  the  value  of  each  horse. 

Ans.  One  £30,  and  the  other  £40. 

Prob.  31.  To  divide  the  number  36  into  three  such  parts,  that }  of  the  first, 
}  of  the  second,  and  £  of  the  third,  may  be  all  equal  to  each  other  ? 

Ans.  The  parts  are  8,  13,  and  16. 

Prob.  33.  A  footman  agreed  to  serve  his  master  for  £8  a  year,  and  a  livery; 
but  was  turned  away  at  the  end  of  7  months,  and  received  only  £2  13s.  4d.  and 
his  livery ;  what  was  its  value  ?  Ans.  £4  16s. 

Prob.  33.  A  person  was  desirous  of  giving  3d.  a-piece  to  some  beggars,  but 
found  that  he  had  not  money  enough  in  his  pocket  by  8d. ;  he  therefore  gave 
them  each  3d.,  and  had  then  3d.  remaining;  required  the  number  of  beggars? 

Ana.  11. 

Prob.  34*  A  person  in  play  lost  J  of  his  money,  and  then  wou  3s. ;  after 
which,  he  lost  *-  of  what  he  then  had,  and  then  won  3s. ;  lastly,  he  lost  T  of 
what  he  then  had :  mid,  this  done,  found  he  had  but  12s.  remaining ;  what  had 
he  at  first?  Ans.  30s. 
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Prob.  35.  To  divide  the  number  00  into  4  such  porta,  that  if  the  first  be  in- 
creased by  £,  the  second  diminished  by  2,  the  third  multiplied  by  2,  and  the 
fourth  divided  by  2 ;  the  sum,  difference,  product,  and  quotient,  shall  be  all 
equal  to  each  other  ?  Ans.  The  ports  are  18,  22,  10,  and  40,  respectively. 

Prob.  36.  The  hour  and  minute  hand  of  a  clock  are  exactly  together  at  12 
o'clock ;  when  are  they  next  together  ?  Ans.   1  hour  5  fa  minutes. 

Prob.  37.  There  is  an  island  73  miles  in  circumference,  and  three  footmen 
all  start  together  to  travel  the  same  way  about  it :  A  goes  5  miles  a  day,  B  8, 
and  C  10;  when  will  they  all  come  together  again  ?  Ans.  73  days. 

Prob.  38.  How  much  foreign  brandy  at  8s.  per  gallon,  and  British  spirits  at 
3s.  per  gallon,  must  be  mixed  together,  so  that  in  selling  the  compound  at  9s. 
per  gallon,  the  distiller  may  clear  30  per  cent  ? 

Ans.  51  gallons  of  brandy,  and  14  of  spirits, 

Prob.  30.  A  man  and  his  wife  usually  drank  out  a  cask  of  beer  in  19  days ; 
but  when  the  man  was  from  home,  it  lasted  the  woman  30  days ;  how  many 
dags  would  the  man  alone  be  in  drinking  it  Y  Ans.  20  days. 

Prob.  40.  If  A  and  B  together  can  perform  a  piece  of  work  in  8  days ;  A 
mid  C  together  in  9  days;  and  B  and  C  in  10 days:  how  many  days  will  it 
take  each  person  to  perform  the  same  work  alone  ? 

Ans,  A  14ft  days,  B  17ff,  and  C  23,V 

Prob.  41.  A  book  is  printed  in  such  a  manner,  that  each  page  contains  a 
certain  number  of  lines,  and  each  line  a  certain  number  of  letters.  If  each 
page  were  required  to  contain  3  lines  more,  and  each  line  4  letters  more,  the 
number  of  letters  in  a  page  would  be  greater  by  224  than  before ;  but  if  each 
page  were  required  to  contain  2  lines  less,  and  each  line  3  letters  less,  the  num- 
ber of  letters  in  a  page  would  be  less  by  145  than  before.  Required  the  num- 
ber of  lines  in  each  page,  and  the  number  of  letters  in  each  line  ? 

Aiis.  29  lines,  32  letters. 

Prob.  42.  Five  gamblers,  A,  B,  C,  D,  E,  throw  dice,  upon  the  condition  that 
he  who  hi  s  the  lowest  throw  shall  give  all  the  rest  the  sum  they  have  already. 
Each  gamester  loses  in  turn,  commencing  with  A,  and  at  the  end  of  the  fifth 
game,  all  have  the  same  sum,  via.  >£3?.     How  much  had  each  at  first  ? 

Ana,  A  £6\,  B  £4\,  C  £21,  D  £  1 1,  E  £6. 

Prob.  43.    To  divide  a  number  a  into  two  parts,  which  shall  have  to  each 

other  the  ratio  ofmioru 

.          ma         n  a 
An$.   — -; — »    — ; 

Prob.  44.    To  divide  a  number  a  into  three  parts,   which  shall  be  to  each 
as    ra  :  n :  p. 

ma  n  a  p  a 

S*  m  +  n  +  p     m  +  n  +  p     //*  -J •  n  +  p* 

P2 
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Prob.  45.  A  banker  hat  two  kinds  of  change;  there  mast  be  a  pieces  of  the 
first  to  make  a  crown,  and  b  pieces  of  the  second  to  make  the  same :  now,  a 
person  wishes  to  have  e  pieces  for  a  crown.  How  many  pieces  of  each  kind 
must  the  banker  give  him  ? 

Ans.      \         -  of  the  first  kind^      \    ~    '  of  the  second. 

Prob.  46.  A  sportsman  promises  to  pay  a  friend  a  shillings  for  each  shot  he 
misses,  upon  condition  that  he  is  to  receive  b  shillings  for  each  shot  he  hits. 
After  n  shots,  it  may  happen  that  the  two  friends  are  quits,  or  that  the  first  owes 
the  second  c  shillings,  or  the  contrary.  Required  a  formula  which  shall  com- 
prehend all  the  three  cases,  and  which  shall  give  x  the  number  of  shots  missed. 

b  n  +  c 
Ans.  x  =  — ~r*rm  • 

In  the  first  case,  c=o,  in  the  second  case  we  must  take  the  positive  sign,  in 
the  third  case  the  negative  sign. 

Prob.  47  If  one  of  two  numbers  be  multiplied  by  m,  and  the  other  by  n,  the 
sum  of  the  products  is  p ;  but  if  the  tirst  be  multiplied  by  to7,  and  the  second 
by  fr*,  the  sum  of  the  products  is  j/.    Required  the  two  numbers.  * 

.         **J>  —  np'     mp  —  m'p 
Am-  «*-*,'   ml-wln 

Prob.  48.  An  ingot  of  metal  which  weighs  n  pounds,  loses  p  pounds  when 
weighed  in  water.  This  ingot  is  itself  composed  of  two  other  metals,  which 
we  may  call  M  and  M';  now,  n  pounds  of  M  loses  q  pounds  when  weighed  in 
water,  and  n  pounds  of  M'  loses  r  pounds  when  weighed  in  water*  How  much 
of  each  metal  does  the  original  ingot 'contain? 

Ans.  ^5^  pounds  of  M,  *  lf~  $  pounds  of  W. 


REMARKS  UPON  EQUATIONS  OP  THE  PIRST  DEGREE. 

152.  Algebraic  formula)  can  offer  no  distinct  ideas  to  the  mind,  unless  they  re* 
present  a  succession  of  numerical  operations  which  can  be  artually  performed. 
Thus,  the  quantity  b  —  a,  when  considered  by  itself  alone,  can  only  signify  an 
absurdity  when  a  -7  b.  It  will  be  proper  for  us,  therefore,  to  review  the  pre- 
ceding calculations,  since  they  sometimes  present  this  difficulty. 

Every  equation  of  the  first  degree  may  be  reduced  to  one  which  has  all  its 
signs  positive,  such  as, 

Subtracting  cx  +  b  from  each  member,  we  then  have, 

ax  —  ex  =  d— >b 
Whence, 

d— h  ,* 


•  We  can  always  rhanfe  the  negative  ttnu  of  an  ee, nation  Into  others  which  are  portttTO,  tine*  wo 
etc  always  odd  any  quantity  to  both  member*. 
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This  being  premised,  three  different  cases  present  themselves;  ' 

1°.  dz*bt  and,  a-^c 

2°,  One  of  these  conditions  ouly  may  hold  good. 

3°.  b^d,  and,  c^a. 

In  the  first  case,  the  value  ofx  in  equation  (2*„  resolves  the  problem  without 
firing  rise  to  any  embarrassment;  in  the  second  and  third  cases,  it  does  not  at 
first  appear  what  signification  we  ought  to  attach  to  the  value  ofx,  and  it  is  this 
that  we  propose  to  examine, 

In  the  second  case,  one  of  the  subtractions,  d — b,  a— *£,  is  impossible: 
for  example,  let  b  t  d  and  a  7c,  it  is  manifest  that  the  proposed  equation  ( I) 
is  absurd,  since  the  two  terms  a  x  and  b  of  the  first  member  are  respectively 
greater  than  the  two  terms  c  x  and  d  of  the  second.  Hence,  when  we  euoounter 
a  difficulty  of  this  nature,  we  may  be  assured  that  the  proposed  problem  is  ab- 
surd, since  the  equation  is  merely  a  faithful  expression  of  its  conditions  in  al- 
gebraic language. 

In  the  third  case,  we  suppose  bfd,  and  c~7 a\  here  both  subtractions  at 
impossible :  but  let  us  observe,  that  in  order  to  solve  equation  (1),  we  subtracted 
from  each  member  the  quantity  c  x  -f-  b,  an  operation  manifestly  impossible! 
since  each  member  ^Lcx  +  b.    This  calculation  being  erroneous,  let  us  sub- 
tract ax+d  from  each  member,  we  then  have, 


Whence, 

A  —  ft 

(3) 

This  value  of  g,  when  compared  with  equation  (2),  differs  from  it  in  this 
only,  that  the  signs  of  both  terms  of  the  fraction  have  been  changed,  and  the 
solution  is  no  longer  obscure.  We  perceive,  that  when  we  meet  with  this  third 
case,  it  points  out  to  us,  that  instead  of  transposing  all  the  terms  involving  the 
unknown  quantity,  to  the  first  member  of  the  equation,  we  ought  to  place  them 
in  the  second ;  and  that  it  is  unnecessary,  in  order  to  correct  this  error,  to  re- 
commence the  calculation, — it  is  sufficient  to  change  the  signs  of  both  numera- 
tor and  denominator. 

One  of  the  principal  advantages  which  algebra  holds  out,  is  to  enable  us  to 
obtain  formulas  which  shall  include  every  variety  of  the  same  problem,  what- 
ever the  numbers  may  be  which  it  involves.  We  shall  here  attain  this  object 
by  establishing  a  convention,  to  perform  upon  isolated  negative  quantities  the 
same  operations  as  if  they  were  accompanied  by  other  magnitudes.  For  exam- 
pie,  if  we  had  an  expression,  m+d  —  bf  and  b~^  d,  we  might  express  it, 

m  —  (b — d);  if  m  does  not  exist,  by  our  convention,  we  still  write,  d b 

=  —  (b  —  d),  when  b-^d. 

The  value  of  x,  in  the  second  case,  becomes  x  =  — ,  and  we  conclude 

from  what  has  been  said  above,  that  every  negative  solution  denotes  an  -absurdity 
in  the  condition  of  the  question  proposed 

In  order  to  divide  the  polynomial  — a4  -f.  3a*  b*  -f-  &c.  by  <T  -f-  b*  -f-  &c 

we  divide  the  first  term  — fl'by— -a'.and  we  know  (Art  18.)  that  the  quotient 
a*  has  the  sign  +  •    We  may  say  the  same  of  the  isolated  negative  quantities 
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a4,  — a*;  so  that,  in  the  third  case,  the  value  of  x  will  be  of  the  four 

";  {,  which  reduces  itself  to  ,  the  true  result  in  equation  (3.) 

—  (c  —  a)  c  —  a  *  v    ' 

This  convention,  which  cannot  occasion  any  inconvenience,  enables  us  to 

include  all  the  cases  in  the  single  formula  (2).     But,  we  must  remember,  that 

the  isolated  negative  quantities  —  n,  ~^- ,   &c.  derive  their  origin   from   a 

convention,  that  they  are  symbols,  which  have  no  existence  in  themselves,  and 
that  we  treat  them  as  real  quantities  only  because  we  are  thus  enabled  to 
accomplish  an  important  object,  without  the  fear  of  any  embarrassment  in  con- 
sequence. In  fact,  one  of  two  things  must  happen,  either  the  result  will  have 
the  sign  — ,  from  which  we  conclude  that  the  problem  proposed  is  absurd,  the 
sign  —  being  a  symbol  which  marks  the  absurdity ;  or  the  result  will  have  the 
sign  -f- ,  and  we  have  proved  that  this  is  what  it  ought  to  be,  although  arising 
from  the  division  of  two  negative  quantities.* 

When  the  equation  is  absurd,  we  may  nevertheless  make  use  of  the  negative 
solution  obtained  in  the  second  case;  for  if  we  substitute  — x  for  -J-je,  the 
proposed  equation  becomes 

—  ax  -f-  b    =    — ex  -f-  d 
Whence  x    =s    — HI— . 


a  value  equal  to  that  in  (2),  but  positive.     If,  then,  we  modify  the  question,  in 
such  a  manner  as  to  agree  with  this  new  equation,  this  second  problem,  which 
will  bear  a  marked  resemblance  to  the  first,  will  no  longer  be  absurd,  and,  with 
the  exception  of  the  sign,  will  have  the  same  solution. 
Let  us  take,  for  example,  the  following  problem. 


*  The  following  remsrlra  upon  the  saotesabjej*  ate  from  MTto 
by  tbe  late  Profenor  WoodhouM  t 

M  81000,  independently  of  arbitrary  appointment,  the  symbols  of  real  quantities  alone,  can  be  made 
the  object  of  demonstration,  If  any  rale  is  laid  down  for  the  multiplication  of — •  by  J-A,  or  of  s—y 

by  £  b  (where  *  ^  j0  such  rule  must  be  subsequent  to  certain  conventions  i  the  abject  to  be  obtained 
by  extending  a  rule,  or,  what  Is  the  same  thing,  by  making  it  in  part  arbitrary,  Is  commodinnsnws  of 
calculation. 

M  When  i  a  and  —  6  are  separately  proponed,  no  reasoning  can  eatabUsh  any  thing  concerning  the 
sJgns  of  their  product,  but  since  it  has  appeared  that  (or  —  jf)  X  a  =  s  a — »•  a%  where  *  >  jr,  and  that 
(*__  v)Xiro&-  wb  where  e>te,  suppose  or— y=e  — w  and  arse,  then  by  the  rule  for  trans, 
position,  these  equations  may  appear  under  the  form  y— jrrrw— ••  and  — a  =  — *,  and  If  y—m 
he  multiplied  by  —  a,  and  »— »  by  —  6,  making  the  product  of  like  signs  +  and  the  product  of  unlike 
*igns  — ,  the  result  is  —  ya+jrozr— •  **+»&,  or  *a— ya  =  r6— we,  which  b  known  to  be  a 
true  equation. 

"  Hence  4t  appears,  that  the  rule  for  the  multiplication  of  signs  may  be  made  general,  since  it  can  he 
proved  true  in  all  cases  where  actual  multiplication  is  to  be  performed,  and  since,  employed  In  mere 
algebraic  calculation  it  cannot  lead  Into  error,  because  the  result  must  always  he  considered  with  re- 
ference to  the  premises;  thus,  if  a  X  o,  and  —  «  X  —  a  be  expressed  by  a  *,  the  square  root  of  at  or 
that  quantity  which  algebraically  multiplied  into  itself  produces  a  »,  must  be  put  either  +  a  or  — «, 
or  abridgedly  expressed,  y/a  »  =  +o. 

"  If  the  rule  be  not  made  general,  then  during  the  process  of  calculation,  were  It  necessary  t*»  mul- 
tiply such  a  quantity  as  jr— y  by  a  —  6,  or  c,  nothing  could  be  affirmed  concerning  such  multiplica- 
tion, until  it  had  been  ascertained  whether  a  was  greater  than  a,  and  s  greater  than  9 :  what  tedious 
impediments  would  thus  be  msde  to  clog  calculation  it  is  easy  to  conceive  3  as  this  rule  for  tbe  multL. 
plication  of  signs  embarrasses  beginners,  and  has  been  frequently  made  the  subject  of  dfeeusftloa.  I 
huve  dwelt  rathir  long  upon  It,  de»irous  to  distinguish  in  the  rule,  what  may  be  said  to  be  proved 
from  evident  principles  and  strict  reasoning,  from  what  b  arbitrary  or  results  from  convention,  and 
to  show  why  it  is  desirable  on  the  grounds  of  commodiousness  to  make  audi  a  rule  general,  and  why 
on  the  score  of  accuracy  and  precision  it  might  safely  be  made 
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A  father  aged  42  years,  has  a  son  aged  12 :  in  how  many  years  will  the  ay* 
of  the  eon  be  one-fourth  of  that  of  the  father  t 

Lei  x  =  the  Dumber  of  years  required ; 

Then        *?  +  ?    _    12  +  x 
4 


*    =    —  2 


Thus  the  problem  is  absurd.    But  if  we  substitute  —  *  for  +  x%  the  equation 

becomes 

42 x 

*       *     =     12  —  * 

and  the  conditions  corresponding  to  this  equation  change  the  problem  to  the 
following: 

A  father  aged  42  years,  has  a  son  aged  12 :  how  many  years  have  elapsed 
hince  the  age  of  the  son  was  one-fourth  of  that  of  the  father  f 

Here        x    =    2 

What  number  is  that,  the  sum  of  the  third  and  fifth  parts  of  which,  diminished 
by  7,  is  equal  to  the  original  number?    Here, 

-£-  +  -  —7    =    x 

Whence  x    =    — 15 

The  problem  is  absurd;  but  substituting  — x  for  +  x,  (or  rather  +  7  for  —7,) 
we  perceive  that  15  is  the  number,  the  third  and  fifth  parts  of  which,  when 
added  to  7,  give  the  original  number  15. 

158.  With  regard  to  the  interpretation  of  negative  results,  in  the  solution 
of  problems,  we  may  establish  the  following  general  principle : 

When  we  find  a  negative  value  for  the  unknown  quantity  in  problems  of  the 
fiist  degree,  it  points  out  an  absurdity  in  the  conditions  of  the  problem  proposed ; 
provided  (lie  equation  be  a  faithful  representation  of  the  problem,  and  of  the  true 
meaning  of  all  the  conditions. 

The  value  so  obtained,  neglecting  its  sign,  may  be  considered  as  the  answer  to 
a  problem  which  differs  from  the  one  proposed  in  this  only,  that  certain 
quantities  which  were  additive  in  the  first,  have  become  subtractive  in  the  second, 
and  reciprocally. 

154.  The  equation  (2)  presents  still  two  varieties.    If  a  =:  c,  we  have 

d  —  b 

x    =    - 

o  . 

in  this  case  the  original  equation  becomes 

ax  -\-  b    =    ax  -f-  d 

whence  b  =r  d;  if,  therefore,  b  be  not  equal  to  d%  the  problem  is  absurd,  and 
cannot  be  modified  as  above. 

The  expression  -  ■ ,  or  in  general  — ,  when  m  may  be  any  quantity,  repre- 
sents a  number  infinitely  great.     For,  if  we  take  a  fraction  —  ,  the  smaller  we 

n 

in 
■sake  n,  the  greater  will  the  number  represented  by  —  become;  thus  for 
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limit  is  infinity,  which  corresponds  to  »  =  0 :  we  perceive  then,  that  a  problem 
is  absurd  when  the  solution  is  a  number  tnjtmteiy  great \  this  is  represented  by 
the  symbol 

155.  If,  howeYer,  a  =  ct  and  6  :=  d\  we  have 

0 

*  =   -o 

in  this  case  the  original  equation  becomes 

ax  +  b    =    ax+  b 

here  the  two  members  of  the  equation  are  equal,  whatever  may  be  the  value  of 
x,  which  is  altogether  arbitrary.  We  perceive  then,  that  a  problem  is  indeter- 
minate, and  is  susceptible  of  an  infinite  number  of  solutions,  when  the  value  of  the 

unknown  quantity  appears  under  the  form  —• 

It  is,  however,  highly  important  to  observe,  that  the  expression  -^  does  not 

always  indicate  that  the  problem  is  indeterminate,  but  merely  the  existence  of 

a  factor  common  to  both  terms  of  the  fraction,  which  factor  becomes  0  under  a 

particular  hypothesis. 

Supuoee,  for  example,  that  the  solution  of  a  problem  is  exhibited  under  the 

a»  —  b' 
form  x  =  a'„_j, • 

If,  in  this  formula,  we  make  a  =  6,  then,  *=«r« 

But  we  must  remark,  that  a1  —  b%  may  be  put  under  the  form  (a — A) 
(a*+ab  +  b*),  and  that  a*  —  b *  is  equivalent  to  (a  —  b)  (a  +  b) ;  hence, 
the  above  value  of  x  will  be, 

(g  —  b)(a*+ab  +  b*) 
*    -  «*-«(<*  +  *) 

Now,  if  before  making  the  hypothesis  a  =  ft,  we  suppress  the  common  lac 
tor  a  —  ft,  the  value  of  x  becomes, 

_    gt  +  ab  +  b* 

* 7T+1 

an  expression  which,  under  the  hypothesis  that  at=z  b9  Is  reduced  to 

*    —      2a     -      8 
Take,  as  a  second  example,  the  expression, 

««_  b*  (a  +  b)(a  —  b) 

making  a  =  ft,  the  value  of  x  becomes  x  :=  rp  in  consequence  of  the  exist- 


•  It  mint,  honrerer,  be  remarked,  that  there  art  questions  of  md^ne£are,tfcatmjf«%  may  be 
•Idered  as  the  true  answer  of  the  problem.    We  •hall  find  examplea  of  thia  la  Trfrt«emtf>y.  as4 
Analytical  Qtemetry. 
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ence  of  the  common  factor  a  —  b;  but  i^  in  the  first  instance,  we  suppress  the 
common  factor  a  —  o,  the  value  of  x  becomes, 

a  +  b 

*  =  j=n 

an  expression  which,  under  the  hypothesis  that  a  =  b9  is  reduced  to 

9a 
0 

From  this  it  appears,  that  the  symbol  -~   in  algebra  sometimes  indicates  the 

existence  of  a  factor  common  to  the  two  terms  of  the  fraction  which  is  reduced 

to  that  form.     Hence,  before  we  can  pronounce  with  certainty  upon  the  true 

value  of  such  a  fraction,  we  must  ascertain  whether  its  terms  involve  a  common 

factor.     If  none  such  be  found  to  exist,  then  we  conclude  that  the  equation  in 

question  is  really  indeterminate.     If  a  common  factor  be  found  to  exist,  we 

most  SQppress  it,  and  then  make  anew  the  particular  hypothesis.     This  will 

now  give  us  the  true  value  of  the  fraction,  which  may  present  itself  under  one 

^  L     ^       *  A    A    0 

of  the  three  forms  -g,  -rr,  ** 

In  the  first  case,  the  equation  is  determinate ;  in  the  second,  it  is  impossible 
infinite  numbers;  in  the  third,  it  is  indeterminate, 

156.  We  shall  conclude  this  discussion  with  the  following  problem,  which  will 
serve  as  an  illustration  of  the  various  singularities  which  may  present  them- 
ftcJ  ves  in  the  solution  of  a  simple  equation. 


Problem. 

Two  couriers  set  off  at  the  same  time  from 
two  points,  A  and  B,  in  the  same  straight  "X?  A        fe  C~~ 

line,  and  travel  in  the  same  direction  A  C 

The  courier  who  sets  out  from  A  travels  m  miles  an  hour,  the  courier  who 
lets  out  from  B  travels  n  miles  an  hour ;  the  distance  from  A  to  B  is  a  miles. 
At  what  distance  from  the  points  A  and  B  will  the  couriers  be  together? 

Let  C  be  the  point  where  they  are  together,  and  let  x  and  y  denote  the  dis- 
tances AC  and  BC,  expressed  in  miles. 

We  have  manifestly  for  the  first  equation 

f  ^«  v    is    a  ••••••••••••••••••••••••••••••••••••••••••  f  1 1 

Since  m  and  n  denote  the  number  of  miles  travelled  by  each  in  an  hour,  that 

is  the  respective  velocities  of  the  two  couriers,  it  follows  that  the  time  required 

x      y 
to  traverse  the  two  spaces  x  and  y,  must  be  designated  by  — ,  —  ;    these  two 

m      n 

periods,  moreover,  are  equal,  hence  we  have  for  our  second  equation 

-^    =   ^- (*> 

m  n 

The  values  of  x  and  y,  derived  from  eon  <tions  (1)  and  (9%  are. 
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W  —  II  M  — •  M 

1° .  So  long  as  we  suppose  m7«,  or  to  — n  positive,  the  problem  wffl be 
solved  without  embarrassment.  For  in  that  case,  we  suppose  the  courier  whs 
starts  from  A  to  travel  faster  than  the  courier  who  starts  from  B,  he  swat 
therefore  overtake  him  eventually,  and  a  point  C  can  always  be  found  when 
they  will  be  together. 

2°.  Let  us  now  suppose  m  «^-w,  or  m — n  negative,  the  values  of  x  and  y  art 
both  negative,  and  we  have 

am  a  n 

*=   —I — z        y  *=  —  - — - 


the  solution,  therefore,  in  this  case,  points  out  that  some  absurdity  must 
the  conditions  of  the  problem.  In  fact,  if  we  suppose  in  «£-*,  we  suppose  last 
the  courier  who  sets  out  from  A  travels  slower  than  the  courier  who  sets  est 
from  B ;  hence  the  distance  between  them  augments  every  instant,  and  it  is 
impossible  that  the  couriers  can  ever  be  together,  if  they  travel  in  the  direntioa 
A  C.  Let  us  now  substitute  — x  for  +  x,  and  — y  for  -J-  y,  in  equation*  ( I) 
and  (2) ;  when  modi  tied  in  this  manner  they  become 

y  —  *     a      a 
i      .     i. 

St  M 

equations  which,  when  resolved,  give 

am  an 


y  =  —  - 


ii  —  ih  "  n 

in  which  the  value  of  x  and  y  are  positive. 

These  values  of  x  and  y  give  the  solution,  not  of  the  proposed  problem,  which 
is  absurd  under  the  supposition  that  nt^Ln,  but  of  the  following: 

Two  couriers  set  out  at  the  same  time  from  the  points  A  and  B,  and  trwvelh 
the  direction  B  C,  &c  (the  rest  as  before ;)  the  values  of  x  and  y  mark  tas 
distances  AC,  BC,  of  the  points  C,  where  the  couriers  are  together,  frost  tas 
points  of  departure   A  and  B. 

3  °.  Let  us  next  suppose  mz=  n\  tlie  values  of  x  and y  in  this  case  become 

__     tttn  an 

*    —    ~Jp  y    ~~    "o 


or, 


x     =        qd,  y     =     OD 


that  is  to  say,  x  and  y  each  represent  infinity.  In  fart,  if  we  suppose  st  =  s 
we  suppose  the  courier  who  sets  out  from  A  to  travel  exactly  at  the  saste  raw 
as  the  courier  who  sets  out  from  B;  consequently,  the  original  distances 
by  which  they  are  separated  will  always  remain  the  same,  and  if  the  courien 
travel  for  tvtr  they  can  ne\er  be  together.  Here  also  the  conditions  of  1st 
problem  are  absurd,  although  the  result  is  not  susceptible  of  the 
tion  as  in  the  la><t  c;.sc 
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4  *.  Lei  us  suppose  m  =  nt  and  also  a  —  0 ;  the  values  of  x  and  y  iu  this 
case  become 

0  0 

*   =    u       •      y   =    0 

that  is  to  say,  the  problem  is  indeterminate,  and  admits  of  an  infinite  num- 
ber of  solutions.  In  fact,  if  we  suppose  a  =  0,  we  suppose  that  the  couriers 
start  from  the  same  point,  and  if  we  at  the  same  time  suppose  m  =  n,  or  that 
they  travel  equally  fast,  it  is  manifest  that  they  must  always  he  together,  and  con- 
sequently every  point  in  the  line  AC  satisfies  the  conditions  of  the  problem. 

5  *.  Finally,  if  we  suppose  a  =  0,  and  m  not  =  n,  the  values  of  z  and  y  in 
tiiis  case  become 

x    =    0  y    =     0 

in  fact,  if  we  suppose  the  couriers  to  set  out  from  the  same  point,  and  to  tra- 
vel with  different  velocities,  it  is  manifest  that  the  point  of  departure  is  the  only 
point  in  which  they  can  be  together. 


ON  QUADRATIC  EQUAT10N8 

157.  Quadratic  equations,  or  equations  of  the  second  degree,  are  divided  into 
two  classes. 

L  Equations  which  involve  the  square  only  of  the  unknown  quantity.  These 
are  termed  pure  quadratics.    Of  this  description  are  the  equations, 

they  are  sometimes  called  quadratic  equations  of  two  terms,  because,  by  transpo- 
sition and  reduction,  they  can  always  be  exhibited  under  the  general  form 

a  x  8  =  b. 

Thus,  the  third  of  the  equations  given  above 

x1        5  7  259 

3  ~~  12  +  3  X%  =  24  1"  *  X%  +  W 

when  cleared  of  fractions  becomes 

8x*—  10  4-72**  =  7  +  48xI-f  25% 

transposing  and  reducing, 

32*«  =  276 

which  is  of  the  form 

x«  =  b. 

II.  Equations  which  involve  both  the  square  and  the  simple  power  of  the  un- 
known quantity.  These  are  termed  adjected,  or  complete  quadratic  j  ;  of  this 
<!cscriptiou  are  the  equations, 
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axt  +  bxs=sc.  x*—iox=7;  _  _-  +  _  =  8~*3 *   +TT 

they  are  sometimes  called  quadratic  equations  of  three  terms,  because,  by  trans- 
position and  reduction,  they  can  always  be  exhibited  under  the  general  form 

ax*  +  b  x  =  c 

Thus,  the  third  of  the  equations  given  above, 

5x*       £       2  _  f«  t,873 

6     "~  2  +  4   ""  8~"   3   "" "*    +  18» 

when  cleared  of  fractions  becomes 

10  x»  —  6x  +  9  =  96  — 8x— I2x*+S7a, 

or,  transposing  and  reducing, 

22x*+2x  =  360, 
which  is  of  the  form 

ax*+  bx  =s  c. 


SOLUTION  OK  PURE  QUADRATICS  CONTAINING  ON*  UNKNOWN  QUANTITY. 

158.  The  solution  of  the  equation 

ax9  .75  b 
presents  no  difficulty.     Dividing  each  member  by  a,  it  becomes 


xf     =r        — 


whence 

•  -  ±  /:• 

If  —  be  a  particular  number,  either  integral  or  fractional,  we  can  extract  its 

square  root,  either  exactly,  or  approximately,  by  the  rules  of  arithmetic     If 

b 

-  be  an  algebraic  expression,  we  must  apply  to  it  the  rules  established  for  the 

extraction  of  the  square  root  of  algebraic  quantities. 

It  is  to  be  remarked,  that  since  the  square  both  of  +  m,  and  —  m,  is  -J-  m*; 

so,  in  like  manner,  both  (+    / — )  ,  and  ( —    /  — )  ,  is  -\ Hence  the 

above  equation  is  susceptible  of  two  solutions,  or  has  two  roots,  that  is,  there  are 
two  quantities  which,  when  substituted  for  x  in  the  original  equation,  will  render 
the  two  members  identical ;  these  are, 

for,  substitute  each  of  these  rallies  in  the  original  equation  ai':( 
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b\*  h 


~)    =  b,  or,  a  X  —  =  *,  £  e.  b  =. 
and,  ax(— y^)     =  £,  or,  aX-=Ali.f.&  = 


6 


A. 


Example  1, 
Find  the  Tallies  of  2  which  satisfy  the  equation 

4xf  —  7     =     3x*+9 

Transposing  and  reducing,  Xs    =:     16 

.-.  x    =     ±  \/16 

=     +  4 

hence  the  two  values  of  x  are  +  4,  and  —  4,  and  either  of  these,  if  substituted 
for  x  in  the  original  equation,  will  render  the  two  members  identical. 


m  

Example  % 

x*  5x«  7  290 

"3— 3+lT    =    5J  —  *   +8T 

CWingof  fractions.^*— 72-f  10x*  =     7  —  84  x  *  -|-  399 
Transposing  and  reducing,     42  x*  =     378 

*  48 

«=    9 

ax    =    ±  3  * 
and  Uie  two  rallies  of  x  are  -f-  3,  and,  —  3. 


Example  3. 
3x«    =    5 

x      -     3 


Since  15  is  not  a  perfect  square  we  can  only  approximate  to  the  two  values 

of  u 


Example  4. 


t/r^+x*  —  x 
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Clearing  of  fractions,  x    =     m  \/r*  +  x-^m 

Squaring,  (m*  +  2  w  +  I)  *  *     =     fn*(r*+r«) 

.  w  r 

*     =     T   /  == 

Example  5. 


m  4-  x  +  v/2  »'  *  +  *  *      - 

-  *     —    w 

TO 


-f-£ — v/jimx-f-x 


Render  the  denominator  rational  by  multiplying  both  terms  of  the  fraction 
by  the  numerator,  the  equation  then  becomes, 


(wi  +  x  +  y/'imx  +  x*)*    =    n 


m* 


Extracting  the  root, 

m  +  x  +  \/ilmx  +  x*    =  +  m  y/n 

Transposing,  \/2  mx  +  x1    =  +  m  y/n  —  (m  +  r) 

Squaring,  2  mx  +  x*    =  mtn  +  2my/n(M  +  x)  +  (m+x)* 

Transposing  and  reducing, 

±2mx/n(m  +  x)    «  »•(!+„) 

Ex.6.    ll(x*  — 4)    =    o^  +  S) 

Ans.  x=  -J-  3. 

hXmlm  SZ^  — -y+7i~  a*— 73  ""    ° 


An*,  or  =  +  9. 


Ex.8.   w-fVi*  — *    «=    £ 


Ant  -f=-h  ^  2«n  _  ^ 


-s- v 


Ex.9.   \/»Jj^   —  i/jtJ-s»        _p 

An*  z  ^  +     WlP-ff^tri-tf 
7  «(>  +  «*> 


Ex.  10  *  *  +  *   +    V?-*  _    /*.    _    ^ 

•*  v    c  

Ac*   T»  +  8\//ty-—  tf* 
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i&9.  In  the  same  manner  we  may  solve  all  equations  whatsoever,  of  any  deppee^ 
which  involve  only  one  power  of  the  unknown  quantity,  that  is,  all  equations 
which  are  included  under  the  general  form, 

axn  =  b 

For,  dividing  each  member  of  the  equation  by  a,  it  becomes, 

*"  =  4 

a 
Extracting  the  w*  root  on  both  sides, 

■=-A 

If  n  be  an  even  number,  then  the  radical  must  be  affected  with  the  double 
sign  +,  for  in  that  case,  both  (+  v/~)  *•  and,  (  —  */ — )  *,  will  equally 

produce  —-• 

Example  11* 

5xf  —  57  =  2*«+  135 
3x*=:l92 


*    =t/64  =   >/\/64  =  V  t8  =  i8 
Here  +  2  and  —  2  are  two  of  the  roots  of  the  above  equation. 

Example  12. 


Or, 


Squaring, 


y/;>  +  x    *  y/p  +  x       ^/x 

P       "*~       *       —    q 

9 
(p  +  x)*=x*.?j 


Extracting  the  cube  root, 


(p  +  z)>=x>  .^f 

p  +  z  =  x  y£-9 


%ie=(/j-;-i 
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Example  131 
Z   x  %        =  —  x  • 

Aiis.  a:  =  (— V,_  *r 
\p  *' 

160.  We  have  seen,  that  an  equation  of  the  form  a  x  f  =  b,  lias  two  roots, 
or  that  there  are  two  quantities  which,  when  substituted  fur  x  iu  the  original 
equation,  will  render  the  two  members  identical  in  like  wanner,  we  shall 
find  that  every  equation  which  involves  x  in  the  third  power,  has  three  roots ; 

'an  equation  which  contains  x*  has  four  roots ;  and  it  is  a  general  proposi- 
tion in  the  theory  of  equations,  that  an  equation  has  as  many  roots  as  it  has 
dimensions. 

161.  The  above  method  of  solving  the  equation  flin  =  J,  will  give  us  only 
one  of  the  n  roots  of  the  equation  if  n  be  an  odd  number,  and  two  roots  if  *  Do 
an  even  number.  Such  a  solution  must,  therefore,  be  considered  imperfect, 
and  we  must  have  recourse  to  different  processes  to  obtain  the  remaining  roots* 
This,  however,  is  a  subject  which  we  cannot  here  discuss. 


SOLUTION  OP  COMPLETE  QUADRATICS,  CONTAINING  ONE  UNKNOWN  QUANTITY. 

162.  In  order  to  solve  the  general  equation, 

ax*  +  bx    =    c 

let  us  begin  by  dividing  both  members  by  a,  the  coefficient  of  x  *  the  equation 
then  becomes, 

x    +   a*    =  .3- 

or, 

x*  +  p  x     =9 
putting,  for  the  sake  of  simplicity, 

b  c 

--    =  v.   ~~   =  Q* 

a         ' '    a         * 

This  being  premised,  if  we  can  by  any  transformation  render  the  first  mem 
ber  of  the  above  equation  x*  -f-  px  the  perfect  square  of  a  binomial,  a  simple 
extraction  of  the  square  root  will  reduce  the  equation  in  question  to  a  simple 
equation. 

But  we  have  already  seen,  that  the  square  of  a  binomial  9  +  a,  or 
f'  +  Sflx  +  a1,  is  composed  of  the  square  of  the  first  term,  plus  twice 
the  product  of  the  first  term  by  the  second,  plus  the  square  of  the  second 
term. 

Hence,  considering  x  *  +  p  x  as  the  two  first  terms  of  the  square  of  a  bino- 
mial, and  consequently  p  x  as  twio*  the  product  of  the  first  term  of  the  binomial 
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by  the  second,  it  is  evident  that  the  second  term  of  this  binomial  must  be 
C.  for  3  X  ■£  X  x  =  px. 

In  order,  therefore,  that  the  above  expression  may  be  transformed  to  a  per- 
fect square,  we  must  add  to  it  the  square  of  this  second  term  «£,  that  is,  the 
equtwe  of  half  the  coefficient  of  the  simple  pouter  ofx\  it  thus  becomes 

P  P  * 

which  is  the  square  of  x  +  -jr.     But  since  we  have  added  -r-  to  the  left  hand 

member  of  the  equation,  in  order  that  the  equality  between  the  two  members 
may  not  be  destroyed,  we  must  add  the  same  quantity  to  the  right  hand  mem- 
ber also,  the  equation  thus  transformed  will  be 


x* 


+  p*+pr  =  Pl+i 


(*+f  )■  =  ?+* 


Extracting  the  root,  x  +  ^  =  +  y/V£  + 


4 


Transposing,  x  =  —  •*•  +  y/  -j-  +  y 


_  —  p±Vp*  +  ±q 


2 


If  the  original  equation  had  been 

x  f  — -  p  x  zz  q 
or  being  transformed,  it  would  have  become 

x*  —  px+'j  =  \-  +  q 


—  p  +  y/r  *  + 4 '/ 


And  .\  x  = 

2 


We  affix  the  double  sign  -j^^/^r  +  q,  bemuse  the  square  both  «  f  -f- 

y/     r  +7'  and  also  of —  ^t-  +  7,  i*+  (^-  +  q\   and    every  quadr.tic 
filiation,  must,  therefore,  have  two  roots. 

From  what  luis  just  been  said,  we  deduce  the  following  general 

Q 
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RULE  FOR  THE  SOLUTION  OP  A  COMPLETE  QUADRATIC  EQUATION 

1.  Transpose  all  the  known  quantities,  when  necessary,  to  one  side  of  the  equa- 
tion, arrange  all  the  terms  involving  the  unknown  quantity  on  the  other  side,  and 
reduce  the  equation  to  the  form  a  x%  -\-  b  x -=.  c 

2.  Divide  each  side  of  the  equation  by  the  coefficient  ofx  *. 

8.  Add  to  each  side  of  the  equation  the  square  of  half  the  coefficient  of  the 
simple  power  ofx. 

That  member  of  the  equation  which  involves  the  unknown  quantity  will  thus 
be  rendered  a  perfect  square,  and  extracting  the  root  on  both  sides,  the  equa- 
tion will  be  reduced  to  one  of  the  first  degree,  which  may  be  solved  in  the 
usual  manner. 


Example  1. 
12*  — 210  =  205  —  3x9 +5 

Transposing  and  reducing,        3  x"  +  12  *  =  420 
Dividing  by  the  coefficient  of  x  f,  .T  f  +  4  r  =  140 

Completing  the  square  by  adding  to  each  side  the  square  of  half  the  coefficient 
of  the  second  term, 

x1  +  4a?  +  4  =  140  +  4 
Or, 

(x  +  2)«  =  114 
Extracting  the  root,  x  -f-  2  =  4-  y/\M 

=  +   12 

.-.  x  =  —  2  J-  18 
Hence, 


(x  =  —  2  +   12  =10 
{  x  =  —  2—  12  =  —  14 


Either  of  these  two  numbers,  when  substituted  for  x  in  the  original  equation, 
will  render  the  two  members  identical. 


Example  2. 
2  s* +  34     =  20  x  +  2 

Transposing  and  reducing,         2  x  f  —  20  x  =  — -82 
Dividing  by  2,  x  f  —  10  x  =  —  10 

Completing  the  square,       X*  —  10  x  +  35  =  85  —  U 
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0*. 


ji&AflaS 


t  65 

DiiUi.«Vj«,  «•-?  *=  S 


l\f 


...  »  -  T  =  ^/  -j. 

=*  +  •'* 

r=s  5  ±1 


{*=-r-=*-4 


i  —  24         .  : 


Example  4. 

*'  +  *        =  s 

of  x  !■  iWt  cm*  to  1,  A  ia  «*far  to  wapfete  the  amur*.  «• 
*Uto«cfc*l*(j)*.or  J- 


•.*•  +  *  +  T  ~  *  +  T 

(*  +  7>     =4 

I  9 

*  +  -7  -  ±  i 

.*.    #  s  1.    mi  «  as  —  * 
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Examples. 
8*  —  30  =  3#« 

Transposing,  —  3*,  +  6*  =  30 

Changing  the  sign  on  3  *  *  —  8  x  = 30 

both  sides, 
Dividing  by  3,  *  •  —  2  x  =  —  10 

Completing  the  square,   **  —  2  *  +  1  =  1  —  10 
Or 

(,-1)1  = -9  

.-.    x  -   1  =  +  /—  9 
Henoe, 

U  =  1  +  /=T 
ix  =  1  —  /—  9 

In  the  aboTe  example,  the  values  of  x  contain  imaginary  quantities,  and  the 
toots  of  .the  equation  are  therefore  said  to  be  impossible. 


Example  €L 

Clearing  of  tractions, 

10**  —  6* +9  =  96— -8*—  IS**  +273 

Transposing  and  reducing, 

22z*+2x  =r  380 

Dividing  both  members  by  22, 

,  .    2         360 

Adding  ( 22)  *  to  both  members, 
Extracting  the  root, 

*  +  22  =  ±v  "5"  +  v5/ 


—  TV  (22? 


l>»? 


-  J.89 


Hence, 
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f  1        .      W  A 

fx  =  -22  +  5s  =  4 


•'•    I     —       !  — 89  —     ** 


Example  7- 

a  c 
a  -f-  0 


a  c 


Dividing  by  a  +  bf 


e  ac 


c*  ac  c 


Completing  the  square, 

*"  — S"+fr*  +  4(fl+4)*  =  Xal^Sj^  +  i  (/+*}* 
Or, 

Extracting  the  root, 

c         _      \/g**+  *<*** 
x~~%(a  +  by-'i-     2%a  +  S)~ 


c _+  y/c»  +  4nc 
-• 2  (a  +  b) 


The  two  values  of  x  here  are. 


c  +  y/c*  +  4oc     c  —  y/c*  -f-  4oc 

*—         2  (a  4-  A*      '*—        *(«  +  *) 


Example  8. 

o*  +  &  —  2bx+x*  =2li! 

Transposing, 

(„»_  »,«)a*  —  2foi«x    =  —  nf(^  +  ft*) 
Dividing-  by  the  coefficient  of  x* , 

»* — aw"  *r —  ar 

Completing  the  square, 
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Extracting  the  root, 

*    =  »Tzh?"  \*>n±\/m\<r+ir)—n*a>  \ 
The  two  rallies  of  x  are 

Ex.  9.    a^+  &r    =    27 

Ant,  x  =  3f  a?  =  —  *» . 

Ex.10,    x8—  7* +  3*    =    0 

Ans.  £  =  ti|,    u  zz  •   . 

Ex.  1L     632*   —    I5x*t=6384 

Ans.  x  =  gife     0  s  lHf. 

Ex.12.    8*»  — 7*  +  34    s    0  

.  7j1v£H559        _7-v/]539 

Am.* jg  ,   *_ j- 

Ex.ia     S^fi   =    7  

Ex.14,    y— 4  — a*+2«  —  ^-   =    45  —  &r*+4r 


Auf.jr  =  7-12. *  = — 5.73 


Ex.15.    «— y-4?-g— 1°    =    8 

air  —    1        9    — 2x 


Ans*r=:  -— ,    x  =  4 


Ex.  .6.    *_    *>  «      =   o 

x         X  +  1         x  -f-  2 


Ans.  x  =  4,    x  ss  «—  -1 


ta  —  b  3a  +  U 


x=z 
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Rx.  IS.    at*1  —  %mxy/n    =     m*  —  mn  

y/m  +  ^/n  y/m — y/n 

Ex.  la.    4a»^«+4atc8x  +  4flM»x  —  9c****2  +  (ac!  +  bd*f  =     0 

—      «f+M'  _      atf  +  bd9 


163.  The  above  rale  will  enable  as  to  solve,  not  only  quadratic  equations,  but 
all  equations  which  can  be  reduced  to  the  form 

xin  +pxu  =  q\ 

that  is,  all  equations  which  contain  only  two  powers  of  the  unknown  quantity, 
and  in  which  one  of  these  powers  is  double  of  the  other* 

For,  if  in  the  above  equation  we  assume  y  =  *■,  then  y*sz  g10,  and  it 
becomes 

tf  +  py^n 

Solving  this  according  to  the  rule, 


Putting  for  y  its  value, 


9  2 


*•  -  -p±y/?+*i 

""  5 


Extracting  the  nth  root  on  both  sides. 

Example  L 

•  — 2&r*     =  —  144 
Assume  **  =r  y,  the  above  becomes 

y«  —  2by      =±  —  144 
Whence                                 y  =  16,        y  =  9 

But  since  «*  =  y        •%  *  =  ±  */y 

*  =  +\/l6,  *  =  ±/9 

Thus  Uie  four  values  of  *  are   +4,  —  4,  +3,  —  3. 

Example  % 

*—lx*      =r    8 
Assume  x*  =  y,  y*  —  ly       =     8 

Whence  y  =  8,  ^  =  ~  I 

And  since  «*    =r  y        /.        a:  =  +  -¥'y 

Whence  the  four  roots  of  the  equation  are  +  a/8.  +\/^ .  the  two  Inst  of  which 
oic  impossible  roots. 
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Example  S. 


Lai  a*— 2z»    .-     18 

Assume  a4  =  y,  the  above  becomes 

y*— %f     =     48 
Whence  y  =   8,    or    — 6 

But  since  a4    :=   y        .:        x  =    ^/y 

Hence  two  of  the  roots  of  the  above  equation  are  -f-  J/  8  and  —  J/6;  on 
remaining  four  roots  cannot  be  determined  by  this  process. 


Example  4. 
Let  Sx  —  1y/x    =    99 

Or,  gar  —  ?**       zz     99 

This  equation  manifestly  belongs  to  this  class,  for  the  expoiieut  of  x  i«  ik 
first  term  is  1,  and  in  the  secumi  term  half  as  great,  or  { ; 
In  this  case  assume  y/x  ==  y  the  equation  becomes, 


iy    -  ly      =r       99 

Whence 

y      =9,          y    =   —  ^ 

But  since 

v'*  =  y      •'•      *  —  yf 

• 
•  • 

1                    1- 

a:  ss   ©1,               x    —   - 

To  account  for  the  two  values  of  x  in  this  equation,  it  must  be  eesenta  tlcl 
one  belongs  to  +y/xt  the  other  to  — ^a^ 

This  will  appear  dearly  in  the  followiug  example. 

Example  5. 
ax    =    A+%/cx 
Solving  this  equation  in  the  same  manner  as  the  preceding;,  we  shall  6nd 


_  2ab+c  +  y/4flgtT+  c»  _  2ab  +  c  —\/Aabc  +  c* 

if  we  substitute  these  two  values  of  x  in  the  original  equation,  we  shall  find  4i 
the  first  only  will  verify  it;  the  second  belongs  to  the  equation 

ax   3=   b  — y/cx~ 

these   two  equations,   multiplied  together,  produce  the    complete    qavtal 

emiatioii 

a2x8  —  (2ab  +  c)x  +  b*  =    0 

whose  roots  are  the  two  values  of  x  giveu  above. 

164.  Many  other  equations  of  degrees  higher  than  the  second  saay  bt  ssle 
by  completing  the  square;  although,  it  must  be  remarked,  we  can  seldom  cfctl 
nU  the  roots  in  this  manner.  The  transformations  to  which  we  snbject  efl 
lion*  of  tliis  nature,  '.n  order  that  the  rule  inn)  become  applicable,  depend  en 
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various  algebraic  artifices,  for  which  no  general  rule  can  be  given.  The 
following  examples  will  serve  to  give  the  student  some  idea  of  the  coarse  he 
mast  pursue  -  a  little  practice  will  soon  render  him  dextrous  in  the  employment 
of  such  devices. 

Example  6. 

Let  Vx+  13    +     Vx  +  12    =    6 

Assume,  a:  +  12  =  y,  the  equation  then  becomes, 

y*  +  y*     =     6 

which  evidently  belongs  to  the  same  class  as  the  previous  examples ;  complet- 
ing the  square,  we  shall  have, 

y  *    =    2,  or,  —  3 

Raising  both  sides  of  the  equation  to  the  power  of  4, 

y    =     16,  or  81 
.•.    x,  cry — 12    =    4,  or  CO. 


Example  7. 


Let  2x*  +  \Z**f+  1    =    H 

Add  1  to  each  member  of  the  equation,  it  becoses, 


2*«+l  +  /2*»  +  1  =:  U 
Assume  2  x  8  +  1  =  y,  then, 

V  +  9     —  ** 
Completing  the  square,  and  solving,  we  rind, 

y*   or,  v/2**+I  =  3,  and,  —4 
2x*+  1  =  9,  and,  16 

x  «  =  4,   and,  -g- 
Hence,  ,  =  +  2,  -  2,  +/J,   -/l* 

It  may  be  remarked,  that  it  is  in  general  unnecessary  to  substitute  y,  which 
has  been  done  in  the  above  examples  for  the  sake  of  perspicuity  alone 


Ut,  (,  +  i)+,    =     42--* 

Transpose.  (*+  ■?)"+  (*  +  t)    =    4* 


Example  8. 


a 

Considering  x*J as  one  quantity,  and  completing  »ne  square. 
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,8  I   j.  - 


Hence,  we  hare  the  two  equations, 

*«  —  6*    z=    —8 

x*  +  7x    =    —8 

Solving  the  first  in  the  msual  manner,  we  find, 

9  =  4,  and,  2 
and  by  the  second,  we  have, 

#  _  -7  +  V/F7        ,    -7-V/F7 

* *        >  ■"■■         3 

which  are  the  four  roots  of  the  proposed  equation.  If  we  had  reaaesi  M 
equation,  by  performing  the  operations  indicated,  instead  of  employing  taeawf 
artifice,  it  would  have  become, 

x*  +  x'  —  26x*+S*  +  64  =  0 

a  complete  equation  of  the  fourth  degree. 

Ex.9.  *«  +  4x»  =  12 

Am  x  ri  ±  y/% 

Ex.  10         *•  —  8*'— .513  =  0 

Ana.  f  T5  3 

Ex.11.        *♦  — (25c  +  4tf8)x,  +  ^8c,  =i  0 

Ex.12.        **  +  **  =  756  

Ans.  x  =r  243,  and,  x  =  i/£T»J* 

Ex.  13.         a*T  +  &jr*  —  c  =  0 


An*.  *  =  (±l/*,+  *«-ijl 


2« 
Ex.14.        *«  —  x  +  6  /2x«  —  Jx-f  b    =      J- — 

.  5+/T^5 

Ans.  x= ,  and,  x  =  3,  and,— 


Ex.15.        ?..-fcv^.--«J     *    i 


Vt*  *=|  (±  /— 7—  S) 
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Of  QDAMAT1C  EQUATIONS  CONTAINUK3  TWO  UlfKHOWN 


•3b  Ao  laassJio  ossslalnlny  two  smlroe^  quantities,  is  said  so  bo 
rot  whew  Is  ioooltos  tirw  in  which  <A#  *s*«  o/tfe  sopones*  a/lA* 
*****  w  coW  to  *\  bmi  never  txc—d*  ft.     Thaw, 


ax1  — 4x  + y«  — xy  — 5y  +  6  =  0,   7xy  — 4x  +  y  =  0 


h  Mew*  from  this,  thai  every  equation  of  tho  sooomd  degree 
Quantities,  if  of  the  Jbrm, 

ay'  +  oxy  +  cx'+rfy  +  ex+Zs  0 

o,  A.  c, represent  knows  quantities,  either  nunierkal  or  a%e- 

Lst  it  ho  required  to  determine  tho  Tabes  of  x  and  y,  which  satisfy  tho 

ay«  +  #xy  +  e*«  +  dy  +  ex  +/ =  0 (1)) 

*f jr»  +  A*xy  +  **•  +  d'y  +  r*x  +/  s.  0 ~ (*)  > 

rtangiitf  these  two  equations  according  to  the  powers  of  y,  they  beooti, 

«jrf    +  <A*  +  «Oy  +  («*1+«*+/)  =  ° - I 

«/y«  +  &*+d')f  +  (<fx*+e*x+f)  =  0 -J 

Pot  bx+d=h  i  fj»-L^|/'=| 
e\f+t7xs*Y»  ex*+dx+f=M. 


.\«y»+Ay+A=0 (8) 

ay+A'y+tfsO (4> 

Multiply  (3)  and  (4)  by  a*  and  a  respectively,  and  also  by  V  and  * ;  then 
oay+«Ay+«'*-0  ...  (5)         aAy+AAy+AA^O  ...  (7) 
•*y+aA'y+<iA,=0  ...  (6)  a'Ay«+A'Ay+AA':=0  ...  (8). 

S»}«r«ctiag  (6)  from  (J),  and  also  (7)  from  (8),  we  have 

{a'h—ak'^+Jk— <U'=0  ...     (9) 
(a'A— ^Jy+A'A— AA'=0  ...  (10). 

fctotiplvins;  (9)  bv  A'A— AA\  and  (10)  by  eft— aA*.  we  have 

1i'A-^iA')(a'i-4Jr,)y+(a'i--<i4')(A'a— AAO=0 (II) 

(a,A-^)^+(a'A--<iA')(A'A— A^)=0  ....  (12) 
.-.  (a^A-^')  (A^-AA^^a'A— «Ay     (13). 

SvUtitutins;  the  values  of  A,  A',  A,  A\  in  equation  (11),  wc  have 

cv>.  by  asohiplysBf  and  CYpandinjr,  the  final  equation  in  x  is  of  the  fourth 
re ;  hot  the  general  form  includes  a  variety  of  equations,  according  to 
tsJaws  of  the  coefficients  a,  6,  c.  Ac;  ami  when  *l.  r%f%  dt%  r\/\  arc  each 
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=0,  the  solution  may  be  obtained  by  quadratic*,  the  resulting  etpatioak* 
l>eing 

{(a  b—aV)x+a'd—a<f}  •  {(Vc--bd)x-- (dd-cdf)}  ^a'e-acjx'. 

Hence,  in  general,  the  solution  of  two  equations  of  the  second  decree,  em> 
taming  two  unknown  quantities,  depends  upon  the  solution  of  em  equation  ef  dm 
fourth  degree  containing  one  unknown  quantity. 

Although  the  principle  already  established  will  not  enable  ns  to  sobs  es» 
tions  of  this  description  generally,  yet  there  are  many  particular  cases  in  vW 
they  may  be  reduced  either  to  pure  or  adfeeted  quadratics,  and  the  rods  t> 
termined  in  the  ordinary  manner. 


Example  1. 
Required  the  values  of  x  and  y,  which  satisfy  the  equation*, 

5*  +  *    =    P 4)1 

«     *y  =  *• ~W 


Squaring  (1), 
Multiply  (2)  by  4, 
Subtract  (4)  from  (3), 

or, 
Extract  the  root, 
But  by  (1), 

Add  (1*  to  (5), 
Subtract  (5)  from  (1), 


x*+  *xy  +  y*  =    p* .(!) 

4xy  =    4g* -.™...(4) 

x»_2xy  +  y*  =    pf—  *q* 

(x  —  y)*  =    />«—  4yg 

*+y  =    /> 


2x    =    p±  \/p~tq* 
2y    =    p  +  Sp  —  tf 


Hence,  the  corresponding  val'iea  of  *  and  y  will  be, 

and, 


p —•/,'  — 4  o» 
2 


Example  2. 

Cx  +y  =  a- .(1)1 

(x«+y»  =    *« _(t)f 

Square(i)    x*+2*y  +  y*  =    fl1 

But  by  (2)    *^ +  y*  =    6* 

Subtracting,  3*y  =:    a*  —  61 ,^(J) 

Subtract  (3)  from  (2)    *«  — 2*y+yg  —    26*  — a* 

or,  (x  — y)»  =:     26*  —  «• 

Extracting  the  root  x  —  y  =    +  y/%b* — «* 

But  by  (1)  a  +  y  =     a 

••  adding  and  subtracting  2  x  =    a  +  ^gJT^** 

Hence  the  corresponding  values  of  x  ana  y  will  be 
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=  "2 (  *    =    g ( 

jr    =     g }  y     =     -X ) 


Example  3. 

\x  +  y    =    m (1)> 

U8+y8  =    w» <2)$ 


Cubefl)  x3  +  3jr»y  +  3xy«+ y8    =    m* 

Bui  by  (2)  *»  +  y8    =     n8 


Subtraction,                   3  x  f  y  -f-           3  a:  y  *  =  m  8  —  n • 

Or,        Sory  (*+y)  =  m»— »» 

Substitute  for  (ar-f-y)  its        n  ,  . 

v           '              8*y  •    m  =r  tw8 —  n8 


value  derired  firom  (1) 


xy         = 


m8  — n» 
3m 


.     4xv  -     4  (»»—«)  f 

Squaring  (1),  tf'+Sxy  +  y8     =    m8 

BoibyfS)  4*„  =    ^^zln^ 


Subtracting,  **— -Sxy  +  y8 


4(m8  — »8) 


3m 


_  ,,  h,  4*' —  m* 

Of,  (*  —  y)»      -    ■ 


3m 
■      ,4n8— m8 

*— jr        =   ±v— g^ 

Bo*  by  (1)  *  +  y  =    m 


__     _—     y4n8— m8 


2  X  =     m  +  */- 


3  m 


2y  -    m+j-^- 


Hence  two  corresponding  values  of  x  and  y  are 
m 


iii    ,     ,4ji8 —  m8}  m  An*  —  m%  \ 

=  T  +  ^-itZ—t    „,„*  =  !  -^-5S"-(, 

m  y4  »8 —  iw8  I  m    .       .4  n* —  m8  1 

=  t-^- 15^ — y      *  =  T+^—ii — y 

Example  4« 

^+xiyi  +  y*    =    a (1)^ 

lX*  +  xl  y*+y*     =    b (2)> 

Suave  (1),  *  »+**  y*+y  8+2  z*  ****+«  **  y*+»  y?  **  y*  =  o  - 

But  by  (2),  x  8+a*  y*+y  8 =_* 

Subtracting,  2**** y*+2af*y*+2y***y*=:  «•  — t 
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Or,   t«*y*  (**  +  ** y'  +  y*)     «  «•— 6 


•  • 


2x  *    *  zz    a*  —  6 

..       *4y4  =    "jfl    —t8) 

But  by  (1),  *'  +  **y*  +  y*    =    « 

And  by  (3),  s'V  =     -yj- 

Adding,  xH^SV     =    a  +  -2"«~ 

•••  **+**  =  ±y^- -«) 

i     5  5     i 

Again,  from  (1)  *   +  x*  y4  +  y*       =    a 

And  from  (3)  3x*V  =     -i-ga 

1         I"}         4  3(Vi8  —  6) 

Subtracting,  **— 2x*  j*  +  $*      =    «  —     ^   g  „ — £ 


Or,         («*-*;         =     -yj- 


...    **_„*  r=    +/       >g      - .(5) 

B«t  by  (4)  «*  +  y*  =    ^yig^li 

•  adding  and  subtracting,  **  =     +  yf  — jpjp-  J-  J   ■        * 

* 

8 
Hence  the  corresponding  values  of  x  and  y  are 


and, 


y  =  ft  \/3aTZ6-y  37=??*  =  C+y/3a«— *4VaS=79* 


The  following  require  the  completion  of  the  square : 


Example  &. 


c*-t-  y  +  *«  +  y«  =  a        (l)j 

fcr  — y  +  *f  — y*  =  b         (8)$ 

Add  (1)  and  (8),  2*f+8;r  =  a  +  b. .. (3) 

Subtract  (8)  from  (I),  3y*-f8y  sr  «  — A...... (4; 
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Equations  (3)  aad  (4)  are  common  adfected  quadratics  ;  solving  then  in  the 
usual  manned  we  find 


=    —  1  +  \/  I  +2a  +  2b} 

8 V 

=     —1  +  \/l+2fl  — 26J 


Example  6. 

$*+*  =   e on 

lxl+y*  =    272.. .v. ^«}$ 

* 

Raise  (1)  to  the  power  of  4. 

a:«  +  4:r3y+6;riy*  +  4zy,  +  yi  =  1296 

Bat  from  (2),    x* +  y4  =  272 

Subtracting,  4 z*  y  +  6  x*  y*  +  4*y*  =  1024 

Or,    2*y(2a:1  +3*y  +  2y«)  =  1024 (3) 

Bat  by  (L),  2  *y  (2xf +  4xy +  2y  •)  =  144sy (4) 

Subtracting  (3)  from  (4),  2xf  y  *  =  144  a:  y— 1024 

Transposing  and  dividing  by  (2^«fiyt  —  72*y  =  —512 

Completing  the  square,  s'y"  —  72ary+1296  =  1296—512 

Or,  (*y  —  36) «  =       7S4 

.\      ay  — 36  =  +v/7§4 

xy  =  36+28 

=  64,  and,  8 
First,  let  us  suppose  x  y    —     8. 

By(l),  *,  +  «*y  +  y1  =  36 

And,  4*y =r  32 

.%  ubtractin&  x*  —  2xy  +  y*  "         =  i" 

/.    a:  — y  =  ±.2 

Bat,  jr  +  y  =6 

.  .  adding  and  subtracting, 


x    =     4)  ix    =     2J 

y    =    z)  (y    =     4) 


Secondly,  let  us  take  the  other  value  of  x  y,  or  64. 

By(l),  *f  +  2ry  +  y»  =     36 

4gy =     256 

Subtracting,  *  *  —  2xy  +  y*  =— 820   

x  —  y  =    iV— 220 

But,  *+y  =    • 

.-.  adding  and  subtracting, 

x    =    6  +  \/^S0^  *    =    6— 1/-220) 

* j      and,  * I 

•     =     6  —  V  —  *80l  *     =     c  +  v/—  8801 
j{"  1—        J 


* 


£56 
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Hence  in  the  above  equations,  two  of  the  roots  of  x  and  y  am  poariUs, 
two  impossible. 


7.    2  x  +  3  y 
5*1  — 7y« 


118. 
4333. 


Ana. 


I    .-=    36 


(1)7 


=     16) 


and, 


x    =s    — 


y    = 


Ex.  a    8s+23y 

34y+   e^-oy* 

a?    =    3 


2s8  +  2y» 
13*y+2± 


.0)? 
.(2)5 


a?    =    37 
y    =     23 


Ex.9.    (*— y)(*»—  y*) 
(*  +  y)(*f+y«) 


a. 


■0)1 

.(2)J 


Ana,    x  .— 


Ex.  10.    jry  * 


y  +  * 

x  y  z 
x  -fc  z 


ST     <I~. 


=      *.. 


5      €Tf .... 

Ans.    a* 

y 

a 


-co 
(*) 

(3) 


/tab  c(-tb  +  ^  *  —  o  c) 
J^V  {ab  +  ac  —  6c)  (£e  +  a<r— sty 

/2dk(ftc  +  flc-fl^ 
±.y/ (ab  +  ac  —  bc)  (ab  +  kc-*t) 

/2abc(ab  +  a  e ■  — -  3  c) 
(a  AH- *«-—  a  c)  (6  e  +  «c— it) 


PROBLEMS    WHICH    PRODUCE   QUADRATIC   EQUATIONS. 

Problem  1. 

166.  To  find  a  number  such,  that  twice  its  square,  augmented  by  three  ti 
the  number,  is  equal  to  65. 

Let  x  be  the  number  required,  we  have  for  the  equation  of  the 


Solving  the  equation, 
Hence 


2r«  +  3r    =    65 

3    .     /65  ,    9  3+* 


*   -=r    ft; 


13 

X  "*         2 


The  first  of  these  two  values  satires  the  conditions  of  the  problem, 
the  enunciation ;  for,  in  fact. 


J 
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2(6)«+8X6    =      2X26  + IB 

=    65 
In  order  to  interpret  the  meaning  of  the  second  value,  let  us  observe,  that  if 
we  substitute  —  x  for  -f-  *  in  the  equation  2x*+  Sx  z=  66,  the  coefficient  of  3x 
alone  will  change  its  sign,  for  ( —  x)1  =  (+  x)*=  x* .      Hence  the  value  of 
*  will  no  longer  be 

—  _  JL+  ?? 


but  will  become 


Hence  x  =  -— ;    x  =  —  5 

where  the  values  of  x  differ  from  those  already  found  in  sign  alone. 

13 
Hence  we  may  conclude,  that  the  negative  solution  —  — ,  considered  without 

reference  to  its  sign,  is  the  solution  of  the  following  problem : 

To  find  a  number  such,  that  twice  its  square,  dimmuhed  by  three  times  the 
number,  is  equal  to  65. 
In  fact  we  have, 

•  13v2       m       13  169         39 

f<¥)-»*7--r-7 

=      65 


Problem  & 

A  tailor  bought  a  certain  number  of  yards  of  cloth  for  12  pounds.     If  he  had 

paid  the  same  sum  for  3  yards  less  of  the  same  cloth,  then  the  cloth  would  have 

cost  4  shillings  a  yard  more.     Required  the  number  of  yards  purchased. 

Let  x  be  the  number  of  yards  purchased, 

240 
Then  —  is  the  price  of  one  yard,  expressed  ih  shillings ; 

x 
If  he  hod  paid  the  same  sum  for  3  yards  less,  in  that  case  the  price  of  each 

would  be  represented  by  ., ; 

But  by  the  conditions  of  the  problem,  this  last  price  is  greater  than  the 
former  by  4  shillings ;  hence  the  equation  of  the  problem  will  be, 

240  240     ,    i 

=  — —  +  4 


x — 3  x 

Or, 

x«  —  3x  =    180 

Whence 


.■-WF=-i±4r 


.-.    x  =  15;     x  =    —  12 
list  value  ot  z  =r  15  satisfies  the  conditions  of  the  problem,  for 
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the  price  of  each  yard  in  the  first  case  being  16  shillings,  and  in  die  latter  cm 
SO,  which  exceeds  the  former  by  4  shillings. 

With  regard  to  the  second  solution,  we  can  form  a  new  enunciation  to  watt 
it  will  correspond.  Resuming  the  original  equation,  and  changing  x  into  —  * 
it  becomes 

240       _  JS40^ 

— x — 3  ~~   — x  "*" 
Or, 

240        _    240 

x  -f-  3  x 

an  equation  which  .may  be  considered  as  the  algebraic  represent  iritis  ef  tin 
following  problem : 

A  tailor  bought  a  certain  number  of  yards  of  cloth  for  19  pounds.    If  at  sai 
paid  the  same  sum  for  3  yards  mare,  then  the  cloth  would  have  cost  4  smVaf 
a  yard  less.    Required  the  number  of  yards  purchased. 
The  above  equation  when  reduced  becomes 

x*+3x    =     180 
instead  of  x*  —  3x  =  180,  as  in  the  former  case ;  solving  the  above,  at  awl 

x  =  12;        x  =  — 15. 
The  two  preceding  problems  illustrate  the  principle  explained  with 
problems  of  the  first  degree. 


Problem  SL 

A  merchant  purchased  two  bills ;  one  for  £8776,  payable  in  9 
other  for  £7488,  payable  in  8  months.     For  the  first  he  paid  £1200  awaeswB 
for  the  second.     Required  the  rate  of  interest  allowed. 

Let  x  represent  the  interest  of  £  100  for  1  month, 

Then,  12s,  9x,  8x,  severally  represent  the  interest  of  £100,  far  1  yes;  I 

months,  8  months, 

And,  100  +  9x,  100  +  8x,  represent  what  a  capital  of  £100  will 

at  the  end  of  9  and  of  8  months,  respectively. 
Hence,  in  order  to  determine  the  actual  value  of  the  two  bills,  we 
following  proportions : 

100+  Ox:  100::  8776:   ^j™ 
100+  to:  100::  7488:   7jg  *  ff 

the  fourth  terms  of  the  above  proportions  express  the  sum  paid  by  the 
for  each  of  the  bills. 

Hence  by  the  conditions  of  the  problem, 

877600  748800     _  . 

100  +  9x       100  +  8*  ""    *^ 

Or,  dividiug  each  member  by  400, 
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s      S 


100  +  ftr       100  -f  8ar 
Clearing  of  fractions  and  reducing, 

216a;s   +  4396a;  ss  3900 

—  2198  ±  /5306404 
=  «I5 


io  —  2198  + \/o306464 


18 
.2-2198  ±£303.5. 

""  18 

12a;  =  6. 86 ;    and,  12*  s  —250. 08 


The  positiYe  solution,   12a:  =  5.86 ,  represent*  the  required  rate  oi 

interest  per  cent  per  annum. 

With  regard  to  the  negatire  solution,  it  can  only  be  considered  as  connected 
with  the  other  by  the  same  equation  of  the  second  degree.  If  we  resume  the 
origii  al  equation,  and  substitute  —  x  for  -f-  «,  we  shall  find  great  difficulty  in 
recompiling  this  new  equation  with  an  enunciation  analogous  to  that  of  the 
proposed  problem. 

Problem  4. 

A  m  n  purchased  a  horse,  which  he  afterwards  sold,  to  disadyantajfe,  for  24 
pounds.  His  loss  per  cent,  by  this  bargain,  upon  the  original  price  of  the 
florae,  is  expressed  by  the  number  of  pounds  which  he  paid  for  the  horse. 
Kequii  d  the  original  price. 

Let  x  be  the  number  of  pounds  which  he  paid  for  the  horse 

Then,  x  —  24  will  represent  his  loss ; 
But,  by  the  conditions  of  the  problem,  his  loss  per  cent,  is  represented  by  the 
number  of  unit}  in  x\ 

His  loss  per  cent,  on  one  pound  is  rr^ 

•*.    his  loss  per  cent  on  x  pounds  must  be   — - ,  or  x  times  as  great. 

This  gives  us  the  equation 

£-    =      *  —  24 
100  

1  x    =    50±v/100    =    50  ±10 

Hence,  2    =    60;         x  =  40 

I  oth  these  solutions  equally  fulfil  the  conditions  of  the  problem. 

Let  us  suppose,  in  the  first  place,  that  he  paid  60  pounds  for  the  horse ;  since 
1  e  sold  it  for  24 ;  his  loss  was  36.      On  the  other  hand,  by  the  enunciation,  his 

loss  was  60  pel  canton  the  original  price;  i.  e.  --— -  of  60,  or  — — —  =  3€ ; 

100  100 

bus  60  satisfies  the  conditions. 

*3 
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in  the  second  place,  let  us  suppose  that  he  paid  40  poonds;  his  lost  la  this 
case  was  16.      On  the  other  hand,  his  loss  ought  to  be  40  per  cent  on  las 

original  price;  i.e.  -iji-  of  40,  or  !2_>Li2  =  16;    thus  40  also 

conditions. 


General  Discussion  of  the  Equation  of  the  Second  Degree. 

167.  In  the  problems  of  the  second  degree  which  we  hare  hitherto  solved,  the 
given  quantities  have  been  expressed  by  particular  numbers.  Bat,  in  order 
that  we  may  be  enabled  to  resolve  general  problems,  and  to  interpret  las 
various  results  at  which  we  may  arrive,  from  assigning  particular  values  to  tat 
given  quantities,  we  must  resume  the  equation  of  the  second  degree 
most  general  form,  and  examine  the  circumstances  which  arise  from 
every  possible  hypothesis,  with  regard  to  the  coefficients.  Such  is  the  objects! 
the  discussion  of  the  equation  of  the  second  degree. 

168*  Before  commencing  this  discussion,  we  shall  notice  another 
solving  the  equation  of  the  second  degree,  which  leads  to  important 
quences. 

We  have  seen  that  every  equation  of  the  second  degree  may  be  redacsdls 

the  form 

x'  +  px  +  q  =   0 (1) 

where  p  and  q  are  given  quantities,  numerical  or  algebraical,  ■pttgral  er : 
tlonal,  positive  or  negative. 

This  being  premised,  transposing  q  and  adding  ~  to  each 

to  render  the  first  member  a  perfect  square,  the  equation  becomes 


(•+{)'  -  V-t 


p* 


Whatever  may  be  the  value  of  j-  —  q,  we  can  always  represent  its  i 
root  by  m,  and  the  equation  then  becomes, 


<■ + «■ 


=    m* 


(*+f )'-m»    a    0 


The  first  member  of  this  equation,  being  the  difference  of  two  squares, 
be  put  under  the  form, 

which  fiwt  the  new  equation, 

(*  +  \  +  ■)  (*  +  ■§•  —  »)  =  £ ~— •..-...(!) 
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an  equation  in  which  the  first  member  is  the  product  of  two  factor*,  and  the 
second  member  is  0.  We  may  render  this  product  =  0,  and  consequently  satisfy 
equation  (2),  in  two  different  ways. 

Ehhei,  by  putting  x  +  ■?  —  m  =  0,  whence,  x  =  —  *~  +  m 
Or,  by  patting       z  +  *^  +  m  =  0,  whence,  x  =  —  ^-  —  m 

That  is,  substituting  for  m  ite  value,   J 


},=_f-A'- 


It  is,  moreover,  manifest  that  we  cannot  render  the  first  member  of  equation 
(2)  equal  to  0,  unless  by  putting  for  x  some  quantity  which  shall  render  one  of 
the  two  factors  which  compose  the  expression  equal  to  0. 

Hence,  since  equation  (2)  is  a  consequence  of  equation  ( 1 ),  and  reciprocally, 
it  follows,  that, 

Every  equation  of  the  second  degree  admits  of  two  values  of  the  unknown 
quantity,  and  not  more  than  two. 

These  values  possess  some  remarkable  properties. 

I.  Since  the  equation, 

x*  +  Px"i"  ?  =  0 
may,  by  a  series  of  transformations,  be  reduced  to  the  form, 

(*+4+"»)(*  +  -£-»o  =  o 


being  equal  to    /£. qt  it  follows,  that, 


The  first  member,  x*  +  p  x  -f-  q,  of  every  equation  of  the  second  degree, 
whose  second  member  is  0,  is  composed  of  the  product  of  two  binomial  factor* 
of  the  first  degree  in  x,  having  xfor  a  common  term,  and  for  their  second  terms 
the  two  values  of*  with  their  signs  changed. 

This  property  has  caused  the  name  of  roots  of  the  equation  to  be  given  to 
the  two  values  of  the  unknown  quantity,  for  if  we  know  the  values  of  the  un- 
known quantity  we  can  determine  the  equation.    Thus, 

Take  the  equation  x*-f-  3x  —  28  =  o,  which,  when  solved,  gives, 

x  =  4;    x  =  — 7 

the  first  member  of  the  above  equation  results  from  the  product  (x  —  4)  (x  +  7); 

in  fact 

(a:— 4)(*+7)    =    *«  —  4x  +  7x  —  28 

=    x»+3x  —  28 

II.  If  we  represent  the  two  roots  of  the  equation  by  *  and  /S,  by  the 
ing  property,  we  have, 

x*  +  px+q    =     (x  -,£(*—  fi) 
Vow, 


-  -  5  +  A- 
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Adding,  m  +  fi    s    -«|-|-  -5    -* 

Multiplying,  •  £    =    ^  —  (f-  —  ?)    =    +7 

Hence,  it  appears  that, 

1°.  The  algebraic  sum  of  the  two  roots  is  equal  to  the  coefficient  of  the  second 
term  of  the  equation  with  its  sign  changed, 
2°.  The  product  of  the  two  roots  is  equal  to  the  last  term  of  the  equation. 

Discussion 

169.  Let  ns  resume  the  general  equation, 

**  +  px  +  o  =s  0 
which,  when  solved,  gives, 


=  -*±v^-. 


Let  us  make  different  hypotheses,  successively,  with  regard  to  the  coefficients. 


I.  Let  q  be  positive,  and  ^J-t  ,  and  let  p  be  positive. 


The  equation  in  this  case,  the  coefficients  being  written  with  their  proper 
signs,  will  be  of  the  form, 

2*  -f  px  +  q  as  0 
which,  when  solved,  gives, 

"  •  =  -f t/?1^  _ 

q  being  less  than  V»  ^  —  q  hi  a  positive  quantity,  and  the  root  -f^r  — q 
can  always  be  extracted,  either  exactly  or  approximately,  and  must  be  some 
quantity  less  than  •£-;  hence,  in  this  case,  the  two  values  of  x  will  both* be 
negative* 

IL  Let  q  be  positive,  and  «£.  £~,  and  letp  be  negative, 

Here  the  equation  will  be, 

**  —  p*  +  q    =    0  

Whence,  *    =    +|»+yt!-f 

reasoning  as  above,  it  is  manifest,  that  in  this  case  the  two  values  of  x  will  both 
be  positive, 

III.  IV.  Let  q  be  positive,  and  "^ ^r»  and  let  p  be  either  positive  or  negsr 
tlve. 
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the  equation  will  be,  * 

s*±px  +  q    s=    0 

f)% 
q  being  greater  than  <j-,  the  quantity  under  the  radical  will  be  negative,  and 

consequently,  in  each  of  the  above  tases  (£.  e.  both  when  p  is  positive  and  when 
p  is  negative,)  M*5  two  values  pfx  will  be  imaginary. 

In  fact,  if  we  examine  the  general  equation,  we  shall  find  that  the  conditions 
are  absurd,  for  transposing  q,  and  completing  the  square,  we  have, 

z*±px  +  ^    =    SJ-q 

but  since  ^-  —  q  is,  by  hypothesis,  a  negative  quantity,  we  may  represent  it 
by  —  m,  where  m  is  some  positive  quantity, 

x'±p*  +  Z£    =    —a 

(x±  £)*+»•    =    0 

that  is,  the  sum  of  two  quantities,  each  of  which  is  essentially  positive,  is  equal  to 
0,  a  manifest  absurdity.    8olving  the  equation, 


and  the  symbol  y/ — m,  which  denotes  absurdity,  serves  to  distinguish  this  case. 
Hence,  when  the  roots  are  imaginary,  the  problem  to  which  the  equation  corre- 
sponds is  absurd* 

We  still  say,  however,  that  the  equation  has  two  roots,  for  subjecting  these 
values  of  i  to  the  same  calculations  as  if  they  were  real,  that  is,  substituting 
them  for  x  in  the  proposed  equations,  we  shall  find  that  they  render  the  two 
members  identical 

V.  VL  VIL  VII L  Let  q  be  negative,  and  either  -7  or  *£.  £-,  p  either  posi- 
tive or  negative, 

Here  the  equation  will  be, 

x*±px  —  q    =    0 
Whence,  x    =    +  ^-±^'  +  9 

Since  ^-  -f-  q  is  always  a  positive  quantity,  the  root ./ ~  +  q  can  always 
be  extracted,  either  exactly  or  approximately,  and  must  be  some  quantity 
greater  than  -£ ;  consequently,  in  each  of  the  four  above  cases  (t.  e.  whether  q 


»?■ 


be  greater  or  less  than  £~,  and  whether  p  be  positive  or  negative),  one  value 
yfx  will  be  positive,  and  the  other  negative, 

IX.  Let  0  be  positive,  .ind  -=  £-,  p  positive, 
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rletuming  the  equation, 

s*  +  px  +  q    ss    0 

When^  x    =    -f-  ±y£~9 

Em  —  q  vanishes  upon  the  supposition  thai  9  =r  C.  mi  sVl 

two  values  of  x  are  reduced  to  — -£  ;  in  this  case,  we  say  that  ike  fwereaw 

are  equal. 

It'  we  take  the  original  equation,  and  substitute  —  f°r  9t  fc 


+  px  +  ^t    =     6 


CMP 


In  this  case,  the  first  member  of  the  equation  is  the  product  oj 
tors,  and  we  therefore  conclude  that  the  two  roots  are  equal,  for  each  of  tat 
factors  when  equated  to  0,  will  give  the  same  value  of  x. 

X.  Upon  the  same  hypothesis,  if  p  be  negative,  the  two  roots  will  he 


and  each  =  +  -?-• 

XL  Let  q  =  0,  and  letp  be  positive. 
Here  the  two  values  of  x,  in  the  solution  of  the  general  equation,  wfll  W 1 
duced  to 

x  =  _f  +  f  =  0,  and,  »  =  _!_!■  =_, 

In  this  case,  the  genera]  equation  is  of  the  form, 

x'-f-px     =z    0 
or 

*(x  +  p)     =    0 

an  equation  which  can  be  verified,  either  by  putting  x  =  0,  or,  x  -f-  p  =  & 

XII.  Upon  the  same  hypothesis,  if  p  be  negative,  the  two  roots  of  the 
tion  will  be  x=0,  x  =  +  p. 

XIIL  Let  q  be  negative,  and  let  p  =  0. 
The  general  equation  will  become, 

x*  —  q  =  0 

whence  x  =  +  y/q 

that  is,  in  this  case  the  two  values  of  x  will  be  equal,  and  have  opposite  «*j»a> 

XIV.  Let  q  be  positive,  and  p  =  0. 

This  case  is  the  e-ime  as  the  last,  with  this  difference,  that  the  two 
x  will  be  imaginary ;  for  we  shall  have 


QUADRATIC  EQUATIONS.  £&> 

The  two  last  cases  belong  to  the  class  of  equations  which  we  have  treated 
ander  the  title  of  Pure  Quadratic*. 

XV.  Let  q  =  0,  and  p  =r  0. 
The  equation  will  then  be  reduced  to 

x*  =  0 

and  the  two  values  of  x  will  then  be  each  =  0. 


We  may  exhibit  the  results  at  which  we  have  arrived  in  the  following  table : 

The  general  form  of  the  equations,  the  coefficients  being  considered  indepen* 
iently  of  their  signs,  is 

r*  +px+  q   =   0 
L  IL    Let  q  be  positive  and  ^  -7- 


f 

IIL 


p  positive,  x  =  —  ji/r  —  7,  both  values  negative. 
p  negative,  *  =  +  lr  i  ^/  £ q,  both  values  positive. 


IIL  IV.    Let  q  be  positive  and  v 


.hire,   x  =  _|-  +  /|,_?, 


JUL    ppciiire,   z^-f  +  JZ-q,! 

<  >  both  values  imaginary 

(IV.     p  negative,  *  =  +  |  ±y£—  y,) 


V.  VL    Let  9  be  negative  and  ^-7 

V.      p  positive,    ar=  —  ^  +  y/^  +  q9 


VL     p  negative,  x  =  +  -£  +y/^  +  q, 
V1L  VIIL   Let  9  be  positive  and  7  ^ 

VIL  p  positive,  x  =  — -^  +/  ^-  +  tf, 
VIIL  p  negative,  a:  =  -  £  ±/^'+^, 


i 


one  value  positive, 
and  one  negative. 


■XX.    Let  q  =  ^ 


fIX     p  positive,   j  =1 5-  1 

*S  >  the  two  values  caps* 

(.X.      p  negative,  x  =  +  £.  ) 
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XL  XIL  Let  q  s  0, 

XI.    p  positive,  *  =  —  y  i  jj-f  one  Tabe  = — »,  the  others  t, 

XIL  />  negative,*  =  +  £.  i^-i  one  value  =+p, the  others! 


{ 


XIIL  Let  g  be  negative, 

{XllLp  =  0,      x  =  ±  y/q ,  the  two  values  equal  with^jisfrafai 

XIV*  Let  $  be  positive, 

{XIV.  p  =  0f       x  =  ±  \/^5T  both  values  imaginary; 

XV.  Let  o  =  0, 

{XV.  p  =  0,       #  =  0,  both  values  eqpal  to  0, 


XVL  One  case,  attended  with  remarkable  circumstances,  still  leasaiasteBl 
examined.    Let  us  take  the  equation. 

ag*-f-  to  —  c  =  0 
Whence,  _  —  b±\/V+iac 


Let  as  suppose  that,  in  accordance  with  a  particular  hypothesis  nut*  «s  aw 
given  quantities  in  the  equation,  we  have  •  =:  0;  the  expression  fiar  x  tasl 
becomes 

_    0 
—  b±b 


Q       f  whence 


the  second  of  the  above  values  is  under  the  form  of  infinity,  and  asey  W  ea> 
sidered  as  an  answer,  if  the  problem  proposed  be  such  as  to  admit  ef  iasawl 
solutions. 

0 

We  must  endeavour  to  interpret  the  meaning  of  the  first,  -pr 

In  the  first  place,  if  we  return  to  the  equation  ox*  +  &r  —  c  =  0,  we  pe> 
ceive  that  the  hypothesis  a  =  0   reduces  it  to  bx  +  e, 

x  =  -5- ,  a  finite  and  determinate  expression,  which  moat  be 

b  0 

representing  the  true  value  of  —  in  the  case  before  us. 

That  no  doubt  may  remain  on  this  subject,  let  us  assume  the 

aa*  -f-  bx  —  c  =  0 

and  put  x  =  — ,  the  expression  will  then  become 

-  ■+  — ■  —  c  =  0 

y4     y 

Whence, 

cy%  —  by —  a  =s  0 

Let  «  =  0,  this  last  equation  villi  become 
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'  —  by  =  0 


from  which  we  hare  the  two  values  y  =z  0,  y  =  — ;  substituting  these  Tallies 

1  e 

in  *  =  — .we  deduce 

y 

1-.    *  =  A;      2-.  s  =  | 

It  in  addition  to  the  hypothesis  a  =  0,*  we  have  also  b  =  0,  the  value 
x  =  y  becomes  — i  or  infinite* 

1b  fact,  the  equation  cy*  —  fty  —  a  =  0,  under  this  double  hypothesis,  is 
reduced  to  cy*  =  0,  an  equation  in  which  the  values  of  y  are  equal,  and  each 
=:  0.     Hence  the  two  corresponding  values  of  x  will  both  be  infinite. 

U  we  suppose  a  =  0,  0=0,  6  =  0,  the  proposed  equation  will  become 
altogether  indeterminate. 

170.  Let  as  now  proceed  to  illustiat*  the  principles  established  in  this  general 
discussion,  by  applying  them  to  different  problems. 


Problem  5. 

To  find  in  a  line  A  B  which  joins  two  lights  of  different  intensities,  a  point 
which  is  illuminated  equally  by  each. 

t; a ft~"~B ft 

(It  is  a  principle  in  Optics  that  the  intensities  of  the  same  light  at  different 
distances  are  inversely  as  the  squares  of  the  distances.) 

Let  a  be  the  distance  A  B  between  the  two  lights, 
...    b  be  the  intensity  of  the  light  A  at  the  distance  of  one  foot  from  A, 
...   c  be  the  intensity  of  the  light  B  at  the  distance  of  one  foot  from  B, 
..  Pi  be  the  point  required, 
...  APi  ss  £,  •*•    B  Pi   ss   a  —  £• 

By  the  optical  principle  above  enunciated,  since  the  intensity  of  A  at  the  dis- 
tance of  1  foot  is  ft,  its  intensity  at  the  distance  of  2,  3,  4, feet,  must  be 

b     b     b  t> 

T'  ~9'  16'  nenoe  ^e  intensity  of  A  at  the  distance  of  x  feet  must  be   3, 

In  the  same  manner,   the  intensity  of  B  at  the  distance  a  —  x  must  be 

c 
-, — v,  :  but  according  to  the  conditions  of  the  question,  these  two  intensities 

are  equal,  hence  we  have  for  the  equation  of  the  problem, 

b      _  c 

x9     ~~       (a  —  x)* 

Solving  this  equation,  and  reducing  the  result  to  its  most  simple  fans, 

ax/b 

Wq  shall  now  proceed  to  discuss  these  two  values : 
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a  y/b 


y/b+y/C 


y/b—y/Cj 


>  whence,  < 


Ct/e 


I  a  —  x    = 


I.  Let  b  "7  c 

Z%e  >&•*/  vote  of  «,  -.i  Y    /c>  m  positive,  and  lest  than  «,  far     yf 

is  a  proper  fraction ;  hence,  this  value  gives  for  the  point  equally 

a  point  Pi ,  situated  between  the  points  A  and  R.     We  perceive, 

that  the  point  Pi  is  nearer  to  B  than  to  A;   for,   since  &7C;  n 

%/b  I 

y/b  +  y/bzr  y/b  +  y/e%  or,  2  y/b  T  y/b  +  y/c,  and  .-.     J7    i7| 

and  consequently,     n  \ — —  "^  0 .    This  is  manifestly  the 

we  ought  to  arrive,  for  we  here  suppose  the  intensity  of  A  to  be 
that  of  B. 


a.   Ta»a> 


a  x/b 
The  second  value  of  ar,    "-jb^~7^  **  positive,  and  greater  than  a,  it 

cond  value  gives  a  point  Pt»  situated  in  the  production  of  A  B,  and  to  tht  n^sjkt 

of  the  two  lights.     In  fact,  we  suppose  that  the  two  lights  give  forth  rays  hi 

directions,  there  may  therefore  be  a  point  in  the  production  of  A  B 

illuminated  by  each,  but  this  point  must  be  situated  in  the 

to  the  right,  in  order  that  it  may  be  nearer  to  the  less  powerful  ef  the 

lights. 

It  is  easy  to  perceive  why  the  two  values  thus  obtained  are  roiiaertsd  If 
same  equation.     U,  instead  of  assuming  A  Pi  for  the  unknown  ^ntntitj  a} 

take  A  Pa,  then  BP,  =  i  —  a,  thus  we  have  the  equation  — *  =  j         \±\ 

since  (x  —  a)%  is  identical  with  (a  —  x)  *,  the  new  equation  is  the  sasmt  m 

already  established,  and  which  consequently  ought  to  give  A  Pi  as 

— —  a  /  c 
The  second  value  of  a  —  x,  ■    ■         n»  is  negative,  as  it  ought  to  be, 

%—*  a\  but  changing  the  signs  of  the  equation  a  —  x  =   -jt — V        1M 

a  %/c 
x  —  a  =    /a__   /c»  an<^  ^iis  value  of  a-  —  a  represents  the  absolute 

of  B  Pt. 


weHsaAl 


II.  Let  b 


^b 


The  first  value  of  x,    /l\    /    w  positive,  and  less  than  ^,  for  y/b+* 


y/b+y/bt     m\   y/b+  /«  T  2  y/b, 
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The  com-poading  value  «f  ._,, -JJ^  is  positive,  and  greater 

flunf. 

Hence,  the  point  Pi  is  situated  between  the  points  A  and  B,  and  is  nearer 
to  A  than  to  B.  This  is  manifestly  the  true  result,  for  the  present  hypothesis 
supposes  that  the  intensity  of  B  is  greater  than  the  intensity  of  A. 

.                                    a  \/b              —  a  Jb 
The  second  value  of  jr,     ,.  j_    /  »  or    /   7 1  is  essentially  negative*     In 

order  to  interpret  the  signification  of  this  result,  let  us  resume  the  original 

be 
equation  and  substitute  — x  for  -f-x,  it  thus  becomes     2  =  >  ^.    But 

since  (a  —  x)  expresses  in  the  first  instance  the  distance  of  B  from  the  point 

required,  a-f-x  ought  still  to  express  thb  same  distance,  and  therefore  the  point 

required  must  be  situated  to  the  left  of  A,  in  Ps,  for  example.     In  fact,  since 

the  intensity  of  the  light  B,  is,  under  the  present  hypothesis,  greater  than 

the  intensity  of  A,  the  point  required  must  be  nearer  to  A  than  to  B. 

_ —  a  \/c  a  \/c 

The  corresponding  value  of  a  —  x,     ,1  j   .-,  or     .    v    /r9  is  positive, 

and  the  reason  of  this  is,  that,  *  being  negative,  a— x  expresses,  in  reality,  an 
arithmetical  sum. 

IIL    Let  b  =  c 

a  ' 
The  first  two  values  of  x  and  of  a  —  x  are  reduced  to  „ ,  which  gives  the 

biseilion  of  A  B  for  the  point  equally  illuminated  by  each  light,  a  result  which 
is  manifestly  true,  upon  the  supposition  that  the  intensity  of  the  two  lights  is  the 
same. 

The  other  two  values  are  reduced  to   ~q~ » that  is,  they  become  infinite,  that 

is  to  say,  the  second  point  equally  illuminated  is  situated  at  a  distance  from  the 
points  A  and  B  greater  than  any  which  can  be  assigned.  This  result  perfectly 
corresponds  with  the  present  hypothesis ;  for  if  we  suppose  the  difference  b  — c, 
without  vanishing  altogether,  to  be  exceedingly  small,  the  second  point  equally 
illuminated,  exists,  but  at  a  great  distance  from  the  two  lights ;  this  is  indicated 

by  the  expression     th*     ,-,  the  denominator  of  which  is  exceedingly  small 

in  comparison  with  the  numerator  if  we  suppose  b  very  nearly  equal  to  c.  In 
the  extreme  case,  when  b  =  c,  or  y/b  — y/c%  the  point  required  no  longer  exists, 
or  is  situated  at  an  infinite  distance. 

IV.    Let0  =  c,  and  a  =  a 
The  first  system  of  values  of  x  and  a — x  in  thb  case  become  0,  and  the  second 

system  -jr.    This  last  result  is  here  the  symbol  of  indetermination ;  for  if  we 

recur  to  the  equation  of  the  problem 

b  _c 

Or, 
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(6 — c)x*  —  ftabx    =    — a,^ 

It  becomes  under  the  present  hypothesis 

0.x* — 0.*    =    0 

an  equation  which  can  be  satisfied  by  the  substitution  of  any  umber 

for  x.    In  fact,  since  the  two  lights  are  supposed  to  be  equal  in  ii 

to  be  placed  at  the  same  point,  they  must  illuminate  every  point  in  the  has  Al 

equally. 

The  solution  0,  given  by  the  first  system,  is  one  of  those  solutions,  injisjfi  si 
numbert  of  which  we  have  just  spoken. 

V.    Let  a  =  0,  b  not  being  =  e. 

Each  of  the  two  systems  in  this  case  is  reduced  to  0,  which  proves,  thai  is  as 
case,  there  is  only  one  point  equally  illuminated,  vis.  the  pamt  m  tekiek  dk  few 
lights  are  placed. 

The  above  discussion  affords  an  example  of  the  precision  with  which 
answers  to  all  the  circumstances  included  in  the  enunciation  of  a 

Mr  e  shall  conclude  this  subject  by  solving  one  or  two  problems 
the  introduction  of  more  than  one  unknown  quantity. 


Problem  £ 

To  find  two  numbers  such  that  when  multiplied  by  the  numbers  *  audio* 
spectively,  the  sum  of  the  products  may  be  equal  to  2  s,  and  the 
two  numbers  equal  to  p. 

Let  x  una  y  oe  ihe  c*o  numbers  sougm,  the  equations  of  the 

be 

ax  +  by    =    2  # ..(1) 

*y    =      P ■<*) 

From  (1) 

o$ — ax 

y  =  —i — 

Substituting  this  value  in  (2)  and  reducing,  we  have 

ax*  —  2sx  +  bp    =    0 
Whence, 

x    =    ±+±y/.*-aPb 

And,  •*• 


y    =    T  +  7*7^ 

The  problem  is,  we  perceive,  susceptible  of  two  direct  rnlntin— .  far  #  fa 

festly  *7  y/*% — a  bp;  but  in  order  that  t&ese  solutions  may  bo  real  we  sj 
have**'?'  or  =a  bp. 
Let  a  a  b  =  1 ;  in  this  esse  the  values  of  x  and  y  are  reduced  ss> 

*  =  t  ±v/#"—  p    ,    y  =  #*  <•#*—  p 
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Here  we  perceive,  that  the  two  values  of  y  are  equal  to  those  of  x  taken  in 
en  inverse  order ;  that  is  to  say,  if  s  +  y/s  *  — p  represent  the  value  ef  x,  then 
$—±/s*  —  p  will  represent  the  corresponding  value  of  y%  and  reciprocally. 

Wo  explain  this  circumstance  by  observing,*  that  in  this  particular  case  the 

equations  of  the  problem  are  reduced  to*+y  =  2*,xy=jp  and  the  ques- 
tion then  becomes,  Required  two  numbers  whose  sum  is  2  st  and  whose  product 
is  p%  or,  in  other  words,  To  divide  a  number  2  s  into  two  parts,  such  that  their 
product  may  be  equal  to  p. 

Problem  7.   ' 

To  find  four  numbers  in  proportion,  the  sum  of  the  extremes  being  2  #,  the 
asm  of  the  means  2  «*,  and  the  sum  of  the  squares  of  the  four  terms  4  c*. 

Let  a,  £  y,  z,  represent  the  four  terms  of  the  proportion ;  by  the  conditions 
of  the  question,  and  the  fundamental  property  of  proportions,  we  shall  have  as 
the  equations  of  the  problem 

a  +  z    =    2  s ...(1) 

x  +  y    =    2/ ~ (2) 

xy    =     az (3) 

a*  +  z*  +  y*  +  z*      =     4c-  \ (4) 

Squaring  (1)  and  (2)  and  adding  the  results, 

a*+x*+y  *+z*  +  2az  +  2xy    =    4l*f  +  «'i) 

Butby(4),q»+s,  +  y,t+** =     4c* 

Subtracting,  2az  +  2xy    =     4U*+*/«— «*7 

.-.by  (3),  4c*    ==    4{*»  •+*'»— €»-)=4*y-(5) 

Squaring(l),  a%  +  2az  +  z%    =     4*1 

But  by  (5)  \az  ==    4(*f+s/8— c*) 

Subtracting,  a*  —  2az  +  *«     =    4(c»-~s/»j 

Extracting  the  rooty  a  —  z    =    ±2y/c* —  s*% 

But  by  (1)  g-fz    =     2s 

.*.  adding  and  subtracting,  a    =     *  ±  \/c* — ?* 

z     =     slrx/c*—  *** 
Precisely  in  the  same  manner  we  shall  find    x    z=    s'±  v/c* —  s  * 

y    =    tf+vV  —  *" 
The  four  numbers  will  therefore  be 

a    =    s  +  Vc*—  **        ,        x    =    y  +  v/c*— s* 

r    =    *  —  v/c*—  **         ,        y    =    y  — v/c8  — ** 

These  four  numbers  constitute  a  proportion,  for  we  have 

uz    =    (*  +  v/c*— *")  (*  — v/c*— •*)    =    s«  — c»  +  y« 
#«   =    (/+v/c2— *«)  (/— v/c^=T*)    =    s'1  —  c*  +  *f 

Fitib.  &  What  two  numbers  are  those,  whose  sum  is  20,  and  their  product  36  ? 

Ans.  2  and  18. 

Prob.  9.  To  divide  the  numoer  60  into  two  such  parts,  that  their  product  may 
be  to  the  sum  of  .'heir  squares,  in  the  ratio  of  2  to  5.  Ans.  20  and  40. 
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Prob.  10.  The  difference  of  two  numbers  is  3,  and  the  difference  of 
is  117 ;  what  are  those  numbers  ?  Am.  ftmd  £ 

■  Prob.  1 1.  A  company  at  a  tavern  had  £8  15#.  to  pay  for  their  leckming ; 
but,  before  the  bill  was  settled,  two  of  them  left  the  room,  and  then  than  wet 
remained  had  10*.  a-piece  more  to  pay  than  before :  how  many  were  there  ■ 
company  ? 


Prob.  12.  A  grazier  bought  as  many  sheep  as  cost  him  £60,  and,  after  it* 
serving  15  out  of  the  number,  be  sold  the  remainder  for  £54,  and  gaimd  fe 
a  head  by  them ;  how  many  sheep  did  be  boy  ?  Am.  7i 


Prob.  13.  There  are  two  numbers,  whose  difference  is  15,  and  half  thenrpr* 
duct  is  equal  to  the  cube  of  the  lesser  number ;  what  are  thorn  nnmbars? 

Am.  3  am  14 

Prob.  14.  A  person  bought  cloth  for  £33  15s.  which  ha  sold  again  at  £tm 
per  piece,  and  gained  by  the  bargain  as  much  as  one  piece  coat  him ;  ■swam 
the  number  of  pieces  ?  Am  & 

Prob.  15.  What  number  is  that,  which,  when  divided  by  the  product  ef  in 
two  digits,  the  quotient  is  3 ;  and  if  18  be  added  to  it,  the  digits  will  W  in- 
verted? Amfi 


Prob.  16.  What  too  numbers  are  those,  whose  sum  multiplied  by  the 
is  equal  to  77 ;  and  whose  difference  multiplied  by  the  lesser  is  equal  le  12  f 

Am.  4  am  I 


Prob.  17.  To  find  a  number  such,  that  if  you  subtract  it  from  10,  am 
ply  the  remainder  by  the  number  itself,  the  product  shall  be  21.      Am,  7  erl 


Prob.  18.  To  divide  100  into  two  such  parts,  that  the  sum  of  their 
may  be  14.  An*.  64 

Prob.  IP*  It  is  required  to  divide  the  number  24  into  two  such  parts,  thstSmr 
product  may  be  equal  to  35  times  their  difference.  Ana.  10  sad  14 

Prob.  20.  The  sum  of  two  numbers  is  8,  and  the  sum  of  their  cabas  hi  111; 
what  are  the  numbers ?  Ana,  3 ami 

Prob.  21.  The  sum  of  two  numbers  is  7,  and  the  sum  of  their  4th  powan  » 
641 ;  what  are  the  numbers  ?  Ami  f  ami 

Prob.  22.  The  sum  of  two  numbers  is  6,  and  the  sum  of  their  5th  plows 
is  1056 ;  what  are  the  numbers  ?  Ana.  9 asii 

9       Prob. 23.  Two  partners,  a  and  b,  gained  £140  by  trade;  **s 
3  months  in  trade,  and  his  gain  was  £60  less  than  his  stock ;  and  a*a 
which  was  £50  more  than  **s,  was  in  trade  5  months ;  what  was  a'a  stock? 

Am.  £101 

Prob.  21  To  find  two  numbers  such  that  the  difference  of  their 
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be  equal  to  a  given  number,  tf;  and  when  the  two  numbers  are  multiplied  by 
the  numbers  a  and  b  respectively,  the  difference  of  the  products  may  be  equal 
to  a  given  numoer,  #* 

<r — 0* 

b#+a*/*— (a*—b*W 
a*=P 

Prob.  25.  To  divide  two  numbers*  a  and  b,  each  into  two  parts,  such  that 
the  product  of  one  part  of  a  by  one  part  of  b  may  be  equal  to  a  given  num- 
ber, p,  and  the  product  of  the  remaining  parts  of  a  and  b  equal  to  another 
given  number,  //. 

2b  ~ 

"^~ 

A  _.  «*— (y— P)±  ^  {<*b— Q/— ;?)}  «— 4«fo 

2a 

^  a6+ (//— P)+  '•{afr— Q/— />)}  '— 4aV 

2a  ' 

Prop.  26.  To  find  a  number  such  that  its  square  may  be  to  the  produce*  of 
the  differences  of  that  number,  and  two  other  given  numbers,  a  and  b,  in  the 
given  ratio,  p :  q, 

A       (a  +b)p  ±  */(a~-b)*p?+4abpq 

Prob.  27.  A  wine  merchant  sold  7  dozen  of  sherry  and  and  12  dozen  of 
claret  for  50/.;  he  sold  3  dozen  more  of  sherry  for  10/.  than  he  sold  of  claret 
*br  6/.     Required  the  price  of  each. 

Ans.  Claret,  3/.;  and  sherry,  2L  per  dozen. 

Prob.  28.  There  is  a  number  consisting  of  two  digits,  which,  when  divided 
by  the  sum  of  its  digits,  gives  a  quotient  greater  by  2  than  the  first  digit;  but 
if  the  digits  be  inverted,  and  the  resulting  number  be  divided  by  a  number 
greater  by  unity  than  the  sum  of  the  digits,  the  quotient  shall  be  greater  by 
2  than  the  former  quotient.    What  is  the  number  ? 

Ans.  24. 

Prob.  29.  A  regiment  of  foot  receives  orders  to  send  216  men  on  garrison 
doty,  each  company  sending  the  same  number  of  men;  but  before  the  detach- 
ment marched,  three  of  the  companies  were  sent  on  another  service,  and  it 
was  then  found  that  each  company  that  remained  would  have  to  send  12  men 
additional,  in  order  to  make  up  the  complement,  216.  How  many  companies 
were  in  the  regiment,  and  what  number  of  men  did  each  of  the  remaining 
companies  send  on  garrison  duty  ? 

Ans.  There  were  9  companies;  and  each  of  the  remaining  6  sent  36  men. 

a 
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ON  THE  NATURE  OF  EQUATIONS. 

171.  The  valuable  improvements  recently  made  in  the  process  far  tat 
determination  of  the  roots  of  equations  of  all  degrees,  render  it  indispensably 
necessary  to  present  to  the  notice  of  the  student  a  concise  view  of  the  pieseat 
state  of  this  interesting  department  of  analytical  investigation.  The  rt  sweats 
of  Messrs.  Atkinson  and  Horner  on  the  method  of  continuous  approumatioe 
to  the  roots  of  equations,  and  the  beautiful  theorem  of  M.  Storm  for  the 
plete  separation  of  the  real  and  imaginary  roots,  have  given  a  fresh  i 
to  this  branch  of  scientific  research,  and  entirely  changed  the  state  of  tat 
subject  of  numerical  equations.  Indeed,  the -elegant  process  of  Stsni  ft 
discovering  the  number  of  real  roots,  and  their  initial  figures  in  any 
equation,  combined  with  the  admirable  method  of  continoons 
as  improved  by  Horner,  fully  complete  the  theory  and  numerical  sclntisa  sf 
equations  of  all  degrees. 

We  do  not  intend  to  enter  at  great  length  into  the  theory  of  equation*; 
but  it  is  hoped  that  the  portion  of  it  which  we  have  introduced  into  the  pie- 
sent  treatise  will  be  discussed  in  a  simple  and  perspicuous  manner,  sad  he 
found  amply  sufficient  for  most  practical  purposes. 

Definitions. 

1.  An  equation  is  an  algebraical  expression  of  equality  bstwecs  ft** 
quantities. 

2.  A  root  of  an  equation  is  that  number,  or  quantity,  which,  when  sm*> 
tuted  for  the  unknown  quantity  in  the  equation,  verifies  that  equation.         . 

i.  A  Junction  of  a  quantity  is  any  expression  involving  that  quantity;  mn> 

ax*+b,a2*+cx+d,?J!?-±z,ax  are  all  functions  of  x;  and  abo  siiMA 

cx+d 

V'ix— 5y9  ~3^.  J^+y*+^+«f+*+2,  are  all  functions  of  s  aWj. 
These  functions  are  usually  written /(x),  and /(*,$()• 

PaoposmoM  I. 
Any  Junction  ofx,  of  the  form 

*B+P*-l+**^+***-M- 

when  divided  by  x— a,  will  leave  a  remainder,  which  is  the  emmefmdm 
of  a  that  the  given  polynomial  isofx. 

I^t/(x)=xB+/>x*-'+?x*-,+ ;  and,  dividing/(x)  by  *-*  K 

Q  denote  the  quotient  thus  obtained,  and  R  the  remainder  which 
involve  x;  hence,  by  the  nature  of  division,  we  have 

f(x)  =  Q(z-a)  +  TL 

Now  this  equation  must  be  true  for  ererj  value  of  x;  hence,  if . 
have  /(a)  =  0  +  R; 

for  R  is  altogether  independent  of  x,  and  therefore  the  remainder  R  »  *■ 
same  function  of  a  that  the  proposed  polynomial  is  of  x. 

Examples. 

(1.)  What  is  the  remainder  of  x«— 6*+7  divided  by  x— 2,  withomi 

performing  the  operation  ? 
(2.)  What  is  the  remainder  of  x»— 6xf-r-8x— 19,  divided  by  *>L*? 
(3.)  What  U  the  remainder  of  x4+Gx,+7xt+5x— 4,  divided  by  *-4f 
(4.)  What  is  the  remainder  of  *,+p*,+f  *+r,  divided  by  x— «? 
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(1.)  R=*-6X*+7ss— 1.  (3.)  1571. 

(f.)  E^-^-^-^J^-a^l**--!*.  (4.)  o»4j*rH*J+r. 


PaoroamoK  II. 
^fmistksrostsftkssquaticm. 


tajsrst  mtmbmr  sftke  samatum  is  aunsikU  by 

of  deducing  the  remainder  at  in  the  last  propositiou,  we  shall  ae- 
the  division,  either  by  the  usual  way,  or  the  preferable  method 
ef  synthetic  dhrbion,  at  it  keeps  the  work  within  the  breadth  of  the  page. 

By  Synthetic  Division. 

1 1 1+A.+A..+ A^+A^,  +A. 

+  •!    +•  +«Ri+  .  .  .  ^  .  .         +«R»^+aR»_> 

i+Ri+RM  + R^.+R-i  +R.. 

the  quotient  it 


•'— " ^" •  •  »—»+n*-ii 


R,  =A,  +«  R-^A^+a&V. 

Rii  s*5  An  +*Ri  R»_t=A»_i+<iIl»_t 

RniSBAiu<T*cR|it  Ac         R.   =A.-r>oR»-iJ 
by  successive  substitutions  we  hare  the  final  remainder 

=A.+«{A^,+a*V,} 
=*A.+n  A^,+«»{A^+«rU,} 
=A.+n  A^.,+«*  A^H^<A^e+«*W 


.  •  •  • 

•  •  •  • 

•  •  •  • 

•  •  •  • 


=*A.+«  A^,+«»  A^+.^.a^An+a-  'A.+W 
New  tins  remainder  it  the  tame  function  of  a  that  the  first  member  of  the 
equation  it  of  x;  and,  therefore,  aiaee  a  it  a  root  of  the  equation, 
lanithai,  and  the  polynomial,  or  first  member  of  the  equation, 
b  eVrbible  by  *_*. 

U  tfmW/raf  m  riser  of  am  aquation,  f(z)=0,  U  divisible  by 
a  is  a  reef  iff  the  tarnation. 
Per,  by  the  foregoing  demonstration,  the  final  remainder  b  f[a);  bet  since 
/(#),  er  the  first  sasssber  of  the  equation,  is  divisible  by  *— o,  the  remainder 
M  bence/(a>=0,  and  therefore,  m  being  substituted  for  *  in  the 
i/(#)8x0t  wafts  the  equation,  and  consequently  a  is  a  root  of  the 

Paoroemou  III. 


Eeerjr  afaamkm  contouring  bat  one  wdmowm  quantity  has  as  many  roots 
i  snare  ewe  enact  in  tks  kigksst  powsr  oftks  unknown  quantity. 
Let/(#)anO  be  an  equation  of  the  nth  degree;  then  if  a,  be  a  root  of  this 
ww  here,  by  mat  proposition, 

/  (x)  isprsaaaia  the  quotient  arising  from  the  division  of  /(*)  by 
Not  if*  bamo  a  root  of  tee  equation  /(*)=0;  H  b  obvious  that 

S9 
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fx  (x)  must  be  divisible  by  x — a*  for  x — a,  is  not  divisible  by  x— a,;  hence,  if 
f%  (x)  represent  the  quotient  of/I  (x)  divided  by  x — a*  we  have 

(x— a,)  (x— a,)/,  (*)=/(*)=0. 

In  like  manner,  if  a„  a4,  a», a.  are  roots  of  the  equation,  the  poly- 
nomial f(x)  is  divisible  by  x — a3t  x — a«,  ....  x — amt  and  the  equation  will, 
therefore,  assume  the  form 

(*-«,)  (x-a,)  (*-«,) (*-«.)=05 

and,  consequently,  there  are  as  many  roots  as  factors,  that  is,  as  units  in  the 
highest  power  of  x,  the  unknown  quantity;  for  the  last  equation  will  be  veri- 
fied by  any  one  of  the  n  conditions, 

x=<Z|,  x=a*,  ar'gj,  jr=a4,  •  •  •  •  x=am: 
and  since  the  equation  contains  n  factors,  there  are  n  roots. 

Cor.  When  one  root  of  an  equation  is  known,  the  depressed  equation  con- 
taining the  remaining  roots  is  readily  found  by  synthetic  division;  and  if  two 
or  more  roots  are  known,  the  equation  containing  the  remaining  roots  is  found 
by  two  or  more  corresponding  divisions. 

Examples. 

(1.)  One  root  of  the  equation  x4 — 25x*+60x — 86=0  is  8;  find  the  equation 
containing  tne  remaining  roots. 

1  +0   —25  +60—36(3 
3+9  —48+36 

1  +3   —16  +12. 
Hence  xHSx2— 16x+ 12=0 

is  the  equation  containing  the  remaining  roots. 

(2.)  Two  roots  of  the  equation  x*— 12x*+48x*— 68x+15=0,  are  8  and  5; 
find  the  quadratic  containing  the  remaining  roots. 

1—12  +48—68+15(3 
8  —27+63—15 

1_  9  +21—  5(5 
5  —20 

1—4+1 
.-.  x«—  4*+ 1=0 
is  the  equation  containing  the  two  remaining  roots. 

(3.)  One  root  of  the  cubic  equation  x*— -6V+1  1* — 6=0  is  1;  find  the  quad- 
ratic containing  the  other  roots.  Ana,  a* — 5x+6=0. 

(4.)  Two  roots  of  the  biquadratic  equation  4x* — 14X8— 5x*+81x+6=0  are 
2  and  3;  find  the  reduced  equation.  Ana,  4xt+6x— 1=0. 

(5.)  One  root  of  the  cubic  equation  x*+3x* — 16x+12=0  is  1;  find  the  re- 
maining roots.  Ans.  2  and  — 6. 

(6.)  Two  roots  of  the  biquadratic  equation  x* — 6x*+24x — 16=0,  are  2  and 
— 2;  find  the  other  two  roots.  Ans.  3+ \/5. 

Proposition  IV. 

To  farm  the  equation  whose  roots  are  alt  a*  a,,  a«; a.. 

The  polynomial, /(x),  which  constitutes  the  first  member  of  the  equation 
required,  being  equal  to  the  continued  product  of  x— alt 

by  the  last  proposition,  we  have 

(»_<,,)  (*-^)  (*-«.) (»-«0=o» 
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fT7 


and  bv  performing  the  multiplication  here  indicated,  we  have,  when 


«* — ax 

x+axat 

=0 

—<h 

«* — ax 

«8+«ifl» 

^W                    %^F  A^^^^P^^S 

—a* 

+«!«> 

— oa 

+<M»» 

**-a, 

Jt'+a.a, 

**— OiOjOj 

— <h 

+  0|«3 

«l«f«4 

—<h 

4-a^i, 

— ax<hpA 

— a« 

+a,a4 

— fliflA 

jr+a,a,a^i4:=0,  and  to  oa. 


+0,04 

By  continuing  the  multiplication  to  the  last,  the  equation  will  be  found 
whose  roots  are  those  proposed;  and  from  what  has  been  done  we  learn  that 

(1)  The  coefficient  of  the  second  term  in  the  resulting  polynomial  will  be 
the  sum  of  all  the  roots  with  their  signs  changed. 

(2)  The  coefficient  of  the  third  term  will  be  the  sum  of  the  products  of 
every  two  roots  with  their  signs  changed. 

(3)  The  coefficient  of  the  fourth  term  will  be  the  sum  of  the  products  of 
every  three  roots  with  their  signs  changed. 

(4)  The  coefficient  of  the  fifth  term  will  be  the  sum  of  the  products  of 
every  four  roots  with  their  signs  changed,  and  so  on;  the  last  or  absolute  term 
being  the  product  of  all  the  roots  with  their  signs  changed. 

Cor.  1.  If  the  coefficient  of  the  second  term  in  any  equation  be  0,  that  is,  if 
the  second  term  be  absent,  the  sum  of  the  positive  roots  is  equal  to  the  sum 
of  the  negative  roots. 

Cor.  2.  If  the  signs  of  the  terms  of  the  equation  be  all  positive,  the  roots 
will  be  all  negative,  and  if  the  signs  be  alternately  positive  and  negative,  the 
roots  will  be  all  positive. 

Cor.  8.  Every  root  of  an  equation  is  a  divisor  of  the  last  or  absolute  term. 

Cor.  4.  No  equation,  whose  coefficients  are  all  integers,  and  that  of  the 
highest  power  of  the  unknown  quantity  unity,  can  have  a  fractional  root. 
This  will  be  obvious  by  transposing  the  absolute  term  in  any  equation,  and 
substituting  for  the  unknown  quantity  a  fraction  in  its  lowest  terms,  which  will 
give  a  fraction  in  its  lowest  terms  equal  to  an  integer,  showing  that  such  equa- 
tion cannot  have  a  fractional  root. 

Cor.  5.  In  any  equation  whose  roots  are  all  real,  and  the  last,  or  absolute 
term  very  small  when  compared  with  the  coefficients  of  the  other  terms,  then 
will  the  roots  of  such  an  equation  be  also  very  small. 

Examples. 


(1.)  Form  the  equation  whose  roots  are  2,  8,  5,  and  —6. 
Here  we  have  simply  to  perform  the  multiplication  indicated  in  the 
equation, 

(«_2)  («_8)  (*-5)  (*+«)  =  0; 
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and  this  is  best  dose  by  detached  coefficient!  Id  the  following 

1—  2  (—8 

—  8-rb 
1—5+  6  (—5 

ao 


1—10+81—  80  (6 
6—60+186*180 

1—  4—29+156—180. 
...  x«--4x»— 29x*+156x— 180=0  is  the  equation  sought 

(2.)  Form  the  equation  whose  roots  are  1, 2,  and  —8. 

(3.)  Form  the  equation  whose  roots  are  8,  —4, 2+ <*/&•  and  2— V* 

(4.)  Form  the  equation  whose  roots  are  8+*/5, 8— */&»  end  —6. 

(5.)  Form  the  equation  whose  roots  are  1,  —2,  8»  —4, 5,  and  — e\ 

(6.)  Form  the  equation  whose  roots  are  2+<%/— 1, 2— V—T»  ami  -4. 
(7.)  Form  the  equation  whose  roots  are  2, 4, 4>  and  <|» 

Answim. 

(2.)  **— 7x+6=0. 

(8.)  x4— 8*"—  15«t+4a«— 12=0. 
(4.)  **— 82x+24=0. 

(5.)  j^+S*1— 41x«— 87*»+400*t+444»—  720=0. 

(6.)  x»— **— 7x+15=0. 

(7.)  8x«— 54x,+  101xf— 54x+8=0. 

Proposition  V. 

If  the  signs  of  the  alternate  terms  in  an  equation  be  changed,  (if  qpf 
all  the  roots  will  be  changed. 

Let  **+A,*-l+A„*-,+ A_,x+  Am=0 (1) 

be  an  equation;  then  changing  the  signs  of  the  altercate  terms,  we  ant 

x'-Alx-,+ A,,*--'- ±A^,*TA.=0 «■ 

or-*-+Al*-1-All;r-*+ +  A_l*:fcA.=0 » 

But  equations  (2)  and  (8)  are  identical,  for  the  sum  of  the  positive  terns  nsn 
is  equal  to  the  sum  of  the  negative  terms,  and  therefore  the/  are  identical  I* 
if  a  be  a  root  of  eq  (1),  and  if  a  and  —a  be  substituted  for  x  in  eqssJtftQ 
and  (2)  respectively,  the  results  will  be  the  very  same;  and  sines  the  fa**1 
verified  by  such  substitution,  a  being  a  root,  the  latter  is  also  verilsi* 
therefore  — a  is  a  root  of  the  identical  equations  (2)  and  (8). 

Cor.  If  the  signs  of  all  the  terms  are  changed  the  signs  of  the  issHI 
main  unchanged. 

EX4MPLBS. 

(1.)  The  roots  of  the  equation  x»— 6^+1  lx— 6=0  are  1,2,8.    Wha 
the  roots  of  the  equation  x*+6xK+ 1  lx+6=0  ?  Ana.  — 1,  -4  * 

(2.)  The  roots  of  the  equation  x4— 6*t+24x— 16=0  are  2,  — %*±* 
Express  the  equation  whose  roots  are  2,  —2,-8+  */&,  and  —8  —  J&> 

Ana,  x«— 6x«-24x-ll 
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PmorosmoN  VI. 

Surds  and  impossible  roots  enter  equations  by  pairs. 
Let  *■+ A|**-l-|-AnX— ■+  ....  A^_,*+A.=0,  be  an  equation,  having  a 

root  of  the  form  a-f-&V—  I;  then  will  a— ft*/— -I  be  also  a  root  of  the  eqwv 
ticn.     For,  let  a+fty^I  be  substituted  for  *  in  the  equation,  and  we  have 

(a+*V:=T)*+Al(a+*V::T)'-l+ A^,(a+*Vf:=r)+A.=0. 

Now,  by  expanding  the  several  terms  of  this  equation,  we  shall  have  a  series 
of  monomials,  all  of  which  will  be  real,  except  the  odd  powers  of  ft  v^— It 
which  will  be  imaginary.  Let  P  represent  the  real,  and  Q>y/--1  the  imagi- 
nary terms  of  the  expanded  equation;  then 

P+QVf~=0, 
an  equation  which  can  exist  only  when  P=0,  and  Q=0. 

Again,  let  a — b «%/ — 1  be  substituted  for  x  in  the  proposed  equation;  then  the 
only  difference  in  the  expanded  result  will  be  in  the  signs  of  the  odd  powers 

of  ft*/ — 1,  and  the  collected  monomials,  by  the  previous  notation,  will  assume 
the  form  P — Q\/^Tj  but  we  have  seen  that  P=0,  and  Q=0; 

.-.  P— Qa/=T=0, 
and  hence  a — ft*A^I  also  verifies  the  equation,  and  is  therefore  a  root 

In  a  similar  manner,  it  is  proved  that  if  a+ */b  be  one  root  of  an  equation, 
a — */ft  will  also  be  a  root  of  that  equation. 

Cor.  1.  An  equation  which  has  impossible  roots  is  divisible  by 

{*— (a+ b</^\)}  {x— (a— :ft*/^T)}  or  **— 2a*+«*+ft2.  and  therefore 
every  equation  may  be  resolved  into  rational,  simple,  or  quadratic  factors. 

Cor.  2.  All  the  roots  of  an  equation  of  an  even  degree  may  be  impossible, 
but  if  they  are  not  all  impossible,  the  equation  must  have  at  least  two  real 
roots. 

Cor.  8.  The  product  of  every  pair  of  impossible  roots  being  of  the  form 
a'+ft2,  is  positive;  and,  therefore,  the  absolute  term  of  an  equation  whose 
roots  are  all  impossible  must  be  positive. 

Cor.  4.  Every  equation  of  an  odd  degree  has  at  least  one  real  root,  and 
that  root  must,  necessarily,  have  a  contrary  sign  to  that  of  the  last  term. 

Cor.  5.  Every  equation  of  an  even  degree,  whose  last  term  is  negative,  hat 
at  least  two  real  roots;  the  one  positive,  and  the  other  negative. 

Proposition  VII. 

An  equation  cannot  have  a  greater  number  of  positive  roots  than  there  are 
variations  of  signs  in  the  successive  terms  from  -f  to  — ,  or  from  —  to  -f, 
nor  can  it  have  a  greater  number  of  negative  roots  than  there  are  permanen- 
cies, or  successive  repetition  of  the  scpne  sign  in  the  successive  terms. 

Let  an  equation  have  the  following  signs  in  the  successive  terms,  viz.: — 

+ :  -  + +  +  +  — ,  or  + +  -+  +  +• 

Now,  if  we  introduce  another  positive  root,  we  must  multiply  the  equation  by 
*—  a,  and  the  signs  in  the  partial  and  final  products  will  be 

+  -  + +  +  +  -  + +  -+  +  + 

-  +  -  +  +  + 4-  -  +  +  +  -  + 

*•—  +  -±±  +  ±±-  +  +-±±+—  +±±- 
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where  the  ambiguous  sign  +  indicates  that  the  sign  may  be  +  or  —  accord- 
ing to  the  relative  magnitudes  of  the  quantities  with  contrary  signs  in  he  par- 
tial products,  and  where  it  will  be  observed  the  permanencies  in  the  proposed 
equation  are  changed  info  signs  of  ambiguity;  hence  the  permanencies,  take  the 
ambiguous  sign  as  you  will,  are  not  increased  in  the  final  product  of  the  in- 
troduction of  the  positive  root  ■+  a;  but  the  number  of  signs  is  increased  by 
one,  and  therefore  the  number  of  variations  must  be  increased  by  one.  Hence 
it  is  obvious  that  the  introduction  of  every  positive  root  also  introduces  one 
additional  variation  of  sign;  and  therefore  the  whole  number  of  positive  roots 
cannot  exceed  the  number  of  variations  of  signs  in  the  successive  terms  of  the 
proposed  equation. 

Again,  by  changing  the  signs  of  the  alternate  terms,  the  roots  will  be 
changed  from  positive  to  negative,  and  vice  versa  (see  Prop.  V).  Hence  the 
permanencies  in  the  proposed  equation  will  be  replaced  by  variations  in  the 
changed  equation,  and  the  variations  in  the  former  by  permanencies  in  the 
latter;  and  since  the  changed  equation  cannot  have  a  greater  number  of  posi- 
tive roots  than  there  are  variations  of  signs,  the  proposed  equation  cannot 
nave  a  greater  number  of  negative  roots  than  there  are  permanencies  of  signs. 

Examples. 

( I .)  The  equation  a^+3x*— 41  r4—87^+400x»+444r— 720=0,  hat  six  real 
roots.     How  many  are  positive  ? 

(2.)  The  equation  **— 3**— 15** +49*— 12=0,  has  four  real  roots.  How 
many  of  these  are  negative  ? 
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Proposition  •  I. 

To  transform  an  equation  into  another  whose  roots  shall  be  the  roots  of 
the  proposed  equation  increased  or  diminished  by  any  given  quantity. 

Let  a**+A1arn-,+A1,xn-,-f- A,_,*+A.=0,  be  an  equation,  and 

let  it  be  required  to  transform  it  into  an  equation  whose  roots  shall  be  the  roots 
of  this  equation  diminished  by  r. 

This  transformation  might  be  effected  by  substituting  y+r  *°r  *  >n  tne  pro- 
posed equation,  and  the  resulting  equation  in  y  would  be  that  required;  but 
this  operation  is  generally  very  tedious,  and  we  must  therefore  have  recourse 
to  some  more  simple  mode  of  forming  the  transformed  equation.  If  we  write 
y+r  for  x  in  the  proposed  equation,  it  will  obviously  be  an  equation  of  the 
very  same  dimensions,  and  its  form  will  "evidently  be 

«y+Btf-,+B„y-*+  .....  B^,y+B.=0 (1). 

Buty=x — r,  and  therefore  (1)  becomes 

a(*_r)'+B,(«-r)-,+ B^(*-r)+B.=0  .* (2), 

which,  when  developed,  must  be  identical  with  the  proposed  equation;  for, 
since  y+r  was  substituted  for  x  in  the  proposed,  and  then  x— r  for  *  In  (2), 
the  transformed  equation,  we  must  necessarily  have  reverted  to  the  original 
equation;  hence  we  have 
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fl(,_r)»+B,(*-r)-l+  . .  B^l(x-r)+B.==ax»+A,x*-,x+  .  .  A^x+A.. 
Now  if  we  divide  the  first  member  by  x— r,  the  remainder  will  evidently  be 
B„  and  the  quotient 

a(x-r)»-,+B>(*-r)-,+ B^x-rJ+B..,,; 

and  since  the  second  member  is  identical  with  the  first,  the  very  same  quo- 
tient and  remainder  would  arise  by  dividing  this  second  member  also  by  x — r; 
hence  it  appears  that  if  the  first  member  of  the  original  equation  be  divided 
by  x — r,  the  remainder  will  be  the  last  or  absolute  term  of  the  sought  trans- 
formed equation. 

Again,  if  we  divide  the  quotient  thus  obtained,  viz.. 

a(x-r)--,+BI(*~r)-^+ B^x-rJ+B.., 

by  x — r,  the  remainder  will  obviously  be  B._„  the  coefficient  of  the  term  last 
but  one  in  the  transformed  equation;  and  thus  by  successive  divisions  of  the 
polynomial  in  the  firttt  member  of  the  proposed  equation  by  x — r,  we  shall 
obtain  the  whole  of  the  coefficients  of  the  required  equation. 


Rule. 

Let  the  polynomial  in  the  first  member  of  the  proposed  equation  be  a  func- 
tion of  x,  and  r  the  quantity  by  which  the  roots  of  the  equation  are  to  be  di- 
minished or  increased;  then  divide  the  proposed  polynomial  by  x — r,  or  x-f-r, 
according  as  the  roots  of  the  proposed  are  to  be  diminished  or  increased,  and 
the  quotient  thus  obtained  by  the  same  divisor,  giving  a  second  quotient, 
which  divide  by  the  same  divisor,  and  so  on  till  the  division  terminates;  then 
will  the  coefficients  of  the  transformed  equation,  beginning  with  the  highest 
power  of  the  unknown  quantity,  be  the  coefficient  of  the  highest  power  of  the 
unknown  in  the  proposed  equation,  and  the  several  remainders  arising  from 
the  successive  divisions  taken  in  a  reverse  order,  the  first  remainder  being  the 
last  or  absolute  term  in  the  required  transformed  equation. 

Note.  When  there  is  an  absent  term  in  the  equation,  its  place  must  be 
supplied  with  a  cipher. 

Examples. 

(1.)  Transform  the  equation  5x* — 12x,-f-3x*-f4x — 5=0  into  another  whose 
roots  shall  be  less  than  those  of  the  proposed  equation  by  2. 

x— 2)5x«— 12x»+3x*+4x— 5(5**— 2x«— x+2 
5X4— 10x" 


— 2x3+3x* 
— 2x3+4x« 


-x*4"4x 
-x*+Qx 


•2x— 5 
2x— 4 


— 1 .    First  remainder 
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0-2)5^-2*t-x+2(50t+S*+l  * 
5*1— 10*1 


80*— 0 

8**— 160 

150+2 
150—30 

352.    Second  remainder. 
2)50«+S*+ 15(50+ 18 
5**— 100 


180+15  0—2)50+18(5 

180—86  5«—10 


51.    Third  remainder.  28.    Fourth  remainder. 

Therefore  the  transformed  equation  is 

5^+28^+51^+82^-1=0. 
This  laborious  operation  can  be  avoided  by  Homer**  Synthetic  Method  oi 
division;  and  its  great  superiority  over  the  usual  method  will  be  at  once  ap- 
parent by  comparing  the  subsequent  elegant  process  with  the  work  above. 
Taking  the  same  example,  and  writing  the  modified  or  changed  term  of  the 
divisor  0—2  on  the  right  hand  instead  of  the  left,  the  whole  of  the  work  will 
be  thus  arranged:— 

5—12    +8     +4    —5(2 
10—4—2        4 


_2     —1        2    —1    .\B,t=  —  1 
10      16      80 

8       15      82     .•.BIU=82 
10      86 

18      51       .'.  B„=51 
10 

28  .-.  B,=28 
•*•  5^+ 28^+51^*4-82^— 1=0  is  the  required  equation,  as  before. 
(2.)  Transform  the  equation  5y4+28y*+51y2+82y— 1=0  into  another  hav- 
ing its  roots  greater  by  2  than  those  of  the  proposed  equation. 

5  +  28+     51   +  82  — 1(— 2 
—10     —86     —80  —4 


18 
—10 

15 
—16 

2 
2 

8 
—10 

—  1 

4 

4 

—  2 
—10 

3 

—12 
•'•  5*1—  120*+8*t+4*— 5=0  is  the  sought  equation;  which,  from  the  trans, 
formations  we  have  made,  must  be  the  original  equation  in  Example  1. 
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.)  Phrf  tlM  €4|«dM  WIWM  ffOOto  M  lHi  bj  W  than  thOM  of  the  Cq-J*ioU 


1     _2    +8    —4(1 
1—1         8 

— T         8    —8 

0         8 
1 

1 
Row  we  knew  the  equation  whose  roots  an  less  by  1  Hun  those  of  the 
■•*  eqsnmon;  it  is  9*+**+%m    8tt0,  and  by  a  similar  process  for  -7,  leaem- 
tmg  the  localities  of  the  decimals,  wo  hive  tbo  required  equation;  thus:— 

I     +1        +8        —8       (-7 
•7         M9 


1-7         3*19 
7         1-68 

2*4         4-87 

7 

"il 

.'.  jrB+*>ljrl+4'87y+aSSfe=0  b  tbo  required  equation. 
Tbb  latter  oporatkm  etn  bo  eontinood  from  tbo  former,  without  arranging 
anew  hi  a  borisootal  Hoe,  recourse  being  had  to  this  second 
merely  to  show  tbo  sereral  steps  hi  tbe  tnitsfonnatioo,  and  to  point 
at  each  step  of  tbe  successive  dinunotions  of  the  roots* 
those  two  operations,  then,  we  hare  the  subsequent  arrangement. 

or 


-8 
1 

—  1 

—4(1-7 

8 

1     —8 
1-7 

-1-3     —4(1-7 
—  -51      4-883 

-1 
1 

8 
0 

8 
1-19 

—  8 
8*838 

—  -3 
1-7 

1-4 
1-7 

8-49       -833 
8-38 

0 
1 

•833 

4-87 

1-7 

7 

319 
1-68 

8-1 

** 

4-67 

• 

3-1 
*t  have  then  the  same  resorting  equation  as  before,  and  in  tbe  latter  of 
est  we  have  used  1*7  at  once.     It  is  always  better,  however,  to  reduce 
miawowsly  as  in  the  former,  to  avoid  mistakes  incident  to  the  multiplier  1*7. 
(i.)  Fmd  the  equation  whose  roots  shall  be  less  by  1  than  those  of  tbe 


fi)  Fmd  the  equation  whose  roots  shall  be  less  by  8  than  the  roots  of  the 


'— IA^+49#— 18=0, 
I  trnaafbran  the  rwsuhing  equation  into  anotner  whose  roots  shall  be  greater 

4. 
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(6.)  Give  the  equation  whose  roots  shall  bo  less  by  10  tnan  the  roots  of 
the  equation 

**+2*»+8«*+4*— 12840=0. 
(7.)  Give  the  equation  whose  roots  shall  be  less  by  2  than  those  of  the 
equation 

a^o*8— 6**— 10*-8=0. 
(8.)  Give  the  equation  whose  roots  shall  each  be  less  by  \  than  the  roots  of 
the  equation 

2a*— 6o»+4a*-— 2*+l=0  . 

Answers. 

(*•)  y+S^— 4y+l=0 whence  *=y+  I 

(5.)  y4+^,+  l^*— 1^/=0 : *=y+  S 

and  **—  7x*+66*— 72=0 *=*—  1 

(6.)  y4+42y,+668y*+4664y=0 «=y+10 

(7.)  ^+1(^+42^+86^+70^—4=0 *=y+  2 

(8.)  2y*-V— 2^-4^+4=0 *=y+  * 

Proposition  II. 

JV>  transform  an  equation  into  another  whose  second  term  shall  be  removed. 

Let  the  proposed  equation  be 

**+Al*-1  +  A„*-,+ A^,«+A.=0; 

and  by  Prop.  IV.  we  know  that  the  sum  of  the  roots  of  this  equation  is —  A,; 
therefore  the  sum  of  all  the  roots  must  be  increased  by  A  u  in  order  that  the 
transformed  equation  may  want  its  second  term;  but  there  are  it  roots,  and 

hence  each  root  must  be  increased  by  -J,  and  then  the  changed  equation  will 

n 

have  its  second  term  absent  If  the  sign  of  the  second  term  of  the  proposed 
equation  be  negative,  then  the  sum  of  all  the  roots  is  +  A,;  and  in  this  case 

we  must  evidently  diminish  each  root  by  — l,  and  the  changed  equation  will 

then  have  its  second  term  entirely  removed.     Hence  this 

Rule.  Find  the  quotient  of  the  coefficient  of  the  second  term  of  toe  equation 
divided  by  the  highest  power  of  the  unknown  quantity,  and  decrease  or  in- 
crease the  roots  of  the  equation  by  this  quotient,  according  as  the  sign  of  the 
second  term  is  negative  or  positive. 

Examples. 

(1.)  Transform  the  equation  ** — 6a*+8a? — 2=0  into  another  whose  second 
term  shall  be  absent. 

Here  A,  =  — 6,  and  n=&;  .*.  we  must  diminish  each  root  by  4  or  2. 

1     —6     +8    —2(2 
2    —8         0 

—  4         0    ^2 
2    —4 

^2    ^4 
2 

0 
•*•  y*— 4y— 2=0  is  the  changed  equation. 
And  since  the  roots  are  diminished  we  must  have  the  relation  *=y+2» 
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(2.)  Transform  the  equation  sf — 16^—6*4-15=0  into  another  whose  second 
term  shall  be  removed. 

(8.)  Transform  the  equation  x8  + 15**4- l^ar1— 20**4- 14*— 25=0  Into  another 
wnose  second  term  shall  be  absent. 

(4.)  Change  the  equation  **4-<Hr+&=0  into  another  deficient  of  the  second 
term. 

(5.)  Change  the  equation  a?+aa?+bx+c=zO  into  another  wanting  the  se- 
cond term* 

Answers. 
(2.)  /— 96>*—518y— 777=0.  (4.)  **—  j  +b=0.  . 

(a*       \        2a"    ah 
3 — b)'*  +  27"T  +*=sa 


Proposition  III. 

To  transform  an  equation  into  another  whose  roots  shall  be  the  reciprocals 

of  the  roots  of  the  proposed  equation, 
Let<i*"+Al**-,4-A)l*»-*4- A_,*+  A„=0  be  the  proposed  equa- 
tion, and  put  *=-;  then  *=!,  and  by  writing  -  for  *  in  the  proposed  equa- 

*  u  y 

tion,  multiplying  by  y",  and  reversing  the  order  of  the  terms,  we  have  the 

equation 

A^,4-A^.ly^-,4-A^y^14-  .....  AnyH-Ajf+ossO, 
whose  roots  are  the  reciprocals  of  the  roots  of  the  proposed  equation. 

Cor.  1.  Hence  an  equation  may  be  transformed  into  another  whose  roots 
shall  be  greater  or  less  than  the  reciprocals  of  the  roots  of  the  proposed  equa- 
tion, simply  by  reversing  the  order  of  the  coefficients,  and  then  proceeding  as 
in  Proposition  I.,  p.  280. 

Cor.  2.  If  the  coefficients  of  the  proposed  equation  be  the  same,  whether 
taken  in  reverse  or  direct  order,  then  it  is  evident  that  the  transformed  equa- 
tion will  be  the  same  as  the  original  one;  and,  therefore,  the  roots  of  such 
equations  must  be  of  the  form 

fi,  - ;  r„  — ;  r„  -  j  r*  -   ;  &c 
rx        r,         r,        r4 

Cor.  8.  If  the  coefficients  of  an  equation  of  an  odd  degree  be  the  same  whe- 
ther taken  in  direct  or  inverse  order,  but  have  contrary  signs;  then  also  the 
roots  of  the  transformed  equation  will  be  the  same  as  the  roots  of  the  proposed 
equation;  for  changing  the  signs  of  all  the  terms,  the  original  and  transformed 
equations  will  be  identical,  and  the  roots  remain  unchanged  when  the  signs  of 
all  the  terms  are  changed.  And  this  will  likewise  be  the  case  in  an  equation 
of  an  even  degree,  provided  only  the  middle  term  be  absent,  in  order  that  the 
transformed  equation  with  ail  its  signs  changed  may  be  identical  with  the 
original  equation. 

Equations  whose  coefficients  are  the  same  when  taken  either  in  direct  or 
reverse  order,  are  therefore  called  recurring  equations,  or,  from  the  form  of 
the  roots,  reciprocal  equations. 

Cor.  4.  If  the  sign  of  the  last  term  of  a  recurring  equation  of  an  odd  degree 
be  -f,  one  of  the  roots  of  such  equation  will  be  —  1,  and  if  the  sign  of  tne 
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last  term  be  — » one  root  will  be  4-  1.  For  the  proposed  equation,  and  the 
reciprocal  have  one  root,  the  woe  in  each,  and  1  is  the  only  quantity  whose 
reciprocal  is  the  same  quant  .y;  hence,  since  each  of  the  other  roots  has  the 
same  sign  as  its  reciprocal,  the  product  of  each  root  and  its  reciprocal  must 
be  positive;  and  therefore  the  last  term  of  the  equation,  being  the  product  of 
all  the  roots  with  their  signs  changed,  must  have  a  contrary  sign  to  that  of 
the  root  unity. 

Hence  a  recurring  equation  of  an  odd  degree  may  always  be  depressed  to 
an  equation  of  the  next  lower  degree,  by  dividing  it  by  «-f- 1,  or  m — 1,  accord- 
ing as  the  sign  of  the  last  term  is  -f-  or  — . 

Cor.  5.  A  recurring  equation  .of  an  even  degree  may  always  be  depressed 
to  another  of  half  the  dimensions.    For  let  the  equation  be 

a^+A,**-'*  KXJ^+ An^+A^+^O; 

dividing  by  x",  and  placing  the  first  and  last,  the  second  and  last  but  one,  &c* 
in  juxtaposition,  we  have 

«-  +  I+aY*-«+^+ A_Y*+]^  +  A.=0. 

Assume  w=ar-|--=ar4-jr~l,  then  we  have 

I  .  1 

(*+;)-**+i+2  *+jr=**-* 

('+J),=*,+?  +8(*  +7) 

&c.  &c        &c  &c    =y*— s>*+2; 

and  the  resulting  equation  is  therefore  of  the  form 

y,+Bly-1+Blly-f+ B_,y+B  =0; 

and  the  original  equation  is  reduced  to  an  equation  of  half  the  dimensions. 

Examples. 

(1.)  Transform  the  equation  c* — 7*4-7=0  into  another  whose  roots  shall 
be  less  than  the  reciprocals  of  those  of  the  given  equation  by  unity* 

7—7+0    +1(1 
7        0        0 

0        0     "T 
7        7 

7        7 
7 

14 
\  7** -f  14**-|-7*+l  =0  is  the  equation  sought,  where  *+!=*!,  or  —   l 

(2.)  Find  the  roots  of  the  recurring  equation 

^-e^+^+^r*— a#+i=a 


1 


*  *+l 
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Bjr  Cor.  4,  this  equation  has  one  root  *=  — 1,  and  the  depressed  equation  is 

*1_7**+I2s*— 7*+l=0. 
Diride  by  «*,  and  arrange  the  terms  as  in  Cor.  5;  then 

*i+?-7(#+f)+12=0- 

Put  *+ — =*;  then  **+ rg-=** — 2»  hence,  by  substitution 

**— 2— 7*+12=0; 
or,*8— 7*+ 10=0; 
and,  resolving  the  quadratic,  we  get 

=  J±l 

2 

=  5  or  g    =    2. 

Hence  «-| — =5,  and  x-\- — =2,  and  the  resolution  of  these  two  quadratics 

*  x 

gives 

*=4(5±V^1)  and  *=+l  or  +1, 
and  the  fire  roots  are 

_l,+1,+l.^.and^; 

where  *-va_(fl-y»rrfl+^r,  »-« «_,  which  b  the 

wnere      2     __ 5T7ST-a(4+V5i)~5+4/sr 

reciprocal  of  the  root  5±±2l. 

(3.)  Give  the  equation  whose  roots  are  the  reciprocals  of  the  roots  of  the 
equation 

*•— 8*»— 2*4+8*»+  12*«+  10*— 8=0. 

(4.)  Find  the  roots  of  the  recurring  equation 

(5.)  Find  the  roots  of  the  recurring  equation 

*»+*4+x1+«*+*-|- 1 =0. 


Answers. 


(3.)  8**— lOr1— 12*^— 8x»+2*«+8*— 1=0. 


(4.)  i,  '+g-».  \=s^L  -H^Ud-*-^-1 
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Proposition  IV. 

To  transform  an  equation  into  another  whimt  root*  shall  be 
multiple  or  submultiple  of  the  roots  of  the  given  equation, 

Letx*+Alx*l+Anxm-*+  .  .  .  A^,*+A.=0  be  any  equation;  tap* 

ting  y=mx,  we  have  x=  SLt  and  by  substituting  this  value  of  x  in  tat  s^tt 

tn 

equation,  and  multiplying  each  term  by  ra\  we  have 

y-+mA^-|+m«Aljri+  •  .  .  .  m-,A^_1y+i»*A,=0; 
an  equation  whose  roots  are  m  times  those  of  the  proposed  equation, 
we  hare  simply  to  multiply  the  second  term  of  the  given  equation  by 
third  by  m*t  the  fourth  by  ra*,  and  so  on,  and  the  transformation  is 

Cor.  1.  If  the  coefficient  of  the  first  term  be  m;  then,  suppretnagaktat 
first  term,  making  no  change  in  the  second,  multiplying  the  third  by  ■,  tat 
fourth  by  m*,  and  so  on,  the  resulting  equation  will  hare  its  roots  si  taw 
those  of  the  given  equation. 

Cor.  2.  Hence,  if  an  equation  have  fractional  coefficients,  it  may 
into  another,  having  integer  coefficients,  by  transforming  the  given 
into  another  whose  roots  shall  be  those  of  the  proposed  equation 
by  the  product  of  the  denominators  of  the  fractious. 

Cor.  3.  If  the  coefficients  of  the  second,  third,  fourth,  &c  terms  of  an 
tion  be  divisible  by  m,  m*.  m',  and  so  on,  respectively,  then  at  is  a 
measure  of  the  roots  of  the  equation. 

Examples. 

(1.)  Transform  the  equation  2x* — 4r*-f  7x— 3=0  into  another 
shall  be  three  times  those  of  the  proposed  equation. 

(2.)  Transform  the  equatiou  4a?4— S*3—  12x* +5z — 1  =0  into 
roots  shall  be  four  times  those  of  the  given  equation. 

(3.)  Transform  the  equation  Xs -f—  x* x+2=0  into  another  whose  rati 

3  4 

shall  be  12  times  those  of  the  given  equation. 

Answbhs. 

(1.)  2x»—  12x8+63x— 81=0. 
(2.)  x4— 8x»— 48x«+80x— 64=0. 
(3.)  *»+ 4x*— 36x+8456=0. 

Proposition 


To  transform  an  equation  into  another, 
of  the  roots  of  the  proposed  equation. 
Let  *»+ Al*-l+All*-,+A 

then     jr'-Aijr'+Anjr1- 

whose  roots  are  the  roots  of  the  former,  with  contrary  signs  (Prop.  V.  p>  M£ 

Let  a„  a»  a*  &a,  be  the  roots  of  the  former  equations,  and  — *ta    mm  M 

«c,  those  of  the  latter;  then  we  have  } 


[ON    V.  j 

?r,  whose  roots  shall  be  the  emmm 

+  A_i«+A.ssO  be  anyeoaflW 
+  A^,x+A.  =  0    is    the   eqssJsl 


i 

1 
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(*■+  A„x-«+ )+(A^-'+ AMI**-»+. .  .)=(x— a,)  (*-Os)  (*—«*). . . . 

(*■+  An*-^ )-(Al*-l+A,„x,^+.  •  0=(*+«i)  («+o.)  (x+a3; 

Hence,  by  multiplying  these  two  equations,  we  have 
(*■+  A„x^+. .  .Jt-(A,ir-«  + A1Hjr-"+-  •  OM*3-*.*)  (**-«.8)  (^-a.5)  • . 

Or,  x*-(AIf-2AII)xM+(Au,-2A1Am+2AIV)x»'-4-- .  &c.=(^-afl 
(x* — a,*)  (2s — of) ....  by  actually  squaring  and  arranging  according  to  the 
powers  of  x.     Now,  for  x*  write  u;  and  we  have 

jr-(A1»-2An)y^l+(Auf-2A1Am+2AIV)jr3,-&c.  =(y-«.5)  (y-o,2) 
(y— of) . . . 
.-.y-— (A^— 2A„)y-,+(All,^2A1A1„+2AIv)y^-*— =  0  is  an  equa- 
tion whose  roots  are  the  squares  of  the  roots  of  the  given  equation. 

Examples. 

().)  Transform  the  equation  x,+8x2— 6x— 8=0  into  another,  whose  roots 
arc  the  squares  of  those  of  the  proposed  equation. 

Here  Xs — 6x=  —  8x*+8  by  transposition,  and  by  squaring  we  have 
x6— I2x4+86xf=9x4— 48x*+64 
.-.  x»— 21x«+84x*— 64=0 
Or  y* — 21y*+84y  —64=0  is  the  required  equation. 

The  roots  of  the  given  equation  are  —  1,  —4,  2;  and  those  of  the  trans- 
formed equation  are  1,  4, 16. 

(2.)  Transform  the  equation  x*—  Xs—  7x  +15  =0. 

(3.)  Transform  the  equation  x4— 6x*+  5x*+2x  —10=0. 

(4.)  Transform  the  equation  x4— 4x*—  8x  +92  =0. 

(5.)  Transform  the  equation  x4—8x5—15xt+49x— 12=0. 

Answers. 

(2.)  y*— 15y+79y— 225=0. 

(8.)  y4— 26^+29^—104^+100=0. 

(4.)  y4—  16y— 64y+ 1024=0. 

(5.)  y«—89y3+495!yt—2041y+ 144=0. 

PaoposiTiON  VI. 

If  the  real  roots  of  an  equation,  taken  in  the  order  of  their  magnitudes,  be 

oX9  a*  a*  a4,  ai9 

where  a  is  the  greatest,  a,  the  next,  and  so  on;  then  if  a  series  of  numbers, 

D\,  Of,  0%,  O4,  Oy,    •...•••• 
in  which  b|  is  greater  than  a,,  b,  a  number  between  at  and  a*,  b3  a  number 
between  a,  and  a3,  and  so  on,  be  substituted  for  x  in  the  proposed  equation, 
the  results  will  be  alternately  positive  and  negative. 

The  polynomial  in  the  first  member  of  the  proposed  equation  is  the  product 
of  the  simple  factors, 

(x — a,)  (x — a,)  (x — a3)  (x — a4) 

and  quadratic  factors,  involving  the  imaginary  roots;  but  the  quadratic  factors 
have  always  a  positive  value  for  every  real  value  of  x;  therefore  we  inky  omit 

T 
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these  positive  factors;  and  substituting  for  *  the  proposed  series  of  values, 

&t»  £**  bi9  &cH  *e  have  these  results: 

(&,— a,)  (£,— a*)  (&i— a>)  (&i— a4) . . .  •  =  +.+.+.+ =  + 

(6*— a»)  (bt—at)  (*«—«»)  (&i— -«0  ....  =  —.+.+.+ =  — 

(*3-«i)  (*»-Os)  (*.-«»)  (*»— a«) =  —.—.+.+ =  + 

(*4— «i)  (&4— aj  (*4— «a)  (^4—04) .  • .  •  =  —.—.—.+ =  — 

&c  &c  &c 

Cor.  1.  If  two  numbers  be  successively  substituted  for  x  in  any  equation, 
and  give  results  with  different  signs,  then  between  these  numbers  there  must 
be  one,  three,  Jive,  or  some  odd  number  of  roots. 

Cor.  2.  If  the  results  of  the  substitution  in  Cor.  1  are  affected  with  like 
signs,  then  between  these  numbers  there  must  be  two,  /our,  or  some  even 
number  of  roots,  or  no  root  between  these  numbers. 

Cor.  8.  If  any  quantity  q,  and  every  quantity  greater  than  q,  renders  the 
result  positive,  then  q  is  greater  than  the  greatest  root  of  the  equation. 

Cor.  4.  Hence,  if  the  signs  of  the  alternate  terms  be  changed,  and  if  p,  and 
•very  quantity  greater  than  pt  renders  the  result  positive,  then  — pit  less  than 
the  least  root 

Example. 

Find  the  initial  figure  in  one  of  the  roots  of  the  equation 

*•— 4^— 6*+8=0. 

Here  one  value  of*  does  not  differ  greatly  from  unity,  for  the  value  of  the 
given  polynomial,  when  x=l,  is  — 1,  and  when  x=  •  9,  it  is  found  thus  * 

I—4—6      +8     (-9 
•9—2-79—7  911 

-IjH—  8-79+  -089  .\  V= + -089. 

Hence  the  former  value  being  negative,  and  the  latter  positive,  the  initial 
figure  of  one  root  is  '9. 

PaOFOSITIOM   VIL 

Given  an  equation  of  the  nth  degree,  to  determine  another  of  the  (n — \)th 
degree,  such  that  the  real  roots  of  the  former  shall  be  limits  to  those  of  the 
latter. 

Let  au  as,  a*  a*  •  .  .  .  a,  be  the  roots  taken  in  order  of  the  equation 
«"+Alflr>-|+An*-*+  ....  A^+A.sO* 
then  diminishing  the  roots  of  this  equation  by  r  (Prop.  I,  p.  280),  we  have  the 
following  process,  viz.t 

1+A»+  A„+ A^+  A^.,4-  A.  (r 

r      rB,  rB„_,    rB_*     r^., 

bT    B„  B_f     B_ 

r     rC,  rC^, 


Ci     C||  C»_«      W-* 
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Whence  C^,=A^.,+rB^t+rCII_1 

= A.-.+  KA^«+  r  B^+KA^+rB^+rC,^) 
=A_»+2r  A,^+2r*  B_,+r»C_3 

=A_,+2r  A,.., +2r*(All_3+r  B^+r^A^+rB^+rC.  0 
=A^,+2r  A^+Sr*  A_,+3r*B_4+r»C,>-« 


=A_l+2rA_t+8r*AB_3+ (»— ly-'A.+nr-1 

Or,  C^l=«r*-|+(«— l)AIr*-*+(ii-2)AIIr-,+  . .  .2A^r  +  A^,. .  (I) 

Again,  the  roots  of  the  transformed  equation  will  evidently  be 

<ii— r,  a,— r,  as — r,  a< — r, ....  a.— r, 
and  as  we  have  found  the  coefficient,  C._!,  of  the  last  term  but  one,  in  the 
transformed  equation,  by  one  process,  we  shall  now  find  the  same  coefficient, 
C_i,  by  another  process  (Prop.  IV,  p.  277;)  hence  we  have 

C_,=  (r— ax)  (r—Ot)  (r—a3) to  (»—  1)  factors 

+  (r— ax)  (r—Ot)  (r— a4) do. 

+  (r-c)  (r— «,)  (r-a4) do.  L 


+  (r— <*,)  (r— <h)  (r— a4) do. 

Now,  these  two  expressions  which  we  have  obtained  for  Cft_,  are  equal  to 
one  another,  and  therefore  whatever  changes  arise  by  substitution  in  the  one, 
the  same  changes  will  be  produced,  by  a  like  substitution,  in  the  other;  hence, 
substituting  al9  a*  a*  &c,  successively  for  r  in  the  second  member  of  equa- 
tion (2),  we  have  these  results: 

(a,— a,)  (0,-03)  (a,— aA) =  +.+.+ =  + 

(<*% — «i)  (oi— <h)  («»— a4) =  — •+.+ =  — 

(as— ax)  (a, — a,)  (a*—a^ =  — .— .+ =  + 

&c  &c  &c. 

But  when  a  series  of  quantities,  alv  a*  a*  a4,  &c^  are  substituted  for  the 

unknown  quantity  in  any  equation,  and  give  results  which  are  alternately  + 

and  — ,  then,  by  Prop.  VI,  these  quantities  taken  in  order,  are  situated  in  the 

successive  intervals  of  the  real  roots  of  the  proposed  equation;  hence,  making 

C_,=0,  and  changing  r  into  x,  we  have  from  equation  (1) 

fur-l+(n— lJA^+Cn— 2)Au*-»+ 2A_*+A__l=0  ...  (3) 

an  equation  whose  roots  are  therefore  limits  to  those  of  the  original  equation, 

*"+A,4^~,+An*-,+  ....  A__,:r+A.=Of 
and  the  manner  of  deriving  it  from  the  proposed  equation  is  evident 

Let  a„  a*  a*  a4,  &c,  be  the  roots  of  the  proposed  equation,  and  blf  b*  £»,  &c, 
those  of  the  derived  equation  (8),  ranged  in  the  order  of  magnitude;  then  the 
roots  of  both  the  given  and  the  derived  equation  will  be  represented  in  order 
of  magnitude  by  the  following  arrangement,  viz.: 

«i»  bu  OttbtoOstbi,  04,  b*  ait  b5t  &c.  .  . 

Cor.  1.  If  at=alt  then  r—al9  will  be  found  as  a  factor  in  each  of  the  groups 
of  factors  in  equation  (2),  which  has  been  shown  to  be  the  limiting  equation  (8), 
and  therefore  the  limiting  equation,  and  the  original  equation,  will  obviously 
have  a  common  measure  of  the  form  x— a,. 

t2 
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Cor.  2.  If  aa=a,=a„  then  (r—Oi)  (r—at)  will  occur  as  a  common  factor 
in  each  group  of  factors  in  (2);  that  is,  the  limiting  equation  (3)  is  divisible  by 
(x — a,)1}  ana  therefore  the  proposed  equation  and  the  limiting  equation  have 
a  common  measure  of  the  form  (x — a,)3. 

Cor.  3.  If  the  proposed  equation,  have  also  a3=a4>  then  it  will  have  a  com- 
mon measure  with  the  limiting  equation  of  the  form  (x — a,)-  (x — a4),  and 
so  on. 

Scholium.  When  therefore  we  wish  to  ascertain  whether  a  proposed 
equation  has  equal  roots,  we  must  first  find  the  limiting  equation,  and  then 
find  the  greatest  common  measure  of  the  polynomials  in  the  first  members  of 
these  two  equations.     If  the  greatest  common  measure  be  of  the  form 

(x— a,)p  (x— Of)*  (x— a,)' 

then  the  proposed  equation  will  have  (/>+ 1)  roots=a„  (?+ 1)  roots=a„  (r-J-1) 
roots=03f  &c  The  equation  may  then  be  depressed  to  another  of  lower 
dimensions. 

Budan's  Criterion  • 

For  determining  the  number  of  imaginary  roots  in  any  equation. 

172.  If  the  real  positive  roots  of  an  equation,  taken  in  the  order  of  their 
magnitudes,  be  au  a»,  a,,  a4  .  .  .  .  a.,  where  ax  is  the  smallest,  and  if  we 
diminish  the  roots  of  the  equation  by  a  number  A  greater  than  a„  but  less 
than  a*  then  the  roots  will  be  ax — A,  a, — A,  a% — A,  .  .  •  a, — A,  and  the  first 
of  these  will  now  be  negative.  But  the  number  of  positive  roots  b  exactly 
equal  to  the  number  of  variations  of  sign  in  the  terms  of  the  equation,  when 
the  roots  are  all  real;  and  as  we  have  changed  one  positive  root  into  a  negative 
one,  the  transformed  equation  must  have  one  variation  less  than  the  proposed 
equation. 

Again,  by  reducing  all  the  roots  by  A,  a  number  greater  than  a*  but  less 
than  Os,  we  shall  have  two  negative  roots,  ax — A,  a, — A,  in  the  transformed 
equation,  and  therefore  we  shall  have  two  variations  of  sign  less  than  in  the 
proposed  equation;  for  two  positive  roots  have  been  reduced  so  as  to  become 
negative  ones.  Hence  it  is  obvious,  that  if  we  reduce  the  roots  by  a  number 
greater  than  a.,  all  the  positive  roots  will  become  negative,  and  the  transformed 
equation,  having  all  its  roots  negative,  will  have  the  signs  of  all  its  terms 
positive  (Prop.  IV.  p.  277),  and  all  the  variations  have  entirely  disappeared. 

We  see,  then,  that  if  the  roots  of  an  equation  be  reduced  until  the  signs  of 
all  the  terms  of  the  transformed  equation  be  +,  we  have  employed  a  greater 
number  than  the  greatest  positive  root  of  that  equation;  and  therefore  its 
reciprocal  must  be  less  than  the  smallest  real  root  of  the  reciprocal  equation. 
Now,  if  we  take  the  reciprocal  equation,  and  reduce  its  roots  by  the  reciprocal 
of  the  former  number,  we  should  have  as  many  positive  roots  left  in  this  trans- 
formed reciprocal  equation  as  there  were  positive  roots  in  the  proposed  equa- 
tion, unless  the  equation  has  imaginary  roots;  hence  the  number  of  variations 
lost  in  the  former  case  should  be  exactly  equal  to  the  number  left  in  the  latter, 
when  the  roots  are  all  real;  and,  consequently,  if  this  condition  be  not  ful- 
filled, the  difference  of  these  numbers  indicates  the  number  of  imaginary 
roots.    To  explain  this  reasoning  more  clearly,  we  shall  suppose  that  an 
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equation  has  three  positive  roots ;  as,  for  instance,  1,2*5,  and  8.  Now,  if  the 
roots  of  the  proposed  equation  be  reduced  by  4,  a  number  greater  than  8,  the 
greatest  positive  root,  the  three  positive  roots  in  the  original  equation  will 
evidently  be  changed  into  three  negative  ones  in  the  transformed  one,  and 
hence  three  variations  must  be  lost.  Again;  the  equation  whose  roots  are  the 
reciprocals  of  the  proposed  equation,  must  have  three  positive  roots,  1,  \,  and 
\;  and  it  is  evident  that  if  we  reduce  the  roots  of  the  reciprocal  equation  by 
4,  the  reciprocal  of  the  former  reducing  number  4,  we  shall  not  change  the 
character  of  the  three  positive  roots,  because  ±  is  less  than  the  least  of  them, 
and  1 — 4, 1 — 4,  \ — \y  are  all  positive;  hence  the  three  variations  introduced 
by  the  three  positive  roots  must  still  be  found  in  the  transformed  reciprocal 
equation,  and  therefore  three  variations  are  left  in  the  latter  transformation, 
indicating  no  imaginary  roots.  The  theorem  may,  therefore,  be  stated  thus:— 
If,  in  transforming  an  equation  by  any  number  r,  there  be  n  variations  lost, 
and  if  in  transforming  the  reciprocal  equation  by  -J-  (the  reciprocal  of  rv)  there 
be  m  variations  left,  then  there  will  be  at  least  n—m  imaginary  roots  in  the 
interval  0,  r. 

For  there  are  as  many  positive  roots  in  the  interval  0,  r,  of  the  direct  equa- 
tion, as  there  are  between  *  and  -fr  of  the  reciprocal  equation;  hence,  if  n,  the 
number  of  variations  lost  in  the  transformation  of  the  direct  equation  by  r,  be 
greater  than  m,  the  number  of  variations  left  in  the  transformation  of  the  reci- 
procal equation  by  f-,  there  will  be  a  contradiction  with  respect  to  the  character 
of  a  number  of  the  roots,  equal  to  the  difference  n — m.  Hence  these  roots 
are  imaginary. 

Example. 

Find  the  number  of  imaginary  roots  of  the  equation 

x*—a*+2x*+x— 4=0. 

Direct.  Reciprocal, 

1—1+2+1-4(1  —4     +  1     +  2    —  1     +1  (1 

—  4—8—1—2 


—I 

+2 

+  1 

-4(1 

1 

0 

2 

8 

0 

2 

8 

— 1 

I 

1 

8 

1 

8 

b 

1 

2 

2 

5 

1 

—  8 

—  4 

—  1 

—  7 

—  2 

—  8 

~d 

—i 

—  7 

—  4 

—  8 
—11 

—  19 

—11 
—  4 

8  —15 

Here  two  variations  are  lost  in  the  transformation  of  the  direct  equation, 
and  no  variations  are  left  in  the  transformation  of  the  reciprocal  equation; 
therefore,  this  equation  has  at  least  two  imaginary  roots;  and  it  has  only  two; 
for  the  sign  of  the  absolute  term  is  negative,  implying  the  existence  of  two 
real  roots;  the  one  positive,  and  the  other  negative. 

Degua's  Criterion. 

178.    In  any  equation,  if  we  have  a  cipher-coefficient,  or  term  wanting, 
and  if  the  cipher-coefficient  be  situated  between  two  terms  having  the  same 
there  will  be  two  imaginary  roots  in  that  equation. 
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Let  the  order  of  the  signs  be 

+  +  —  0—  + ; 

and  for  0  writing  -f  or  —  we  have  either 

+  +  —  +  —  + ,or+  + + . 

In  the  former  of  these  we  find  two  permanencies  and  five  variations,  and 
in  the  latter  we  have  four  permanencies  and  only  three  variations;  hence,  if 
the  roots  are  all  real,  we  must,  iu  the  former  case,  have  five  positive  and  two 
negative  roots,  and  in  the  latter,,  three  positive  and  four  negative  roots  (Prop. 
VII.  p.  279);  hence  we  have  two  roots,  both  positive  and  negative,  st  the  same 
time,  and  therefore  these  two  roots  cannot  be  real  roots.  These  two  roots, 
which  involve  the  absurdity  of  being  both  positive  and  negative  at  the  tame 
time,  must  therefore  be  imaginary  roots. 

In  nearly  the  same  manner  it  may  be  shown  that 

(1.)  If  between  terms  having  like  signs,  2n  or  2a — 1  cipher-coefficients 
intervene,  there  will  be  2n  imaginary  roots  indicated  thereby. 

(2.)  If  between  terms  having  different  signs,  2n+ 1,  or  2n  cipher-coefficients 
intervene,  there  will  be  2»  imaginary  roots  indicated  thereby. 

Ex.  The  equation  ar4 — :r3+6:r8+24=0  has  two  imaginary  roots;  for  the 
absent  term  is  preceded  and  succeeded  by  terms  having  like  signs,  and  the 
equation  **+!  having  the  coefficients  1+0+0+ 1  has  also  two  imaginary 
roots. 

Examples  for  Practice. 

(1.)  How  many  imaginary  roots  are  in  the  equation 

x4+«s— 2a8+2»— 1=0  ? 
(2.)  Has  the  equation  a? — 2a*+6#+10=0  any  imaginary  roots? 

174.  The  most  satisfactory  and  unfailing  criterion  for  the  determination 
of  the  number  of  imaginary  roots  in  any  equation  is  furnished  by  the  admirable 
theorem  of  Sturm;  which  gives  the  precise  number  of  real  roots,  and  conse- 
quently the  exact  number  of  imaginary  ones;  since  both  the  real  and  imaginary 
roots  are  together  equal  to  the  number  denoted  by  the  degree  of  the  proposed 
equation. 

Proposition  VIII. 

To  find  the  number  of  real  and  imaginary  roots  in  any  proposed  equation. 

The  acknowledged  difficulty  which  has  hitherto  been  experienced  in  the 
important  problem  of  the  separation  of  the  real  and  imaginary  roots  of  any 
proposed  equation,  is  now  completely  removed  by  the  receut  valuable  re- 
searches of  the  celebrated  M.  Sturm;  and  we  shall  now  explain  the  theorem 
by  which  this  desirable  object  has  been  so  fully  accomplished. 

• 

Theorem  or  Sturm. 

LetX=A*n+B*»-,+C*»-*+ +H*-r  K=0  be  any  equation  which 

has  no  equal  roots,  and  let 

Xl=nA**-,+(»-.l)B*'-,+(n-- 2)C*-»+ +H 

be  the  derived  function,  arising  by  multiplying  each  term  of  the  equation 


THEOREM  OF  8TURM.  <2tt 

X=0,  by  its  exponent,  and  then  diminishing  the  exponent  by  unity.     Divide 
X  by  Xi  until  the  remainder  be  of  a  lower  de-  X  ^X      (Q 

gree  thau  the  divisor,  and  call  the  remainder  X  O 

— X*  or  changing  the  signs  of  all  the  terms  in  ■  '. 

the  remainder,  we  shall  have  X,  =  modified  X  — XiQ,= — X, 

remainder.     Proceed  in  the  same  manner  with  X,)X      (Q* 
the  functions  X,  and  X*  and  call  the  modified  X.Q, 

remainder  Xs,  and  so  on,  as  in  the  marginal  - —       - 

scheme,  until  the  division  terminates  by  leav-  x     ^^    — *m 

ing  a  final  remainder  independent  of  *;  and  let  X«)X,     (Q, 
this  remainder,  having  its  sign  changed,  be  X3Q3 

called  Xm+i.     Then  we  have  the  series   of  x, X«Q«=— X* 

functions. 

X,  X|,  Xt,  Xj,  X4,  •  •  •  •  •  Am-fi; 

which  are  of  continually  decreasing  dimensions  in  x,  and  Xm+i  is  altogether 
independent  of  x. 

Now,  if  p  and  q  be  any  two  numbers  of  which  p  is  less  than  q,  and  if  these 
numbers  be  substituted  for  x  in  the  above  series  of  functions,  we  shall  have 
two  series  of  signs,  the  one  resulting  from  the  substitution  of  p  for  x,  giving  h 
variations  of  sign,  and  the  other  from  the  substitution  of  q  for  x,  giving  k  va- 
riations of  sign;  then  the  exact  number  of  real  roots  of  the  proposed  equation 
between  the  limits  p  and  q  will  be  =  h  —  A. 

In  order  to  simplify  the  demonstration  of  this  beautiful  theorem,  we  shall 
premise  one  or  two  Lemmas. 

Lemma  1.  Two  consecutive  Junctions  cannot  both  vanish  for  the  same 
value  ofx. 

From  the  process  above  described  for  the  determination  of  the  successive 
functions,  we  have  obviously  these  equations: — 

X     =X,Ql-X,       (1) 

X,    =X,  Q,-X,       (2) 

X,    =X3Q,-X«        (3) 


• 


X„_i=XmQIII—  Xm+1 (»»). 

[Now,  suppose  X,=0,  and  X,=0;  then  by  eq.  (3)  we  have  XL,=0;  hence, 
since  X3=0,  and  X<=0;  then  by  eq.  (4)  we  have  X»=0;  and  proceeding  in 
this  manner  we  shall  find  that  Xm+i=0;  but  as  the  equation  X=0  is  sup- 
posed not  to  have  equal  roots,  the  polynomials  X  and  X!  have  no  common 
measure  (Prop.  VII),  and  therefore  there  must  be  a  final  remainder,  Xm+j, 
totally  independent  of  x,  and  must  therefore  remain  unchanged  for  every 
value  of  x. 

Lemma  2.  If  one  of  the  derived  functions  vanish  for  any  particular 
value  ofx,  the  two  adjacent  functions  have  contrary  signs  for  the  same  value 
ofx. 

For  by  eq.  (3)  we  have 

X^XjQ, — X<; 

and  if  Xa=0;  then  X,=— X^and  therefore  it  is  obvious  that  Xs  and  X.  mutt 
have  contrary  signs. 


• 
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Demonstration  of  thb  Thboum. 

Let/?  be  nearer  to  —  <x>  than  any  of  the  real  roots  of  the  equations 
X=0,  X,=0,  X*=:0,  X9=0,  ....  X.=0; 
and  conceive  p  to  increase  continuously  until  it  becomes  0,  and  then  to  go  on 
increasing  until  it  becomes  equal  to  qt  which  we  may  suppose  to  be  nearer  +  <*> 
than  any  of  the  real  roots  of  the  preceding  equations.  Now,  while  p  is  less 
than  any  of  the  roots  of  these  equations,  no  change  of  signs  will  occur  by  the 
suostitutiou  ofp  for  x,  in  any  of  these  functions  (Prop.  VI.  Cor.  4;)  but  when- 
ever p  in  its  continuous  progress  towards  q,  arrives  at  a  root  of  any  of  the 
derived  equations,  that  function  becomes  zero,  and  neither  the  preceding  nor 
succeeding  function  can  vanish  for  the  same  value  of  *  (Lemma  1),  and  these 
two  adjacent  functions  have  contrary  signs  (Lemma  2);  hence  the  entire  num- 
ber of  variations  of  sign  is  not  affected  by  the  vanishing  of  any  of  the  derived 
functions.  While,  therefore,  p  advances  in  the  scale  of  numbers  by  minute 
additions,  it  will  pass  successively  over  the  roots  of  the  proposed  equation,  as 
well  as  over  those  of  the  derived  equations;  and  in  passing  from  a  number  very 
little  smaller  to  a  number  very  little  greater  than  a  root  of  the  equation  X=0, 
the  sign  of  X  will  be  changed  from  +  to  —  or  from  —  to  +  (Prop.  VI. 
Cor.  1);  and  the  difference  of  these  numbers  may  be  made  so  small,  that  no 
change  of  signs  can  take  place  in  the  derived  functions;  hence  the  loss  of  a 
variation  of  sign  arises  from  the  change  of  sign  of  the  function  X.  Again, 
when  p  becomes  nearly  equal  to  another  root  of  X=0,  the  order  of  the  signs 
of  the  derived  functions  may  be  changed,  but  the  number  of  variations  is  not 
at  all  affected  (Lemma  2);  and,  therefore,  while  p  varies  from  a  number  very 
little  smaller  to  a  number  very  little  greater  than  this  root  of  X=0,  there  will 
be  a  loss  of  one  variation  of  sign,  arising  from  the  change  of  the  sign  of  X; 
and  so  on  for  the  other  roots  of  X=0.  Whenever,  then,  the  value  of p  passes 
over  a  root  of  the  equation  X=0,  there  is  a  loss  of  one  variation  of  sign;  and 
since  a  variation  cannot  be  lost  among  the  signs  of  the  derived  functions,  nor 
can  one  be  ever  introduced,  it  is  obvious  that  we  are  furnished  with  a  simple 
and  beautiful  criterion  for  ascertaining  the  number  of  real  roots  between  any 
two  specified  numbers,  p  and  q.  To  illustrate  this  more  fully,  we  shall  sup- 
pose that  the  substitution  of p  and  q  for  x  in  the  series  of  functions,  gives  the 
two  series  of  signs,  viz.: — 

Jk.     Aj    A<j   A3   A4  A    A(   A|   A]   A4 

+ ++  +     +     +    +    + 

Now  there  are  two  variations  of  sign  in  the  former  row  of  signs,  and  no 
variation  in  the  latter;  hence  one  variation  is  lost  in  the  signs  of  the  derived 
functions,  and  the  sign  of  X  remains  unchanged;  but  a  variation  cannot  be 
lost  in  the  signs  of  the  derived  functions,  on  the  supposition  that  one  root  lies 
between  p  and  q;  besides,  the  sign  of  X  is  unchanged;  hence  there  must  be  a 
number,  m,  between  p  and  q,  which,  substituted  for  x  in  the  series  of  func- 
tions, gives  the  sign  of  X  negative,  and  hence  there  must  be  one  root  between 
p  and  mt  and  another  root  between  m  and  q.  The  loss  of  two  variations  of 
sign  must,  therefore,  indicate  the  existence  of  two  real  roots  between  p  and  q\ 
and,  in  like  manner,  the  loss  of  three  variations  of  sign  indicates  the  existence 
of  three  roots  in  the  interval,  and  so  on.  Hence,  if  the  substitution  of  p  for 
x  gives  h  variations,  and  q  for  x  gives  h  variations;  then  k — ksr.  number  ot 
real  roots  between  p  and  q. 
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Since  mil  the  real  roots  are  comprehended  between  the  extreme  values 
—  od  and  +od  we  may  readily  ascertain  the  number  of  real  roots  by  substi- 
tuting —  od  and  -f-  oo  for  x  in  the  leading  terms  of  the  several  functions,  be- 
cause the  first  term  of  each  function  must,  for  *=+  od,  be  numerically  greater 
than  all  the  other  terms  in  the  function  together;  and  hence  the  sign  of  the 
leading  term  will  determine  the  sign  of  the  whole  function.  Let  h  be  the 
number  of  variations  of  sign  arising  from  the  substitution  of  —  od  for  x  in  the 
functions,  and  h  the  number  for  +  oo ;  then  h — k=  the  number  of  real  roots 
in  the  equation,  and  it— (A — A)=  the  number  of  imaginary  roots.  To  deter- 
mine the  initial  figures  of  the  roots,  we  may  substitute  the  successive  numbers 
of  the  series 

0.  —1,  —2,  —3,  —4 

till  we  have  as  many  variations  as  —  oo  produced;  and  if  we  substitute  the 
numbers  of  the  series 

u,  1,  &f  9,  4,  •  •  •  •  ■ 

till  we  have  as  many  variations  as  +  oo  produced,  then  the  numbers  which 
first  produce  the  known  number  of  variations,  will  be  the  limits  of  the  roots 
of  the  equations,  and  the  situation  of  the  roots  will  be  indicated  by  the  signs 
arising  from  the  substitution  of  the  intermediate  numbers. 

175.  When  the  equation  has  equal  roots,  one  of  the  divisors  will  divide 
the  preceding  without  a  remainder,  and  the  process  will  thus  terminate  with- 
out a  remainder,  independent  of  x.  In  this  case,  the  last  divisor  is  a  common 
measure  of  X  and  X,;  and  it  has  been  shown  (Prop.  VI.  Cor.  3,  p.  292),  that 
if  (x — a,)  (x — a,)2  be  the  greatest  common  measure  of  X  and  X„  then  X  is 
divisible  by  (x — a,)8(ar — a.)8,  and  the  depressed  equation  famishes  the  distinct 
and  separate  roots  of  the  equation;  for  Sturm's  theorem  takes  no  notice  of  the 
repetition  of  a  root.  The  several  functions  may  be  divided  by  the  greatest 
common  measure  so  found,  and  the  depressed  functions  employed  for  the 
determination  of  the  distinct  roots;  but  it  is  obvious  that  the  original  functions 
will  furnish  the  separate  roots  just  as  well  as  the  depressed  ones,  for  the 
former  differ  only  from  the  latter  in  being  multiplied  by  a  common  factor;  and 
whether  the  sign  of  this  factor  be  +  or  — ,  the  number  of  variations  of  sign 
must  obviously  remain  unchanged,  since  multiplying  or  dividing  by  a  positive 
quantity  does  not  affect  the  signs  of  the  functions;  and  if  the  factor  or  divisor 
be  negative,  all  the  signs  of  the  functions  will  be  changed,  and  the  number 
of  variations  of  sign  will  remain  precisely  as  before. 

We  shall  now  apply  the  theorem  to  a  few  examples. 

Examples. 

fl»)  Find  the  number  and  situation  of  the  roots  of  the  equation 

** — u«— 6*+8=0* 

•  The  proem  applied  to  the  general  cubic  equation  t3+cufl+bjf+c=0,  gives  the  following  func- 
tions, via. : 

With  the  second  term. 

X    =    *»+  «»+&r+c 

X,   m.  l**  +  1ax  +6 J,(l) 

Xa  =  2  (a*— 3A)x+ao— 9c.     .     .     . 
Xj  =— 4<r»c  +a*6*—  I8a*c— 4ft3— 27c* 

These  functions  in  (I)  and  (2)  will  frequently  be  found  useful  in  the  application  of  Sturm's 
theorem  to  equations  of  the  third  degree,  since  the  derived  functions  in  any  particular  example  may 


Without  the  second  term,  or  a=0. 

X    =    jfi+bJt+c 

Xi  =  W+b J,(i) 

X*  s  — 2&r— 3c 

Xs  =  — 4£»— 27c* 
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Here  we  have  X  =  »*— 4**— 6*+8 

Xi=3**— 8*  — 6; 
then,  multiplying  the  polynomial  X  by  8,  in  order  to  avoid  frmctioeM, 
3^_8x— 6)  8**— 12**— 18* +24  (*— 1 
S*1 —  8**—  6* 


—  4**— 12*+24,  multiply  by  4; 
or,  —  8**—  9*+ 18 

—  8*»+  8*+  6 

— 17*+12  .%  X„=17*— 12 

8a*—  8x— 6 
17 


17*— 12)  51**— 186*— 102  (8* 
SI**—  86* 


—100*— 102 


It  is  now  unnecessary  to  continue  the  division  further,  since  it  is  very 
obvious  that  the  sign  of  the  remainder,  which  is  independent  of  *,  is  — ;  aui, 
therefore,  the  series  of  functions  are 

X   =    *>—  4**— 6*+8 

Xx  =  3**—  8*  —6 

X„=17*— 12 

Xm=-f- 

Put  +  od  and  —  oo  for  *  in  the  leading  terms  of  these  functions,  and  the 
signs  of  the  results  are 

For  *  =  -f-  oo,  -j.-f.-f   -f  no  variation  .".  A=0 

*=  —  od,  —  -f*  —  +  three  variations    .".  A=8 
•\  h — A=8 — 0=8,  the  number  of  real  roots  in  the  proposed  cubic  equation. 

Next,  to  find  the  situation  of  the  roots  we  must  employ  narrower  limits 
than  +  oo  and  —  oo.  Commencing  at  zero,  let  us  extend  the  limits  both  ways, 
and  since  the  proposed  equation  has  only  one  permanence  of  sign,  one  of  the 
roots  is  negative,  and  the  remaining  roots  are  positive. 

Var.  Var. 


For  *=0  signs  ■+-  —  —  + 

x=l +  + 

*=2  .... h  + 

ar=3  .... h  + 

*~"^  •  »  .  •  "~™   ~j"    ~f"  "j" 

*==5  ....  —   -f-   +  + 

*=6  ....+   +  +  + 


2 


For  *=  0  signs +  —  —  -f»  |  2 
*=— 1  . . .  +  +  —  4-  !  2 
*=— 2  . ..—  +  —  +  |  3 


be  found  by  substitution  only.  In  order  that  all  the  roots  of  the  equation  4*+&r+ca*0  may  be 
real,  the  first  terms  rf  the  functions  must  be  positiTe ;  hence— Sto  and  — 4**— 27e»  must  be  positive; 
and  as  —27c*  is  always  negative,  6  must  be  negative,  in  order  that  —46s  and  — 2e  may  be  positive; 

therefore,  when  all  the  roots  are  real,  4A>  mutt  be  greater  than  *7e«,  or  Cb  Y  greater  than  (  *Y« 

When,  therefore,  6  is  negative  and  (*}  7  f^)*,  aU  the  roots  are  real,  a  criterion  which  has  jesa 
bog  known,  and  as  simple  as  can  be  given. 
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We  perceive,  then,  by  the  columns  of  variations,  that  the  roots  are  between 
0  and  1,  5  and  6,  —1  and  — 2;  hence  the  initial  figures  of  the  roots  are  — 1, 
0,  and  5;  and  in  order  to  narrow  still  further  the  limits  of  the  root  between 
0  and  1,  we  shall  resume  the  substitutions  for  *  in  the  series  of  functions  as 
before.  But  as.  the  substitution  of  1  for  x,  in  the  function  X,  gives  a  value 
nearly  zero,  we  shall  conunenoe  with  1,  and  descend  in  the  scale  of  tenths, 
until  we  arrive  at  the  first  decimal  figure  of  the  root 

Let  #=    1  signs  —  —  +  +  one  variation 
ap=  •  9  . . . .  -f*  —  +  -f-  two  variations; 
hence  the  initial  figures  are  — 1,  *99  and  5. 

(2.)  Find  the  number  and  situation  of  the  real  roots  of  the  equation 

Here  the  several  functions  are 

X  =        ar<+  *»— **— 2*+4 
X,=       4*8+3**— 2x— 2 
X,=        a*+2a>— 6 
X,=  —  *+) 
X«=  + 
Let  *  =  +  oo  signs  of  leading  terms  +  +  +—-+  two  variations 

#  =  —  od -| |-  +  +  two  variations; 

and  all  the  roots  of  the  equation  are  imaginary. 

(3.)  Required  the  number  and  situation  of  the  real  roots  of  the  equation 

2a?4—  llx*+&r— 16=0. 
The  first  three  functions  are 

X=  2a?4—  lls*+&v-k16 
X,=  4a3— 11a?  +4 
X^ll*3—  12a?  +32; 
and  the  roots  of  the  quadratic  1  lx2— 12r-f  32=0  are  imaginary;  for  1 1  X32  X  4 
is  greater  than  12s;  hence  X,  must  preserve  the-  same  sign  for  every  value 
of  x,  and  the  subsequent  functions  cannot  change  the  number  of  variations, 
for  a  variation  is  only  lost  by  the  change  of  the  sign  of  X.     Hence, 
For  x  =  +  oo  signs  +  ■+-  +  no  variation 

*  =  —  od  .  .  .  H h  two  variations; 

and  the  proposed  equation  has  two  real  roots,  the  one  positive,  and  the  other 
negative,  since  the  last  term  is  negative.  (Prop.  VI,  Cor.  5,  p.  279.) 

When  x  =  0  signs  —  -f-  +  x  =       0  signs r*  +■ 

x  =  1  . . . . -J-  ar=  —  1.... h  + 

ar  =  2....  —  +  -f  x=— 2.... -f 

X  ^^  J  •  •  •  •  -f"   -j-   "j*  X  ss  —  o  •  •  •  •  "f*  — •  -f" 

Hence  the  initial  figures  of  the  real  roots  are  2  and  —  2. 

When  two  roots  are  nearly  equal  to  each  other, 

(4.)  Find  the  roots  of  the  equation 

a»+ 1  Ix«— lOJar-r- 181  =0. 
The  functions  are 

X   =    a^+ll:*2— 102*+18l 
X,  =  3x*+22ar— 102 
X,  =  122a:— 398 
X3=+, 
and  the  signs  of  the  leading  terms  are  all  -f ;  hence  the  suostitution  of  —  os 
and  +  oo  must  give  three  real  roots. 
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To  discover  the  situation  of  the  roots,  we  make  the  substitution* 
x  =  0  which  gives  -f-  —  —  -f  two  variations 

*=1 + + 

x  =  S -f-  —  —  "h  two  variations 

x  =  4 +  +  *+**+*  no  variation; 

hence  the  two  positive  roots  are  between  3  and  4,  and  we  most  therefore 
transform  the  several  functions  into  others,  in  which  x  shall  be  diminished  by  3. 
This  is  effected  by  Prop.  1,  p.  280;  and  we  get 

Y  =      y,+20f/*-ty+i 
Y,=    3^+4^-9 
¥,=122^  — 27 
Y,=  + 
Make  the  following  substitutions  in  these  functions,  viz.  i 
y  =  0  signs  +  — -  —  +  two  variations 
y=z-\  .  .  .  + + 

y  =  *2  .  .  •  + +  two  variations 

y  =  *8  .  .  •  -f-  +  +  +  no  variation; 
hence  the  two  positive  roots  are  between  3*2  and  3*3,  and  we  must  agam 
transform  the  last  functions  into  others,  in  which  y  shall  be  diminished  by  *2. 
Effecting  this  transformation,  we  have 

Z=    *•  +20*6*«— •88r+-008 
Z,=  3** +41-2*—  "88 
Zt=122*—  2-6 
Z,=  +. 

Let  z  =  0   then  signs  are  + -f  two  variations 

s  =  '01 + -f-  two  variations 

*  =  *02 —  —  —  -f-  one  variation 

xr  =  -03 -f   -f-   -|-   -f.  no  variation; 

hence  we  have  3*21  and  3*22  for  the  positive  roots,  and  the  sum  of  the  roots 
b  —11;  therefore  —11— 3*21— 8*22=— 17*4  is  the  negative  root. 

When  the  equation  has  equal  roots. 

(5.)  Find  the  number  and  situation  of  the  real  roots  of  the  equation 

x4— 7a?4  +  13ar,+*2— 16*+4=0. 
By  the  usual  process  we  find 

X=     a*—  7ar4+l3a*»+  **— 16>+4 
X,=  5a?4— 28;r»+89ar,+2*  —  ]6 
X,=l  lap3— 48ar»  +  51*  +2 
X3=  3x*—  8a?  +4 
X,=     *  —2 
X5=  0. 
Hence  as— 2  is  a  common  measure  of  X  and  X,;  and  if 

x  =  —  od  the  signs  are  —  +  —  -f-  — -  four  variations 

x  =  —  2 —  -f_.j four  variations 

*=-  1 0  +  —  +  _ 

x  =       0 -\ |-H three  variations 

*=        1 —  ++—  —  two  variations 

*  =        2 00000 

*  =       3 h*T*  +  one  variation 

*  =       4 +  +  +  +  +  no  variation. 


NUMERICAL  SOLUTION  OF  ALGEBRAIC  EQUATIONS.  SOI 

Therefore  we  infer  that  there  are  four  distinct  and  separate  roots;  one  is  — ]v 
for  X  vanishes  for  this  value  of  *;  another  between  0  and  1 ;  a  third  is  2,  and 
a  fourth  is  between  8  and  4.  The  common  measure  m — 2  indicates  that  the 
polynomial  X  is  divisible  by  (x — 2)*;  and  hence  there  are  two  roots  equal  to 
2  (Prop.  VII,  Cor.  1.) 

Horner's  Method  of  resolving  Numerical  Equations  of  all  Orders. 

176.  The  method  of  approximating  to  the  roots  of  numerical  equations  of  all 
orders,  discovered  by  W.  G.  Horner,  Esq.,  of  Bath,  is  a  process  of  very  re- 
markable simplicity  and  elegance,  consisting  simply  in  a  succession  of  trans- 
formations of  one  equation  to  another,  each  transformed  equation  as  it  arises 
having  its  roots  less  or  greater  than  those  of  the  preceding  by  the  correspond- 
ing figure  in  the  root  of  the  proposed  equation.  We  have  shown  how  to 
discover  the  initial  figures  of  the  roots,  by  the  theorem  of  Sturm;  and  by 
making  the  penultimate  coefficient  in  each  transformation  available  as  a  trial 
divisor  of  the  absolute  term,  we  are  enabled  to  discover  the  succeeding  figure 
of  the  root;  and  thus  proceeding  from  one  transformation  to  another,  we  are 
enabled  to  evolve,  one  by  one,  the  figures  of  the  root  of  the  given  equation, 
and  push  it  to  any  degree  of  accuracy  required. 

General  Rules. 

1.  Find  the  number  and  situation  of  the  roots  by  Sturm's  or  Sudan's  the- 
orem, and  let  the  root  required  to  be  found  be  positive. 

2.  Transform  the  equation  into  another,  whose  roots  shall  be  less  than 
those  of  the  proposed  equation,  by  the  initial  figure  of  the  root. 

3.  Divide  the  absolute  term  of  the  transformed  equation  by  the  trial 
divisor,  or  penultimate  coefficient,  and  the  next  figure  of  the  root  will  be 
obtained,  by  which  diminish  the  root  of  the  transformed  equation  as  before, 
and  proceed  in  this  manner  till  the  root  be  found  to  the  required  accuracy. 

Note  I.  When  a  negative  root  is  to  be  found,  change  the  signs  of  the 
alternate  terms  of  the  equation,  and  proceed  as  for  a  positive  root. 

Note  2.  When  three%or  four  decimal  places  in  the  root  are  obtained,  the 
operation  may  be  contracted,  and  much  labour  saved,  as  will  be  seen  in  the 
following  examples: 

Examples. 

(1.)  Find  all  the  roots  of  the  cubic  equation 

*»—  7*+ 7=0. 
By  Sturm's  theorem,  the  several  functions  are  (Note,  p.  297.) 

X  =  *»—  7*+7 
X,=3*«-7 
X,=2*— 3 
X,=  + 
Hence,  for  x  =  +  a>  the  signs  are  +  +  -f-  +  no  variation 

x  = —  od —  +  —  +  three  variations; 

therefore  the  equation  has  three  real  roots,  one  negative,  and  two  positive. 
To  determine  the  initial  figures  of  these  roots,  we  have 

for  x  =  0  signs  -\ h  for  x  =       0  signs  H —  + 

x  =  1    .  . .  H h  *==  —  I  .  .  .    H H 

*  =  2   ...+  +  +  +  *  =  —  2...++  —  + 

x  =  —  3  . .  .    -r  -f  —   I- 

4  =  —  4  ... 1 fc 

hence  there  are  two  roots  oetween  1  and  2,  and  one  between  —  3  and  —4. 
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But  in  order  to  ascertain  the  firtt  figures  in  the  decimal  parti  of  nt  t 
roots  situated  between  1  and  2,  we  shall  transform  the  preceding  fete* 
Into  others,  in  which  the  value  of  *  it  diminished  by  unity.  Thai  far  I 
function  X,  we  have  this  operation  i 

1+0  —7  +7(1 
1       I  —6 

"1"  -^6  "~I 
1       2 

~~2  ^4 
1 

And  transforming  the  others  in  the  same  way,  we  obtain  the  fuacti 
Y^+ty^-^+l;  Y^S^+ojf— 4;  Y,=%— I;  Y,=+. 
Let  y=-l  then  the  signs  are  +  —  —  +  two  variations 

y=-2 + +  do. 

y=-3 4 +  do. 

y=#4 —  —  —  +  one  variation 

y=-5 —  —  +  +  do. 

y=*6 — .  +  +  +  do. 

y=-7 +  +  +  +  no  variation. 

Therefore  the  initial  figures  of  the  three  roots  are  1-3,  1-6,  and  —3, 

1+0                  —  7  +7  (1-356895867 

1  1  —6 

1  —  6  •    1... 

1  2  —    903 

IT               — *4  ..  W... 

1  99  —86625 

•  33  —  301  *10375... 

3  108  —9048984 

36  — *198  *» 13260 I 6 
3_                         1975  —1184430 

•  39  5  —  17825*  141586 
5                       2000                          —132923 

400  — *15825  .  .  8663 
5                          24336                         —7382 

•4056  —  1508164  ~~12bf 
6                         24872  —1181 

4062  —•148379,2  W0 
6                            8  25J4                              — 89 

#M0|68            —  148058)8  ~"7T 
325|4                             —10 

—  1477218  T 


—  14769J2 
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Wo  have  thus  found  one  root  *=  1-356895867 and  the  coeffi- 

its  of  the  successive  transformed  equations  are  indicated  by  the  asterisks 
in  each  column. 


+0 
1 


1 
1 

a 
i 

36 
6 

42 
6 

"489 
9 

498 
9 

"5072 
2 

5074 
2 


—  7 
1 

^6 
2 

—  4.  . 

216 

—  184 
252 


+  7  (1-692021471 

—  6 

1... 

—  1104 


68.. 
4401 


1  1201 

4482 


15683.. 
10144 

1578444 
10148 

15885(912 


—     104...  . 
100809 

—3191... 
3156888 

—34112 
31774 

—2338 
1589 

—749 
635 


—114 
111 


ar 


8 


T]5i8J8J7f 


|50|76 

Another  root  is  ans  1-692021 471 

For  the  negative  root,  change  the  signs  of  the  second  and  fourth  terms. 


1—  0 
3 

8 

3 

904 

4 


908 

4 

9128 
8 

9186 

8 

|..  191(44 


—   7 
9 

2 

18 

20. . . • 
8616 

203616 
8632 

207248.. 
73024 

20797824 
73088 

208709112 
828|0 

208791412 
8280 


—  7  (3*0489173396 
+  6 


—  1 


814464 


—  185536... 
166382592 

—  19153408 
18791228 

—362180 
208875 


—153305 
146212 

—7093 
6266 

—827 
626 


208873 


7 
9 


2088 


t 


—201 

188 

^~13 

12 


WW* 


i 
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Hence  the  three  roots  of  the  proposed  cable  equation  are 


*=  1-856895867 
x=  1-692021471 
«=— 8-048917889 


Note. — Since  each  successive  figure  in  the  decimal  part  of  die  root  extesd 
the  right  hand  column  three  places  of  decimals,  the  middle  column  tevpbca 
and  the  left  hand  column  one,  therefore,  in  the  contractions  we  must  at  d 
two  figures  from  the  left  hand  column,  one  from  the  middle  column,  and  bom 
from  the  right  hand  column;  and  thus  we  cutoff  in  effect  three  decimal  pka 
from  each  column. 

(2.)  Find  the  roots  of  the  equation  a3+U«*—102x+ 181=0. 
We  have  already  found  the  roots  to  be  nearly  3*21,  8-22,  and  —17.  (Sn 
Example  4,  page  300.) 


1  +  11 

—  102 

+   181 

(8-21312775 

3 

42 

—  183 

.     14 

—      60 

1 

• . . 

3 

51 

• 

—  992 

17 

—     9.. 

8  •  •  • 

3 

404 

6739 

202 

—     496 

1261.  . 

2 

408 

•  1217405 

204 

—        88.. 

43J97 

2 

2061 

—  34183 

2061 

—        6789 

9414 

1 

2062 

• 

—  6787 

2062 

—       4677. 

2627 

1 

6189 

9 
1 

—  2372 

206  88 

—        40580 

255 

3 

6  1908 

—  237 

206  36 

—        84389 

8 

18 

8 

206 

4 

—  16 

l-2|06|39 

—        84182 
206 

f 

2 

—        339716 

411 

—        839815 

—      '  SI8J8I9 

In  a  similar  manner,  the  two  remaining  roots  will  be  found  to  be$42tfSU 
and  — 1 7-44264896. 
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(3.)  Given  **+*»+*+a»— 100=0,  to  find  the  number  and  situation  of 
the  real  roots. 

By  Sturm's  method. 

Here  we  hate  X  =*4+*'+**+3*— 100 
X^x'+fc^+fcr+S 
X,=— 5**— 84*+ 1608 
X3=— 1132*+60,39 
X,=- 

Let  *  =  —  <x>  then  signs  are  + i three  variations, 

x  =r  +  a> +  -| oue  variation; 

hence  two  roots  are  real,  and  two  imaginary;  and  the  real  roots  must  have 
contrary  signs,  for  the  last  term  of  the  equation  is  negative.  To  find  the 
situation  of  the  roots. 

in  X  XiX*X3X<  in  X  XlX3X,X4 


Let  *  =s  0  signs h  +  H 

»=1.  .  ,_  +  +  +  _ 

*  =  2.  .   ._+++_ 

*  =  8.  .  .++++- 


Also  x  =      0  signs h  +  H 

*  =  — 1  .  .  ._  o  +  +  — 

«  =  —  2 .  .  . f-H 

*=  —  8.  ,  . h  +  — 

«=-4.  .  .+-,  +  +  - 

In  this  example,  the  function  Xt  vanishes  for  ar= — 1,  and  for  the  same 
value  of  *,  the  functions  X  and  X!  have  contrary  signs,  agreeably  to  Lemma 
2,  and  writing  +  or  —  for  0  gives  the  same  number  of  variations.  The 
initial  figures  of  the  root  are,  therefore,  2  and 


The  same  otherwise,  by  Button's  method. 

If  the  roots  of  this  equation  be  all  real,  the  permanencies  and  variation  indi- 
cate three  negative  roots  and  one  positive  root. 

(1.)  To  find  the  positive  root 

1  +  1  +  1+3—100(2    I     1  +  1+1+8—100(8 
3+7+17—  66         |  4+18-1-42+  26 

In  the  transformation  by  2,  one  variation  is  left,  and  in  transforming  by  3, 
there  is  no  variation  left;  therefore,  the  positive  root  is  between  2  aud  3. 

(2.)  For  the  negative  roots. 
Direct  Equation.  Reciprocal  Equation. 

1—1  +  1—3—100(1  —100—    3+     1—     1+     1(1 

0+1—2—102  —103—102—103—102 

1+2+0 
2+4 
3 

Here  two  variations  are  lost  in  the  direct  transformation,  and  no  variations 
are  left  in  the  reciprocal  transformation;  therefore,  the  two  roots  in  the  inter* 
val  0  and  — 1  are  imaginary. 

1—1  +  1—  8—100(8      |     1—1+  1—  3—100(4 
2+7+18—  46  I  3+18+49+  96 

Hence  the  negative  root  is  obviously  situated  between  —3  and 

v 
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To  find  the  negative  root,  we  have  the  following  operation:— 


— 1 
3 


2 
3 


5 
8 


8 
3 


114 

4 


118 

—  4 

122 
4 

1263 
3 


1266 
3 


1269 
3 

12  723 
8 

12  726 
3 

12  729 
3 

1-12(732 


+  1 
6 

7 
15 


22 
24 

lo7 
456 


•  • 


5056 
4  72 

5528 
488 

60  16-* 
3789 

605389 
37  98 

609187 
3807 

612994.. 
3816  9 

6133  7569 
38178 

6137  5747 
38187 

614139134 


63 


6 


6142  02 
63 


9 
6 


614266(5 
63|6 

|6 1|43|30 


—    3 
21 

18 
66 

84.  .  . 
20224 

104224 
22112 

126336  .  .  . 
1816167 

128152167 
1827561 

129979728. .. 
184012707 

130163740707 
184127241 

130347867941 
3 


— 100(3-43857786»5» 
54 

mmm  ^o. ... 
416696 


78679418 
071014b 


13037857809! 
3071332 


130 


4092914)21 
43003|l| 

91713 
00311 


1304135 
43 


130 


41789210 
480)0 


130418822 
430 


13041875 


x 


'mrrra 


—  43104.... 
384456501 

—  46583499.... 
390491222121 

—  75348767871 
65189289046 

— 101544788 
9128951481 

—  1025587412 

912928854 

—  1 12599158 
1O4SS5M0 


—47731 

»iat 

-8601 

J» 

-781 

fH 

-19 
11T 

it 


For  the  positive  root  we  have  a  similar  operation.— 

1     +  1         +1         +3        — 100(2-80285121815821 
but  this  we  shall  leave  for  the  student  to  perform,  and  the  two  food  ^' 
found  to  be 

x=      2-8028512181582  .  .  . 
*  =  —  3-4335778683659  .  .  . 
(4.)  Find  the  roots  of  the  equation  *5+2*4+3x»+4x1+5js-80=0. 
Here  we  have  X  =  *»+ 2*4+8*"+ 4x«+5»-^ 20 
X,=  5**+ 8*,+9w*+8*+ 5 
X«=  —7x,—21*t— 42*4-255 
X,=  — 13*+ 14 
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For  *  =  —  od  we  have  signs h  +  H two  variations; 

*  =  -f-  a> ++— one  variation. 

Hence  the  difference  of  variations  of  sign  indicates  the  existence  of  one  real 
and  four  imaginary  roots,  the  real  root  being  situated  between  1  and  2* 

1+2  +3  +4  +5  —  20  (1-125790  •• 

13  6  JO  15 

8*  <T  To"  15*  —  5 

1  4  10  20  387171 


4  10  20  85..  .  .        —  112829 

1  5  15  87171  87005 


5  15  35...  387171         —25824 

1  6  2171  39414  22265 


+   3 
3 

6 
4 

10 
5 

15 
6 

21.. 
71 

2171 
72 

2243 
73 

2316 
74 

6  21..  37171  42658(5  —3539 

1  71  2243  844  8186 


71  2171  89414  4350215  —   403 

1  72  2316  853l4  403 


72  2243  417130  44851 

1 


17  [30  448516 

4|7  21|5 


73  2316  422J0  445  711 

1  74  417  2ll5 


74       I  • -21890  42617  4471 


I  "75  |-4|81  44|8 

hence  the  real  root  is  nearly  1-125790;  and  by  using  another  period  of  ciphers 
we  should  have  the  root  correct  to  ten  places  of  decimals,  with  very  little 
additional  labour. 

Additional  Examples  for  Practice. 

(1.)  Find  all  the  roots  of  the  equation  x8— 3*— 1=0. 

(2.)  Fiud  all  the  roots  of  the  equation  ar— - 22x— 24=0. 

(3.)  Find  the  roots  of  the  equation  ar»+ a*— 500=0. 

(4.)  Find  the  roots  of  tho  equation  «s-f«2+*— 100=0. 

(5.)  Find  the  roots  of  the  equation  2x8-f  Sar8 — 4a:— 10=0. 

(6.)  Find  the  roots  of  the  equation  ar4—  12ar*+12a?— 3=0. 

(7.)  Find  the  roots  of  the  equation  a?4— 84^+  14a£+ 4a?— 8=0. 

(8.)  Find  the  roots  of  the  equation  x4— ar8+2*2-r-a?— 4=0. 

(9.)  Find  the  roots  of  the  equation  a?8— 10**+ 6*+ 1=0. 

(10.)  Find  the  roots  of  the  equation  ar5+3jr4+2ar3— 8**— 2x— 2=0 

(11.)  Find  all  the  roots  of  the  equation 

xS_j.4jfS-.ap4_  16**+ 1  1**+  12x— 9=0. 

(12.)  Given  the  equations 

4**— 5xy+6y»—  2jt—  10y+20=0 
3ar2— 8ay +4y8— 12*+  fy— 15=0 
to  find  the  values  of  x  and  y. 
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r=+ 1879385242 

(1.)  J  *=— 1-532088886 

p=—  -347296855 

*=  +5-1622776601 
(2.)\  x=— M622776601 


p=  +5-2360679775 
r=+  -7639320225 
p=  +2-7320506075 
-7820508075 


(8.)     *=7-6 1727975596 
(4.)     r=4-2644299731 
(5.)     *=  1-62481 90836 


(6.) 


r=  +2-858083308163 

*=  +  -60601830691Z 

p=  +  -443276989605 

•907378554685 


.    .   (4T=  +  1-146994592 
1  "'  **=—  I  -090593586 

r*=—  3-0653157912983 

«•=—  -6915762804900 

(9.)  J  *=_  -1756747992883 

*=+  -8795087084144 

>*=  +8-0530581626622 

(10.)     x=  1-05910900346 1882 

(11.)]  "^       '^-3'«1 
I  «1 


(12.)  The  biquadratic  equation 

48Q^— 125sy»+8928<yt—71 76y +25740=0, 
contains  the  four  values  of  y,  and  then  x  is  found  from  the  relation 

_2(yt— 83y+60) 
17y+42 


ON  INEQUATIONS.  . 

* 

177.  In  discussing  algebraical  problems,,  it  is  frequently  necessary  to 
introduce  inequations,  that  is,  expressions  connected  by  the  sign  7 .  Gene- 
rally speaking,  the  principles  already  detailed  for  the  transformation  of  equa- 
tions, are  applicable  to  inequations  also.  There  are,  however,  some  important 
exceptions  which  it  is  necessary  to  notice,  in  order  that  the  student  may  guard 
against  falling  into  error  in  employing  the  sign  of  inequality.  These  excep- 
tions will  be  readily  understood  by  considering  the  different  transformations  in 
succession.* 

I.  If  we  add  the  same  quantity  to,  or  subtract  it  from,  the  too  members  of 
any  inequation,  the  resulting  inequation  unit  always  hold  good,  in  the  soma 
sense  as  the  original  inequation.    That  is,  if 

a  7  b,  then  a+d  7  b+d,  and  o— d  7  5— d* 


•  SrampU  in  Inequation*. — The  double  of  a  number  diminished  by  6  b  greater  then  H «  and 
triple  the  number  diminished  by  6  is  leu  than  double  the  number  increased  by  10.  Required  a 
Dumber  which  will  fulfil  the  conditions. 

Let  m  represent  a  number  fulfilling  the  conditions  of  the  question;  then,  in  the  language  of  inequa- 
Uons,  we  hare  2m— 6  7 14,  and  5*— 6lle+10.  From  the  former  of  these  inequations  we  bare 
1*7  30,  or  #715;  and  from  the  latter  we  get  3#— l#ll0+6,or  ml  16 i  therefore  IS  and  16  are  the 
limits,  and  any  number  between  these  limits  will  satisfy  the  conditions  of  the  question.  Thus,  If  we 
take  the  number  15*9  we  hare  15*»x  1— 6 7 14  by  1*8,  whilst  li*6x  S— 6 L  M'f  "  1+ 10  by  1. 
iples  may  easily  be  formed 
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Th.s, 
8^*3,  we  have  still,  8f  5-78+6,      and      8  —  473-  &. 

60  also, 
—  3 ^—2,  and  we  hare  still  —  3+ 6^  —  2+ 6,  and —3  —  6^—2  — 6. 

The  troth  of  this  proposition  is  evident  from  what  has  been  said  with  reference 
to  equations.. 

This  principle  enables  us,  as  in  equations,  to  transpose  any  term  from  one 
member  of  an  inequation  to  the  other,  by  changing  its  sign. 

Thus,  from  the  inequation, 

We  deduce 

a1  +  2a1-736t—  b* 

Or, 

8flJ7248. 

\L  If  we  add  together  the  corresponding  members  qf  too  or  more  inequations 
which  hold  good  in  the  same  sense,  the  resulting  inequation  will  always  hold  good 
in  the  same  sense  as  the  original  individual  inequations. 
That  is,  if 

a-7A,  C7i,  e~rf 
Then, 

a  +  c+ezrb+d+f. 

III.  But  if  we  subtract  the  corresponding  members  of  two  or  more  inequations 
which  hold  good  in  the  same  sense,  the  resulting  inequation  will  not  always  hold 
good  in  the  same  sense  as  the  original  inequations. 

Take  the  inequations  4  <£.  7,  'IzL.  3,  we  have  still  4  —  2  «£.  7  —  3,  or  2  ^.4. 

But  take  9^1  10  and  6  ^-  8,  the  result  is  9  —  6  7  (not  «£.)  10  —  8,  or 
3-72. 

We  must  therefore  avoid  as  much  as  possible  making  use  of  a  transformation 
of  this  nature,  unless  we  can  assure  ourselves  of  the  sense  in  which  the  resulting 
inequality  will  subsist. 

IV.  If  we  multiply  or  divide  the  two  members  of  an  inequation  by  a  positive 
quantity t  the  resulting  inequation  will  hold  good  in  the  same  sense  as  the  original 
inequation. 

mm 

a        b 

Thus,  if  a^.b%       then       ma^Lmb.  —  zl~- 

^  •  '  m       m 

a  b 

—  a-??  —  b,  then  — «a-7— nb%  — — "7— — 

n  n 

This  principle  will  enable  us  to  clear  an  inequation  of  fractions. 
Thus  if  we  have 

fl»  — 6f         c*  — <*!. 

2d      ~^        3a 

Multiplying  both  members  by  6  a  d  it  becomes 

da\ad—b>  )  T  2d(c*  —  4*f 
Bat, 
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V.  If  we  multiply  or  divide  the  two  members  of  an  inequation  by  a  «$•&« 
quantity,  the  resulting  inequation  will  hold  in  a  sense  opposite  to  that  of&t 
original  inequation. 

Thus,  if  we  take  the  inequation  8"7  7,  multiplying  both  meabw  by— S,fi 
have  the  opposite  inequation,  — 24^1 —  21. 

8  7  8  7 

Similarly,  8  "7  7,  but  — ^-g  ^-  — s,  or  —  -=-  ^1  —  «j. 

VI.  We  cannot  change  the  signs  of  both  members  of  an  inequation,  unka  m 
reverse  the  sense  of  the  inequation,  for  this  transformation  is  manifestly  tkt  mm 
thing  as  multiplying  both  members  by  — 1. 

VIL  If  both  members  of  an  inequation  be  positive  numbers,  we  can  rem  Asm 
to  any  power  without  altering  the  sense  of  the  inequation*    That  is,  if 

az?b  then  a*~7b\ 

Thus  from    5t"3  we  haye  (S)*t(*} f  or  25 79. 
So  also  from  (a  -f-  b)  *7"  c,  we  hare  (a  -f-  by  -7  c  \ 
But, 

V1U.  Tfboth  members  of  an  inequation  be  not  positive  numbers,  uecenwte* 
termine,  a  priori,  the  sense  in  which  the  resulting  inequation  will  hold  evod,mum 
the  potver  to  which  they  are  raised  be  of  an  uneven  degree. 

Thus,— 2^3       gives  (—2)*^      (3)f  or       4   -£.9 
But,     —3-7  —  5  gives  (—  3)* <£-{—  5)1  or       9  ^Ltt 
Again,  — 3-7  — 5  gives  (— 3) » "7  (— .5)  •  or  —  27*7—  L& . 

In  like  manner, 

IX.  We  can  extract  any  root  of  both  members  of  an  inequation  without  mmrkf 
the  sense  of  the  inequation.     That  b,  if 

a'P'b  ,  then,  \/a^myb. 

If  the  root  be  of  an  even  degree  both  members  of  the  inequation  must 
airily  be  positive,  otherwise  we  should  be  obliged  to  introduce  ii 
tities,  which  cannot  be  compared  with  each  other. 
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ARITHMETICAL  PROGRESSION 


Wwtx  m  series  of  qaaaiilies  ooasJawaDy  i 
«ractkm  of  tl»  sasse  qajmtity,  tl»  owiftti^ 


m  the  tmrnben  1,  ^  5,  7, which  differ  frees  each  other  by  At 

of  *  to  each  MCMin  tern,  form  what  b  called  <m  meremsima 

ofoiioi,  and  the  mnbm  100,  97,  9*,  91, which  differ 

by  the  eabtracUon  a/  3  free*  each  swcosssire  tarsi,  Ibna  what  ia  callad 


orally,  if  a  be  the  first  term  of  aa  ■Itfissetlcal  progiemion,  and  1  the 
ifaraoca,  the  swcceenva  lanaa  of  the  series  aril  be 


«,«  +  *  «±tH  -±3*—.- 

Hi  tha  positive  or  iiegathre  sign  will  ba  awntoyad,  aaajHhaj  aa  0m  aeriea 
arswaeinsj  or  decreastnaj  progresBMWj* 

r«  tot  nuafirtaal  of  J  in  tha  second  tena  is  1,  tn  tha  third  iena  2,  io  the 
:*,  and  so  on,  the  a*  Una  of  the  paries  will  be  of  tha  form 

a±(— l)s. 


i 


hat  641o«n  wa  thall  consider  the  progression  as  an  increasing  one,  sinr* 
r^Milu  which  we  obtain  can  be  immediately  applied  to  a  decreasing  aerie* 
jiging  the  sign  of  o> 
Tv  find  the  sum  of  n  terms  of  a  series  in  arithmetical  progression. 

Let  a    —  first  term* 
...    /    =  last  term. 
...    I    =:  common  difference. 
...    a    =  number  of  terms. 
...    S  =  sum  of  the  series. 
S=       a     +  (fl+o)+(«+5o)  + + /. 

la  the  same  series  in  a  reverie  order,  and  we  have 

8=      /     +  (/_|)  +  (/_2l)+ +  « 

*    SS  =  (a+/)+(«+/)  +  (a+D   + +  («  +  *) 

=  a  («  +  0  since  the  series  consists  of  i 
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...     8  =  !±±J>._ X„ 

Or,  since      /   =  a  +  (« — 1)1 

s  «  *»«+"(»-')> (8> 


Hence,  if  any  three  of  the  five  quantities  a,  {,*,*,  3,  he  given,  tat ; 
wo  may  be  found  by  eliminating  between  equations  (1)  and  (2). 

It  is  manifest  from  the  above  process  that 

The  sum  of  any  two  terms  which  are  equally  distant  from  the  extant  If* 
w  equal  to  the  sum  of  the  extreme  terms,  c^  if  the  number  of  term  in  At  $am 
be  uneven,  the  middle  term  will  be  equal  to  one-half  the  sum  of  the  atrmt  wn\ 
or  of  any  two  terms  equally  distant  from  the  extreme  terms* 

•■'  Example  1. 

Required  the  sum  of  60  terms  of  an  arithmetical  series,  whose  snttssbl 
ana  common  difference  10. 

Here,  a=5,  9=10,  n=60 

.-.   /=a+(fi— 1)«=5+59X  10=596 
%  A—  (5+595)  X  60 
2 
=600X30=18000=  sum  required. 

Example  2. 

A  body  descends  in  vacuo  through  a  space  of  16^  feet  during  the  fast 
of  its  fall,  but  in  each  succeeding  second  32J  feet  more  than  in  the  eat 
diately  preceding.     If  a  body  fall  during  the  space  of  20  seconds,  how 
will  it  fall  in  the  last  second,  and  how  many  in  the  whole  time  1 

193     %       2k-6  _ 

Here,  a  =  yg,«=jg,«  =  S0 

7527 
=  -jj  =  627$  feet 

g       (193  + 7527)  X  20 
2X12 
_  77200 
"~      12 
=  6433f  feet 

Example  3. 

To  insert  m  arithmetical  means  between  a  and  b. 

Here  we  are  required  to  form  an  arithmetical  series  of  which  the  fat  mi 
last  terms,  a  and  5,  are  given,  and  the  number  of  terms  =  m  +  2 ;  in 
to  determine  the  series  we  must  find  the  common  difference. 

Mil  minuting  S  by  equations  ( L)  and  (2),  **  have 
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2a  +  (n— 1)1  =  /+  a 

*  =  '—* 
*— l 
But  here,    /  =  b,   a  =  o,   »  s  m  +  £ 

•a.  the  required  series  will  be 
Or, 

*r    m+l     +  w+1  + ~+      „+r     +  * 

Or, 


'  .■*> 


°+   m+l  +— m+l + -     m+t     +  "«"+j"  +  b 

Ex.  4.  Required  the  sum  of  the  odd  numbers  1,  3,  5,  7,  9,  &&  continued  to 
101  terms?  Ans.  10201. 

Ex.  5.  How  many  strokes  do  the  clocks  of  Venice,  which  qo  on  to  24  o'clock, 
strike  in  the  compass  of  a  day  r  Ans.  300 

Ex.  6.  The  first  term  of  a  decreasing  arithmetical  series  is  10,  the  common 
difference  £,  and  the  number  of  terms  21 ;  required  the  sum  of  the  series  ? 

Ans.  140. 

Ex.  7.  One  hundred  stones  being  placed  on  the  ground,  in  a  straight  line,  at 
the  distance  of  2  yards  from  each  other;  how  far  will  a  person  travel,  who  shall 
bring  them  one  by  one  to  a  basket,  which  is  placed  2  yards  from  the  first  stone  ? 

Ans.  1 1.  miles  and  840  yards. 


GEOMETRICAL  PROGRESSION. 

180.  A  series  of  quantities,  in  which  each  is  derived  from  that  which  immedi- 
ately precedes  it,  by  multiplication  by  a  constant  quantity,  is  called  a  Geome- 
ttival  Progression. 

Thus;  the  uumbers  2,  4,  8,  16,  32,  ...  .  in  which  each  is  derived  from  the 
preceding  by  multiplying  it  by  2,  form  what  is  called  an  increasing  geometrical 
jtrugression;  and  the  numbers  248,  81,  27,  9,  3,  .  .  .    in  which  each  is  derived 

from  the  preceding  by  multiplying  it  by  the  number  -=-,  form  what  is  called  a 
dftreasing  geometrical  progression. 

The  common  multiplier  in  a  geometrical  progression,  is  called  the  common 
ratio. 

Generally,  if  a  be  the  first  term,  and  g  the  common  ratio,  the  successive  terms 
of  the  series  will  be  of  the  form, 

fl.^.fl?1.^' 

The  exponent  of  (  in  the  second  term  is  lt  in  the  third  term  is  2,  in  th# 
fomth  ttnn  3,  and  no  on ;  hence,  the  «'*  term  of  the  series  will  be  of  the  form, 


CR 
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181,  To  find  the  sum  of  n  terms  of  a  series  in  Geometrical  Progression* 

Let  a   =  first  term 
...    /    =r  last  term 
...    £    =z  common  ratio 
...    n  =  number  of  termt 
...    S  =r  sum  of  the  series 
Then, 

8  =  a  +  fl^  +  «e*  +  °e8+ +  «e'~l 

Multiply  both  sides  of  the  equation  by  £, 

.-.  8e  =  ae-f-  flg2  +  ae*+ +  «?— !  +  o 

Subtract  the  first  from  the  second, 

8(g  —  1)    =    aen  — a 

...  s  =  ^ — -±c „ (n 

Or,  since, 

e— 1 

If  the  series  be  a  decreasing  one,  and  consequently  g  fractional,  it  will  be 
convenient  to  change  the  signs  of  botn  numerator  and  denominator  in  th*  above 
expressions,  which  then  become, 

s  =  V^ 

Hence,  it  appears,  that  if  any  three  of  the  Aw  quantities,  a,  (  g,  ji,  8,  be 
given,  the  remaining  two  may  be  found  by  eliminating  between  equations  (I) 
and  (£).  It  must  be  remarked,  however,  that  when  it  is  required  to  find  g  from 
a,  n,  S  given,  or  from  n,  i,  8  given,  we  shall  obtain  g  in  an  equation  of  the 
n*  degree,  which  cannot  be  solved  generally. 

Example  1. 
Required  the  sum  of  10  terms  of  the  series  1,  3,  4,  8,     •  •  • 

Here,  a  =  1,   (=2,  *  =  10 

e  — l 
=  *>•— l 

=  10*3 
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oIJ 


Example  £ 

2      4      £ 

Required  the  sum  of  10  terms  of  the  series  1,  -~   — ,  3     .  .  .  . 

2 
Here,    a  =  1,    {  z=  — ,    n  =  10 


.-.  s  = 


i  — 


e 


■-4 

174075 
69049 


Example  3. 

To  insert  nt  geometric,  means  between  a  and  ft. 

Here  we  are  required  to  form  a  geometric;  series,  of  which  the  first  and  tost 
terms/  a  and  ft,  are  given,  and  the  number  of  terms  =  m  -f-  2;  in  order,  then, 
to  determine  the  series,  we  must  find  the  common  tatio. 

Eliminating  S  by  equations  (i)  and  (2), 

a  f  ■— -a  =   g/  —  a 
/  =  ft,    »   =   m  +  2 


But  here, 


j4 


Hence,  the  series  required  will  be, 


ft'"+l 


or, 


tr-j.  ai+iytr*! -f-m+ya»-i6«+...4.  m+(/a'ftm->  +  ro+^/aft«n+ft 
or, 


m  1 


m— 1       9 


8       m_l 


I  m 


fl-J_am+l  £a>+l  -f-  flin+l  ftra+l   +...+  am+1  ftm+l     +  «'»+•  ft™*1  -f-  ft 


182.  To  find  the  sum  of  an  infinite  series,  decreasing  in  geometrical  progression, 

We  hare  already  found,  that  the  sum  of  n  terms  of  a  decreasing  geometrical 
s<  rtes,  is. 


i  — 


which  may  be  put  under  the  form. 
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a  a 


8   = 


l  —  •  ""  J  —  p*  * 


Since  g  is  a  fraction,  g  n  is  less  than  unity,  and  the  greater  the  number  n,  the 
•mailer  will  be  the  quantity  *  n ;  if,  therefore,  we  take  a  very  great  number  of 

terms  of  a  decreasing  series,  the  quantity  g  °,  and,  consequently,  the  term  t— * — • 


will  be  very  small  in  comparison  with  -. ;  and  if  we  take  n  greater  than  any 

assignable  number,  or  make  n  =  a>,  then  g  ■  will  be  smaller  than  any  assign- 
able number,  and  therefore  may  be  considered  =  0,  and  the  second  term  in 
the  above  expression  will  vanish. 

Hence,  we  may  conclude,  that  the  sum  of  an  infinite  series,  decreasing  in 
geometrical  progression,  is, 


8   = 


1  — 


Strictly  speaking, is  the  limit  to  which  the  sum  of  any  number  of 

terms  approaches,  and  the  above  expression  will  approach  more  or  less  nearly 
to  perfect  accuracy,  according  as  the  number  of  terms  be  greater  or  smaller. 

Thus,  let  it  be  required  to  find  the  sum  of  the  infinite 

1  +  "o    +    q-  +  07  +  ** 


Here,    fl  =  1,    e=T»    *=°° 


3^9^  27 
3 


S    = 


—  e 

i 

"~      2 

3 
The  error  which  we  should  commit  in  taking  —  for  the  sua  of  the  fits*  a 

terms  of  the  above  series,  is  determined  by  the  quantity, 

Tl«*  if  .  =  5,  then,  |  (1)'   =273-.=  !^ 
«  =  6,  then,T^5;     =  _-  =  _ 

3 
JHeoce,  if  we  take  ^-  as  the  sum  of  5  terms  of  the  above  series,  the  amount 

^ould  U  too  great  by —• 
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3  } 

U  we  take  jnthe  sum  cf  6  terms,  the  amount  would  be  too  great  by  vggi 


HARMONICAL  PROGRESSION. 

188.  A  aeries  of  quantities  are  said  to  be  in  harmonical  progression,  when,  if 
any  three  consecutiYe  terms  be  taken,  the  first  is  to  the  third  as  the  difference  of 
the  first  and  second  to  the  difference  of  the  second  and  third. 

Thus,  if  a,  6,  c,  d,  ....  be  a  series  of  quantities  in  harmonical  progression, 
we  shall  harci, 

a  :  c  ::  a — o  :  b —  c;    bid::  b  —  c  :  c —  d;  &c. 

184.  The  reciprocal*  of  a  series  of  term*  in  harmonical  progression  are  in  arith- 
metical progression. 

Let  a,  fl,  c,  d,  e,  £  .  •  .  .  be  a  series  in  harmonical  progression, 

Then,  by  definition, 

a:c::a — b  :b — c;  b:  dub — cic—d;  c  :  «::  c — rf:  d —  «;  &c 
•\  ab — ac  =:  ac — be,  be — M  =  W — if,  cd —  ce  s  a — ed,  &e» 

^       ac         ac       be      be       bd  __  bd       dc_     cd       ce   _    ee       ed 

"  aS      abc  "~  o5c      aic*   8c3"""5ed  ""  Scd     6a?   ede      «£  "~  cde      cde 

2_       1 LJ.1  ,—   i.        ,-LJ 1        1 

°*'  c  —  0    —    0  —  <,      3  —  "7   —    c  ""  T*     •  ~  d    —    d~"c 

from  which  it  appears,  that  the  quantities  — ♦    -r-»    -ri    -r>   -7,  &c.   are  in 
arithmetical  progression. 

To  insert  m  harmonic  means  between  a  and  6. 

Since  the  reciprocals  of  quantities  in  harmonical  progression  are  in  arithme- 
tical progression,  let  us  insert  m  arithmetic  means  between  —  and  -r  • 

Generally  in  arithmetical  progression, 

l=za  +  (n—  1)) 
it —  1 

In  this  case  /=  rfc  =  -,»  =  »  +  2,  and  .:  n  —  l=m+U 

The  arithmetic  series  will  be 
1     ,      a+mb      .    2a+(m—  1)6    ,  (m_l)a+g6  ma+6     ,    I 

«    +  (m+l)e6  +      (m+l)a&     +  (m+l)a6     +  (m+l>a+  "J 
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Therefore  the  harmonical  series  will  be 


,   (m+l)ab    .       (m+\)ab      ,  Km+\)ab  {m+i)ab 

a+    a+mb     +  »a+(**— IJ6"1" "*"  (to— l)a+2b  "*"     ma+6     T  • 


ON  PERMUTATIONS  AND  COMBINATIONS. 

185.  The  Permutations  of  any  number  of  quantities  signify  the  changes 
which  these  quantities  may  undergo  with  respect  to  their  order. 

Thus,  if  we  take  the  quantities  a,  6,  c ;  then,  a  b  c,  a  c  b,  b  a  c,  b  c  a, 
c  a  b,  c  b  a,  are  the  permutations  of  these  three  quantities  taken  all  together  ; 
ab,  ac,  ba,  be,  ca,  cb,  are  the  permutations  of  these  quantities  taken  two 
and  two  ;  a,  b,  c,  are  the  permutation  of  these  quantities  taken  singly,  or  one  and 
one,  &c 

The  problem  which  we  propose  to  resolve  is, 

186.  To  find  the  number  of  the  permutations  of  n  quantities,  taken  p  and  p 
together. 

Let  a,  b,  c,  d,  k,  be  the  n  quantities. 

The  number  of  the  permutation  of  these  n  quantities  taken  singly,  or  one  and 
one,  is  manifestly  n. 

The  number  of  the  permutations  ot  tnese  n  quantities,  taken  two  and  two 
together,  will  be  n  (n  —  IX     For  since  there  are  n  quantities, 

a,  bt  c,  <*,.... k 

If  we  remove  a  there  will  remain  (m  —  1)  quantities, 

b,  c,  a\ k 

Writing  a  before  each  of  these  (n  —  1 )  quantities,  we  shall  have 

ab,  ac,  ad, ak 

That  is,  (n  —  1)  permutations  of  the  n  quantities  taken  two  and  two,  in  which 
a  stands  first.  Reasoning  in  the  same  manner  for  b,  we  shall  have  (»  —  1) 
permutations  of  the  n  quantities  taken  two  and  two,  in  which  b  stands  first,  and 
so  on  for  each  of  the  n  quantities  in  succession,  hence  the  whole  number  of  per- 
mutations will  be 

ii  {n  —  1) 

The  number  of  the  permutations  of  n  quantities  taken  three  and  three  toge- 
ther is  n  (»— I)  (n  —  2).  For  since  there  are  n  quantities,  if  we  remove  a  there 
will  remain  (n  —  1)  quantities;  but,  by  the  last  case,  writing  (»  —  1)  for  »,  the 
number  of  the  permutations  of  (n —  1)  quantities  taken  two  and  two  is  (»  —  1 ) 
(n  —  2) ;  writing  a  before  each  of  these  (n  —  1)  (»  —  2)  permutations,  we  shall 
have  (n  —  I*  _(»  —  2)  permutations  of,  the  n  quantities  taken  three  and  three, 
in  which  a  stands  first.    Reasoning  in  the  same  manner  for  b.  we* Khali  have 
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(n  —  1)  (•  —  2)  permutations  of  the  »  quantities  taken  three  and  three  in 
whkh  b  stands  fust,  and  so  on  for  each  of  the  n  quantities  in  succession,  hence 
the  whole  number  of  permutations  will  be 

n  (»  —  1)  (»  —  2) 

In  like  manner  we  can  prove  that  the  number  of  permutations  of  »  quantities 
taken  four  and  four  will  be 

n  (n  —  \)  (»  —  2)  (»  —  3) 

Upon  examining  the  above  results,  we  readily  perceive  that  a  certain  relation 
exists  between  the  numerical  part  of  the  expressions,  and  the  class  of  permuta- 
tions to  which  they  correspond. 

Thus  the  number  of  permutations  of  n  quantities,  taken  two  and  two,  is 

n  (»  —  1)  which  may  be  writtep  under  the  form  n  (n  —  2  -f-  1) 

Taken  three  and  three,  it  is 
it  (n  —  1)  (»  —  2)  which  may  be  written  under  the  form  n  (»  —  1 )  (ft  —  3+  I) 

Taken  fiur  and  four,  it  is 

n  (n  —  1)  (it  —  2)  (n  —  3)  which  may  be  written  under  the  form  n  (n  —  1) 

(»  — 2)  (ft  —  4  +  1) 

Hence  from  analogy  we  may  conclude,  that  the  number  of  permutations  of  n 
things,  taken  p  and  p  together,  will  be 

»  («  —  I)  (»  —  *)  (•  —  3> (ft  —  p  +  1) 

In  order  to  demonstrate  this,  we  shall  employ  the  same  species  of  proof 
already  exemplified  in  (Arts.  39  and  89),  and  show  that,  if  the  above  law  be 
assumed  to  hold  good  for  any  one  class  of  permutations,  it  must  necessarily  hold 
good  for  the  class  next  superior. 

Let  us  suppose,  then,  that  the  expression  for  the  number  of  the  permutations 
of  n  quantities  taken  (p  —  1)  and  (p  —  1)  together  is 

»  (h  —  1)  (»  —  2)  (»  —  3) {»  —  (p  —  1)  +  1} (A) 

It  is  required  to  prove  that  the  expression  for  the  number  of  the  permutations 
of  n  quantities,  taken  p  and  p  together,  will  be 

n  (a  —  1)  (ii  —  2)  (»  —  3) (ft  —  p  +  1) 

Remove  a  one  of  the  n  quantities  a,  b,  c,d A,  then  by  the  expression 

(  A),  writing  (»  —  1 )  for  n,  the  number  of  the  permutations  of  the  (n  —  1)  quan- 
tities b,  c,  d. A,  taken  (p —  1)  and  (p —  1,  will  be 

r„—  I)  (»  —  2)  (»  —  3) {(»—  1)  —  (p  —  1)+1} 

Or, 

(«  —  D(n  —  2)  (ii  —  3) (»—  p+\) 


a  before  each  of  these  (ft —  1)  (a  —  2)  («  —  3) (« — p  +  1) 

permutations,  we  shall  have(n —  1)  (n  —  2)  (ft  —  3) (ft — p+  1)  permu- 
tations of  the  n  quantities,  in  which  a  stands  first    Reasoning  in  the  same  manner 
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for  6,  we  shall  have (a —  1)  (» —  2)(n — 3) (n —  p+  1)  permutations 

of  the  it  quantities  in  which  o  stands  first,  and  so  on  for  each  of  the  n  quantities 
in  succession,  hence  the.  whole  number  of  permutations  will  be 

w(n  — ])(«  —  2)(ft-S) (»—  p+\) (1) 

Hence  it  appears,  that,  if  the  above  law  of  formation  hold  good  for  any  one 
class  of  permutations,  it  must  hold  good  for  the  class  next  superior;  but  it  has 
been  proved  to  hold  good  when  p  =  2,  or  for  the  permutations  of  ft  quantities 
taken  two  and  two,  hence  it  must  hold  good  when  p  =  3,  or  for  the  permuta* 
tion  of  ft  quantities  taken  three  and  three,  .*.  it  must  hold  good  when  j>  =  4, 
and  so  on.    The  law  is,  therefore,  general 


Example. 

Required  the  number  of  the  permutations  of  the  eight  letters,  a,  bt  c,  a\  e,  f> 

gt  A,  taken  5  and  5  together. 

■ 

Here 

ft  =z  8,  p  =  6,  ft  — p  +1=4  hence  the  above  formula* 

»  (»  —  l)(ft  —  «) (•  —  J>+D  =  8X7X6X5X4  =  6780 

the  number  required. 

187.  In  formula  (1)  let  p  =  »f  it  will  then  become 

ft  (ft  — 1)(»  —  2) 2  .   I 

Or, 

1  .  ».  3 .. -(«— 1)« (8) 

Which  expresses  the  number  of  the  permutations  of  »  quantities  taken  all 
together.* 

Example. 
Required  the  number  of  the  permutations  of  the  eight  letters,  a,  b,  c,  d»  vt 

/  y>  *• 

Here  »  =  8,  hence  the  above  formula  (2)  in  this  case  becomes, 

1.2.3.4.5.6.7.8=  40320 

the  number  required. 

1 88.  The  number  of  the  permutations  of  «  quantities,  supposing  them  all  difr 
lerent  from  each  other,  we  have  found  to  be 

*  1.2.  3 (ft—  1)  * 


•  Many  writer*  on  Algebra  eonflno  the  term  permutatiout  to  thk  daaa  whan  the  quaUte  are 
taken  ail  togothor,  and  give  the  title  of  arrangomontt,  or  vortiifliMi  to  thegronpea  of  the  •  < 
when  taken  two  and  two,  thro*  and  tkroo,  four  and  four,  &&    The  introduction  of  \ 
aeaifnafinni  appear*  uiineeoeaary,  but  in  using  the  word  permutation*  abeolataty, 
undarttftftd  to  mean  those  represented  by  formula  (S),  a"**"  *•  contrary  ha 
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But  if  the  same  quantity  be  repeated  a  certain  number  of  times,  then  it  is  ma- 
•afest  that  a  certain  number  of  the  above  permutations  will  become  identical. 
Thus,  if  one  of  the  quantities  be  repeated  «  times,  the  number  of  identical 

permutations  will  be  represented  by  i  .  2 .  3 *,  and  hence,  in  order  to 

obtain  the  number  of  permutations  different  from  each  other,  we  must  divide 
(2)  bj  1.2.  3 «,  and  it  will  then  become 

1  .  g  .  3 (*  — ■  I)  n 

1.2.  3 « 

If  one  of  the  quantities  be  repeated  « times,  and  another  of  the  quantities  be 

repeated  /3  times,  then  we  must  divide  by  1  .  2 «  X   1  •  2 fi; 

and,  in  general,  if  among  the  n  quantities  there  be  «  of  one  kind,  ft  of  another 
kind,  y  of  another  kind,  and  so  on,  the  expression  for  the  number  of  the  per- 
mutations different  from  each  other  of  these  n  quantities  will  be 

1  .  2 «  X   1.2 /S  X   1  .  2 y,  &c. W 


Example  I. 

Required  the  numbers  of  the  permutations  of  the  letters  in  the  word  algebra. 
Here  «  =  7,  and  the  letter  a  is  repeated  twice,  hence  formula  (3)  becomes 

— '- — - — j — £ — : —  =  2520  the  number  required. 


Example  2. 

Required  the  number  of  the  permutations  of  the  letters  in  the  word 
caifaattatadaddura. 

Here  »  n=  18,  a  is  repeated  eight  times,  c  twice,  d  tlirice,  r  twice,  hence  the 
number  sought  will  be 

1.2.3.4.5.6.7.8,  9.  10.11.  12.13.14.15.  10.  17.18  ^m^uun 

'  -TX3.4.5.0.7.8  X   1.2  X   1.8.3"  X   1.8 =    66l6209tr' 


Example  3, 

Required  the  number  of  the  permutations  of  the  product  ax  b1  c  ",  written 
at  full  length. 

Here  «  =  x  +  y  +  *,  the  letter  a  is  repented  x  times,  the  letter  b,  y  times 
and  the  letter  c,  z  times ;  the  expression  sought  will  therefore  be 

I  .  2  .  3 (X+y  +  r\ 

"1.2.  3 x  X   1.2*.  3 y  X  1  .  2  .  3 \z 

189.  The  Combinations  of  any  number  of  quantities,  signify  the  different  collec- 
tions which  may  be  formed  of  these  quantities,  without  regard  to  the  oidtr  in 
trhioh  they  are  arranged  in  each  collection. 
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Thus  the  quantities  a,  b,  e,  when  taken  all  together,  will  form  only  one  com- 
bination, abc\  but  will  form  six  different  permutations,  abc,  acb,  bac,  bca,  cab, 
cba ;  taken  twe  and  tno  they  will  form  the  three  combinations  ab,  ac,  be,  and 
the  six  permutations  ab.  ba,  an,  ca,  be,  cb. 

The  problem  which  we  propose  to  resolve  is, 

]  90.  To  find  the  nu.jiber  of  th\i  combinations  of  u  quantities,  taken  p  and  p 
together. 

Let  the  number  of  combinations  required  be  x: 

Suppose  these  x  combinations  to  be  formed  and  to  be  written  one  after  the 
other,  in  a  horizontal  line ;  write  below  the  tirst  of  these  all  the  permutations 

of  the  p  letters  which  it  contains,  and  since  the  number  of  these  is  1 . 9. 3 p 

(=  y  suppose  )t  we  shall  have  a  vertical  column  consisting  of  y  terms ;  the 
second  term  of  the  horizontal  line  will,  in  like  manner,  give  another  verticnl 
column  consisting  of  y  terms,  being  all  the  permutations  of  the  p  letters  which 
it  contains,  one  at  least  of  which  is  different  from  those  in  the  combinations 
already  treated  o£  The  third  combination  will,  in  like  manner,  give  y  terms 
differing  from  all  the  others.  We  shall  thus  form  a  table  consisting  of  x 
columns,  each  of  which  contains  y  terms  \  and  on  the  whole  xy  results,  which 
are  evidently  all  the  permutations  of  the  n  letters,  taken  p  and  p  together,  none 
being  either  omitted  or  repeated;  we  shall  therefore  have  by  formula  (IX 

xy    =    n(»— 1)(»— 2) (n—  p+l) 

.     M   _    »(»— 1)(»-2) (»-r+i) 

y 

_     n(n-  l)(n  — 2) («  —  p+  1)  ,  . 

""  1  .  2.3 (;>  —  \)p     W 

the  expression  required. 

Hence  we  perceive,  that  the  number  of  the  combinations  ofn  quantities,  taken  p 
and  p  together,  is  equal  to  the  number  of  the  permutations  of  n  quantities,  taken 
p  and  p  together,  divided  by  the  number  of  the  permutations  o/p  quantities  taken 

all  together. 

There  is  a  species  of  notation  employed  to  denote  permutations  and  com- 
binations, which  is  sometimes  used  with  advantage  from  its  conciseness. 

The  number  of  the  permutations  of  n  quantities,  taken  p  and  p, 

are  represented  by (it  P  p) 

The  number  of  the  permutations  of  n  quantities,  taken  all  together, 

are  represented  by .'. (sPn) 

The  number  of  the  combinations  of  n  quantities,  taken  p  and  p, 

are  represented  by 1 (nCp) 

and  so  on.     It  is  manifest  that  the  above  proposition  may  be  expressed  accord 
ing  to  this  notation  by 

(nCp)  =  hrefr 
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METHOD  OF  UNDETERMINED  COEFFICIENTS. 

191.  The  method  of  undetermined  coefficients  is  a  method  for  Hie  expad 
sion  or  development  of  algebraic  functions  into  infinite  series,  arranged 
according  to  the  ascending  powers  of  one  of  the  quantities  considered  as  a 
variable.     The  principle  employed   in  this  method  may  be  stated  in  the 
following 

Theorem. 

If  the  series  A+B*-f  Ca*+Da,+  &c,  whether  finite  or  infinite,  be  equal 
to  the  series  A1+BI*+C1£2+DV+  &&,  whatever  be  the  value  of  «»  then 
the  coefficients  of  the  like  powers  of  *  must  be  the  same  in  each  series;  that 
is,  A=A\  B=»,  C=xC\  D=Dr>  &c. 
For  since 

A+B*+Ca!*+D*i+  &c.  =AI+B1*+C,**+DI*,-t-  &c. 
by  transposition  we  have 

(A— A»)+(B—  B,)x+(C— Cy+(D- D,)x3+  .  ...  =0. 
New,  if  all  or  any  of  these  coefficients  were  not  =0,  the  equation  would 
determine  particular  values  of  *,  and  could  only  be  true  for  such  particular 
values,  which  is  contrary  to  the  hypothesis.    Hence  we  must  have  A — A!=0, 
B— BV=a  C— ^=0^  Ac,  and  therefore 

A=A»,  B=B\  C=C\  &c 

Examples. 

(\,\  Expand  the  fraction .  into  an  infinite  series. 

Assume  __L_:^A  +  Bjf+C*rHD*,+B*4+  . 

I—  2* +3* 

then,  multiplying  ty  V~-2*+**»  we  have 

1=A+  B*+  Ca*+  LV-h  E*«+  .... 
— 2A#— 2B*«— 2Ca»— 2D*4—  .... 
+  A**+  B**+   (V+  .... 
hence,  by  the  preceding  theorem,  we  have 

B— 2A==0  B=2A       =2 

C— 2B+  A=c0  C=2B—  A=3 

D— 2C+B=0  D=2C— B=4 

E— 2D+C=0  E=2D— C=5 

Ac  Ac. 


.  .  . 


Therefore  j^JU-*  =  l+2*+3*t+4*3+5*4+6*s+ 


This  example  has  been  chosen  to  illustrate  the  method  of  expansion  by 
undetermined  coefficients;  but  the  development  can  be  obtained  by  division 
in  the  usual  way,  or  by  synthetic  division,  with  more  facility  than  by  the 
principle  here  employed. 

x2 
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(2.)  Extract  the  square  root  of  1  +*• 

Assume  V1+*=A  +B*+Cx2+D*8+  •  • .,  and  square  both  sidess 

.-.  1+*=A*+ABH-AC**+AD*»+AE*+  . . 

+AB*+BV  +  BC*"+BD*«+  . . 

+AC*8+BCjM-C**4  +  .. 

+AD*»+BD*«+  . . 

+AE*<+.. 

hence,  equating  the  coefficients  of  the  like  powers  of*,  we  have 
A»=l  a  A  =       1 

2AB=1       B=     _L  =      -L=     J- 

2A  12  2 

2AC+B»  =  0      C  =— *!=-i-  =  — I 

2A  2*4  8 

2AD+2BC  =  0      D  =-!*£  =      -L  =      i 

2AE+2BD+C  =  0      E  a  -  *™+*  =  -  lj  1  +  1 1  =  -  A, 
T  5A  2   ( 16 T  64  5  128 

Therefore  */f+*  =  ±(1  +  4*— i*1  +  tV*8  —  tit*4  +  •  •  •  •) 

(8.)  Decompose   *       ~"         into  two  tractions  having  simple  binomial  de- 
nominators. 

By  quadratics  we  find  j* — 13x+40=(x — 5)  (x — 8);  hence  we  may  as- 
sume 

3*— 5      =  _A_  ,     B  _A(g— 8)+B(*— 5)_(A+ Bfrr— 8A— 5B 
**--l3x+40    *_ 5     *— 8         (x-^5)(«— 8)  **—  13*+40      * 


.-.  3*— 5=(A+B>r— (8A+5B); 
and  by  the  principle  of  undetermined  coefficients  we  hare 

A+B  =  3,  and  8A+5B  =  5; 

whence  A  =  —  —  and  B  =  i?,  and  therefore  we  get 

3  8 

8*— 5      _  64  _  8f  —19     1    _10     1 
jt«— 13x+40    *— 8    *— 5     3  *— 8     8  *=7 

iVbte. — The  values  of  A  and  B  might  have  been  determined  in  the  fol- 
lowing manner: — 

Since      -**-*-=   A  +   B   -,A(*-8):r.B(*-5) 
**_13*+40    x— 5     *— 8  *»— 18*+40      ' 

.-.  3*— 5=  Afar— 8)  -±-  B(* — 5). 

Now  this  equation  must  subsist  for  every  vaiue  of  or;  and,  therefore, 

if  ar=5,  we  have  15— 5=A(5— 8).  .-.  A=15~5=— **?; 

v         '  5—8  8 

ifx=8,  we  have  24^5=  B(8— 5).  -  B~24""5—     L?. 

8 — 5  8 

This  method  may  frequently  be  employed  with  advantage,  and  will  be  found 
useful  in  the  integration  of  rational  fractions,  when  we  come  to  treat  of  the 
Integral  Calculus. 
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EXAMN.B8  FOR  ExEBCISB. 

(I.)  Expand  -^j?  into  an  infinite  aeries. 

Ana.  I—  2*+2*«— 2*"+2*4— 2«*+ 

(2.)  Expand  Va<— jp  in  a  series. 


2a       8?      16a*      12ft? 


1         j 

(8.)  Find  the  development  of      *     *  -. 

Ans.  I— 2*+*t+*s_ 2**+*»+«*_ 2**+ 

(4.)  Decompose  the  fraction  -j — J"      . 

Ang*  ""  §i  ""  6  (*+2)  +  S^T)* 

(5.)  Expand  the  fraction  \-7*  in  a  series. 

Ans.  l+5*+15a*+46V+l85*4+ 

(6.)  Resolve  , .w  ~~  x>    ,  ^v  into  partial  fractions. 

'  (*+l)(«+2)(*+8) 

Am *        —     *     -L 2. 

2(*+l)      *+2T2(*+8) 

(7.)  Resolve  !f*^*"ffi  *»*>  P****1  factions. 

a          1            6      ,      2       .16 
Ans.  -— +  .  ,  ^    + 


1+*      1— *      1+2*      1—2* 
(8.)  Expand  i^j^  to  four  terms.  Ang^  1  +8x+4jB.+7x»+ 


(9.)  Expand  to  four  terms. 

a+cm 

Ans.  1— (b+c)  I  +  c  <b+c)  p  -  «*  (*+*)  ^  + 

(10.)  Resolve  v"     into  partial  fractions. 
r — * 

A    .  l  J.  8  -  2 

AM-  2(FH)  +  2(i=T)     7- 

(11.)  Resolve  -« — ^—    "■ —  into  partial  fractions. 
jt — 6flr-f"  1 1*— 6 


t?— -1      * — 2 


(12.)  Expand  ^ .  to  four  terms. 


.        ,       2a  ,8a1      4o»  . 

Ans.  1 +  — « t-  +  •  • 

*  4T  3T 


(13.)  Resolve  -, — -  into  partial  fractions. 


A  1        _        1 I 

40—  1)        4(r+l)        2(**+l)' 


PILING   OF  BALLS   AND  SHELLS. 


( 1 92.)  Balls  and  shells  are  usually  piled  in  three  different  forma,  ceiled  trian- 
gular, square,  or  rectangular,  according  at  the  figure  on  which  the  pile  rests 
is  triangular,  square,  or  rectangular. 

(1.)  A  triangular  pile  is  formed  by  continued  horizontal  courses  of  balls 
or  shells  laid  one  above  another,  and  these  courses  or  rows  are  usually 
equilateral  triangles  whose  sides  decrease  by  unity  from  the  bottom  to  the 
top  row,  which  is  composed  simply  of  one  shot;  and  hence  the  series  of  balls 
composing  a  triangular  pile  is 

1+8+6  +-10+15+ 561+y, 

where  n  denotes  the  number  of  courses  in  the  pile. 

(2.)  A  square  pile  is  formed  by  continued  horizontal  courses  of  shot  hid 

one  above  another,  and  the*e  courses  are  squares  whose  sides  decrease  by 

unity  from  the  bottom  to  the  top  row,  which  is  also  composed  simply  of  on* 

shot;  and  hence  the  series  of  balls  composing  a  square  pile  is 

1+4+9+16+25+  ....»*, 

where  n  denotes  the  number  of  courses  in  the  pile. 

(3.)  The  rectangular  pile  may  be  conceived  to  be  formed  from  aaqaarepile, 

by  laying  successively  on  one  face  of  the  pyramid  a  aeries  of  triangular 

strata,  each  consisting  of  as  many  balls  as  the  face  itself  contains,  and  the 

number  of  these  added  triangular  strata  is  always  one  less  than  the  number  of 

shot  in  the  top  row;  therefore,  if  ft  denote  the  number  of  courses,  and  sx+1 

the  number  of  shot  in  the  top  row,  the  series  composing  a  rectangular  pile  is 

(t»+l)+2(*a+2)+8(m+3)+4(m+4)+ n(m+ii) 

=m+2m+3m+4m+  .  • . .  itm+l«+2«+3,+4«+  ....  it1 

=m(l  +2+3+4+  ....  n)+  square  pile 

n(n  +  l)      ,  ., 

=  v    ,._/.m+  square  pile. 

m 

(4.)  The  number  of  balls  in  a  complete  triangular  or  square  pile  must 
evidently  depend  on  the  number  of  courses  or  rows;  and  the  number  of  balls 
in  a  complete  rectangular  pile  depends  on  the  number  of  courses,  and  also  on 
the  number  of  shot  in  the  top  row,  or  the  amount  of  shot  in  the  latter  pile 
depends  on  the  length  and  breadth  of  the  bottom  row;  for  the  number  of 
courses  is  equal  to  the  number  of  shot  in  the  breadth  of  tho  bottom  row  of 
the  pile.  Therefore,  the  number  of  shot  in  a  triangular  or  square  pile  is  a 
function  of  nt  and  the  number  of  shot  in  a  rectangular  pile  is  a  function  of 
n  and  m, 

(5.)  If  the  general  term  of  any  series  of  numbers  be  of  the  mth  degree,  the 
sum  of  all  the  terms  of  such  scries  will  be  of  tho  fm+l)th  degree;  because 
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the  genera]  term  of  any  progressively  increasing  aeries  being  a  function  of  n 
of  the  wth  degree,  the  sum  of  such  series  evidently  cannot  exceed  n  times  the 
general  term,  that  is,  it  cannot  exceed  n  times  a  function  of  n  of  the  mth 
degree,  and  therefore  the  function  itself  most  of  the  (m+l)th  degree. 

Examples. 

(1.)  Sum  1  +2+8+4+5+  ....  to  ft  terms. 

Here  *,  the  general  term  of  the  series,  is  of  the  first  degree,  and  therefore 
the  function  expressing  the  sum  of  the  series  is  of  the  second  degree;  and 
heuce  we  assume 

1+2+8+4+  ....  n=P/**+Qn+R. 
Now  this  equation  must  be  true  for  every  value  of  n;  hence,  wheL. 

ji=1  we  have    P+  Q+R=l  =1 (1) 

n=2 4P+2Q+R=l+2      =8  . . . .  (2) 

ji=8  ...*..  9P+8Q+R=l+2+3=6  ....  (8) 
Hence  (2)— (1)  gives      8P+Q=2 
(3)— (2)  ....      5P+Q=8 

2P       =1  .\  P=i 

Also  Q=2— 3P      =2—4      .-.  Q=* 
R=l— P— Q=l— f— +  .\  R=0 
hence  1+2+8+4+  ....  *=Pn*+Q»+R 

Formula  f/r  a  triangular  pile* 
(2.)  Sum  n  terms  of  the  series  1  +8+6+10+15+ »{n+l\ 

Assume  1+8+6+10+15+  . . .  J!£±!-)=Pfi,+Qn*+R»+S 

and  since  there  are  four  coefficients  to  be  determined,  we  must  have  a  corres- 
ponding number  of  independent  equations;  hence 

whenit=l  we  have      P+     Q+  R+S  =  1                    =  1  (1) 

»=2 8P+  4Q+2R+S  =1+8              =  4  (2) 

n=8 27P+  9Q+8R+S  =  1+8+6         =10  (8) 

»=4 64P+16Q+4R+S=  1+3+6+10=20  (4) 

Then  (2)-(l)  gives         7P+  8Q+R          =3 (5) 

(8)— (2) 19P+  5Q+R          =6 (6) 

(4)— (3) 37P+  7Q+R          =10 (7) 

(6)— (5) 12P+  2Q                 =3 (8) 

(7)— (6) 18P+  2Q                 =4 (9) 

(9)-(8) 6P  =1       /.  P=i 

2Q=3—  12P  =  1      .-.  Q=+ 

R=:8— 7P— 3Q    a=  *      .'.  R=± 
S=l— P— Q—  R=  0      .-.    S=0 

Hence  1+3+6+10+15+  ...  "fr+i>=lii'  +  In*  +i» 

=  »(n»+8n+2) 

n(a+l)(n+2), 
2      "     8 
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Formula  for  a  square  pile. 
(3.)  Sum  n  terms  of  the  series  1+4+9+16+25+  ....**. 

Assume  1+4+9+16+25+  .  . .  n*=Pn'+Q>i*+R»+S; 
then,  as  before,      P+     Q+  R+S=l  =  1 

8P+  4Q+2R+S=l+4  =  5 

27P+  9Q+3R+S=  1+4+9        =14 
64P+16Q+4R+S=l+4+9+16=30 
and  from  these  four  equations  we  find,  by  continued  subtraction, 

P=l  Q=l  R=I  and  S=0;  therefore 
'  Q+16+25+  . .  .  »«    =J»,+J»l+^ 

_*(n+i)  (2n+l) 
2      •      3      * 

Formula  for  a  rectangular  pile. 
(4.)  By  Art.  192,  we  have  the  number  of  shot  in  a  rectangular  pile 

=='^-i-i.m+square  pile 

_n(n+\)m.n(n+l)  &+}) 
""2  T      2      '      3 

n(n+l)    2n+l+3m 

=~a 3 

Otherwise  thus:— 

Let  (m+l)+2(m+2)+3(m+3)+ n(m+n)=Pn»+Qn*+Rji+S. 

then      P+     Q+  R+S=(ro+1)  =     m+  I 

8P+  4Q+2R+S=(m+l)+2(m+2)  =  3m+  5 

27P+  9Q+3R+S=(m+l)+2(fii+2)+8{m+3)  =  6m +14 

64  P+ 1 6Q+4R+S=(m+ 1  )+2(m+2)+3(m+3)+4(m+4)=  I  Om+30 

and  from  these  four  equations  we  find,  as  before, 

P=l  Q=I(m+l),  R=|(8m+1),  and  S=0;  hence 
3  2  o 

(m+l)+2(m+2)+8(m+3)+..  jK"«+«)=i»'+  ^W  ^P*- 

=?  Aw«+3(m+  l>+**+ 1 J 

=]j  {««(<»+ 1 )+(»+ 1  )+3«(»+ 1 )} 

_n(n+l)    2*+l+Sm 

2 3 

Hence  we  have  the  subsequent  expressions  for  (S)  the  number  of  balls 
or  shells  in  these  three  piles,  viz.: — 

triangular,  S=?£±I>.  (,+s)         =]."-££!>.(„+ 1+1) 

KV.are,         S=?<!!±I)(2»+1)         -J-^^L1  -W  l+») 

rectangular,  S='tf?^(2»+1+S»)=^?H±)  {(„+»,)+(».+ l)+(n+m)J 
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flow  n>  "*"  '  is  the  number  of  balls  in  the  triangular  face  of  each  pile,  and 

the  other  factor  is  the  sum  of  the  balls  in  one  side  of  the  base,  and  the  two 
parallel  rows  at  the  top  and  opposite  side  of  the  base;  hence  we  have  also  this 
general  rule,  which,  as  well  as  the  formula?,  should  be  committed  to  memory. 

Rule. — Add  to  the  number  of  balls  or  shells  in  one  side  of  the  base,  the 
numbers  in  its  two  parallels  at  bottom  and  top  (whether  row  or  ball),  and  the 
sum  multiplied  by  one-third  of  the  slaut  end  or  face  gives  the  number  of  balls 
in  the  pile. 

Examples. 

(1.)  How  many  balls  are  in  a  triangular  pile  of  15  courses  ?  Ans.  660. 

(•2.)  A  complete  square  pile  has  14  courses:  how  many  balls  are  in  the 
pile,  and  how  man}*  remain  after  the  removal  of  5  courses  ? 

Ans.  1015  and  960. 

(3.)  In  an  incomplete  rectangular  pile,  the  length  and  breadth  at  bottom 
are  respectively  46  and  20,  and  the  length  and  breadth  at  top  are  35  and  9: 
how  mauy  balls  does  it  contain?  Ans.  7190. 

(4.)  The  number  of  balls  in  an  incomplete  square  pile  is  equal  to  6  times  the 
number  removed,  and  the  number  of  courses  left  is  equal  to  the  number  of 
courses  taken  away:  how  many  balls  were  in  the  complete  pile  ?       Ans.  385. 

(5.)  Let  h  and  k  denote  the  length  and  breadth  at  top  of  a  rectangular 
truncated  pile,  and  n  the  number  of  balls  in  each  of  the  slanting  edges;  then, 
if  B  be  the  number  of  balls  in  the  truncated  pile,  prove  that 

B=?  j  2fi*+3»(*+*)+6M-3(A+A+n)+l  I . 

Summation  op  Series. 

193.  By  a  process  similar  to  that  we  have  employed  in  finding  the  numbei 
of  shot  in  a  pile,  we  may  find  the  general  term,  as  well  as  the  sum  of  various 
other  series;  but  we  proceed  to 

The  Differential  Method. 

Let  a,  b%  c,  d,  e9 . . . .  be  a  series  of  terms,  in  which  each  term  is  less  than 
the  succeeding  one;  and,  taking  the  successive  differences,  we  have 


a          b 

c 

d 

e$ 

&C 

(</,)    £— a 

e — b 

d—c 

e — dt 

&c. 

(<*.)    c 

>— -2b +a 

d—2c+b 

e— 2d+c, 

&c. 

-(*) 

d— 3c+36 — a 

e— 3c/+3c— 6, 

&c. 

(dA)    e— 4</+6o— 46+a,    &c. 

Putting  du  dt%  d3f  dAf for  the  first  terms  of  the  first,  second,  third, 

fourth, ....  differences,  we  have 

b —  a  =  dx  .\  b  =  a  +    dx 

c—2b+a  =</,.-.  c  =  a  +  2dx  +    dt 

d—3c+Sb—a  =  <£,  /.  d=  a  +  3f/,  -f-  3<4  +    d, 

e — k/+6c — \b+a  =  d4  .-.  e  =  a  +  4</,  +  6</,  +  4d,  +  d4i 
&c.  &c. 
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Hence  the  (»+l)th  term  of  the  proposed  series  is  evidently 

a  +  ii^-h— [TF^+        I.    2.3      *+"      * 
and,  therefore,  the  nth  term  is  (by  writing  »— 1  for  ») 

«+(»-i H+(»-' )  <*-*)*,+ (»-')  ("-«)  0^>W  . . . .  (i) 

To  find  (s)  *Ac  sum  of  n  term*  o/a  s«rt>s. 

Let      a,  6,  c,  </,  e,  &c 

and  0,  a,  a+bt  a+b+c,  a+b+c+d,  &c 

be  two  series,  of  which  the  (»+l)th  term  of  the  latter  is  obviously  the  sum 
of  n  terms  of  the  former;  but  the  first  terms  of  the  first,  second,  third,  fourth, 

differences  in  the  latter,  are 

a,  6— «=</,,  c — 25+a=di,  d — 3c+36 — a,  =d,,  &c; 
hence  the  (n+l)th  term  of  the  latter  series,  or  the  sum  of  n  terms  of  tho 
former  is,  by  eq.  (1)  above, 

1.2  1.2.8  1.2.8.4 

Or  «,+»fitll)<t     n(n~1)(^-2)        »(n^l)(^2)(^8)        . 
T    1  . 2        T     J  .    2 .   3        ^      1.2.3.4 


EXAMPLBS. 

(I.)  To  what  is  1.2 +2.3 +3.4 +4-5+    "n  (*+*)  "l"*1  ? 

2,  6,  12,  20,  30, 
4      6      8    10 
2     2     2 
0     0 
Hence,  a=2,  </|=4,  rfs=2,  and  4=0;  therefore 

S=na+"J±zi}</,+  "("-t)(^U8 

=2»+2n  («— 1  )+^n  (n— 1)  (»— 2) 

=l«(n+1)(n+2). 
(2  )  Find  the  sum  of  n  terms  of  the  series  1, 2s,  3*,  4s,  5s,  &c. 
(;3.)  Find  the  sum  of  n  terms  of  the  scries  1,  4,  10,  20,  35,  &c 

(4.)  To  what  is  1.2.3+2.3.4+3.4.5+ n(j»+l)(»+2)eaual? 

(.j  )  Sum  n  terms  of  the  series  1,  8,  5,  7,  9,  1 1,  &c  .  •  • 

((>.)  Find  the  sum  of  15  terms  of  the  series  1,  4,  8,  13,  19,  &c. 

(7  )  Sum  8  terms  of  the  series  1,  2\  8*,  44,  5\  64,  &c. 

Answer*. 

(a.)  nl(*+ir  (s.)  „* 

4 
(30  »(*+'H»+»H»+»>  (6.)  ^ ,„.+«,,_,)  =     785 

(4.)  i»(»+l)(»+2)(»+8)  (7.)  £+2l  +  £_»    =  8772. 


SUMMATION  OF  SERIES.  *»| 

Summation  of  Infinitb  Scrim. 

The  summation  of  series  of  this  kind  is  the  finding  of  a  finite  expression 
equal  to  the  proposed  series,  and  in  many  cases  this  finite  expression  is  found 
by  subtraction. 

Examples. 

(1.)  Required  to  sua  of  the  series^ +-L+JL+ to  infinity. 

1*2     3.3     3.4 

LetS  =  J. +1+1  +  1+4-  +  1+ ad  infinitum. 

I        JL       o       4       o        o 

•••s-1  =  i+i+i+rhi+}+ •'••••    ditto- 

Hence,  by  subtracting  the  latter  from  the  former,  we  have 

1  =     J    +    l    +'   ]     +    l    +    *-+ ditto. 

1.2  ^  2.8  ^  3.4  ^  4.5  T  5.6  T  ■ 

(2.)  Required  the  sum  of  the  »ories-r¥-+-5-r+-5-r-+ to  n  terms. 

1 .3         2E.4         o»Q 

1618=--+--+—+--+    — ; 

12       3       4  ft 

.%  s— i—l+ -L-+-L  =  1+1+1+1+ *  5 

2     »+l     w+2        3      4      5       6  M+2 

t        ,    ,  .    1          1           1             2,2,2,2,*  2 

by  sub.  1+   ~___  =  _  +  _+_+_  + __ 

.       1    4.    *     +     1     +    1     4.      _J_-»  5l+l-/-L.+-l- }l 

=1h--L  +  1-   '   I 

2  I  n+1       *I      »+2  J 

w       .       n 

""£+«       4»+8* 
When  it  is  infinitely  great*  then  we  have 
1,1,1,1  .  .   -        1  /,  ,   1        1  1       _ -3 

Tr+^r+3T+T6-+  •  •  • ad  wf-=ifV+r"*"«  >"4- 

(3.)  Sum  the  series  JL  —  -—-  +  — —  —  JL  + ad  infinitum. 

1.3        2.4        3.5        4.6 


A- is.   — . 
4 


(4.)  Sum  the  series  — L-  +  — - —  +  _-- + ad  infinitum. 

v    '  1.2.8.4     2.3.4.5     3.4.^.0 


Aus.       -• 
lb 


&  fs  7 

(5.)  Sum  the  series^— -+ + + to  n  terms. 

v    J  1.2.3     2^.4     3.4.5 


a        3         2    a.    * 
An*.- — tt"t     ,--. 

2      n+1     »+:* 


(6.)  Sum  the  scries  a+2ar+3art+4ar3+  ....  to  it  terms. 
(7.)  Sum  the  tenet  lHJ«+j**+7«s+P*' . ...  ad  infantum. 
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Investigation  o?  thb  Binomial  Theorem. 

194.  Let  it  be  required  to  expand  (a+x)n  in  a  series,  whether  n  be  integ* 
ral  or  fractional,  positive  or  negative. 

Since *(*+*)»  =  \  a (\  +i)  I  "=  a* (l  +*  Y,  whatever  ft  may  be, 

if  (l+y)»=l  +  Ay+By«-fCyi+IV+ 

then  (a+*)B  =a"  (l+-Y 

=«.(l+Af+Bg+C^+ ) 

=a»+ Aa^*+BaB-V+CaB-V+ 

Case  1.  Let  n  be  integral  and  positive. 

Then   (l+y)"=(l+y).(l+y).(l+y) to  n  factors;   and    by 

effecting  the  multiplication  of  a  few  of  these  equal  factors,  we  shall  find 
that  the  first  two  terms  of  the  series  are  1  +ny,  and  that  the  remaining  terms 
are  of  the  form  Biy8-r-Cy8+Dy4+  ....  where  B,  C,  D,  ....  are  undeter- 
mined coefficients,  entirely  independent  of  y;  and  therefore  we  have  A=*. 

Case  2.  Let  n  be  integral  and  negative. 
Suppose  n= — m;  then 

(i  +*)■=(!  ^)-=(TW-=l+^V,Ac-l-^-t-' ** 

.\  A=— m=». 
Case  3.  Let  n  be  fractional  and  positive. 

Suppose  #»=£;  then  . 

q 

(l+y)»=(l+y)*=l  +  Ay+Byt+<y+  .  •  • 

...  (l+y)»=(l  +  Ay+By*+(y+ )* 

•••  l+JV+.&c.=  {l  +  (A+By+ty*+ M* 

=  l+^CA+By+Cy8-!- )y+,  &c 

=  l+?Ay+?B|y«+?Cy+  . . . 

Hence,  equating  the  coefficients  of  like  powers  of  y,  we  have 

tf  A=  »  or  A=?=:n. 

Case  4.  If  n  be  fractional  and  negative. 
Let  n=  —2 ;  then 

(1  +y)B=(l  +yH  =  — *-!=  — ^ =  1  — 1?  jr  +. . . 

Hence  A= — *-=»,  and  therefore  in  all  cases  A=«;  and,  consequently, 
(a+*)B=au+mi^x+Ba^jr,+Cc*--V  f 
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Now.  in  ordor  to  determine  the  values  of  the  coefficients  Bv  C,  D,  &c, 
we  have 

(a+x+zy={(a+x)+z}*={a+(x+z)}*9 

and  if  we  expand  according  to  each  of  these  forms,  the  two  expansions  must 
be  identical;  hence,  by  the  first  form  we  have 

(a+*+*)"=={(a+*)+*}» 

=  (a+x)*+n(a+x)*-^z+B(a+x)*-*j*+C(a+x)*-*x*+  .... 

=s   a*+na^x+Bau-*x*+Ca*-*x*+Da*-Ax4+ 

+»{am-,+(fi'— l)aa-**+Ba"-V4-  . . .  .}* 

+  B{aB-t+(t*— 2)a"-J*+ }z* 

+  C{a»-,+(f»— 3)an-Ax+ }j» 

+  &c. 

=a"+«aB-1*+Ba,l-*«t  +Caa-V  +DaB-4jr4+ 

+iuim-I*+ii(fi—  l)a,1-JJ«+B<i*-V*+  

+Baa-£Jt  +B(is— 2)am-»**f+    

+Ca*-V  +       &c 

Again :  (a+*+z)*=i{a+(*+z)y 

=a*+iia,,-1(«+jr)+Ba^-f(*+z)«+Ca^-1(*+z)»+  .... 

.      sra'+na^-1  *+  Ball-*jrt+  Ca"-V+ 

+«am-J  *+2Ba,L-t**+3Caa-V*+ ... 

+  Ba"-V  +3Cal»-,**1+ . . . 

'    +Ca"-V+ 

and  the  coefficients  ot  the  same  powers  of  x  and  z,  in  these  two  expansions, 
must  be  the  same  (Art.  191);  hence  we  have 

2  B  =  »(»—  1)  .•.  B  = n ^~"1) 

3  C  =  (»_2)B  .-.  C  =  (»-2)B  =  »(n-l)(n-2) 

'  3  1-    2*     3 

4D=  (n-3)C.-.  p  -  (*-8)C  -  i»(n-l)(ii-2)(n-3) 
v        '  4  1-    2-     3-      4 

Ac  &c.  &c 

Hence  we  have,  generally, 

(a+*>'=an+na^«+n(i*-^  

1*2*3  /> 

which  is  the  Binomial  Theorem,  and  where  the  last  term  represents  the 
(/>+ 1  )th  term  of  the  expansion. 

Hence  («-*)•  =q"-->ifl-^+!!^i)a-V-K^1)(»"2)a^^-h  &c 
v         '  1*2  1-2-3 

and  in  all  these  formula?  n  may  be  either  integral  or  fractional. 
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Tub  Exponential  Theorem. 

195.  It  U  required  to  ewpand  a*  in  a  seriee  attending  by  the  powers  of*. 
Since  a=l+a— 1;  therefore  a*ar{l+ (a— 1)}*,  and  by  the  Binomial  Theorem 
we  have 


=l  +  {(a~l)-i(a-l)«+i(a-l)I-i(fl-l)4+  .  •  •  •  }*+B*« 

where  B,  C„  *  *  * .  denote  the  coefficient*  of  **,  «*, ;  and  if  we  put 

A=(a-l)-i(a-l)«+*(a-l)»+*(a-l)<+ 

Then  a»=l  +  A*+B^+C*M-D*4+E*,+ 

For  *  write  *+A;  then  we  hare 

a*+b=l  +  A(*  +  A)  +  B(x  +  A)»+C(#  +  A)I  +  •• 

=  T  +  A*   +   B**  +   Cx*     +   D*4  +  . . 

+  AA    H^BrA  +  SC^A  +  4Dx»A        +  .. 

+    BA2  +  8C*A?  +  6Dj'A*       +  . . 

+    CAa     +  4D*A*        +  . . 

+   DA4  +  . . 

But  a*+*=za*  X  ah=s(l + A*+  B**+ C*»+ )  (1  +  AA+ BA*+  CA*+ . . . .) 

=  1  +  A*+Bx*+C  *»   +  D*4      +... 

+  AA  +  A**A  +  AB**A  +  AC***  +  . . . 

+  B  A*  +  AB*A*+  BVA*  +  . . . 

+  C  A»   +  AC*A*  +  ... 

+  DA*      +  . . . 

Now  these  two  expansions  must  be  identical*  and  we  must,  therefore*  haft) 
the  coefficients  of  like  powers  of  *  and  A  equal;  hence 


2B=A*  .-.  B= 

SC=AB 


-  *L 

2 
A-B  _  A» 
8         2*8 


•    •   a    • 


4D=AC  D=-^-=J^- 

4        2-3-4 

&c*    &c  &c.  ftc 

hencea«=l  +  A*  +  4^  +   —  +   -^-   i 

1-2    ^   1-2-8  T    1-2-8-4    ^ 

which  is  the  Exponential  Theorem;  where 

A  =  (a-l)-  +  (a-l)«  +  i(a— iy-^(a-iy+ 

Let  «  be  the  vahie  of  a.  which  renders  As},  then 

(•—  l)-i<«-l  )*+*(—  !)■—*(*— l)*-h  •••     =1 

1-2        l**i        l*/wl 
Now.  since  this  equation  is  true  for  every  value  of  x,  let  «=l ;  tnesj 

t=l  +  l  +  JL  +  _L       +       y        + 

1-2    ^  1-2-8      T  1-2-8-4    T 


=  1  +  1+4(1)  +  ±(t^)  +  l(R.8)  +  ---    • 


=  2-718281828459 


LOGARITHMS. 


•  Looabi mm  are  artificial  aambora,  adapted  to  natural  aonbera,  In 

ilttato  aumerical  calculatfooai  and  we  ahail  now  procoed  to  explain  tho 

of  thoat  aumboia,  and  illaatnao  tho  prndplat  upon  which  tuoir  pcoportioa 

4. 

ismon    H  m  system  of  logarithms,  aU  mwmbers  ore  considered  as  tat 
%  jfsmme  mm  wmmber,  arbitrarily  amnmed,  which  is  called  the  bass  of  the 
•.  and  the  isyawinf  of  that  power  of  the  base  which  is  equal  to  amy  given 
w  u  coiled  the  LoOABmut  ofthot  mumbtr. 
m>  af  a  bo  tho  bass  of  a  syttosa  of  lot^rUhms,  K  say  M«bor,a*4xs*chthat 

N  =  a- 

r  m  called  tho  logarithm  of  N  in  tho  system  whoso  boat  is  a. 

i  boat  of  tho  rommiwi  systoam  of  logarilhma,  (called  from  thoir  inroator 

Eg*  a  Logarithms"),  »  tho  number  111    lionco  since 


(!©)•  =      1      ,  0  is  tho  logarithm  of      1      in  this  systaat 

(10>>  =     10     ,  I      10      

(lo)»  s    100    ,£  ■  100     — 

(IOJ*  =    10UO   ,  *      — — —       1000     ■    ■ 

(lo)»  s  100*0  t  4      10000  

=        Jcc        eta. 


mb  this  k  sppotrs,  that  in  tho  common  system  tho  logarithms  of  story 
HMffs  I  and  10  is  sosao  nasabor  botwoao  0  and  1,  a.  r.  is  a  fraction.  Iho 
kbm  of  ovory  nasabor  batwoan  10  and  100  is  sosao  nasabor  baiwoen  1  tod 
r.  is  1  plot  a  fraction,  Tho  logarithm  of  oiory  nasabor  batwoan  100  and 
••  nm  noaabor  batwoan  2  and  3,  t.  a,  it  2  plot  a  fraction,  and  ao  on. 
:.  la  tho  coaaaaon  tables  tho  fractional  part  alono  of  tho  logarithm  is  rogis- 
aod  from  what  has  been  said  abovo,  tho  rule  usually  gifon  for  finding  tho 
uUriMttCy  or,  moles;  i.  a,  tho  iatogral  past  of  tho  logarithm  will  bo  readily  un* 
esd,  iia>  The  index  of  the  logarithm  of  amy  nrnmba  greater  thorn  amity  is  eqmal 
t  Use  thorn  the  manbtr  of  integral  figures  in  the  given  number.  That,  in 
aiag  for  tho  logarithm  of  each  a  Dumber  as  2970,  wo  find  In  tho  tables  oppo- 
»  trt\>  tao  smaabor  4727564;  but  sinco  8970  is  a  number  batwoan  1 000 
ouuo,  it*  lugarwhm  matt  bo  sosao  nambor  batwoan  3  and  4,  i.  e.  saust  bo  3 
i  fraction;  tho  fractional  part  U  tho  nambor  47*7504,  which  woha?o  fcoad 
r  tables,  atUing  to  this  tho  indoa  \  and  iatnrposemg  a  doaieaal  point,  wo 
X47*;  jof.  th*  kijpirith  n  of  2970L 
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We  mast  not,  however,  suppose  that  the  number  3.4727564  is  the  exact  log 
arithm  of  2970,  or  that 

2970  =  (10)  a-4'*7*1 

accurately.     The  above  is  only  an  approximate  value  of  the  logarithm  of  2970 
we  can  obtain  the  exact  logarithm  of  very  few  numbers,  but  taking  a  sufficient 
number  of  decimals  we  can  approach  as  nearly  as  we  please  to  the  true  logarithm, 
as  will  be  seen  when  we  come  to  treat  of  the  construction  of  tables. 

198.  It  has  been  shown  that  in  Briggs'  system  the  logarithm  of  I  is  0,  conse- 
quently, if  we  wish  to  extend  the  application  of  logarithms  to  fractions,  we  must 
establish  a  convention  by  which  the  logarithms  of  numbers  less  than  1  may  be 
presented  by  numbers  less  than  zero,  i.  e.  by  negative  numbers. 

Extending,  therefore,  the  above  principles  to  negative  exponents,  since 


I 


10 
I 


J  00 

1 
1000 

1 
10000 


or  (10)  -1  =    0.1,        —  I  is  the  logarithm  of  .1         in  this  system 

or  (10)-*  =    0.01,      —2 .01  

or  (10)-'  =    0.001,     —3        - .001         


or  (10)-4  =    0.0001,-4 .0001 


It  appears,-  then,  from  this  convention,  that  the  logarithm  of  every  number 
between  1  and  .1,  is  some  number  between  0  and  —  1 ;  the  logarithm  of  every 
number  between  .1  and  .01,  is  some  number  between  — I  and  — 2;  the 
logarithm  of  every  number  between  .01  and  .001,  is  some  number  between 
—  2  and  —  3 ;  and  so  on. 

From  this  will  be  understood  the  rule  given  in  books  of  tables,  for  finding 
the  characteristic  or  index  of  the  logarithm  of  a  decimal  fraction,  via.  The  in- 
dex of  any  decimal  fraction  is  a  negative  number,  equal  to  unity,  added  to  the 
number  of  zeros  immediately  following  the  decimal  point  Thus,  in  searching 
for  a  logarithm  of  the  number  such  as  .00462,  we  find  in  the  tables  opposite 
to  462  the  number  6646420;  but  since  .00462  is  a  number  between  .001  and 
•0001,  its  logarithm  must  be  some  number  between  — 3  and  — 4,  i.e.  must 
be  — 3  plus  a  fraction,  the  fractional  part  is  the  number  6646420,  which  we 
have  found  in  the  tables,  affixing  to  this  the  index  —  3,  and  interposing  a  de- 
cimal point,  we  havo  —3.  6646420,  the  logarithm  of  .0046  i 

General  Properties  of  Logarithms. 

199.  Let  N  and  N'  be  any  two  numbers,  x  and  &  their  respective  logarithms, 
a  the  base  of  the  system.     Then,  by  definition, 

N    =  a' (1) 

N'  =r   a1' («) 

L  Multiply  equations  (1)  and  (2)  together, 

NN'    =    axa* 
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•"  by  definition,  x-j-af  ii  the  logarithm  of  N  N',  that  is  to  My, 


The  logarithm  of  the  product  of  two  or  more  factors  is  equal  to  the  sum  ef 
the  logarithms  of  those  factors. 
1L  Divide  equation  ( 1 )  by  (2), 

N  a' 

N'    -    a" 

.%  by  definition,  x  —  x*  is  the  logarithm  of  yrh  that  is  to  say, 

The  logarithm  of  a  fraction,  or  of  the  quotient  of  two  numbers,  is  equal  to  the 
logarithm  of  the  numerator  minus  the  logarithm  of  the  denominator. 
1IL  Raise  both  members  of  equation  (1)  to  the  power  of  n. 

N"    =z    a»». 

.*•  by  definition,  nx  is  the  logarithm  of  N  %  that  is  to  say, 

The  logarit/im  of  any  power  of  a  given  number  is  equal  to  the  logarithm  of 
the  number  multiplied  by  the  exponent  of  the  power. 

IV.  Extract  the  it*  root  of  both  members  of  equation  (1). 

1  « 

*  i 

•*.  by  definition,  —  is  the  logarithm  of  N  ",  that  is  to  say, 

The  logarithm  of  any  root  of  a  given  number  is  equal  to  the  logarithm  of  mm 
number  divided  by  the  index  of  the  root. 
Combining  the  two  last  cases,  we  shall  find, 

N-    =    «" 

m  x  " 

whence,  —  is  the  logarithm  of  N  ■. 

It  is  of  the  highest  importance  to  the  student  to  make  himself  familiar  with 
the  application  of  the  above  principles  to  algebraic  calculations.  The  following 
examples  will  afford  a  useful  exercise : 

Ex.  1.  log.  (a.  b.  c.  d. . . . .  )  =  log.  a  +  log.  b  +  log.  c  +  log.  d  .  .  .  . 

Ex.2L  log.  (-57)  =  log.  a  +  log.  6  +  log.  c  — -  log.  d  —  log.  e. 

Ex.  3.  log.  (a™ 6° c9 ....  )   =  m  log.  a  +  ft  log.  b+p  log.  c  .  .  . 

Ex.  4.  log.  (C  c9    )  =  m  log.  a  +  it  log.  b  —p  log.  c 

Ex.  5.  log.  (a*  — •  * «)  =  log.(a+*)X(a— *>  =  log.Ca+x)  +  k>°.'a—x) 

Ex.  6.  log.  v'aTZT*         =  -^  log.  (a+x)  +  -5  log.(a-^r) 
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Ex.7,    log.  (a  »  \/a  »)         =  109.0*+  j  log  a" = Slog.  «+^logui=^  kg* 


Ex.  a  log.  V(fl'  — *3)"  =  -  log.  (o-^x)  +  -  k*.<a»-|-ax+x') 


=  *{l«g.(«-«)+lofr(«-H^*)+log^H-M)» 

*»  =  •* 


Ex. 9.  log. y/a*  +  x* 


1 

2 


=  s  ilog.  («+*+*)  +  log.  (fl+MLitai'1 


g*  ^  *<*•  ^r+j*  =ii"»(M)-»%«tw! 


Lot  us  resume  the  equation, 


N    =    a 


1°.  If  a7  I,  making  x  =  0,  we  hare  N  =  1 ;  the  hypothecs  x=l  |H» 
K  =  a.  As  x  increases  from  0  up  to  1,  and  from  1  op  to  infinity,  H  wi  ■> 
crease  from  1  up  to  a,  and  from  a  up  to  infinity ;  so  that  x  being  seffsats) 
pass  through  all  intermediate  values,  according  to  the  law  of  cossiaeity,  S  ■> 
creases  also,  but  with  much  greater  rapidity.    If  we  attribute  negstivs 


1 


to  x,  we  have  N  =  a~~s,  or  N  =  -*.    Have,  at  x  increases,  N 

that  x  being  supposed  to  increase  negatively,  N  wifl 
the  hypothesis  x  =  00  gives  N  =  0. 


1 


2°.  If  a^Ll,  put  a  =  -T-,  where  6-7  1,  and  we  shall  then  have  H  =  m 

or  N  =  A  *,  according  as  we  attribute  positive  or  negative  values  Is  «.  ^j 
here  arrive  at  the  same  conclusion  as  in  the  former  case,  with  this 
that  when  x  is  positive  N  ^.  1,  and  when  9  is  negative  N7I. 

•  ■ 

3°.  If  a  z=  1,  then  N  =  1.  whatever  may  he  the  value  of  x. 

From  this  it  appears,  that, 

I.  In  every  system  of  logarithms,  the  logarithm  of  I  is  0,  and  As 
the  base  is  1. 

1L  If  the  base  be  t  1,  the  logarithms  of  members  7  1  are  pasitim\m*ii 
logarithms  of  numbers  ^L  1  are  negative.  The  contrary  takes  pines  §f  sV 
be  «£.!. 

III.  The  base  being  fixed,  any  number  has  only  one  real  l*>garithm;  let1 
same  number  has  manifestly  a  different  logarithm  for  each  value  ofthssm\i 
that  every  number  has  an  infinite  number  of  real  logarithms*     The* 
M  »  =  81,  and  3*  =  81,  9  and  4  are  the  logarithms  of  the  same  numse?*V 
cording  as  the)  base  is  9  or  3b 

IV.  Negative  numbers  have  no  real  logarithms,  for  attributing  toxsi 
from  —  00  up  to  +  00,  we  find  that  the  corresponding  values  e/N  arsj 
numbers  only,  from  0  up  to  +  OP. 
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The  formation  of  a  table  of  logarithms  consists  in  determining  and  register- 
in"  the  value*  of  x  which  correspond  to  N  =  I,  2,  3,  .  ...  in  the  equation, 

N   =   ax 

200.  If  we  suppose  m  =:  a  •,  making 

x   =   0,  «,  2«,  3«,  4«,  5  «, logarithm*. 

y   =    I,  m,  in  *,  m ',  in  4,  m*, number** 

the  logarithms  increase  in  arithmetical  progression,  while  the  numbers  increase 
in  geometrical  progression ;  0  and  1  being  the  first  terms  of  the  corresponding 
series,  and  the  arbitrary  numbers  «  and  w  the  coinniun  difference  and  the 
common  ratio. 

We  may,  therefore,  consider  the  systems  of  values  of  x  and  y,  which  satisfy 
the  equation  N  ==  a  x,  as  ranged  in  these  two  progressions. 

201.  In  order  to  solve  the  equation 

c    =r    a* 

where  c  and  a  are  given,  and  where  x  is  unknown,  we  equate  the  logarithms  of 
the  two  members,  which  gives  us 

log.  c    =    x  log.  a 
Whence, 

To  determine  lbs  value  of  x  in  the  equation 

AmM+  M«*-»+  Ca»  —  + =    P 

we  nave 

a'(A  +  £   +£        + >    =    P 

Or, 

<}•*  =    P 

...       x  =   *°frP-WQ 

log.  a 

If  we  have  an  equation   a*  =z  bt  where  2  depends  upon  an   unknown 
quantity  x,  and  we  have 

a    =     A*»  -f-  B*"1-1  + 

Since   x  =  f1^*     =  K  tome  known  number,  the  problem  depends  upon  the 
log.  a 

solution  of  the  equation  of  the  **  degree. 

K    =    Ax"  -f  Bx"-1  + 

For  example,  let 

«<*v-"+*  =  • 

Hence, 

(*«-5*  +  4)log.  (|)    =bg.~ 

«t_5x+4  =s     —  * 

«q  equation  of  the  second  decree,  from  which  we  find   x  =3  2,    x  =:  & 

if  2 
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To  find  the  value  of  g  from  the  equation 


a-- 

o     «    =   c 


Taking  the  logarithms  of  each  member, 


(n )log.  b  =  mx  log.  c  +  {x  —  p)  log./ 

Or, 
(m  log.  c  +  log./)  «•  —  (»  log.  b  +  p  log./)*  +  a  log.  6    s    0 

ft  quadratic  equation,  from  which  the  value  of  x  may  be  determined. 

In  like  manner,  from  the  equation 

cm*      =     a*n»-* 
we  find 

x  =         log,  a  —    log.* 

m  log.  c  —  n  log.  b 

Equations  of  this  nature  are  called  Exponential  Equations. 

202.  Let  N  and  N  +  1  be  two  consecutive  numbers,  the  difference  of 
their  logarithms,  taken  in  any  system,  will  be 

k*.(N+i)_iog.N  =  kg  (^jr)  =  **  (1  +  £) 

a  quantity  which  approaches  to  the  logarithm  of  1,  or  aero,  in  proportion  as 
-  -  decreases,  Uiat  is,  as  N  increases.    Hence  it  appears,  that 

The  difference  of  the  logarithms  of  two  consecutive  numbers  is  less  as  propor- 
tion as  the  numbers  themselves  are  greater, 

203.  When  we  have  calculated  a  table  of  logarithms  for  any  base  a,  we  east 
easily  change  the  system,  and  calculate  another  table  for  a  new  base  b. 

Let  c  =  b  *,  x  is  the  log.  of  c  in  the  system  whose  base  is  A  j 
Taking  the  logs,  in  the  known  system,  whose  base  is  a,  we  have 

x  =  13ti  =  ,0* c  (fi^h) (A}  hem* 

The  log.  of  e  in  the  system  whose  base  is  b,  is  the  quotient  arising  from  «fc- 
vidituj  the  log.  ofc  by  the  log.  of  the  new  base  b,  both  these  last  logs,  being  taken 
in  the  system  whose  base  is  a. 

In  order  .-.  to  have  x  the  log.  of  c  in  the  new  system,  we  must  multiply 

log.    c   by     j 1 ;  this  last  factor  * t  is  constant  for  all  numbers,  and  is 

called  the  Modulus  ;  that  is  to  say,  if  we  divide  the*  logs,  of  the  same  number  c 
taken  in  two  systems,  the  quotient  will  be  invariable  for  these  system*,  whatever 
may  be  the  \alue  of  c,  and  will  be  the  modulus,  the  constant  multiplier  which 
reduces  the  first  system  of  logs,  to  the  second.' 

If  we  find  it  inconvenient  to  make  use  of  a  log.  calculated  to  the  base  10,  we 
can  in  this  manner,  by  aid  of  a  set  of  tables  calculated  to  the  base  10,  discover 
the  logarithm  of  the  given  number  in  any  required  system. 


LUUAKlllIAJb  *U 


u«»4e.  Iw  it  be  required,  by  aid  of  Briggi'  table*,  to 
^*m  waoatbaae  i*  j. 

x  U  tne  log.  a»aght»  then  by  (A) 

hfr«-log.3 
log.5  — log.  7 

log*,  la  Brigga'  ayittam,  and  reducing,  we  find 


_    —  a  17609186 
S    —  a  1401280+ 

r4y ,  tne  leg.  of  |,inti»io*M»fe>eebe*>U  -|,  b 

""    Iee>  3  _  log.  8 


■anifaatly  tfco  ton  reeak;  for  in  this  cat*  tan  general  Ofaation 
|  =(4)"  =(})"'.-*««»«M«#rs—!. 


ko,  we  hare 

a    s    a*0** 
of  a  log.  in  iW  fiaation  ■£<■,   *  is  the  log. 


J*      -     «"*<»*)     =     €Alf# 


EimrLBa  roa  Eaiacita. 

•Wen  -i^+yssia  to  find  the  value  of  jr. 
iivea  #+jT=tf.  aad  m*-**=*n  to  find  x  and  jr. 
tt*ea  aVxa,  and  Ax=ajr  to  find  «  and  jn. 

Aaawiae. 

si -664901.  or  Jrslog.  (— 4)+log.  9 
r=+{a+lof.»+\<rg.  m)  »nd  jr=Ha— log.  n-Mog.  M). 

log.  *-Hlo*.  ai^log.  m)  and  jfs.kig.  «-t-(1og.  w+log.  »} 
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204.  To  find  the  logarithm  of any  given  mimbcr. 

Let  N  be  any  given  number  whose  logarithm  b  «,  in  a  s ytten  wtae  b* 
is  a;  then 

a"=Nandatt=N«; 

hence,  by  the  exponential  theorem,  we  have  from  the  last  eqoatioa 

1  +  A*z+A»^h...=l  +  A,*+ A,*  £-+.... 
1*2  1-4 

and  equating  the  coefficients  of  j,  we  get  Ax=A,;  hence 

A,  _  (N-i)-1KN-I)«+4(N-l)»-  . . . . 
A       (a'-l)-4(«  -l)«+*(a  -I )*—  .... 

because  A  =(a  — 1)— |(a  — l)2+i(a  — l)1 —  ...  in  the  expansioa  ofs". 

and        A,=(N— 1)— *(N— 1)«+*(N— 1)*—  ...  in  the  expansion  of  H". 

205.  To  find  the  logarithm  of  a  number  in  a  converging  term. 

We  have  soen  that  if  a*=N1,  then 

J_(Nl~1)~i(N'~l)'-H(N^l)'~4(N'~iy+... 
(«  -l)-4(a  -l)*+i(a  -l)F-4(«  -lj*+  . . . 

Now  the  reciprocal  of  the  denominator  is  the  modulus  of  the  systea;  m% 
representing  the  modulus  by  M,  we  have 

x=log.  N»=M{(N,-l)-4(N^-l)F+i(Nl-l)F-^(NI-l)l+...| 
Put  N!=l+fi;  then  N1 — l=/i,  and  we  have 

log.  (I  +n)=M(+«-s*«-f  J"*-**^**1-  • .  •) 

Similarly  log.  (I  — »)=M(— n— ^i1— ^ir1— 4«4 — |jr*—  . . .) 

.-.  log.  (1  +n)—  log.  (l-»)=2M(»+  pi»+iit,+^+  . . .) 

2FfI  T         2F+T  2P+f         l-a       r* 

consequently 

log.  (P+l)-log.  P=2M(.     '  -  +  - .     ■ '—  .+ J k+...l 

6  '      ^  l2P+1^3(2P+l)lT5(2P+l)|X        J 

.\  loir.  (P+l)=log.  P+2MJ--! — + J + J      ,,+  ...) 

Hence,  if  log.  P  be  known,  the  log.  of  the  next  greater  number  csikl 
found  by  this  rapidly  converging  series. 

2(H>.    To  find  the  Napierian  logarithms  of  numbers. 

In  the  preceding*  series,  which  we  have  deduced  for  log.  (P+l),  «eis4i 
number  M,  called  the  modulus  of  the  system;  and  we  must  assign  some  im* 
to  this  number  before  we  can  compute  the  value  of  the  series.  Now,  fJtb 
value  of  M  is  arbitrary,  we  may  follow  the  steps  01  the  celebrated  Uni 
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Napier,  the  inventor  of  logarithms,  and  assign  to  M  the  simplest  possible 
value.     This  value  will  therefore  be  unity;  and  we  have 

log.(P+,)  =  .og.P+2{2^+8l^+__^+...} 
Expounding  P  successively  by  by  1 ,  2,  8,  4,  &c,  we  fiud 

,og  2  =      H + w+  6^-+  tV + •  •  •;=  -6981472 

log.  8  =  log.2  +  2(fh-^+-^  +  ^  +  .    .)=I-098*.23 

log.    4  =  2  log.  2 =1-8862944 

log.  5  =  ^.4  +  2^+^+^+^  +  . ..)=l-6094879 

log.    6  =  log.  -2  +  log.  3 =1*7917595 

log.    7  =  log.  6  +  *(l+j^+ ^  + .)=1-9459.01 

log.    8  =  log.  2  +  log  4,  or  3  log.  2 =207944 15 

log.    9  =  2  log.  3 =2-1972246 

log.  10  =  log.  2  +  log.  5 =2-8025851 

In  this  manner  the  Napierian  logarithms  of  all  numbers  may  be  com- 
puted. 

m 

207,   To  find  the  common  logarithm*  of  numbers. 

Let  o*=N  and  5?=N;  then  wo  have 

k  =log.  N  to  the  base  a,  or  x=log.  ,N 
y  =log.  N  to  the  base  6,  or  y=log.  fcN 
hence,  log.  aN=log.  J>r=zy  log.  Jb  (  Art.  1 99.) 
.-.  x=zy  log.  Jb 

and  y=, zjc 

log.  .6 

and  by  means  of  this  equation  we  can  pass  from  one  system  of  logs,  to  another, 
by  multiplying  r,  the  log.  of  any  number  in  the  system  whose  base  is  a,  by  the 
reciprocal  of  log.  b  in  the  same  system;  and  thus  we  shall  obtain  the  log.  of 
the  same  number  in  the  system  whose  base  is  b. 

Let  the  two  systems  be  the  Napierian  and  the  common,  in  which  the  base 
of  the  former  is  t=2*7 18281828  . . .  and  the  base  of  the  latter  is  6=10, 
the  base  of  our  common  system  of  arithmetic;  then  we  have  6=10,  and 
«=«=2-7 18281 828  . .  •  and  consequently  if  N  denote  any  number,  we  shall 
have 

log.  ioN=i —.log.  f  N;  that  is, 

log.  1 10 

com.  log.  N=  "ap-  |og-  jJ="aM°g-  ?=-4342944oX  nap.  log.  N| 
nap.  log.  10    2-3025851  '     ^ 
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and  tho  modulus  of  the  common  system  is,  therefore, 

M=eo5585l      =  4342M48    ••• «  M=-868588M 
Hence,  to  construct  a  table  of  common  logarithms,  we  hare 
log. (P+D-fc* P+-86858896  j^ +_1»_s+ -^^  ...  j 

Expounding  P  successively  by  1, 2,  8,  &&,  we  get 
log.    2  =  -86858896(^+^+J^+...) 

=  -86858896  X -6931472 =  40IOOOO 

log.    3  =  log.  2+-86858896(  i  +  JL  +  *  +  ...)=  <477I913 

log.  4= 2  log.  2 =  -comae 

log.    5  =  log.  Jf=,0fir-  10— log.  2=1— log.  2 =  -6969700 

log.    6  =  log.  2+log.  3 ss  -7781511 

log.    7  =  log.  6+^S5B^(^+7J5i+5~i+  •  -)=  **»* 

log.    8  =  log.  2*=3  log.  2 =  -9090909 

log.    9  =  log.  3*=2  log.  3 =  -9619491 

log.  10= =1-0000009 

&r.  Ac 

208.  Since  log.  J-±!  =  2M  (»  +  4*1  +  **•  +  jjr  + . . .) 
let  |i?=P;  then  1  +n=P  (1— n)  or  »=  £=? 

*-"'— isi+i<TOW-<feiy+-} 

and  thus  we  have  a  series  for  computing  the  logs,  of  all  numbers, 
knowing  the  log.  of  the  previous  number. 

Examples  in  Logarithms. 

(1.)  Given  the  log.  of  2=0-3017300,  to  find  the  logs,  of  25  awl  -01ft 

Here  25=i52.=!5*;  therefore  log.  25=2  log.  10—2  log.  2=1*** 
4        2 

Again  -0125  =  -i^-  =  1  =        1     . 
*  10000       80         10x*2»  _ 

.-.  log.  -0125=log.  1— log.  10—3  log.  2=— 1— 3  log.  2=2-0099101 

(2.)  Calculate  the  common  logarithm  of  17.  At*.  140019* 

(3.)  Given  the  logs,  of  2  and  3  to  find  the  logarithm  of  22*5. 

Ans.  1  +  2  log.  3-9*** 

(4.)  Having  given  the  logs,  of  3  and  -21,  to  find  the  logarithm  of  9914'* 

Ans.  6f 2  log. 3+3***' 
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On  Exponential  Equations. 

209.  An  exponential  equation  is  an  equation  in  which  the  unknown  ap- 
pears in  the  form  of  an  exponent  or  index;  thus,  the  following  are  exponential 
equations: 

a*  =  b%  xx  =  a,  ab  =  c,  x*  =  a,  &c. 

When  the  equation  is  of  the  form  ax  =  bt  or  ab  =  c,  the  value  of  *  is 
readily  obtained  by  logarithms,  as  we  have  already  seen  in  Art,  201.  But  if 
tbe  equation  be  of  the  form  a*  =  a,  the  value  of  x  may  be  obtained  by  the 
rule  of  double  position*  as  in  the  following  example: 

Ex,  Given  x*  =  100,  to  find  an  approximate  value  of  «* 

The  value  of  *  is  evidently  between  3  and  4,  since  3*  =  27  and  44  =  256| 
bonce,  taking  the  logs,  of  both  sides  of  the  equation,  we  have 

*  log.  *  =  log.  100  =  2* 


First,  let  *,  =   3*5;  then 
3-5  log.  3-5=    1*9042380 
true  no.  =   2*0000009 


error      =  — -0957620 


Second,  let  *,  =   3*6;  then 
3*6  log.  3*6  =s   2*0026890 
true  no.  =    2*0000000 


error      =  +'0026890 


Then,  as  the  difference  of  the  results  is  to  the  difference  of  the  assumed 
numbers,  so  is  the  least  error  to  a  correction  of  the  assumed  number  cor- 
responding to  the  least  error;  that  is, 

•098451  :    *1   :    I    *002689  :   *00273j 

hence  *  =  8*6  —  -00278  =  8-59727,  nearly 

Again,  by  forming  the  value  of  **  for  x  =  8*5972,  we  find  the  error  to  be 
—  -0000841,  and  for  *  =  3*5973,  the  error  is  +'0000149; 

hence,  as -000099  *.   -0001  I   I   -0000149  :   -0000151; 

therefore  x  =  3-5973  —  -0000151  =  3*5972849,  the  value  nearly. 

Examples  for  Practice. 

( I .)  Find  *  from  the  equation  **  =s  5.  Ans.  2*  1 29372. 

(2.)  Solve  the  equation  **=  123456789.  Ans.  8*6400268. 

(3.)  Find  x  from  the  equation  x*  =  2000.  Ans.  4*8278226. 


•  In  equations  of  this  kind,  the  following  method  may  be  adopted: — Let  *•=<? ;  then  *  log.  *s Tog.  of 
pat  log.  x=jr,  and  log.  asi;  then  *y=6,  and  log.  jr+log.  jr=log.  6;  hence  jr+log.  yslog.  b.  Now, 
f  may  be  found  by  double  position,  as  above,  and  then  *  becomes  known.     When  a  is  less  than 

unity,  put  *a  -  -  and  ass  -1 ;  then  we  hare  6r=*jr  .*.  jr  log.  6=- log.  jr,  and  if  log.  6=c,  and  log.  jr=* ; 

9  b 

then  rjr=x,  and  log. -c+ log.  jr=log.  **,  or  log.  c+*slog.  «.     Hence  x  mav  be  found  by  the  pre- 
ceding method,  and  then  y  and  *  become  known. 
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The  solution  of  all  questions  connected  with  interest  and  annuities  saiy  be 
greatly  facilitated  by  the  employment  of  algebraical  formulas. 

In  treating  of  this  subject  we  may  employ  the  following  notation : 

Let  p  pounds  denote  the  principal. 

r       .,.  ...  interest  of  £  I  for  one  year. 

t       ...  ...  interest  of  p  pounds  for  t  years. 

s      ...  ...  amount  of  p  pounds  for  t  years  at  the  rate  of  inte- 

rest denoted  by  r. 
t      ...  ...  the  number  of  years  that  p  is  put  out  to  interest 


8IMPLE  INTEREST. 

Problem  I. —  To  find  the  interest  of  a  sum  pjbr  t  years  at  the  rate  r. 

8ince  the  interest  of  one  pound  for  one  year  is  r,  the  interest  of  p  pounds 
for  one  year  must  be  p  times  as  much,  or  pr ;  and  for  t  years  I  times  m  much  aa 
for  one  year,  consequently, 

*   =  P*r (i) 

Problem  II. —  To  find  the  amount  of  a  sum  p  laid  out  fir  t  years  at  simple 
interest  at  the  rate  r. 

The  amount  must  evidently  be  equal  to  the  principal  together  with  the  into* 
test  upon  that  principal  for  the  given  time, 

Hence, 

*    =    P  + plr 

=    Pd  +  lr) f2) 


Example  I. 
Required  the  interest  of  £*TX  \os.  for  2}  years  at  44  per  cent  per  annual 
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It  Hill  be  found  convenient  to  reduce  broken  sums  of  money  and 
lime  to  decimals  of  a  pound  and  of  a  year,  respectively. 
By  the  formula  ( I)  we  have 

i    =    p  t  r 

In  the  example  before  us 

p    =    £873.   15*.    =  £873.75 

r  =  £.0475* 

t    =    2$  years        =  2.5  years* 


.  • 


i    =    873.75   X    2.5   X    .0476  pounds. 
=    X103L7578125 
=     £103.  15s.  lfd 

t 

The  amount  of  the  above  sum  at  the  end  of  the  given  time  will  be 

«    =    P  +  P*r 

=     £873.  15s.    +    s?103.  15s.  1J<£ 

=     «?977.  10s.  1H 


PRESENT  VALUE  AND  DISCOUNT  AT  SIMPLE  INTEREST. 

The  present  value  of  any  t>um  a  due  t  years  hence  is  the  principal  which  in 
the  time  t  will  amount  to  s. 

The  discount  upon  any  sum  due  t  years,  hence  is  the  difference  between  that 
sum  and  its  present  value. 

Pkoblem  IIL—  To  find  the  present  value  of  §  pounds  due  t  years  hence%  simple 
interest  being  calculated  at  the  rate  r. 

By  formula  (2)  we  find  the  amount  of  a  sum  p  at  the  end  of  t  years  to  be 

•    =    V  +  Pir 

Consequently  p  will  represent  the  present  value  of  the  sum  s  due  t  years  hence, 
and  we  shall  have 

p  =  r+Tr (o) 

for  the  expression  required. 

Problem  IV. — To  find  the  discount  on  s  pounds  due  t  years  hence,  at  the  rate 
r,  simple  interest, 

•  rii  the  interest  of  LI  for  one  year    To  find  the  vain*  «f  r  when  interest  is  calculated  at  the  rate 
af  L4f,  or  LK.lhper  eemi.  per  annum,  we  hare  the  following  proporuou. 

LlOO    :    L\    t  :    £4.75    :    r 

•••    r   =    *W 
100 

=    L0.0V.4 

la  like  manner, 

When  the  rate  of  interest  per  cent,  is  Lb    then  r  =  £0.05 

—  —              —           —              41        —  =  0,0475 

—  —               —           —               4J        —  =  0.045 

—  —               —           —               \\        —  =  0  0425 

—  —  —  l—stU** 

—  —  —         —  ai      —      a      vera 

fca.  Ac  ft*. 
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Since  the  discount  on  *  is  the  difference  between  s  and  its  present  value,  we 
shall  have 

<*  =  •  -  i^77 

'"       (*) 


1  +  /r 


Example. 

Required  tlie  discount  on  £100,  due  3  montlis  hence,  interest  being  calculated 
at  the  rate  of  5  per  cent  per  annum. 
Here, 

8    =    £100  =    £100 

t    =    3  months     =         .25  years 

r   =  s    £fih 

Here  the  present  value  of  p  is 


r   -    )+tr 

100 

—   l+.tf3X,<& 

100 
""   1.0185 

But, 

=  98.76343  pound*. 

$  =  £100 

p   =   £98.76543  =  £98.  15*.  3(4 
.\    8  —  p  or  rf  =s   £1.  4s.  8^4 

ANNUITIES  AT  SIMPLE  INTEREST, 

Problkm  V. —  To  find  the  amount  of  an  annuity  a  continued  Jot  t  years, 
simple  interest  being  alhwcd  at  the  rate  r  upon  the  successive  payment*. 

At  the  end  of  the  first  year  the  annuity  a  will  be  due,  at  the  end  of  the  second 
year  a  second  payment  a  will  become  due,  together  with  a  r,  the  interest  f<»r 
one  year  upon  the  first  payment,  at  the  end  of  the  third  year  a  third  payment  a 
becomes  due,  together  with  2  a  r,  the  interest  for  one  year  upon  the  two  former 
payments,  and  so  on,  the  sum  of  all  these  will  be  the  amount  required, 

Thus, 

At  the  end  of  the  first  year  the  sum  due  is  a. 

..          ..      second  ..  ..  a-f-ar. 

third  ..  ..  a  +  2  a  r. 

-      fourth  ..  ..  a  f  3  a  r. 

&c                  &c  &c. 

..      I*  ..  ..  a  +  (t  —  1)  a  n 

Hence,  adding  these  all  together  for  the  whole  amount, 

s  =  ta  +  ar(l  +  2  +  3+. ...... t....i~ (1—1)  > 
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Or,  taking  the  expression  for  the  sum  of  the  arithmetical  aeries,  1  +  2  +  3 
~ («—I) 

*-  ta  +  ra.  '^"^  (5) 

Problem  VI. —  To  find  the  present  value  of  an  annuity  &  payable  for  t  years, 
ample  interest  being  allowed  at  the  rate  r. 

It  is  manifest  that  the  present  value  of  the  annuity  must  be  a  sum  sack,  thai, 
if  pot  out  to  interest  for  t  years  at  the  rate  r,  its  amount  at  the  end  of  ttiat  pe- 
eiod  will  be  the  same  with  the  amount  of  the  annuity. 

Hence,  if  we  call  this  present  value  p,  we  shall  have  by  Probe.  I  and  V. 

P  +  V  '  r    =    AiDonni  of  annuity. 

.     .  'ft— 0 

=    t*a  +  ra.      {    %' 


t(t—\) 
S.p    =    ^ 


-    «•  +  '«.      t    2 


1  +  tr 

-  is  *  +  «-»*  ,«» 


COMPOUND  INTEREST. 

Problem  VIL —  To  find  the  amount  of  a  sum  J>  laid  out  for  t  yean,  compound 
mtertst  being  allowed  at  the  rate  r. 

At  the  end  of  the  first  year  the  amount  will  be,  by  Problem  IL 

p  +  prf  owp(i  +  r) 

'  ince  compound  interest  is  allowed,  this  sum  p  (1  -f-  r)  now  becomes  the 
principal,  and  hence,  at  the  end  of  the  second  year,  the  amount  will  be 
p  (1  +  r),  together  with  the  interest  on  p  (1  +  r)  for  one  year;  that  is,  it 
will  be 

Ptt+r)  +/»r(l+r),orp(l  +  r)« 

The  sum  p  (1  +  r)*  must  now  be  considered  as  the  principal,  and  hence  the 
•hole  amount  at  the  end  of  the  third  year  will  be 

p  (I  +  r) •  +  p  r  (1  +  r)«,  otp  (1  +  r)» 

And,  in  like  manner,  at  the  end  of  the  f*  year  we  shall  have 

*  s>(l  +  r)'  (7) 

Any  three  of  the  four  quantities  «,  pt  r,  t,  being  given,  tlie  fourth  may  always 
be  /bond  from  the  above  equations* 

Example  I. 
Find  the  amount  of  £15.  10*.  for  9  years,  compound  interest  ueiug  allowed 


•  It  to  ooni  »■  ary  to  g\r*  any  exaeapiei  on  thto  role,  m  the  purrlu»A  of  anftuitieaat  ahnple 
totrrett  am  n*-rrr  be  of  practical  utility.  Thus,  if  we  wfehrd  to  aacerta...  by  thU  formula  the  pre. 
raloe  of  an  aanuity-ef  £50,  t»  runtinue  for  40  year*,  calculating;  intereet  at  5  per  cent,,  we 
Rod  It  to  be  LI318  13t.  U.  But  the  interest  of  £1316  13* .  W.  at  the  Mine  rate  U  npwurds  of 
465  per  annum  eontinned  for  erer. 
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at  the  rate  of  £3J  per  cent,  per  annum.    The  interest  payable  ai  Uie  end  or 

each  year. 

By  equation  (7). 

*    =    p(\+,V 

•*.  log.  s    =  log.  p  +  t  log.  (1  +  r) 
Hence, 

p    =    £15.  lto.   =  £15.5. 

I     =  =9  years, 

r    =  '-=  £.035 

/.  log.  p    =  1.1903317 

t  log.  (I  +  r)    =  0.1344627 

.  log.  *    =  1.3247944  =  log.  21.18481 

.-.  *    =  £41.12481 

=  £21.  jfc.  5H 


Example  2. 

Find  the  amount  of  £182.  12c  6dL  for  Id  years,  6  months,  and  10  days,  at  the 
rate  of  3 J  per  cent  per  annum,  compound  interest;  the  interest  being  payable 
at  the  end  of  each  year. 

In  this  case,  it  will  be  convenient,  first,  to  find  the  amount  at  compound  in- 
terest of  the  above  sum  for  18  years,  and  then  calculate  the  interest  on  tne  re- 
sult for  the  remaining  period. 

By  formula  (7), 

«    =    pU+ry 

log.,    =s    log./»  +  llof(l+r) 
Here, 

p  =  £182.  12s.  6d.  =  £182.625 

r  =  =  £.035 

t  =  =  18  years, 

.-.   log.  p  =  2.261500* 

t  log.  (1  4.  r)  =  a2689254 


.-.  log. «    =    2.5304856    as    log.  339.224. 

Again,  to  find  the  interest  on  this  sum  for  the  short  period,  we  have 

i    =    $tr 
.*.  log.  i    =    log.  $  -f-  log.  t  +  log.  r. 
Here, 

8  =  £389.224 
r  =  £  .085 

^=6  months,  10  days  =      .527402  year*, 
.*.  log.  s  =  2.5304856 

log.  r  =  2.5440680 
log.f  =  7.7221401 

.-.  log.  9  t  r  s  .07966987  =  log.  6.2617200 
.%  #  f  t  =  £6.26172 

The  whole  amount  required  will  therefore  be 

$+$  fr  =  £389.2244- £6^6172 
=  £845.  9#.  8*4 
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Example  3. 


Hequired  the  com  pound  interest  upon  £410  for  2  J  years,  at  4  J  per  cent,  per 
•annm,  the  interest  being*  payable  half  yearly. 

In  this  case,  the  time  t  must  be  calculated  in  half  yearn ;  and  «inoe  we  hare 

supposed  r  to  be  the  interest  of  £1  for  one  year,  we  must  substitute  -_,  which 

x 

will  be  the  interest  of  £  I  for  half  a  year ;  the  formula  (7)  will  thus  become 

.-.  log.  $    =    log.  p  + 2*  log.  (l  +  j) 

Here, 

p    =   £410 

r    =   £.045 

2  4=5  half  yean 

.-.  log.  p    =    2.6127839 
5  log.  1.0225    =    0.0483165 

.\  log.  $    =    2.6611004    nr    log.  458.2471 
.-.  #    =    £458.2471. 

The  inUrett  must  be  the  difference  between  this  amount  and  the  original  prin- 
cipal, 

.*.  i    sz    •— J» 

tz    £458.247  —  £410 
=;    £46  4t.  l\±tL 

Example  4. 

£400  was  put  out  at  compound  interest,  and  at  the  end  of  9  years  amounted 
to  £569  0*.  8d;  required  the  rate  of  interest  per  cenfc 

Here  #,  p,  t  are  given,  and  r  is  sought 
From  formula 

*  =  pv  +  r> 

We  hare 

log.  (I  +  r)     =     —  (log.  $  -L  log.p) 


Here, 


$  =   £569  6V.  8d    =  £569.3333 

p  =  =  £400 

f   =  =9  years 

V  log.  #    =  2.7553666 

log.  p     =  2.6020600 

.•.  log.  $  —  log.  p    =  .  1533060 

i       /i  _i_    ^  -1533066 

Jog-  (1  +  r)     =  ^ 

=  .0170340 

=  log.  1.01 

.*.  r    =  .04    =     4  per  oat*. 
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Example  6. 

In  what  time  will  a  sum  of  money  double  itself,  allowing  4  per  rent,  com; 
pound  interest  ? 

Here  *,  p,  r  are  giren,  and  /  la  sought 
From  the  formula  (7)  we  have 

*  =  pO  +  ry 

But  here, 

s  •=  2p 

.-.  2p  =  pd  +  r)* 

.-.  2  =  (I  +  r)x 

""    log.  (1+7) 

_  .3010500 

""  .0170333 

=  17.673  years 

=  17  years,  8  months,  2  days. 

In  like  manner,  if  it  be  required  to  find  in  what  time  a  sum  will  triple  itself 

at  the  same  rate,  we  have 

t log^ 

*    *"    log.  1.0* 

_  .4771213 

~"  .0170333 

=  28.011  years. 

=  28  years,  0  months,  3  days. 

PRESENT   VALUE  AND  DISCOUNT  AT  COMPOUND   INTEREST. 

If  we  call  p  the  present  value  of  a  sum  $  due  t  years  hence,  and  d  its  discount, 
reasoning  precisely  in  the  same  manner  as  in  the  case  of  simple  interests  we 
shall  find 

p  =  oTTy (8) 

d  =  'O-orry) -~<9> 


ANNUITIES  AT  COMPOUND   INTEREST. 

Problem  VIII.  To  find  the  amount  of  an  annuity  a  continued  Jbr  t  year*, 
compound  interest  being  allowed  at  the  rate  r. 

At  the  end  of  the  first  year  the  annuity  a  will  become  due,  at  the  end  of  the 
second  year  a  second  payment  a  will  become  due,  together  with  the  interest  ot 
the  first  payment  a  for  one  year,  that  is,  ar ;  *he  whole  sum  upon  which  interest 
must  now  be  computed  is  thus  2  a  +  a  r. 

At  the  end  of  the  third  year  a  further  payment  a  becomes  due,  together  with 
the  interest  on  2  a  +  a  r,  i.e.  2  a  r  +  a  r  8;  the  whole  sura  upon  which  in. 
terest  must  now  be  computed  is3a-f"3ar-f-art.  Ihe  result  will  appear 
evident  when  exhibited  under  the  following  form : 
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Whole  amount  at  the  end  of  1st  year  =  a 

^  2nd  .•.  =  a  +  «  +  ar 

=  «  +  €/(l+r) 

Sd     ...  =  a  +  fl  +  a(l  +  r)  +  «r+ar(l+r) 

=  a  +  a(l+r)  +  a(l+r)» 

~.  4th    ...  =  a  +  a  +  fl(l+r)+fl(l  +  r)f  +ar 

+  ar(l  +  r)  +  ar(l  +  r)* 
=  a  +  a(l+r)  +  «(l  +  r)«+ff(l+r)» 

• &c  ...  =  &c 

rh  ...  =  a  +  a(l+r)+a(\+ry  +  a(}  +  ry 

+ «0  +  r)1-1. 

Hence  the  whole  amount  it 

s    =    „{l+(l+r)+(l+r)«  + +  0+r)'-i] 

Problem  IX.  To  find  the  present  value  of  an  annuity  a  payable  for  t  years, 
compound  interest  being  allowed  at  the  rate  r. 

It  ia  manifest  that  the  present  value  of  this  annuity  must  be  a  sum  such,  that 
if  put  out  to  interest  for  t  years  at  the  rater,  its  amount  at  the  end  of  that  period 
will  be  the  same  as  the  amount  of  the  annuity. 

Heuce,  if  we  call  this  present  value  pt  we  shall  have,  by  Probs.  V1L  and  VIII. 

P  0  +  r)ft    =    amount  of  annuity 

_   „  0  +  0'-' 

-  fl.  — - 

_    (l  +  r)'-^l 
"P    -        r(i+ry     '* 

-     r  *      (1  +  r)*      <U) 


Example. 

What  b  die  present  value  of  an  annuity  of  £500,  to  last  for  40  years,  com 
pound  interest  being  allowed  at  the  rate  of  2T  per  cent  per  annua. 

By  formula  (11), 

_     a    (1  +  r)'  —  1 

P   -    7-     (l  +  o* 

Here, 

a  s  £500 
r  =r  £.025 
I   =  40  years, 

.-.  (1  +  r)1    =    (ISM)* 
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Now, 

/of.  (1.025)  •    =  40  log.  1.025 

=  40  X  .0107239 

—  .1289560 

=  log.  2.685072 
.-.  (1.G25)"    =     2.685072     =     (1  +  r)* 


Abo, 


«  A00  ^      A 

T    =    ."025     =    *°m 

^^^        1.685078 
A*     =     2000°  X  £«850TS 
=    20000  X  .62757... 
=  12551.4  pounds. 


REVERSION  OP  ANNUITIES. 


= 

r 

a 

r 

.0  +  r)r- 
(l+r)1 

+  » 
-1 

••(1*) 

Problem  X.  To  find  the  ptesent  value  (P)  of  on  annuity  a  wAicA  tf  Id  Cow. 
mence  after  T  yeor#9  anil  to  continue  far  t  years. 

The  present  value  required  is  manifestly  the  present  value  of  a  for  T  -J-  I 
years,  minus  the  present  value  of  a  for  T  tears. 

By  Problem  IX.  the  present  vahM  of  « for  T+  ryean=r  y  ^n^X^T* 
....»...«•«.*.*•*••••••. .....•*•... ...••••••  s)  for  T   ....•••• 

P    =    —  .  £l  +  r)-T—  (1  +  r) -(*  +  <)} 

PURCHASE  OP  BfttATR*. 

Problem  XL  To  find  the  present  value  p  of  an  estate  or  perpetuity,  whose 
annual  rental  is  a,  compound  inttrest  being  calculated  at  the  rate  r. 

The  present  value  of  an  annuity  a,  to  continue  for  t  years,  by  Prob.  IX.  b 

p    =     7{l-(l  +  r)-'} 

but  if  the  annuity  last  fof  ever,  is  In  the  case  of  an  estate,  thftb  t  ts,  c&,  tn4 
••7T47-T7  =  —  =  0;  hence,  in  the  present  case, 

P  =  £*.„...» — ,. ^^i») 


Example. 

What  b  the  .*iue  of  an  estate,  whose  rental  b  jCiOOO^  aftowihg  the 
5  per  cent,  for  his  money  ? 
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Here, 

a  =  ,£1000 

r  z:   £.05 

_     1000 

•"•^    -    "35 

=    20000,  or  20  yean9  purchat*. 

REVERSION   OF   PERPETUITIES. 

Problem  XIL  To  find  the  present  value  of  an  estate  or  perpetuity,  whose  an* 
nuat  rental  is  a  pounds,  to  a  person  to  whom  it  will  revert  after  T  years,  ro'*> 
pound  interest  being  allowed  at  the  rate  r. 

By  Problem  X.,  the  present  value  of  an  annuity,  to  commence  after  T  yean 
and  to  continue  for  t  years,  is 

p      2=      -i[(l+r)-T_(1+r)-,T4-0] 

In  the  present  case,  <  =:  oc,  and  .*.  (1  4-  r)-(T  +  0  =  0;  hence  we  shall 

have 

a  % 

p  ~  7  fi-fry* • — —- *14* 


EXAMPLE8  FOR  PRACTICE 

1.  Find  the  interest  of  £555  for  2}  yean  at  4}  per  cent  simple  interest 

Ans.  £65  l«s.  \$d. 

£.  In  what  time  will  the  interest  ot  £1  amount  to  15s.,  allowing  4$  per  cent 
simple  interest?  Ans.  16  jears,  6  mouths. 

3.  What  is  the  amount  of  £120  10s*  for  2$  yean,  at  4}  per  cent  simple  in- 
terest? Ans.  £134  16s.  2M 

4.  The  interest  of  £25  for  3}  yean,  at  simple  interest,  was  found  to  be 
£.J  18s.  9d. ;  required  the  rate  per  cent  per  annum*  Ans.  4J. 

5.  Find  the  discount  on  £100  due  at  the  end  of  3  months,  interest  being  cal- 
culated at  the  rate  of  5  per  cent  per  annum.  Ans.  £1  4s.  8jdL 

6.  What  is  the  present  value  of  the  compound  interest  of  £  100  to  be  received 
five  yean  hence,  at  5  per  cent,  per  annum.  Ans.  £78  7s.  OJrf. 

7.  What  is  the  amount  of  £721,  for  21  years,  at  4  per  cent  per  annum,  com- 
pound interest  ?  Ans.  £1642  10s.  9$dL 

4   Hie  rate  of  interest  being  5  per  cent,  in  what  number  of  yean,  at  com- 
pound interest  will  £l  amount  to  £100  ?  Ans.  94  yean,  14 1.4  day* 

z  2 
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9.  Find  the  present  value  of  £430,  due  nine  months  hence,  discount  being 
allowed  at  4$  per  cent  per  annum.  Ana.  £415  19*.  2£dl 

10.  Find  the  amount  of  £1000,  for  1  year,  at  5  per  cent  per  annum,  com- 
pound interest,  the  interest  being  payable  daily.        Ans.  £1051.  5s.  9<L  nearly. 

11.  What  sum  ought  to  be  given  for  the  lease  of  an  estate  for  20  years,  of 
the  clear  annual  rental  of  £  100,  in  order  that  the  purchaser  may  make  8  per 
cent  of  his  money  ?  Ans.  £JSI  16s.  3^/. 

12.  Find  the  present  value  of  £20,  to  be  paid  at  the  end  of  every  five  years, 
for  ever,  interest  being  calculated  at  5  per  cent  Ans.  £72  7s.  9^4 

13.  What  is  the  present  value  of  an  annuity  of  £90,  to  continue  for  ever,  and 
to  commence  after  two  years,  interest  being  calculated  at  5  per  cent  ? 

Ans.  £362  16#.  2jd 

14.  The  present  value  of  a  freehold  estate  of  £100  per  annum,  subject  to  the 
payment  of  a  certain  sum  (A)  at  the  end  of  every  two  years,  is  £1000,  allowing 
5  per  cent  compound  interest    Find  the  sum  (A).  Ana.  A  =  £102  Ids. 

15.  What  is  the  present  value  oi  an  annajty  of  £79  4s.  to  commence  7  years 
hence  and  continue  for  ever,  interest  beta*  catwlated,  at  the  rate  of  4}  per 
cent?  Am  £1298  ft*.  11 W*. 


GEOMETRY. 


DEFINITION& 

A  point  it  that  which  has  position,  bat  no  magnitude, 
limensions;  neither  length,  breadth,  nor  thickness. 
&  A  line  is  length  without  breadth  or  thickness. 

3L  A  Surface  or  Superficies,  is  an  extension  or  a  figure  of 
two  dimensions,  length  and  breadth ;  but  without  thickness. 

4.  A  Body  or  Solid,  is  a  figure  of  three  dimensions,  namely, 
length,  breadth,  and  depth,  or  thickness. 


5.  Lines  are  either  Right,  or  Curved,  or  Mixed  of  these 
two.  * 

6.  A  Right  Line,  or  Straight  Line.  He*  all  in  the  same 
direction,  between  its  extremities;  and  Is  the  shortest  dis- 
tance between  two  points. 

When  a  Line  is  mentioned  simply,  it  means  a  Right  Line* 

7.  A  Curve  continually  changes  its  direction  between  its 
extreme  points. 

8.  Lines  are  either  Parallel,  Oblique,  Perpendicular,  or 
Tangential. 

9.  Parallel  Lines  are  always  at  the  same  perpendicular  dis- 
tance ;  and  they  never  meet,  though  ever  so  far  produced. 

10.  Oblique  Lines  change  their  distance,  and  would  meet, 
if  produced  on  the  side  of  the  least  distance. 

1 1.  One  line  is  Perpendicular  to  another,  when  it  inclines 
not  more  on  the  one  side  than  the  other,  or  when  the  angles 
on  both  sides  of  it  are  equal* 

12.  A  line  or  circle  is  Tangential,  or  is  a  Tangent  to  s> 
circle,  or  other  curve,  when  it  touches  it,  without  cutting, 
although  both  are  produced. 

13.  An  Angle  is  the  inclination  or  opening  of  two  lines, 
having  different  directions,  and  meeting  in  a  point 


14b  Angles  are  Right  or  Oblique,  Acute  or  ( ftfise 
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15.  A  Right  Angle  is  that  which  is  made  by  one  line  per- 
pendicular to  another.  Or  when  the  angles  on  each  side  are 
equal  to  one  another,  they  are  right  angles. 

16.  An  Oblique  Angle  is  that  which  is  made  by  two 
oblique  lines;  and  is  either  less  or  greater  than  a  right  angle. 

17.  An  Acute  Angle  is  less  than  a  right  angle, 

18.  An  Obtuse  Angle  is  greater  than  a  right  angle. 


19.  Superficies  are  either  Plane  or  Curved. 

20.  A  Plane  gttperficies,  or  a  Plane,  is  thtft  wHh  wMdi  a  right  Rut  May, 
every  way,  coincide.  Or,  if  the  line  touch  tile  plftne  In  two  points,  H  will 
touch  it  in  every  point.     But,  if  not,  it  is  curved. 

21.  Plane  Figures  are  bounded  either  by  right  lines  or  curves. 

22.  Plane  figures  that  are  bounded  by  right  lines  have  names  according  to 
the  number  of  their  sides,  or  of  their  angles ;  tot  they  have  as  many  sides  as 
angles;  the  least  number  being  three. 

23.  A  figure  of  three  sides  and  angles  is  called  a  Triangle.  And  it  receives 
particular  denominations  from  the  relations  of  its  rides  and  angles. 


24.  An  Equilateral  Triangle  is  thai  whose  three  shies  are 
all  equal. 

25.  An   Isosceles  Triangle  is  that  wnich   has  two  sides 
equal. 

26*.  A  Scalene  Triangle  is  that  wbose  three  sides  are  afl 
unequal. 


27.  A  Right-angled  Triangle  is  that  which  has  one  right 
angle. 

28.  Other  triangles  are  Oblique-angled,  and  are  either  ob- 
tuse or  acute.  ^yi 

29.  An  Obtuse-angled  Triangle  has  one  obtuse  angle.  <S_I 

30.  An  Acute-angled  Triangle  has  all  its  three  angles 
acute. 

31.  A  figure  of  Pour  sides  and  angles  is  called  a  Quad- 
r  utile,  or  a  Quadrilateral. 

'\ •'.  A  Parallelogram  is  a  quadrilateral  which  hut  both  its 
pairs  of  opposite  sides  parallel  And  it  takes  the  following 
particular  names,  viz.  Rectangle,  Square,  Rhombus,  Rhom- 
boid. 


33.  A  Rectangle  is  a  parallelogram,  having  a  right  angle. 

34.  A  Squire  is  an  equilateral  rectangle ;  having  its  length 
atid  breadth  equal,  or  ail  its  sides  equal,  and  all  its  angles 

equal. 
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"£.   A  Rhomboid  is  nn  obtt4jXje.ar.gled  parallelogram. 


*> 


36.  A  Rhombus  Is  an  equilateral  rhomboid ;  having  all  its 
sides  equal,  but  its  angles  oblique. 

37-  A  Trapeaiom  is  a  4**kila1*raj  wtaoh  haji  not  Up  op- 
posite sides  parallel* 


LJ 
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38.  A  Trapezoid    has  only  one   pair  of   opposite   sides         /       \ 
parallel.  4 ^ 

39.  A  Diagonal  Is  a  line  joining  any  two  opposite  angles        /  ^A 
of  a  quadrilateral.  '     ■     ^ 

40.  Plane  figures  that  have  more  than  tow  sides  ate,  in  general,  called 
Polygons :  and  they  receive  other  particular  names,  according  to  the  number 
of  their  sides  or  angles.    Thus, 

41.  A  Pentagon  is  a  polygon  of  five  sides;  a  Hexagon,  of  six  sides;  a 
Heptagon,  seven;  an  Octagon,  eight;  a  Nonagon,  nine;  a  Decagon,  ten;  an 
Usjdecngon,  eleven ;  and  a  Dodecagon,  twelve  sides. 

42.  A  Regular  Polygon  has  all  its  sides  and  all  its  angles  equal  — If  they  are 
not  both  equal,  the  polygon  is  Irregular. 

43.  An  Equilateral  Triangle  is  also  a  Regular  Figure  of  three  sides,  and  the 
Square  is  one  of  four :  the  former  being  also  called  a  Trigon,  and  the  latter  a 
Tetragon. 

44.  Any  figure  is  equilateral,  when  all  its  sides  are  equal:  and  it  is  equi- 
angular when  all  its  angles  are  equal.  When  both  theje  are  equal,  it  is  a 
regular  figure. 

45.  A  Circle  is  a  plane  figure  bounded  by  a  curve  line,  

called  the  Circumference,  which  i*  everywhere  equidistant  ,''  ^ 

from  a  certain  point  within,  called  its  Ceutre.  \  J 

The  circumference  itself  is  often  called  a  circle,  and  also 
the  Periphery. 

46.  The  Radius  of  a  circle  is  a  line  drawn  from  the 
centre  to  the  circumference. 


47.  The  Diameter  of  a  circle  is  a  line  drawn  through 
the  centre,  and  terminating  at  the  circumference  on  both 
sides. 


48.     An  Arc  of  a  circle  is  any  pirt  of  the  circumference. 


40.  A  Chord  is  a  right  line  joining  the  extremities  of  ,  \ 

an  arc  \         J 


50.  A  Segment  is  any  port  of  a  circle  bounded  by  an 
a i    and  its  chord. 
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51.  A  Semicircle  is  half  the  circle,  or  a  segment  col  off 
by  a  diameter. 

The  half  circumference  is  sometimes  called  the  Semi- 
circle. 

52.  A  Sector  is  any  part  of  a  circle  which  is  bounded  by 
an  arc,  and  two  radii  drawn  to  its  extremities. 


53.  A  Quadrant,  or  Quarter  of  a  circle,  is  a  sector  baring 
a  quarter  of  the  circumference  for  its  arc,  and  its  two  radii 
are  perpendicular  to  each  other.  A  quarter  of  the  circum- 
ference is  sometimes  called  a  Quadrant. 

54.  The  Height  or  Altitude  of  a  figure  is  a  perpendicular 
let  foil  from  an  angle,  or  its  vertex,  to  the  opposite  side, 
called  the  base. 

55.  In  a  right- angled  triangle,  the  .side  opposite  the  right 
angle  is  called  the  Hypotuenuse ;  and  the  other  two  sides 
are  called  the  Legs,  and  sometime*  the  Base  and  Perpen- 
dicular. 

56.  When  an  angle  is  denoted  by  three  letters,  of  which 
one  stands  at  the  angular  point,  and  the  other  two  on  the 
two  sides,  that  which  stands  at  the  angular  point  is  read  in 
the  middle. 

57.  The  circumference  of  every  circle  is  supposed  to  be  divided  into  960 
eq  ial  parts  called  degrees;  and  each  degree  iuto  60  Minutes,  each  Minute  into 
60  Seconds,  and  so  on.  Hence  a  semicircle  contains  180  degrees,  and  ft  quad- 
rant 90  degrees. 

58.  The  Measure  of  an  angle  is  an  arc  of  any  circle  con- 
tained between  the  two  lines  which  form  that  angle,  the 
angular  point  being  the  c  litre ;  and  it  is  estimated  by  the 
number  of  degrees  contained  in  that  arc 

59.  Lines,  or  chords,  are  said  to  be  Equidistant  from  the 
centre  of  a  circle,  when  perpendiculars  dra»vu  to  them  from 
the  centre  are  equal. 

00.  And  the  right  line' on  which  the  Greater  Perpendi- 
cular falls,  is  said  to  be  farther  from  the  centre. 

61.  An  An^le  in  a  Segment  is  that  which  is  contained 
by  two  lines,  drawn  from  any  point  in  the  arc  of  the  seg- 
ment, to  the  two  extremities  of  that  arc. 

62.  An  Angle  on  a  segment,  or  an  arc,  is  that  which  is  contained  by  two 
lines,  drawn  from  any  point  in  the  opp;isite  or  supplementary  part  of  the  cir- 
cumference, to  the  extremities  of  the  arc,  and  containing  the  arc  between 
them. 


63.  An  Angle  at  the  circumference,  is  that  whose  angul  tr 
point  or  summit  is  any  where  in  the  circumference  And 
an  angle  at  the  centre,  is  that  whose  angular  point  is  at  toe 

centre. 


DEFINITIONS. 


2. 


64.  A  right-lined  figure  is  Inscribed  in  a  circle,  or  the 
circle  Circumscribes  it,  when  all  the  angular  points  of  the 
figure  are  in  the  circumference  of  the  circle. 


65.  A  right-lined  figure  Circumscribes  a  circle,  or  the 
circle  is  Inscribed  in  it,  when  all  the  sides  of  the  figure 
touch  the  circumference  of  the  circle. 


66.  One  right-lined  figure  is  inscribed  in  another,  or  the 
latter  circumscribes  the  former,  when  all  the  bugular  points 
of  the  former  are  placed  in  the  sides  of  the  latter. 

67.  A  Secant  is  a  line  that  cuts  a  circle,  lying  partly 
within,  and  partly  without  it. 


68.  Two  triangles,  or  other  right-lined  figures,  are  said  to  be  mutually  equi- 
lateral, when  all  the  sides  of  the  one  are  equal  to  the  corresponding  sides  of  the 
other,  each  to  each :  and  they  are  said  to  be  mutually  equiangular,  when  the 
angles  of  the  one  are  respectively  equal  to  those  of  the  other. 

69.  Identical  figures,  are  such  as  are  both  mutually  equilateral  and  equi- 
angular; or  that  ha?e  all  the  sides  and  all  the  angles  of  the  one,  respectively 
equal  to  all  the  sides  and  all  the  angles  of  the  other,  each  to  each ;  so  that  if  the 
one  figure  were  applied  to,  or  laid  upon  the  other,  all  the  sides  of  the  one  would 
exactly  fall  upon  and  cover  all  the  aides  of  the  other;  the  two  becoming  as  it 
were  but  one  and  the  same  figure. 

70.  Similar  figures,  are  those  that  hare  all  the  angles  of  the  one  equal  to  all 
the  angles  of  the  other,  each  to  each,  and  the  sides  about  the  equal  angles  pro 
portional. 

71.  The  Perimeter  of  a  figure,  is  the  sum  of  all  its  sides  taken  together. 

72.  A  Proposition,  is  something  which  is  either  proposed  to  be  done,  or  to 
be  demonstrated,  and  is  either  a  problem  or  a  theorem. 

73.  A  Problem,  is  something  proposed  to  be  done. 

74.  A  '1  heorem,  is  something  proposed  to  be  demonstrated. 

75.  A  Lemma,  is  something  which  is  premised,  or  demonstrated,  in  order  to 
render  what  follows  more  easy. 

76.  A  Corollary,  is  a  consequent  truth,  gained  immediately  from  some  pre- 
ceding  truth,  or  demonstration. 

77.  A  Scholium,  is  a  remark  or  observation  made  upon  something  going 
befote  it 
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AXIOMS. 

1.  Things  which  arc  equal  to  the  same  thing  are  equal  to  each  other. 

2.  When  equals  are  added  to  equals,  the  wholes  are  equal 

3.  When  equals  are  taken  from  equals,  the  remainders  are  equal. 

4.  When  equals  are  added  to  unequal*,  the  wholes  are  unequal. 

5.  When  equals  are  taken  from  unequals,  the  remainders  are  unequal. 

6.  Things  which  are  double  of  the  same  thing,  or  equal  things,  are  ennal  to 
each  other. 

7.  Things  which  are  halves  of  the  same  thing,  are  equal. 

8.  Every  whole  is  equal  to  all  its  parts  taken  together. 

9.  1  hinirs  which  coincide,  or  till  the  same  space,  are  identical,  or  mutually 
equal  in  all  their  parts. 

10.  All  right  angles  are  equal  to  one  another. 

]  1.  Angles  that  have  equal  measures,  or  arcs,  are  equal 


TTOORIM  U 


If  two  triangles  have  two  sides  and  the  included  angle  in  the  one,  equal  to  two 
sides  and  the  included  angle  in  the  ul/icr,  the  triangles  will  be  identical,  or  equal 
in  all  respects. 

In  the  twe  triangles  ABC,  DEF,  if  the  side  AC 
be  equal  to  the  side  1)F,  and  the  side  BC  equal  to 
the  side  EF,  and  the  angle  C  equal  to  the  angle  F ; 
then  will  the  two  triangles  be  identical,  or  equal  in  all 
respects. 

For  conceive  the  triangle  ABC  to  be  applied  to,  or 
placed  on,  the  triangle  DEF,  in  such  a  man  tier  that  the  point  C  may  coincide 
with  the  point  F,  and  the  side  AC  with  the  side  DF,  which  is  equal  to  it 

Then,  since  the  angle  F  is  equal  to  the  angle  C  (by  hyp.),  the  side  BC  will 
fall  on  the  side  EF.  Also,  because  AC  is  equal  to  DF,  and  BC  equal  to  FF 
(by  hyp.),  the  point  A  will  coincide  with  the  point  D,  and  the  point  B  with  the 
point  E  ;  consequently  the  side  AB  will  coincide  with  the  side  DE,  Therefore 
the  two  triangles  are  identical,  and  have  all  their  other  corresponding  pans 
equal  (ax.  J)),  namely,  the  side  AB  equal  to  the  side  DE,  the  angle  A  to  the 
angle  D,  and  the  uu^le  B  to  the  angle  E.      Q.  <E.  D. 


TU-OHRtJ    n# 


When  two  triangles  have  two  angles  and  the  included  side  in  the  one,  equal  to 
two  angles  and  the  included  side  in  the  other,  t/ic  triangles  are  identical,  or  have 
their  other  sides  and  angles  equal* 
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Let  the  two  triangles  ABC,  DEF,  have  the  angls 
A  equal  to  the  angle  D,  the  angle  B  equal  to  the  angle 
E,  and  the  aide  AB  equal  to  the  side  DE ;  then  these 
two  triangles  will  be  identical. 

For,  conceive  the  triangle  ABC  to  be  placed  on 
the  triangle  DEF,  in  such  manner  that  the  side  AB 
may  fall  exactly  on  the  equal  side  DE.  Then,  since  the  angle  A  is  equal  to 
the  angle  D  (by  hyp.),  the  side  AG  must  fall  on  the  side  DF;  and,  in  like 
manner,  because  the  angle  B  is  equal  to  the  angle  E,  the  side  BC  must  fall  on 
the  side  EF.  Thus  the  three  sides  of  the  triangle  ABC  will  he  exactly  placed 
on  the  three  sides  of  the  triangle  DEF ;  consequently  the  two  triangles  are 
identical  (ax.  9),  having  the  other  two  sides  AC,  BC,  equal  to  the  two  DF, 
EF,  and  the  remaining  angle  C  equal  to  the  remaining  angle  F.      Q.  E.  D. 


THEOREM   III. 

In  an  isosceles  triangle,  the  angles  at  the  base  are  equal.     Or9  if  a  triangle 
have  two  sides  equal,  their  opposite  angles  will  also  be  equal 

If  the  triangle  ABC  have  the  side  AC  equal  to  the  side 
BC :  then  will  the  angle  B  be  equal  to  the  angle  A. 

For,  conceive  the  angle  C  to  be  bisected,  or  divided  into 
two  equal  parts,  by  the  line  CD,  making  the  angle  ACD 
equal  to  the  angle  BuD. 

Then,  the  two  triangles  ACD,  BCD,  have  two  sides  and 
the  contained  angle  of  the  one,  equal  to  two  sides  and  the 
contained  angle  of  the  other,  viz.  the  aide  AC  equal  to  BC,  the  angle  ACD 
equal  to  BCD,  and  the  side  CD  common ;  therefore  these  two  triangles  are 
identical,  or  equal  in  all  respects  (th.  1) ;  and  consequently  the  angle  A  equal 
to  the  angle  B.      Q.  E.  D. 

Carol.  I.   Hence  the  line  which  bisects  the  vertical  angle  of  an  isosceles 
triangle,  bisects  the  base,  and  is  also  perpendicular  to  it 

Corol.  2.   Hence  too  it  appears,  that  every  equilateral  triangle,  is  also  equi- 
angular, or  has  all  its  angles  equaL 


THEOREM   IT. 

When  a  tiiangh  has  two  of  its  angles  equal,  the  sides  opposite  to  them  are 
alto  equal. 

If  the  triangle  ABC,  have  the  angle  A  equal  to  the 
angle  B,  it  will  also  have  the  side  AC  equal  to  the  side 
BC. 

For,  conceive  the  side  A  B  to  be  bisected  in  the  point 
D,  making  AD  equal  to  i)B;  and  join  DC,  dividing  the 
whole  triangle  into  the  two  triangles  ACD,  BCD.  Also 
conceive  the  triangle  ACD  to  be  turned  over  upon  the 
triangle  BCD,  so  that  AD  may  fall  on  BD.  (th.  3,  Cor.  1) 

Then,  because  the  line  AD  is  equal  to  the  line  DB  (by  hyp.),  the  point  A 
coincides  with  the  point  B,  and  the  point  D  with  the  point  D»  Also,  because 
the  angle  A  is  equal  to  the  angle  B  (by  hyp.),  the  line  AC  will  fall  on  the  line 
HC,  and  the  extremity  C  of  the  side  AC  will  coincide  with  the  extremity  C  of 
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the  side  BC,  because  DC  is  common  to  both ;  consequently  At  smU  AC  ■ 
equal  to  BC.      Q.  B.  D. 

CoroL  Hence  every  equiangular  triangle  is  also  equilateral. 


THEOREM  V. 

When  two  triangles  have  att  the  three  sides  in  the  one,  eqmal  to  aU  tit  mm 
sides  in  the  other,  the  triangles  are  identical,  or  have  also  their  three  smgkssfm\ 
each  to  each* 

Let  the  two  triangles  ABC,  ABD,  hare  their 
three  sides  respectively  equal,  via.  the  side  AB 
equal  to  AB,  AC  to  AD,  and  BC  to  BD;  then 
shall  the  two  triangles  be  identical,  or  hare  their 
angles  equal,  viz,  those  angles  that  are  opposite  to 
the  equal  sides;  namely,  the  angle  BAC  to  the 
angle  BAD,  the  angle  ABC  to  the  angle  ABD, 
and  the  angle  C  to  the  angle  D. 

For,  conceive  the  two  triangles  to  be  joined 
together  by  their  longest  equal  sides,  and  draw  the 
line  CD. 

Tlien,  in  the  triangle  ACD,  because  the  aide  AC  is  equal  to  AD  (by  hjaJL 
the  angle  ACD  is  equal  to  the  angle  ADC  (th.  3).  In  like  iimm,  h  fc 
triangle  BCD,  the  angle  BCD  is  equal  to  the  angle  BDC,  heesiss  the  ail  IC 
is  equal  to  BD.  Hence  then,  the  angle  ACD  being  equal  Id  the  msajm  ADQ 
and  the  angle  BCD  to  the  angle  BDC,  by  equal  additions  the  an  e!  feist 
angles,  ACD,  BCD,  is  equal  to  the  sum  of  the  two  ADC,  BDC,  (ax.  *),  Arts' 
the  whole  angle  ACB  equal  to  the  whole  angle  ADB. 

Since,  then,  the  two  sides  AC,  CB,  are  equal  to  the  two  aides  AD,  DB^  tat 
to  each,  (by  hyp.),  and  their  contained  angles  ACB,  ADB, 
triangles  ABC,  ABD,  are  identical  (th.  1),  and  hare  the  other 
viz.  the  angle  BAC  to  the  angle  BAD,  and  the  angle  ABC  to  the  aaglft  AHL 

y.  e.  d. 


THEOREM  YU 

When  one  line  meets  another,  the  angles  which  it  makes  on  the  same  awf/ 
the  other,  are  together  equal  to  two  right  angles. 

Let  the  line  AB  meet  the  line  CD:  then  will  the  two 
angles  ABC,  ABD,  taken  together,  be  equal  to  two  right 
angles. 

For,  first,  when  the  two  angles  ABC,  ABD,  are  equal 
to  each  other,  they  are  both  of  them  right  angles  (de£  15). 

But  when  the  angles  are  unequal,  suppose  BE  drawn 
perpendicular  to  CD.     Then,  since  the  two  angles  EBC, 
KBD,  are  right  angles  (<lef.  15).  and  the  angle  EBD  is  equal  to  the  tee 
KB  A,  ABD,  together  (ax.  b),  the  three  angles,  EBC,  EBA,  and  ABD.  * 
e  jual  to  two  right  angles. 

But  the  two  angles  EBC,  EBA,  are  together  equal  to  the  angle  ABC (^1 
Consequently,  the  two  angles  ABC,  ABD,  are  also  equal  to  hie  lift*  aah 
Q.E.  D. 

CoroL  1.    Hence  also,  conversely,  if  the  two  angles  Khi\  ABU  •  ^        \ 


r 


THEOREMS.  365 

tides  of  the  Hue  All,  make  up  together  two  right  angles,  then  CB  and  HV  form 
one  continued  right  line  CD. 

Carol  2.  Hence,  all  the  angles  which  can  be  made,  at  any  point  B,  by  any 
number  of  lines,  on  the  same  side  of  the  right  line  CD,  are,  when  taken  all  to- 
gether, equal  to  two  right.angles. 

CoroL  3.  And,  as  all  the  angles  that  can  be  made  on  the  other  side  of  the 
line  CD  are  also  equal  to  two  right  angles ;  therefore,  all  the  angles  that  can  be 
made  quite  round  a  point  fi,  by  any  number  of  lines,  are  equal  to  four  right 
angles. 

CoroL  4  Hence,  also,  the  whole  circumference  of  a  circle, 
being  the  sum  of  the  measures  of  all  the  angles  that  can  be 
made  about  the  centre  F  (def.  57),  is  the  measure  of  four  right 
angles.  Consequently,  a  semicircle,  or  180  degrees,  is  the 
measure  of  two  right  angles ;  and  a  quadrant,  or  90  degrees, 
the  measure  of  one  right  angle. 


THEOREM  VII. 

When  two  limes  intersect  each  other,  the  opposite  angles  are  equaL 

Let  the  two  lines  AB,  CD,  intersect  in  the  point  E; 
then  will  the  angle  AEC  be  equal  to  the  angle  BED* 
and  the  angle  AED  be  equal  to  the  angle  CEB. 

For,  since  the  line  CE  meets  the  line  AB,  the  two 
angles  AEC,  BEC,  taken  together,  are  equal  to  two      A 
right  angles  (th.  6). 

In  like  manner,  the  line  BE,  meeting  the  line  CD,     D 
makes  the  two  angles  BEC,  BED,  equal  to  two  right 
angles. 

Therefore,  the  sum  of  the  two  angles  AEC,  BEC,  is  equal  to  the  sum  of  tiki 
two  BEC,  BED  (ax.  1). 

And  if  the  angle  BEC,  which  is  common,  be  taken  away  from  both  these, 
the  remaiuing  angle  AEC  will  be  equal  to  the  remaining  angle  BED  (ax.  3). 

And  in  like  manner  it  may  be  shown,  that  the  angle  AED  is  equal  to  the 
opposite  angle  BEC 

THEOREM  VIII. 

When  one  side  of  a  triangle  is  produced,  the  outward  angle  is  greater  than 
either  of  the  two  inward  opposite  angles. 

Let  ABC  he  a  triangle,  having  the  side  AB  pro- 
duced to  D ;  then  will  the  outward  angle  CBD  be 
greater  than  either  of  the  inward  opposite  angles  A 
or  C. 

For,  conceive  the  side  BC  to  be  bisected  in  the 
point  E,  and  draw  the  line  AE,  producing  it  till  EF 
be  equal  to  AE),  and  join  BF. 

Then,  since  the  two  triangles  AEC,  BEF,  have  the 
aide  AE  =  the  side  EF,  and  the  side  CE  =  the  side  BE  (by  suppoa.),  and  the 
Included  or  opposite  angles  at  E  also  equal  (th.  7),  therefore,  those  two  tri- 
angles are  equal  in  all  respects  (th.  1 ),  and  have  the  angle  C  =  the  correspond- 
ing angle  EBF.  But  the  angle  CBD  is  greater  than  the  angle  EBF; 
qaently,  the  said  outward  angle  CBD  is  also  greater  than  the  angle  (* 
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In  like  manner,  if  CB  be  produced  to  G,  and  AB  be  bisected,  it  may  be 
shown  that  the  outward  angle  ABG,  or  its  equal  CBD,  is  greater  than  the  other 
angle  A. 


THEOREM   IX. 

The  greater  side,  of  eoery  triangle,  is  opposite  to  the  greater  angle  ;  and  the 
greater  angle  opposite  to  die  greater  side. 

Let  ABC  be  a  triangle,  having  the  side  AB  greater 
than  the  side  AC;  then  will  tlie  angle  ACB,  opposite  the 
greater  side  AB,  be  greater  than  the  angle  B,  opposite  the 
less  side  AC. 

For,  on  the  greater  side  AB,  take  the  part  AD  equal  to 
the  less  side  AC,  and  join  CD.  Then,  since  BCD  is  a 
triangle,  the  outward  angle  ADC  is  greater  than  the  inward  opposite  angle  B 
(th.  8).  But  the  angle  A  CD  is  equal  to  the  said  outward  angle  ADC,  because 
AD  is  equal  to  AC  (th.  3).  Consequently,  the  angle  ACD  also  is  greater  than 
the  angle  B.  And  since  the  angle  ACD  is  only  a  part  of  ACB,  much  more 
must  the  whole  angle  ACB  be  greater  than  the  angle  B.    Q.  E.  D» 

Again,  conversely,  if  the  angle  C  be  greater  than  the  angle  B,  then  will  the 
side  AB,  opposite  the  former,  be  greater  than  the  side  AC,  opposite  the  latter. 

For,  if  AB  be  not  greater  than  AC,  it  must  be  either  equal  to  il*  or  leas  than 
it  But  it  cannot  be  equal,  for  then  the  angle  C  would  be  equal  to  the  angle  B 
(th.  3),  which  it  is  not,  by  the  supposition.  Neither  can  it  be  less,  for  then  the 
angle  C  would  be  less  than  the  angle  B,  by  the  former  part  of  this ;  which  is 
also  contrary  to  the  supposition.  The  aide  AB,  then,  being  neither  equal  to 
AC,  nor  less  than  it,  must  necessarily  be  greater.     Q.  E.  D. 


THEOREM  X. 

» 

'     The  sum  of  any  two  sides  of  a  triangle  is  greater  than  the  third  side. 

Let  ABC  be  a  triangle;  then  will  the  sum  of  any  two 
of  its  sides  be  greater  than  the  third  side,  as  for  in- 
stance, AC  +  CB  greater  than  AB. 

For,  produce  AC  till  CD  be  equal  to  CB,  or  AD  equal 
to  the  sum  of  the  two  AC  +  CB ;  and  join  BD :— Then 
because  CD  is  equal  to  CB  (by  constr.),  the  angle  D  is 
equal  to  the  angle  CBD  (th.3).     But  the  angle  ABD 
is  greater  than  the  angle  CBD,  consequently,  it  must 

also  be  greater  than  the  angle  D.  And,  since  the  greater  side  of  any  triangle 
is  opposite  to  the  greater  angle  (th.  9),  the  side  AD  (of  the  triangle  ABD)  is 
greater  than  the  side  AB.  But  AD  is  equal  to  AC  and  CD,  or  AC  and  CB, 
taken  together  (by  constr.) ;  tlierefore,  AC  -f-  CB  is  also  greater  than  AJEJ, 
Q.E.  D. 

CoroL  The  shortest  distance  between  two  points,  is  a  single  right  lino  drawa 
from  she  one  point  to  the  other. 

THEOREM   XI. 

The  difference  of  any  two  sides  of  a  triangle,  is  lees  that,  the  third  sua* 
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Let  ABC  be  a  triangle ;  then  will  the  difference  of 
any  two  sides,  as  AB  —  AC,  be  less  than  the  third  side 
BC. 

For,  produce  the  less  side  AC  to  D,  till  AD  be  equal 
to  the  greater  side  AB,  so  that  CD  may  be  the  differ, 
ence  of  the  two  sides  AB  —  AC ;  and  join  BD.  Then, 
because  AD  Is  equal  to  AB  (by  const r.),  the  opposite 
angles  D  and  ABD  are  equal  (th.  3).  But  the  angle 
CBD  is  less  than  the  angle  ABD,  and  consequently  also  less  than  the  equal  angle 
D.  And  since  the  greater  side  of  any  triangle  is  opposite  to  the  greater  angle 
(th.  9).  the  side  CD  (of  the  triangle  BCD)  is  less  thau  the  side  BC. 

Otherwise.  Set  off  upon  AB  a  distance  AI  equal  to 
AC.  Then  (th.  20)  AC  +  CB  is  greater  than  AB,  that  is, 
greater  than  A I  -f-  IB.  From  these,  take  away  the  equal 
parts,  AC,  AI,  respectively ;  and  there  remains  CB  greater 
than  IB.     Consequently,  IB  is  less  than  CB.     Q.  R.  D. 

THEOREM  XII. 

When  A  line  intersect*  two  parallel  lints,  it  makes  the  alternate  angles  equal  ic 

tOCh  UtMtm 

Let  the  line  EF  cut  the  two  parallel  lines  AB,  CD; 
then  will  the  angle  AEF  be  equal  to  the  alternate  angle 
EFD. 

For  if  they  are  not  equal,  one  of  them  most  be  greater 
than  the  other;  let  it  be  EFD  for  instance  which  is  the 
greater,  if  possible;  and  conceive  the  tin*  FB  to  be 
drawn,  cutting  off  the  part  or  angle  h^b'H  equal  to  the 
angle  AEF,  and  meeting  the  line  AB  in  the  point  B. 

Then,  since  the  outward  angle  AEF,  of  the  triangle  BEF,  is  greater  than  the 
inward  opposite  angle  EFB  (th.  8) ;  and  since  these  two  angles  also  are  equal 
(by  the  constr.)  it  follows,  that  those  angles  are  both  equal  and  unequal  at  tVe 
same  time:  which  is  impossible.  Therefore  the  angle  EFD  is  not  unequ;!  i.» 
the  alternate  angle  AEF,  that  is,  they  are  equal  to  each  other.     Q  E.  D. 

Coral.  Right  lines  which  are  perpendicular  to  ooe,  of  two  parallel  lines,  are 
also  perpendicular  to  the  other. 

THEOREM   XIII. 

When  a  line,  cutting  two  other  lines,  makes  the  alternate  angles  equal  to  each 
other,  those  two  tines  art  paraUtL 

Let  the  fine  EF,  catting  the  two  lines  AB,  CD,  make 
the  alternate  angles  AEF,  DFE,  equal  to  each  other; 
then  will  AB  be  parallel  to  CD. 

For  if  they  be  not  parallel,  let  some  other  line,  as  FO, 
be  parallel  to  AB.  Then,  because  of  these  parallels,  the 
angle  AEF  is  equal  to  the  alternate  angle  EFG  (th.  I?). 
But  the  angle  AEF  is  eqtnl  to  the  angle  EFD  (by  hyp. ) 
Therefore  the  angle  EFi)  is  equal  to  the  angle  EFG  (ax.  1);  that  is,  a  part  is 
equal  to  the  whole,  whirh  is  impossible.  Therefore  no  line  bat  CD  can  be  pa- 
rallel to  AB.    Q.K  D. 
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Carol  Those  lines  which  are  perpendicular  to  the  same  line,  are  parallel  to 
each  other. 


THEOREM  KIT. 

When  a  line  cute  two  patalltl  lines,  the  outward  angle  is  equal  to  the  inward 
ojtposite  one,  on  the  same  side;  and  the  two  inward  angles,  on  the  same  side*  ore 
together  equal  to  two  right  angles. 

Let  the  line  EF  cat  the  two  parallel  lines  AB,  CD ; 
then  will  the  outward  angle  EGB  be  equal  to  the  in- 
ward opposite  angle  GHD,  on  the  same  side  of  the  line 
EF ;  and  the  two  inward  angles  BGH,  GHD,  taken  to- 
gether, will  be  equal  to  two  right  angles. 

For  since  the  two  lines  AB,  CD,  are  parallel,  the 
angle  AGH  is  equal  to  the  alternate  angle  GHD,  (th, 
1 2).  But  the  angle  AGH  is  equal  to  the  opposite  angle 
EGB  (th.  7).  Therefore  the  angle  EGB  is  also  equal 
to  the  angle  GHD  (ax.  1).     Q.  E.  D. 

Again,  because  the  two  adjacent  angles  EGB,  BGH,  are  together  equal  to 
two  right  angles  (th.  6) ;  of  which  the  angle  EGB  has  been  shown  to  be  equal 
to  the  angle  GHD;  therefore  the  two  angles  BGH,  GHD,  taken  together,  are 
also  equal  to  two  right  angles. 

CoroL  1 .  And,  conYersely ,  if  one  line  meeting  two  other  lines,  make  the  angles 
on  the  same  side  of  it  equal,  those  two  lines  are  parallels. 

Corol.  2.  If  a  line,  cutting  two  other  lines,  make  the  sum  of  the  two  inward 
angles  on  the  same  side,  less  than  two  right  angles,  those  two  lines  will  not  be 
p.*trallel,  but  will  meet  each  other  when  produced. 

• 

THEOREM   XY. 

Those  lines  which  are  parallel  to  the  same  line9  are  parallel  to  each  other* 

Let  the  lines  AB,  CD,  be  each  of  them  parallel  to  the 
line  EF;  then  shall  the  lines  AB,  CD,  be  parallel  to 
each  other. 

For,  let  the  line  GI  be  perpendicular  to  EF.  Then 
will  this  line  be  also  perpendicular  to  both  the  lines  AB, 
CD  (corol.  th.  12),  and  consequently  the  two  lines  AB, 
CD,  are  parallels  (corol  th.  13>.     Q.  E.  D 


THEOREM  XTI. 

When  one  side  oj  a  triangU  is  produced,  the  outward 
inward  opposite  angles  taken  together. 

Let  the  side  AB,  of  the  triangle  ABC,  be  produced 
to  D ;  then  will  the  outward  angle  CBD  be  equal  to  the 
sum  of  the  two  inward  opposite  angles  A  and  CL 

For,  conceive  BE  to  be  drawn  parallel  to  the  aide  AG 
of  the  triangle.  Then  BC,  meeting  the  two  parallels 
AC,  BE,  makes  the  alternate  angles  C  and  CBE  equal 
(th.  12).  And  AD,  cutting  the  same  two  parallels  AC, 
BE,  makes  the  inward  and  outward  angles  on  the  same  side,  A  and  BBD^  equal 
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to  each  other  (th.  14).  Therefore,  by  equal  additions,  the  sum  of  the  two  angles 
A  and  C,  is  equal  to  the  sum  of  the  two  CBE  and  EBD,  that  is,  to  the  whole 
angle  CBD  (by  ax.  2).     Q.  E.  D. 


THEOREM  XVII. 

Tn  any  triangle,  the  sum  of  all  the  tliree  angles  is  equal  to  two  right  angles. 

Let  ABC  be  any  plane  triangle ;  then  the  sum  of  the 
three  angles  A  -f-  B  -f-  C  is  equal  to  two  right  angles. 

For,  let  the  side  AB  be  produced  to  D.  Then  the 
outward  angle  CBD  is  equal  to  the  sum  of  .the  two  in- 
ward opposite  angles  A  -f-  C  (th.  16).  To  each  of  these 
equals  add  the  inward  angle  B,  then  will  the  sum  of  the       A  B     D 

three  inward  angles  A  -f-  B  -f-  C  be  equal  to  the  sum  of 

the  two  adjacent  angles  ABC  +  CBD  (ax.  2\  But  the  sum  of  these  two  last 
adjacent  angles  is  equal  to  two  right  angles  (th.  6).  Therefore  also  the  sum  of 
the  three  angles  of  the  triangle  A  +  B  -f-  C  is  equal  to  two  right  angles  (ax.  1 ). 
Q.  E.  D. 

CoroL  1.  If  two  angles  in  one  triangle,  be  equal  to  two  angles  in  another  tri- 
angle, the  third  angles  will  also  be  equal  (ax.  3),  and  the  two  triangles  equi- 
angular. 

Corol.  2.  If  one  angle  in  one  triangle,  be  equal  to  one  angle  in  another,  the 
sums  of  the  remaining  angles  will  also  be  equal  (ax.  3). 

CoroL  3.  If  one  angle  of  a  triangle  be  right,  the  sum  of  the  other  two  will  also 
be  equal  to  a  right  angle,  and  each  of  them  singly  will  be  acute,  or  less  than  a 
right  angle. 

CoroL  4.  The  two  least  angles  of  every  triangle  are  acute,  or  each  less  than  a 
right  angle. 

THEOREM   XVI II. 

In  any  quadrangle,  the  sum  of  all  the  four  inward  angles,  is  equal  to  Jour  right 
■  angles. 

Let  A  BCD  be  a  quadrangle ;  then  the  sum  of  the  four 
inward  angles,  A  +  B  +  C  +  D  is  equal  to  four  right 
angles. 

Let  the  diagonal  AC  be  drawn,  dividing  the  quadrangle 
into  two  triangles,  ABC,  ADC.  Then,  because  the  sum  of 
the  three  angles  of  each  of  these  triangles  is  equal  to  two 
right  angles  (th.  1 7) ;  it  follows,  that  the  sum  of  all  the        A  D 

angles  of  both  triangles,  which  make  up  the  four  angles 
of  the  quadrangle,  must  be  equal  to  four  right  angles  (ax.  fc).     Q.  E.  D. 

Corol.  1.  Hence,  if  three  of  the  angles  be  right  ones,  the  fourth  will  also  be  a 
right  angle. 

CoroL  2.  And  if  the  sum  of  two  of  the  four  angles  be  equal  to  two  right 
angles,  the  sum  of  the  remaining  two  will  also  be  equal  to  two  right  angles* 

THEOREM   XIX. 

Mh  any  figure  whatever,  the  sum  of  all  the  inward  angles,  taken  together,  is 

equal  to  twice  as  many  right  angles,  wanting  four,  as  thejlgure  has  sides* 

a  a 
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Lei  ABCDE  be  any  figure ;  then  the  sum  of  all  its 
inward  angles,  A  -f-  B-f-  C  -f  D  +  E,  is  equal  to 
twice  as  many  right  angles,  wanting  four,  as  the  figure 
has  sides. 

For,  from  any  point  P,  within  it,  draw  lines,  PA,  PB, 
PC,  &c  to  all  the  angles,  dividing  the  polygon  into  as 
many  triangles  as  it  has  sides.  Now  the  sum  of  the 
three  angles  of  each  of  these  triangles,  is  equal  to  two 

right  angles  (th.  17) ;  therefore  the  sum  of  the  angles  of  all  the  triangles  in 
equal  to  twice  as  many  right  angles  as  the  figure  has  sides.  But  the  sum  of  ail 
the  angles  about  the  point  P,  which  are  so  many  of  the  angles  of  the  triangles, 
but  no  part  of  the  inward  angles  of  the  polygon,  is  equal  to  four  right  angles 
(corol.  3,  th.  6),  and  must  be  deducted  out  of  the  former  sum.  Hence  it  fol- 
lows, that  the  sum  of  all  the  inward  angles  of  the  polygon  alone,  A  -f>  B  -f-  C 
+  D  -f-  E,  is  equal  to  twice  as  many  right  angles  as  the  figure  has  sides,  want- 
i jig  the  said  four  right  angles*     Q.  E.  D. 

THEOREM   XX. 

When  evtry  side  of  any  figure  is  produced  out,  the  sum  of  ail  the  outward 
angles  thereby  made,  is  et/ual  to  four  right  angles. 

Let  A,  B,  C,  &c  be  the  outward  angles  of  any  po- 
lygon, made  by  producing  all  the  sides ;  then  will  the 
sum  A  +  B  -f  C+  D  +  E,  of  all  those  outward 
angles,  be  equal  to  four  right  angles. 

For  every  one  of  these  outward  angles,  together 
with  its  adjacent  inward  angle,  make  up  two  right 
angles,  as  A  -{-  a  equal  to  two  right  angles,  being  the 
t>»o  angles  made  by  one  line  meeting  another  (th.  a\ 
And  there  being  as  many  outward,  or  inward  angles, 
as  the  figure  has  sides ;  therefore  the  sum  of  all  the 

inward  and  outward  angles,  is  equal  to  twice  as  many  right  angles  as  the  figure 
lias  sides  ;  therefore  the  sum  of  all  the  inward  and  outward  angles,  is  equal  to 
twice  as  many  right  angles  as  the  figure  has  sides.  But  the  sum  of  all  the  in* 
ward  angles,  with  four  right  angles,  is  equal  to  twice  as  many  right  angles  as  the 
figure  has  sides  (th.  19).  Therefore  the  sum  of  all  the  inward  and  all  the  out- 
ward angles,  is  equal  to  the  sum  of  all  the  inward  angles  and  four  right  angles 
(l>y  ax.  1).  From  each  of  these  take  away  all  the  inward  angles,  and  there  re- 
main all  the  outward  angles  equal  to  four  right  angles  (by  ax.  3).     Q.E,  D. 

THEOREM  XXL 

A  perpendicular  is  the  shortest  Hue  that  can  be  drawn  JYom  a  given  point  to  am 
indefinite  line.  And,  of  any  other  lines  drawn  from  the  same  point,  thorn  that 
are  near  eat  the  perpendicular  are  less  than  those  more  remote. 

If  AB,  AC,  AD,  &c  be  lines  drawn  from  the  given  point 
A,  to  the  indefinite  line  DE,  of  which  AB  is  perpendicular ; 
then  shall  the  perpendicular  AB  be  less  than  AC,  and  AC 
less  than  AD,  &c. 

For,  the  angle  B  being  a  right  one,  the  angle  C  is  acute, 
(by  cor.  3,  th.  1 7),  and  therefore  less  than  the  angle  B.  But 
the  less  angle  of  a  triangle  is  subtended  by  the  less  side  (th. 
9).     Therefore  the  side  AB  is  less  than  the  side  At'. 


THEOREMS.  371 

Again,  the  angle  ACB  being  acute,  as  before,  the  adjacent  angle  ACD  will 
be  obtuse  (by  th.  6);  consequently  the  angle  D  is  acute  (corol.  3,  th.  17),  and 
therefore  is  less  than  the  angle  C.  And  since  the  less  side  is  opposite  to  the  less 
angle,  therefore  the  side  AC  is  less  than  the  side  AD.     Q.  E.  D* 

Corol  A  perpendicular  is  the  least  distance  of  a  given  point  from  a  line. 

THEOREM   XX11. 

The  opposite  sides  and  angles  of  any  parallelogram  are  equal  to  each  otlter ; 
and  the  diagonal  divides  it  into  two  equal  triangles. 

Lei  ABCD  be  a  parallelogram,  of  which  the  diagonal  is 
BD ;  then  will  its  opposite  sides  and  angles  be  equal  to  • 
each  other,  and  the  diagonal  BD  will  divide  it  into  two 
equal  parts,  or  triangles. 

For,  since  the  sides  AB  and  DC  are  parallel,  as  also  the 
sides  AD  and  BC  (defin.  32),  and  the  line  BD  meets  them ; 
therefore  the  alternate  angles  are  equal  (th.  12),  namely, 
the  angle  ABD  to  the  angle  CDB,  and  the  angle  ADB  to  the  angle  CBD. 
Hence  the  two  triangles,  having  two  angles  in  the  one  equal  to  two  angles  in 
the  other,  have  also  their  third  angles  ejual  (cor.  1,  th.  17),  namely,  the  angle 
A  equal  to  the  angle  C,  which  are  two  of  the  opposite  angles  of  the  parallelo- 
gram. 

Also,  if  to  the  equal  angles  ABD,  CDB,  be  added  the  equal  angles  CBD, 
ADB,  the  wholes  will  be  equal  (ax.  2),  namely,  the  whole  angle  ABC  to  the 
whole  ADC,  which  are  the  other  two  opposite  angles  of  the  parallelogram. 
Q.  E.  IX 

Again,  since  the  two  triangles  are  mutually  equiangular,  and  have  a  side  in 
each  equal,  vis*  the  common  side  BD;  therefore  the  two  triangles  are  identical 
(th.  2),  or  equal  in  all  respects,  namely,  the  side  AB  equal  to  the  opposite  side 
DC,  and  AD  equal  to  the  opposite  side  BC,  and  the  whole  triangle  ABD  equal 
to  the  whole  triangle  BCD.    Q.ED. 

CoroL  1.  Hence,  if  one  angle  of  a  parallelogram  be  a  right  angle,  all  the  other 
three  will  also  be  right  angles,  and  the  parallelogram  a  rectangle. 

CoroL  2.  Hence,  also,  the  sum  of  any  two  adjacent  angles  of  a  parallelogram 
is  equal  to  two  right  angles. 

THEOREM  XXIII. 

Every  quadrilateral,  whose  opposite  sides  are  equal,  is  a  parallelogram,  or  hem 
its  opposite  sides  parallel. 

Let  ABCD  be  a  quadrangle,  having  the  opposite  sides 
equal,  namely,  the  side  A B  equal  to  DC,  and  AD  equal  to 
BC;  then  shall  these  equal  sides  be  also  parallel,  and  tlie 
figure  a  parallelogram. 

For,  let  the  diagonal  BD  be  drawn.  Then,  the  tri- 
angles, ABD,  CBD,  being  mutually  equilateral  (by  hyp.), 
they  are  also  mutually  equiangular  (th.  5),  or  have  their 
corresponding  angles  equal;  consequently  the  opposite 
sides  are  parallel  (th.  13);  vis.  the  side  AB  parallel  to  DC,  and  AD  parallel  to 

BC,  and  the  figure  is  a  parallelogram.    Q.  E.  D. 
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Those  lines  which  join  the  corresponding  extremes  of  two  equal  and  parallel 
lines,  are  themselves  equal  and  paralkL 

Let  AB,  DC,  be  two  equal  and  parallel  lines ;  then  will  the  lines  AD,  BC, 
which  join  their  extremes,  be  also  equal  and  parallel.     [See  the  fig.  above.} 

For,  draw  the  diagonal  BD.  Then,  because  AB  and  DC  are  parallel  (by 
hyp.),  the  angle  ABD  is  equal  to  the  alternate  angle  BDC  (th.  12).  Hence  then, 
the  two  triangles  having  two  sides  and  the  contained  angles  equal,  vis.  the  side 
AB  equal  to  the  side  DC,  and  the  side  BD  common,  and  the  contained  angle 
ABD  equal  to  the  contained  angle  BDC,  they  have  the  remaining  sides  and 
angles  also  respectively  equal  (th.  I ) ;  consequently  AD  is  equal  to  BC,  and  also 
parallel  to  it  'th.  12).     Q.  E.  D. 


THEOREM   XXV. 

Parallelograms,  as  also  triangles,  standing  on  the  same  base,  and  between  the 
same  parallels,  are  equal  to  each  other. 

Let  ABCD,  ABEF,  be  two  parallelograms,  and  ABC, 
ABF,  two  triangles,  standing  on  the  same  base,  AB,  and 
between  the  same  parallels  AB,  DE ;  then  will  the  paral- 
lelogram ABCD  be  equal  to  the  parallelogram  ABEF,  and 
the  triangle  ABC  equal  to  the  triangle  ABF. 

For,  since  the  line  DE  cuts  the  two  parallels  AF,  BE, 
and  the  two  AD,  BC,  it  makes  the  angle  E  equal  to  the 
angle  A  FD,  and  the  angle  D  equal  to  the  angle  BCE  (th.  14) ;  the  two  triangles 
ADF,  BCE,  are  therefore  equiangular  (cor.  1,  th,  17);  and  having  the  two 
corresponding  sides  AD,  BC,  equal  (th.  22),  being  opposite  sides  of  a  parallelo- 
gram, these  two  triangles  are  identical,  or  equal  in  all  respects  (th.  6).  If  each 
of  these  equal  triangles  then  be  taken  from  the  whole  space  ABED,  there  will  re- 
main the  parallelogram  ABEF  in  the  one  case,  equal  to  the  parallelogram  ABCD 
in  the  other  (by  ax.  3). 

Also  the  triangles  ABC,  ABF,  on  the  same  base  AB,  and  between  the  same 
parallels,  are  equal,  being  the  halves  of  the  said  equal  parallelograms  (th.  22)- 
Q.  E.  D. 

Coral.  1.  Parallelograms,  or  triangles,  having  the  same  base  and  altitude,  are 
equal.  For  the  altitude  is  the  same  as  the  perpendicular  or  distance  between 
the  two  parallels,  which  is  every  where  equal,  by  the  definition  of  parallels. 

Coral.  2.  Parallelograms,  or  triangles,  having  equal  bases  and  altitudes,  are 
equal  For,  if  the  one  figure  be  applied  with  its  base  on  the  other,  the  bases 
will  coincide  or  be  the  same,  because  they  are  equal :  and  so  the  two  figures, 
having  the  same  base  and  altitude,  are  equal. 


THEOREM  XXVL 


If  a  parallelogram  and  a  triangle,  stand  on  the  same  base,  and  between  the 
same  parallels,  the  parallelogram  will  be  double  the  triangle,  or  the  triangle  half 
the  parallelogram. 
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Lei  ABCD  be  a  parallelogram,  and  ABE  a  triangle,  on     D 
the  same  base  AB,  and  between  the  same  parallels  AB, 
DE;  then  will  the  parallelogram  ABCD  be  double  the 
triangle  ABE,  or  the  triangle  half  the  parallelogram. 

For,  draw  the  diagonal  AC  of  the  parallelogram,  divid- 
ing it  into  two  equal  parts  (tli.  22).  Then  because  the 
triangles  ABC,  ABE,  on  the  same  base,  and  between  the 
same  parallels,  are  equal  (th.  25) ;  and  because  the  one  triangle  ABC  is  half  (he 
parallelogram  ABCD  (th.  22),  the  other  equal  triangle  ABE  is  also  equal  to 
half  the  same  parallelogram  ABCD.     Q.  E.  D. 

Carol.  1.  A  triangle  is  equal  to  half  a  parallelogram  of  the  same  base  and 
altitude,  because  the  altitude  is  the  perpendicular  distance  between  the  paral- 
lels, which  is  everywhere  equal,  by  the  definition  of  parallels. 

Carol.  2.    If  the  base  of  a  parallelogram  be  half  that  of  a  triangle,  of  the 
same  altitude,  or  the  base  of  the  triangle  be  double  that  of  the  parallelogram 
the  two  figures  will  be  equal  to  each  other. 


THEOREM   XXVII. 

Rectangles  that  are  contained  by  equal  lines,  are  equal  to  each  other. 

Let  BD,  FH,  be  two  rectangles,  having  the  sides  AB, 
BC,  equal  to  the  sides  EF,  FG,  each  to  each ;  then  will 
the  rectangle  BD  be  equal  to  the  rectangle  FH. 

For,  draw  the  two  diagonals  AC,  EG,  dividing  the 
two  parallelograms  each  into  two  equal  parts.  Then 
the  two  triangles  ABC,  EFG,  are  equal  to  each  other 
(th.  1),  because  they  have  the  two  sides  AB,  BC,  and 

the  contained  angle  B,  equal  to  the  two  sides  EF,  FG,  and  the  contained  angle 
F  (by  hyp).  But  these  equal  triangles  are  the  halves  of  the  respective  rect- 
angles. And  because  the  halves,  or  the  triangles,  are  equal,  the  wholes,  or  the 
rectangles  DB,  HF,  are  also  equal  (by  ax.  6).     Q.  E.  D. 

Corol.  The  squares  on  equal  lines  are  also  equal ;  for  every  square  is  a  spe- 
cies of  rectangle. 

THEOREM   XXVIII. 

The  complements  of  the  parallelograms,  which  are  about  the  diagonal  of  an* 
parallelogram,  are  equal  to  each  other. 

Let  AC  be  a  parallelogram,  BD  a  diagonal,  EIF  par- 
allel to  AB  or  DC,  and  GIH  parallel  to  AD  or  BC, 
making  AT,  IC,  complements  to  the  parallelograms 
EG,  HF,  which  are  about  the  diagonal  DB :  then  will 
the  complement  A I  be  equal  to  the  complement  IC. 

For,  since  the  diagonal  DB  bisects  the  three  parallel- 
ograms AC,  EG,  HF  (th.  22);  therefore,  the  whole  tri- 
angle DAB  being  equal  to  the  whole  triangle  DCR,  and  the  pails  DEI,  1HB 
respectively  equal  to  the  parts  D(il,  1FB,  the  remaining  parts  AI,  IC,  mustalac 
be  equal  (by  ax.  3).     Q.  E.  D. 


THEOREM   XXIX. 

A  trapezoid,  or  trapezium  having  two  sides  parallel,  is  eoual  to  half  a  par*. 
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Ulogram,  whose  base  is  the  sum  of  these  two  sides,  and  its  altitude  the  perpends* 
cular  distance  between  them. 

Let  ABCD  be  the  trapezoid,  having  its  two  rides  AB, 
DC,  parallel ;  and  in  AB  produced  take  BE  equal  to 
DC,  so  that  AE  may  be  the  sum  of  the  two  parallel 
sides;  produce  DC  also,  and  let  EF,  GC,  BH,  be  all 
three  parallel  to  AD.  Then  is  AF  a  parallelogram  of 
the  same  altitude  with  the  trapezoid  ABCD,  having  its 
base  AE  equal  to  the  sum  of  the  parallel  sides  of  the  trapezoid ;  and  it  is  to  be 
proved  that  the  trapezoid  ABCD  is  equal  to  hall'  the  parallelogram  AF. 

Now,  since  triangles,  or  parallelograms,  of  equal  bases  and  altitude,  are  equal 
(coroL  2,  th.  25),  the  parallelogram  DG  is  equal  to  the  parallelogram  HE,  and 
the  triangle  CGB  equal  to  the  triangle  CHB;  consequently,  the  line  BC  bisects, 
or  equally  divides,  the  parallelogram  AF,  and  ABCD  is  the  half  of  it.    Q.E.D. 

THEOREM  XXX. 

The  sum  of  all  the  rectangles  contained  under  one  whole  line,  and  the  several 
parts  of  another  line,  any  way  divided,  is  equal  to  the  rectangle  contained  under 
the  two  whole  lines. 

Let  AD  be  the  one  line,  and  AB  the  other,  divided 
into  the  parts  AE,  EF,  FB;  then  will  the  rectangle 
contained  by  AD  and  AB,  be  equal  to  the  sum  of  the 
rectangles  of  AD  and  AE,  and  AD  and  EF,  and  AD 

and  FB:    thus  expressed,    AD  .  AB   =   AD  .  AE  ^ £ j? — j 

+  AD  .  EF  +  AD  .  FB. 

For,  make  the  rectangle  AC  of  the  two  whole  lines  AD,  AB;  and  draw  EG* 
FH,  perpendicular  to  AB,  or  parallel  to  AD,  to  which  they  are  equal  (th.  82). 
Then  the  whole  rectangle  AC  is  made  up  of  all  the  other  rectangles  AG,  EH, 
FC.  But  these  rectangles  are  contained  by  AD  and  AE,  EG  and  EF,  FH 
and  FB ;  which  are  equal  to  the  rectangles  of  AD  and  AE,  AD  and  EF,  AD 
and  FB,  because  AD  is  equal  to  each  of  the  two  EG,  FH.  Therefore,  the 
rectangle  AD.  AB  is  equal  to  the  sum  of  all  the  other  rectangles  AD.  AE, 
AD.EF,  AD.FB.     Q.  E.  D. 

CoroL  If  a  right  line  be  divided  into  any  two  parts,  the  square  on  the  whole 
line,  is  equal  to  both  the  rectangles  of  the  whole  line  and  each  of  the  parte. 

THEOREM  XXXI. 

The  square  of  the  sum  of  two  lines,  is  greater  than  the  sum  of  their  squares, 
by  twice  the  rectangle  of  the  said  lines.  Or,  the  square  of  a  whole  line  is 
equal  to  the  squares  of  its  two  parts,  together  with  twice  the  rectangle  of  those 

parts. 

Let  the  line  AB  be  the  sum  of  any  two  lines  AC,  IB;         „  u    D 

Iben  will  the  square  of  AB  be  e  tual  to  the  squares  of  AC, 
CB,  together  with  twice  the  reclaugle  of  AC .  LB.  TliU 
is,  AB*  =  AC8  +  CB»  +  2  aC.CB. 

For,  let  ABDE  be  the  square  on  the  sum  or  whole  line 
AB,  and  A  CFG  the  square  on  th;  part  AC  Produce  CF 
jnd  GF  to  the  other  sides  at  H»aud  L 

From  the  lines  CH,  GI,  which  are  equ  .1,  being  each  equal  to  the  aides  of  th* 
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square  A8  or  BD  (th.  22),  take  the  parts  CF,  OF,  which  are  also  equal,  being 
the  sides  of  the  square  AF,  and  there  remains  FH  equal  to  Ff,  which  are  also 
equal  to  DH,  DI,  being  the  opposite  sides  of  the  parallelogram.  Hence,  the 
figure  Hf  is  equilateral :  and  it  has  all  its  angles  right  ones  (coroL  1.  th.  22); 
it  is  therefore  a  square  on  the  line  FI,  or  the  square  of  its  equal  CB.  Also  the 
figures  EF,  FB,  are  equal  to  two  rectangles  under  AG  and  CB;  because  OF  is 
equal  to  AC,  and  FH  or  FI  equal  to  CB.  But  the  whole  square  AD  is  made 
up  of  the  four  figures,  via.  the  two  squares  AF,  FD,  and  the  two  equal  rect- 
angles EF,  FB.  That  is,  the  square  of  AB  is  equal  to  the  squares  of  AC,  CB, 
together  with  twice  the  rectangle  of  AC,  CB.     Q.  E.  D. 

CoroL  Hence,  if  a  line  be  divided  into  two  equal  parts;  the  square  of  the 
whole  line  will  be  equal  to  four  times  the  square  of  half  the  line. 


D 
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THEOREM   XXXII. 

The  square  of  the  difference  of  two  line*,  is  leu  than  the  sum  of  their  squares 
by  twice  the  rectangle  of  the  said  lines. 

Let  AC,  BC,  be  any  two  Unas,  and  AB  their  differ. 

ence :  then  will  the  square  of  AB  be  less  than  the  squares  

of  AC,  BC,  by  twice  the  rectangle  of  AC  and  BC.    Or,        £  I  I  * 

AB*  =AC*  +  BC«  —  2AC.BC.  

For,  let  ABDE  be  the  square  on  the  difference  AB, 
and  ACFO  the  square  on  the  line  AC  Produce  ED 
to  H ;  also  produce  DB  and  HC,  and  draw  KI,  making 
BI  the  square  of  the  other  line  BC. 

Now,  it  is  visible  that  the  square  AD  is  less  than  the 
two  squares  AF,  BI,  by  the  two  rectangles  EF,  Dl.     But  GF  is  equal  to  the 
one  line  AC,  and  GE  or  FH  is  equal  to  the  other  line  BC;  consequently,  the 
rectangle  EF,  contained  under  EG  and  GF,  is  equal  to  the  rectangle  of  AC 
andBC. 

Again,  FH  being  equal  to  CI  or  BC  or  DH,  by  adding  the  common 
part  HC,  the  whole  HI  will  be  equal  to  the  whole  FC,  or  equal  to  AC; 
and  consequently,  the  figure  DI  is  equal  to  the  rectangle  contained  by  AC 
and  BC. 

Hence,  the  two  figures  EF,  DI,  are  two  rectangles  of  the  two  lines  AC,  BC; 
and  consequently  the  square  of  AB  is  less  than  the  squares  of  AC,  BC,  by  twice 
the  rectangle  AC  .  BC    Q.  E.  D. 


THEOREM  XXX II L 


The  rectangle  under  the  sum  and  difference  of  two  lines,  is  equal  to  the  dif 
ference  of  the  squares  of  those  lines*  * 


•  TSh  sad  tk*  two  preceding  theorem*,  art  erlaead  algebraically,  by  tk*  thrat  axpTaariima, 

t«  +  *)•  =  o»  +  toh  +  ft»  =  rf  +  b'+tab 
{a  — ,*)•  =  o»  —  iab  -f  b1  =  a'  +  M-  tih 
(a  4-  k\  <*  —  V   rr   a*  —  *• 
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Lei  AB,  AC,  be  any  two  unequal  lines ;  then  will  the 
difference  of  the  squares  of  AB,  AC,  be  equal  to  a  rect- 
angle under  their  sum  and  difference.     That  is, 
AB»  — AC  =  AB  +  AC .  AB  —  AC. 

For,  let  ABDE  be  the  square  of  AB,  and  A  CFG  the 
square  of  AC,  Produce  DB  till  BH  be  equal  to  AC; 
draw  HI  parallel  to  AB  or  ED,  and  produce  FC  both 
ways  to  I  and  K. 

Then  the  difference  of  the  two  squares  ID,  AF,  2s 
evidently  the  two  rectangles  EF,  KB.  But  the  rect- 
angles EF,  BI,  are  equal,  being  contained  under  equal  lines ;  for  EK  and  BH 
are  each  equal  to  AC,  and  GE  is  equal  to  CB,  being  each  equal  to  the  differ- 
ence between  AB  and  AC,  or  their  equals  AE  and  AG.  Therefore,  the  two 
EF,  KB,  are  equal  to  the  two  KB,  BI,  or  to  the  whole  KH ;  and  consequently 
KH  is  equal  to  the  difference  of  the  squares  AD,  AF.  But  KH  is  a  rectangle 
contained  by  DH,  or  the  sum  of  AB  and  AC,  and  by  KD,  or  the  difference  of 
AB  and  AC.  Therefore,  the  difference  of  the  squares  of  AB,  AC,  is  equal  to 
the  rectangle  under  their  sum  and  difference.     Q.  E.  D. 


THEOREM   XXXIV. 

In  any  right-angled  triangle,  the  square  of  the  hypothenuse  is  equal  to  the  turn 
of  the  squares  of  the  other  two  sides. 

Let  ABC  be  a  right-angled  triangle,  hairing  the 
right  angle  C ;  then  will  the  square  of  the  hypothe- 
ause  AB,  be  equal  to  the  sum  of  the  squares  of  the 
Mher  two  sides  AC,  CB.     Or  AB1  =A(?+  BO1, 

For,  on  AB  describe  the  square  AE,  and  on  AC, 
CB,  the  squares  AG,  BH ;  then  draw  CK  parallel 
to  AD  or  BE;  and  join  Al,  BF,  CD,  CE. 

Now,  because  the  line  AC  meets  the  two  CG, 
CB,  so  as  to  make  two  right  angles,  these  two  form 
one  straight  line  GB  (coroL  1,  th.  6).  And  be- 
cause the  angle  FAC  is  equal  to  the  angle  DAB, 
being  each  a  right  angle,  or  the  angle  of  a  square ; 

to  each  of  these  equals  add  the  common  angle  BAC,  so  will  the  whole  angle  or 
sum  FAB,  be  equal  to  the  whole  angle  or  sum  CAD.  But  the  line  FA  is  equal 
to  the  line  AC,  and  the  line  AB  to  the  line  AD,  being  sides  of  the  same  square; 
so  that  the  two  sides  FA,  AB,  and  their  included  angle  FAB,  are  equal  to  the 
two  sides  CA,  AD,  and  the  contained  angle  CAD,  each  to  each :  therefore,  the 
whole  triangle  AFB  is  equal  to  the  whole  triangle  ACD  (th.  1). 

But  the  square  AG  is  double  the  triangle  AFB,  on  the  same  base  FA,  and 
between  the  same  parallels  FA,  GB  (th.  26);  in  like  manner,  the  parallelogram 
AK  is  double  the  triangle  ACD,  on  the  same  base  AD,  and  between  the  same 
parallel  AD,  CK.  And  since  the  doubles  of  equal  things  are  equal  (by  ax.  6); 
therefore,  the  square  AG  is  equal  to  the  parallelogram  AK. 

In  like  manner,  the  other  square  BH  is  proved  equal  to  the  other  parallelo- 
gram BK.  Consequently,  the  two  squares  AG  and  BH  together,  are  equal  to 
the  two  parallelograms  AK  and  BK  together,  or  to  the  whole  square  AE. 
That  is,  the  sum  of  the  two  squares  on  the  two  less  sides,  is  equal  to  the  square 
on  the  greatest  side.     Q.  E.  D 
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CoroL  1.  Hence,  the  square  of  either  of  the  two  less  sides,  is  equal  to  the 
difference  of  the  squares  of  the  hypotbenuse  and  the  other  side  (ax.  3);  or, 
equal  to  the  rectangle  contained  by  the  sum  and  difference  of  the  said  hypo- 
tbenuse and  other  side  (th.  33). 

Carol.  2.  Hence,  also,  if  two  right-angled  triangles  have  two  sides  of  the 
one  equal  to  two  corresponding  sides  of  the  other;  their  third  sides  will  also  be 
equal,  and  the  triangles  identical. 


THEOREM   XXXV, 

hi  any  triangle,  the  difference  of  the  squares  of  the  two  sides,  is  equal  to  the 
difference  of  the  squares  of  the  segments  of  the  base,  or  of  the  two  lines,  or  dis- 
tances, included  between  the  extremes  of  the  hose  and  the  perpendicular. 

Let  ABC  he  any  triangle,  having  CD  per-  ^  c 

pendicular  to  A.B ;  then  will  the  difference  of 
the  squares  of  AC,  BC,  be  equal  to  the  differ- 
ence of  the  squares  of  AD,  BD;    that  is,  / 
AC1  —  BC?  =  AD"  —  BD".                                       £- 


B  DA 


For,  since  AC  is  equal  to  AD*+  CD*  \  „  ■ 

and  BC"  is  equal  to  BDf  +  CD"  J  Wttw  34); 


and  BC"  is  equal  to  BDf  +  CD" 

Therefore  the  difference  between  AC*  and  BC,  is  equal  to  the  difference 
between  AD'  -f-  CD*  and  BD1  +  CD*,  or  equal  to  the  difference  between 
AD"  and  BD*,  by  taking  away  the  common  square  CD8.     Q.  E.  D, 

CoroL  The  rectangle  of  the  sum  and  difference  of  the  two  sides  of  any  tri 
angle,  is  equal  to  the  rectangle  of  the  sum  and  difference  of  the  distances  be- 
tween the  perpendicular  and  the  two  extremes  "of  the  base,  or  equal  to  the  rect- 
angle of  the  base  and  the  difference  or  sum  of  the  segments,  according  as  the 
perpendicular  falls  within  or  without  the  triangle. 

That  is,  (AC  +  BC)  .  (AC  —  BC)  =  (AD  +  BD) .  (AD  —  BD) 
Or,    (  AC  +  BC) .  (AC  —  BC)  =  AB    (AD  —  BD)  in  the  2d  Bg. 
And,  (AC  -f  BC)  .  (AC  —  BC)  =  AB .  ( AD  +  BD)  in  the  1st  fig. 


THEOREM   XXXVI. 

In  any  obtuse-angled  triangle,  the  square  of  the  side  subtending  the  obtuse 
uitgle,  is  greater  than  the  sum  of  the  squares  of  the  other  two  sides,  by  twice 
the  rectangle  of  the  base  and  the  distance  of  the  perpendicular  from  the  obtuse 
angle. 

Let  ABC  be  a  triangle,  obtuse  angled  at  B,  and  CD  perpendicular  to  AB ; 
then  will  the  square  of  AC  be  greater  than  the  squares  of  AB,  BC,  by  twice  the 
rectangle  of  AB,  BD.  That  is,  AC  =  AB*  +  BC  +  2  AB  .  BD.  See  the 
1st  fig.  above. 

For,  AD*  =  AB*  +  BD*  -f-  2  AB  .  BD  (th.  31). 
Aud  AD2  +  CD*  =  AB*  +  BD*  +  CD*  +  2  AB  .  BD  (ax.  2.) 
But  AD*  +  CD*  =  AC*,  and  BD*  +  CD*  =  BC*  (th.  34X 
niwofo»e  AC  =  AB*  +  BC  +  2  AB  .  BD.     Q.  E.  D. 
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THEOREM   XXXVII. 

In  any  triangle,  the  square  of  the  side  subtending  an  acute  angle,  is 
the  squares  of  the  base  and  the  other  side,  by  twice  the  rectangle  of  the 
the  distance  of  the  perpendicular  from  the  acute  angle* 

Let  ABC  be  a  triangle,  having  the  angle  A 
acute,  and  CD  perpendicular  to  Afi;  then  will 
the  square  of  BC  be  less  than  the  squares  of  AB, 
AC,  by  twice  the  rectangle  of  AB,  AD.  That  la, 
BC*=AB*-f  AC*  —  2AD.  AB. 

For,  BD*  =  AD*  +  AB*  —  2  AD .  AB  (th.  3£> 

And  BD*  +  DC*  =  AD*  +  DC*+  AB*  —  2AD.  AB  (ax.  2\ 

Therefore  BC«  =  AC*  +  AB*  —  2  AD  .  AB  (th.  3+).    Q.  E.  D. 


less  than 
base  and 
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THEOREM  XXXVIII. 

In  any  triangle,  the  double  of  the  square  of  a  line  drawn  from  the  vertex  to  the 
middle  of  the  base,  together  with  double  the  square  of  the  half  base,  is  equal  to  the 
sum  of  the  squares  of  the  other  two  sides. 

Let  ABC  be  a  triangle,  and  CD  the  line  drawn  from 
the  vertex  to  the  middle  of  the  base  AB,  bisecting  it 
into  the  two  equal  parts  AD,  DB ;  tlien  will  the  sura 
of  the  squares  of  AC,  CB,  be  equal  to  twice  the  sum 
of  the  squares  of  CD,  AD;  or  AC*+  CB*=2CDI 
+  2AD*. 

For,   AC*  =  CD*  +  AD*  +  2  AD  .  DE  (th.  36). 
And,  BC*=rCD*  +  BD1  — 2AD.DE  (th.  37). 
Therefore,  AC*  +  BC*  =  2CD*  +  AD*  +  BD* 

=  2CD*  +  2AD*  (ax.  2).    Q.  K  TX 
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THEOREM   XXXIX. 

In  an  isosceles  triangle,  the  square  of  a  line  drawn  from  the  vertex  to  any  point 
in  the  base,  together  with  the  rectangle  of  the  segments  of  the  base,  is  earned  to  the 
square  of  one  of  the  equal  sides  of  the  triangle. 

Let  ABC  be  the  isosceles  triangle,  and  CD  a  line 
drawn  from  the  vertex  to  any  point  D  in  the  base :  then 
will  the  square  of  AC  be  equal  to  the  square  of  CD,  to- 
gether with  the  rectangle  of  AD  and  DB.  That  is, 
AC*  =  CD*  +  AD  .  DB. 

For  AC*  —  CD*  =  AE*  —  DE*  (th.  36). 

=  AD  .  DB  (th.  33). 
Therefore   AC*=  CD*  +  AD .  DB  (ax.  2>    Q.  E.  D. 


THEOREM  XL. 


In  any  parallelogram,  the  two  diagonals  bisect  each  other ;  and  Ae  sum  of 
their  squares  is  equal  to  the  sum  of  the  squares  efaU  the  Jour  sides  of  the  parol 
telogram. 
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Lei  ABCD  be  a  parallelogram,  whose  diagonal*  in- 
tersect each  other  in  E:  then  will  AE  be  equal  to  EG, 
and  BE  to  ED;  and  the  sum  of  the  squares  of  AC,  BD, 
will  be  equal  to  the  sum  of  the  squares  of  AB,  BC,  CD, 
DA.    That  is, 

AE  =  EC,  and  BE  =  ED, 
and  AC*  +  BD*  =  AB*  +  BC*  +  CD*  +  DA*, 

For,  the  triangles  AEB,  DEC,  are  equiangular,  because  they  have  tne  oppo- 
site angles  at  E  equal  (th.  7),  and  the  two  lines  AC,  BD,  meeting  the  parallels 
AB,  DC,  make  the  angle  BA£  equal  to  the  angle  DCE,  and  the  angle  ABE 
ecjiial  to  the  angle  CDE,  and  the  side  AB  equal  to  the  side  DC  (th.  22) ;  there- 
fore, these  two  triangles  are  identical,  and  have  their  corresponding  sides  equal 
(th.  2),  vis.  AE  =  EC,  and  BE  =ED. 

Again,  since  AC  is  bisected  in  E,  the  sum  of  the  squares  AD*  +  DC*  =  2AE* 
+  2DE*  (th.  38). 

In  like  manner,  AB*  +  BC*  =  £AE*  +  2BE*  or  2DE* . 

rl  berefbre,  AB*  +  BC*  +  CD*  +  DA*  s  4AE*  +  4DE*  (ax.  2). 

But,  because  the  square  of  a  whole  line  is  equal  to  4  times  the  square  of  halt 
the  line  (cor.  th.  31),  that  is,  AC*  =  4AE\  and  BD*  =  4DE* : 

Therefore,  AB*  +  BC*  +  CD*  +  DA*  =  AC*  +  BD*  (ax.  IX         Q.  E.  D. 

Cor.  1.  If  AD  =  DC,  or  the  parallelogram  be  a  rhombus;  then  AD*  =  AJb* 
+  ED*,  CD«=  DE*+  CE»,  fcc 

Cor.  2.  Hence,  and  by  th.  34,  the  diagonals  of  a  rhombus  intersect  at  right 
angles. 

THBOltKM   XLk 

If  a  line,  drawn  through  or  from  the  centre  of  a  circle,  bisect  a  chord,  it  wilt 
be  perpendicular  to  it ;  or,  if  it  be  perpendicular  to  the  chord,  it  will  bisect  both 
the  chord  and  the  arc  of  the  chord. 

Let  AB  be  any  chord  in  a  circle,  and  CD  a  line  drawn 
from  the  centre  C  to  the  chord.  Then,  if  the  chord  be 
bi  ected  in  the  point  D,  CD  will  be  perpendicular  to  AB. 

Draw  the  two  radii  CA,  CB.  Then  the  two  triangles 
ACD,  BCD,  having  CA  equal  to  CB  (def.  44),  and  CD 
common,  also  AD  equal  to  DB  (by  hyp.);  they  have  all 
the  three  sides  of  the  one,  equal  to  all  the  three  sides  of 
the  other,  and  so  have  their  angles  also  equal  (th.  5).  Hence,  ther  the  angie 
ADC  being  equal  to  the  angle  BDC,  these  angles  are  right  angles,  and  the  line 
CD  is  perpendicular  to  AB  (def.  11). 

Again,  if  CD  be  perpendicular  to  AB,  then  will  the  chord  AB  be  bisected  at 
the  point  D,  or  have  AD  equal  to  DB;  and  tie  arc  AEB  bisected  in  the  point 
E,  or  have  AE  equal  EB. 

For,  having  drawn  CA,  CB,  as  before;  then,  in  the  triangle  ABC,  because 
the  side  CA  is  equal  to  the  side  CB,  their  opposite  angles  A  and  B  are  also 
equal  (th.  3).  Hence,  then,  in  the  two  triangles  ACD,  BCD,  the  angie  A  is 
equal  to  the  angle  B,  and  the  angles  at  1)  are  equal  (def.  II);  therefore,  their 
third  angles  are  also  equal  (coroL  1,  th.  17).  And  having  the  side  CO  com- 
mon, they  have  also  the  side  /•*•  equal  to  the  side  DB  (th,  ?)• 
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Also,  since  the  angle  ACE  is  equal  to  the  angle  BCE,  the  arc  AE,  which 
measures  the  former  (def  57)^ is  equal  to  the  arc  BE,  which  measures  the  lafc^ 
ter,  since  equal  angles  must  have  equal  measures. 

CoroL  Hence,  a  line  bisecting  any  chord  at  right  angles,  passes  through  th*' 
centre  of  the  circle. 

THEOREM   XLII. 

t 

If  more  than  two  equal  lines  can  be  drawn  from  any  point  within  a  cuvie  « 
the  circumference,  that  point  will  be  the  centre. 

Let  ABC  be  a  circle,  and  D  a  point  within  it:  then, 
if  any  three  lines,  DA,  DB,  DC,  drawn  from  the  point 
D  to  the  circumference,  be  equal  to  each  other,  the 
point  D  will  be  the  centre. 

Draw  the  chords  AB,  BC,  which  let  be  bisected  in  the 
points  E,  F,  and  join  DE,  DF. 

Then,  the  two  triangles  DAE,  DEE,  have  the  aide 
DA  equal  to  the  side  DB  by  supposition,  and  the  aide 

AE  equal  to  the  side  EB  by  hypothesis,  also  the  side  DE  common :  therefore, 
these  two  triangles  are  identical,  and  have  the  angles  at  E  equal  to  each  other 
(th.  5);  consequently,  DE  is  perpendicular  to  the  middle  of  the  chord  AB  (def; 
1 1),  and  therefore  passes  through  the  centre  of  the  circle  (coroL  th.  41 ). 

In  like  manner,  it  may  be  shown  that  DF  passes  through  the  centre.  Con- 
sequently, the  point  D  is  the  centre  of  the  circle,  and  the  three  equal  lines  DA, 
DB,  DC,  are  radii     Q.  E.  D. 


THEOREM    XL!  II. 

If  two  circles,  placed  one  within  another t  touch,  the  centres  of  the  circles  and 
the  point  of  contact  will  be  all  in  the  same  right  line. 

Let  the  two  circles  ABC,  ADE,  touch  one  another 
internally  in  the  point  A;  then  will  the  point  A  and  the 
centres  of  those  circles  be  all  in  the  same  right  line. 

Let  F  be  the  centre  of  the  circle  ABC,  through 
which  draw  the  diameter  AFC.  Then,  if  the  centre 
of  the  other  circle  can  be  out  of  this  line  AC,  let  it  be 
supposed  in  some  other  point  as  G;  through  which 
draw  the  line  FG,  cutting  the  two  circles  in  B  and  D. 

Now,  in  the  triangle  AFG,  the  sum  of  the  two  sides  FG,  GA,  is  greater  than 
the  third  side  Ai''  (th.  10),  or  greater  than  its  equal  radius  FB.  From  each  of 
these  take  away  the  common  part  FG,  and  the  remainder  GA  will  be  greater 
than  the  remainder  GB.  But  the  point  G  being  supposed  the  centre  of  the 
inner  circle,  its  two  radii,  GA,  GD,  are  equal  to  each  other;  consequently,  GD 
will  also  be  greater  than  GB.  But  ADE  being  the  inner  circle,  GD  is  neces- 
sarily less  than  GB.  So  that  GD  is  both  greater  and  less  than  GB;  which  is 
absurd.  To  get  quit  of  this  absurdity  we  must  abandon  the  supposition  that 
produced  it,  which  was  that  G  might  be  out  of  the  line  APC.  Consequently, 
the  centre  G  cannot  be  out  of  the  line  AFCL     Q.  E»  D. 


THEOREM  XUT. 


If  two  circles  touch  one  another  externally,  the  centre*  of  tike  circle* 
point  of  contact  will  be  all  in  the  same  right  line. 


THH.OKKMO. 
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Let  the  two  aides  ABC,  ADE,  touch  one  another  ex- 
ternally at  the  point  A ;  then  will  the  point  of  contact  A 
and  the  centres  of  the  two  circles  be  all  in  the  same  right 
line. 

Let  F  be  the  centre  of  the  circle  ABC,  through  which 
draw  the  diameter  AFC,  and  produce  it  to  the  other  cir- 
cle at  E.  Then,  if  the  centre  of  the  other  circle  ADE  can 
be  out  of  the  line  FE,  let  it,  if  possible,  be  supposed  in 
some  other  point  as  G ;  and  draw  the  lines  AG,  FBDG, 
cutting  the  two  circles  in  B  and  D. 

Then,  in  the  triangle  AFG,  the  sum  of  the  two  sides  AF,  AG,  is  greater  than 
the  third  side  FG  (th.  10).  But,  F  and  G  being  the  centres  of  the  two  circles, 
the  two  radii  GA,  GD,  are  equal,  as  are  also  the  two  radii  AF,  FB.  Hence 
the  sum  of  GA,  AF,  is  equal  to  the  sum  of  GD,  BF;  and,  therefore,  this  latter 
sum  also,  GD,  BF,  is  greater  than  GF,  which  is  absurd.  Consequently,  the 
centre  G  cannot  be  out  of  the  line  EF.      Q.  E.  D. 


THEOREM   XLV. 

Any  chords  in  a  circle,  which  are  equally  distant  from  the  centre,  are  equal  to 
each  other;  or  if  they  be  equal  to  each  other,  they  will  be  equally  distant  from 
the  centre. 

Let  AB,  CD,  be  any  two  chords  at  equal  distances 
from  the  centre  G ;  then  will  these  two  chords  AB, 
CD,  be  equal  to  each  other. 

Draw  the  two  radii  GA,  GC,  and  the  two  perpendi- 
culars GE,  GF,  which  are  the  equal  distances  from  the 
centre  G.  Then,  the  two  right-angled  triangles,  GAE, 
GCF,  having  the  side  GA  equal  the  side  GC,  and  the 

side  GE  equal  the  side  GF,  and  the  angle  at  E  equal  to  the  angle  at  F,  there- 
fore those  two  triangles  are  identical  (cor.  2,  th.  34),  and  have'  the  line  AE 
equal  to  the  line  CF.  But  AB  is  the  double  of  AE,  and  CD  is  the  double  of 
CF  (th.  41) ;   therefore  AB  is  equal  to  CD  (by  ax.  6).      Q.  E.  D. 

Again,  if  the  chord  AB  be  equal  to  the  chord  CD ;  then  will  their  distances 
from  the  centre,  GE,  GF,  also  be  equal  to  each  other. 

For,  since  AB  is  equal  CD  by  supposition,  the  half  AE  is  equal  the  half  CF. 
Also,  the  radii  GA,  GC,  being  equal,  as  well  as  the  right  angles  E  and  F, 
therefore  the  third  sides  are  equal  (cor.  2,  th.  34),  or  the  distance  GE  eoual  the 
distance  GF.      Q.  E.  D. 


DEB 


THEOREM   XLVI. 

A  line  perpendicular  to  the  extremity  of  a  radius,  is  a  tangent  to  the  circle* 

Let  the  line  ADB  be  perpendicular  to  the  radius  CD  of 
a  circle ;  then  shall  AB  touch  the  circle  in  the  point  D 
only. 

From  any  other  point  E  in  the  line  AB  draw  CFE  to 
the  centre,  cutting  the  circle  in  F. 

Then,  because  the  angle  D,  of  the  triangle  CDE,  is  a 
right  angle,  the  angle  at  E  is  acute  (cor.  3,  th.  17),  and 
consequently  less  than  the  angle  D.  But  the  greater  side 
is  always  opposite  to  the  greater  angle  (th.  9) ;  therefore  the  aide  CE  is  greater 


982 


GEOMETRY 


than  the  side  CD,  or  greater  than  its  equal  CF.     Hence  the  point  B  i 

the  circle;  and  the  same  for  erery  other  point  in  the  Una  AB.    Coaeataewl) 

the  whole  line  is  without  the  circle,  and  meets  it  in  the  point  D  only. 


THEOREM  XX.HI. 

When  a  line  is  a  tangent  to  a  circle,  a  radius  drawn  to  the  point  of  anted 
is  perpendicular  to  the  tangent. 

Let  the  line  AB  touch  the  circumference  of  a  circle  at  the  point  D;  ma 
will  the  radius  CD  be  perpendicular  to  the  tangent  AB.     [See  the  last  %psft»] 

For,  the  line  AB  being  wholly  without  the  circumference  except  at  i 
D,  every  other  line,  as  CE,  drawn  from  the  centre  C  to  the  line  AB,  ■ 
out  of  the  circle  to  arrive  at  this  line.     The  line  CD  is  therefore  tht 
that  can  be  drawn  from  the  point  C  to  the  line  AB,  and  rrmsciimoallj  (tktlj 
it  is  perpendicular  to  that  line. 

CoroL   Hence,  conversely,  a  line  drawn  perpendicular  to  a  tangent,  at  tie 
point  of  contact,  passes  through  the  centre  of  the  circle. 


THEOREM  XLVIIL 

The  angle  firmed  by  a  tangent  and  chord  is  measured  bg  half  the  art  t/ssJ 
chord. 

Let  AB  be  a  tangent  to  a  circle,  and  CD  a  chord  drawn  from  the  feist  of 
contact  C;  then  is  the  angle  BCD  measured  by  half  the  arc  CDF,  an!  s» 
angle  ACD  measured  by  half  the  arc  COD. 

Draw  the  radius  EC  to  the  point  of  contact,  and  the  radios  EF 
to  the  chord  at  H. 

Then  the  radius  EF,  being  perpendicular  to  the  chord 
CD,  bisects  the  arc  CFD  (th.  41).  Therefore  CF  ia  half 
the  arc  CFD. 

In  the  triangle  CEH,  the  angle  H  being  a  right  one, 
the  sum  of  the  two  remaining  angles  E  and  C  is  equal  to 
a  right  angle  (cor.  3,  th.  17),  which  is  equal  to  the  angle 
BCE,  because  the  radius  CE  is  perpendicular  to  the  tan- 
gent.     From  each  of  these  equals  take  away  the  common  part  or  aegis  (1  sal 
there  remains  the  angle  E  equal  to  the  angle  BCD.      Bat  the  sag*  I  ■ 
measured  by  the  arc  CF  (def.  57),  which  is  the  half  of  CFD;  nmmtaswl 
equal  angle  BCD  must  also  have  the  same  measure,  namely,  half  the  amCW 
of  the  chord  CD. 

Again,  the  line  6EF,  being  perpendicular  to  the  chord  CD,  MsMfcuu* 
CGD(th.  41>  Therefore  CO  is  half  the  arc  CGD.  Now,  dace  teen* <* 
meeting  FO,  makes  the  sum  of  the  two  angles  at  E  equal  to  tue  right  «#■ 
(th.  6\  and  the  line  CD  makes  with  AB  the  sum  of  the  two  angles  at  Cead 
to  two  right  angles ;  if  from  these  two  equal  sums  there  be  taken  ass/  ■ 
parts  or  angles  CEH  and  BCH,  which  have  been  proved  equal,  there  lewi" 
the  angle  CEG  equal  to  the  angle  ACH.  But  the  former  of  thaw,  Cut 
being  an  angle  at  the  centre,  is  measured  by  the  arc  CG  (def.  57);  oaawesuW 
the  equal  angle  ACD  must  also  have  the  same  measure  CG,  waM  ■■***■ 
arc  CGD  of  the  chord  CD.      Q.E.D. 

CoroL  I.   The  sum  of  the  two  right  angles  is  measured  by  half  tht 
ference.    For  the  two  angles  BCD,  ACD,  which  make  up  two  rifht  setM* 
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measured  by  the  arcs  CF,  CG,  which  make  up  half  the  circumference,  FO 
being  a  diameter. 

CuroL  2.   Hence  also  one  right  angle  must  have  for  its  measure  a  quarter  of 
ihe  circumference,  or  90  degrees. 


THEOREM   XLIX. 

Ah  angle  at  the  circumfei  fnc*  afn  circle  is  measured  by  half  the  are  that  sub- 
Unds  iL 

Let  BAC  be  an  angle  at  the  circumference;  it  has  for  its 
measure,  half  the  arc  BC  which  subtends  it 

For,  suppose  the  tangent  DE  to  pass  through  the  point 
of  contact  A :  then,  the  angle  DAC  being  measured  by 
half  the  arc  ABC,  and  the  angle  DAB  by  half  the  arc  AB 
(th.  48) ;  it  follows,  by  equal  subtraction,  that  the  differ- 
ence, or  angle  BAC,  must  be  measured  by  half  the  arc  BC,  which  it  standi 
upon.      Q.  E.  D. 


on  the 


same  arc,  an 


THEOREM  L. 

All  angles  in  the  same  segment  of  a  circle,  or 
equal  to  each  other. 

Let  C  and  D  be  two  angles  in  the  same  segment  ACDB, 
or,  which  is  the  same  thing,  standing  on  the  supple- 
mental arc  AEB ;  then  will  the  angle  C  be  equal  to  the 
angle  D. 

For,  each  of  these  angles  is  measured  by  half  the  arc 
AEB ;  and  thus,  having  equal  measures,  they  are  equal  to 
each  other  (ax.  1 1). 

THEOREM  U. 

An  angle  at  the  centre  of  a  circle  is  double  the  angle  at  the  ctrcwnfaremos^ 
when  both  stand  on  the  same  arc. 

Let  C  be  an  angle  at  the  centre  C,  and  D  an  angle  at  the 
circumference,  both  standing  on  the  same  arc  or  same 
chord  AB ;  then  will  the  angle  C  be  double  of  the  angle 
D,  or  the  angle  D  equal  to  half  the  angle  C. 

For,  the  angle  at  the  centre  C  is  measured  by  the  whole 
arc  AEB  (def.  57),  and  the  angle  at  the  circumference  D 
is  measured  by  half  the  same  arc  AEB(th.  49) ;   therefore  the  angle  D  if  oaly 
half  the  angle  C,  or  the  angle  C  double  the  angle  D. 


THEOREM  LII. 

An  angle  in  a  semicircle,  t*  a  right  angle. 

U  ABC  or  ADC  be  a  semicircle;  then  any  angle  D  in 
that  semicircle,  is  a  right  angle. 

For,  the  angle  D,  at  the  circumference,  is  measured 
by  half  the  arc  ABC  (th.  49),  that  is,  by  a  quadrant  of  the 
circumference.  But  a  quadrant  is  the  measure  of  a  right 
angle  (cor.  4,  th.  6 ;  or  cor.  2,  th.  48).  Therefore  the 
angle  D  is  a  right  angle. 
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THEOREM  LIIL 

The  angle  formed  by  a  tangent  to  a  circle,  and  a  chard  drawn  from  the 
of  contact,  is  equal  to  the  angle  in  the  alternate  segment 

If  A  B  be  a  £uigent,  and  AG  a  chord,  and  D  any  angle 
in  the  alternate  segment  ADC ;  then  will  the  angle  D 
be  equal  to  the  angle  BAC  made  by  the  tangent  and 
chord  of  the  arc  AEC. 

For,  the  angle  D,  at  the  circumference,  is  measured 
by  half  the  arc  AEC{th.  49) ;  and  the  angle  BAC,  made 
by  the  tangent  and  chord,  is  also  measured  by  the  same 
half  arc  AEC  (th.  48) ;  therefore  these  two  angles  are  equal  (ax.  11), 

THEOREM   LIV. 

The  sum  of  any  two  opposite  angles  of  a  quadrangle  inscribed  in  a  circle,  is 
equal  to  two  right  angles. 

Let  A  BCD  be  any  quadrilateral  inscribed  in  a  circle; 
then  shall  the  sum  of  the  two  opposite  angles  A  and  C,  or 
B  and  D,  be  equal  to  two  right  angles. 

For  the  angle  A  is  measured  by  half  the  arc  DCB,  which 
it  stands  upon,  and  the  angle  C  by  half  the  arc  DAB  (th. 
49);    therefore  the  sum  of  the  two  angles  A  and  C  is 
measured  by  half  the  sum  of  these  two  arcs,  that  is,  by  half 
the  circumference.     But  half  the  circumference  is  the  measure  of  two  right 
angles  (cor.  4,  th.  6 ) ;   therefore  the  sum  of  the  two  opposite  angles  A  and  C  is 
equal  to  two  right  angles.     In  like  manner  it  is  shown,  that  the  sum  of  the 
other  two  opposite  angles,  D  and  B,  is  equal  to  two  right  angles*    Q.  £.  D. 

THEOREM  LV. 

If  any  side  of  a  quadrangle,  inscribed  in  a  circle,  be  produced  out,  the  outward 
angle  will  be  equal  to  the  inward  opposite  angle* 

If  the  side  AB,  of  the  quadrilateral  ABCD,  inscribed 
in  a  circle,  be  produced  to  E;  the  outward  angle  DAE  *V^     *^V! 

will  be  equal  to  the  inward  opposite  angle  C.  I  \ 

For,  the  sum  of  the  two  adjacent  angles  DAE  and  I  ] 

DAB  is  equal  to  two  right  angles  (th.  6);  and  the  sum  =)l^jj 

of  the  two  opposite  angles  C  and  DAB  is  also  equal  to 
two  right  angles  (th.  54) ;  therefore  the  former  sum,  of  the  two  angles  DAE  and 
DAB,  is  equal  to  the  latter  sum,  of  the  two  C  and  DAB  (ax.  I).     From  each  of 
these  equals  taking  away  the  common  angle  DAB,  there  remains  the  angle 
DAE  equal  the  angle  C.     Q.  E.  D. 

THEOREM  LY1. 

Any  two  parallel  chords  intercept  equal  arcs. 

Let  the  two  chords  AB,  CD,  be  parallel :  then  will  the 
arcs  AC,  BD,  be  equal ;  or  AC  =  BD. 

Draw  the  line  BC.  Then,  because  the  lines  AB,  CD, 
are  parallel,  the  alternate  angles  B  and  C  are  equal  (th. 
12).  But  the  angle  at  the  circumference  B,  is  measured 
by  half  the  arc  AC  (th.  49) ;   and  the  other  equal  angle 
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at  the  circumference  C  is  measured  by  half  the  arc  BD :  therefore  the  halves  of 
the  arcs  AC,  BD,  and  consequently  the  arcs  themselves,  are  also  equal     Q.  &  D. 

"THEOREM   LVlk 

When  a  tangent  and  chord  are  parallel  to  each  other ,  they  intercept  equal  arcs. 

Let  the  tangent  ABC  be  parallel  to  the  chord  DF;  then 
•re  the  arcs  BD,  BFt  equal;  that  is,  BD  =  BF. 

Draw  the  chord  BD.  Then,  because  the  lines  AB,  DF, 
are  parallel,  the  alternate  angles  D  and  B  are  equal  (th. 
12).  But  the  angle  B,  formed  by  a  tangent  and  chord,  is 
measured  by  half  the  arc  BD  (th.  46);  and  the  other  angle 
at  the  circumference  D  is  measured  by  half  the  arc  BF  (th.  49) ;  therefore  tl 
arcs  BD.  BF.  are  equal.     Q.  E.  D. 

THEOREM   LVIII. 

The  angle  formed  within  a  circle,  by  the  intersection  of  two  chords,  is  measured 
by  half  the  sum  of  the  two  intercepted  arcs* 

Let  the  two  chords  AB,  CD,  intersect  at  the  point  E: 
then  the  angle  AEC,  or  DEB,  is  measured  by  half  the 
sum  of  the  two  arcs  AC,  DB. 

Draw  the  chord  AF  parallel  to  CD.  Then,  because 
the  lines  AF,  CD,  are  parallel,  and  AB  cuts  them,  the 
angles  on  the  same  side  A  and  DEB  are  equal  (th.  14), 
But  the  angle  at  the  circumference  A  is  measured  by  half 
the  arc  BF,  or  of  the  sum  of  FD  and  DB  (th.  49) ;  therefore,  the  angle  E  is 
also  measured  by  half  the  sum  of  FD  and  DB. 

Again,  because  the  chords  AF,  CD,  are  parallel,  the  arcs  AC,  FD,  are  equal 
(th.  5fi) ;  therefore,  the  sum  of  the  two  arcs  AC,  DB,  is  equal  to  the  sum  of  the 
two  FD,  DB ;  and  consequently  the  angle  E,  which  is  measured  by  half  the 
latter  sum,  is  also  measuced  by  half  the  former.    Q.  &  D. 

THEOREM   UX. 

The  angle  firmed  out  of  a  circle,  by  two  secants,  is  measured  by  half  the  difc 
firence  of  the  intercepted  arcs. 

Lei  the  angle  E  be  formed  by  two  secants  EAB  and 
ECD ;  this  angle  is  measured  by  half  the  difference  of 
the  two  arcs  AC,  DB,  intercepted  by  the  two  secants. 

Draw  the  chord  AF  parallel  to  CD.  Then,  because 
the  lines  AF,  CD,  are  parallel,  and  AB  cuts  them,  the 
angles  on  the  same  side  A  and  BED  are  equal  (th.  14). 
But  the  angle  A,  at  the  circumference,  is  measured  by 
half  the  arc  BF  (th.  49),  or  of  the  difference  of  DF  and  DB:  therefore,  the 
equal  angle  E  is  also  measured  by  half  the  difference  of  DF,  DB. 

Again,  because  the  chords  AF,  CD  are  parallel,  the  arcs  AC,  FD,  are  equal 
(th.  56);  therefore,  the  difference  of  the  two  arcs  AC,  DB,  is  equal  to  the  dif- 
ference of  the  two  DF,  DB.     Consequently,  the  angle  E,  which  is  measured  by 

half  the  latter  difference,  is  also  measured  by  half  the  former.    Q.KD. 

*  i 
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THEOREM  IX. 

The  angle  formed  by  two  tangents,  is  measured  by  half  the  difference  qf  He 
two  intercepted  arcs. 

Let  EB,  ED,  be  two  tangents  to  a  circle  at  the  points 
A,  C ;  then  the  angle  E  is  measured  by  half  the  differ- 
ence of  the  two  arcs  CFA,  CGA. 

Draw  the  chord  AF  parallel  to  ED.  Then,  because 
the  lines  AF,  ED,  are  parallel,  and  EB  meets  them,  the 
angles  on  the  same  side  A  and  E  are  equal  (th.  14). 
But  the  angle  A,  formed  by  the  chord  AF  and  tangent 
AB,  is  measured  by  half  the  arc  AF  (th.  48);  therefore,  the  equal  angle  E 
is  also  measured  by  half  the  same  arc  AF,  or  half  the  difference  of  the  arcs 
CFA  and  CF,  or  CGA  (th.  57.) 


CoroL  In  like  manner  it  is  proved,  that  the  angle 
E,  formed  by  a  tangent  ECD,  and  a  secant  EAB,  is 
measured  by  half  the  difference  of  the  two  intercepted 
arcs  CA  and  CFR 


THEOREM  LSI* 

When  two  lines,  meeting  a  circle  each  in  two  points,  cut  one  another,  either 
within  it  or  without  it;  the  rectangle  of  the  parts  of  the  one,  is  equal  to  the 
rectangle  of  the  parts  of  the  other;  the  parts  of  each  being  measured  from  the 
point  of  meeting  to  the  two  intersections  with  the  circumference. 

Let  the  two  lines  AB,  CD,  meet  each  other  in  E; 
then  the  rectangle  of  AE,  EB,  will  be  equal  to  the  rec- 
tangle of  CE,  ED.    Or,  AE.EB  =  CE.ED. 

For,  through  the  point  E  draw  the  diameter  F6 ;  also, 
from  the  centre  H  draw  the  radius  DH,  and  draw  HI 
perpendicular  to  CD. 

^Then,  since  DEH  is  a  triangle,  and  the  perp.  HI 
bisects  the  chord  CD  (th.  41),  the  line  CE  is  equal  to 
the  difference  of  the  segments  DI,  EI,  the  sum  of  them 
being  DE.  Also,  because  H  is  the  centre  of  the  circb 
and  the  radii  DH,  FH,  GH,  are  all  equal,  the  line  EG 
is  equal  to  the  sum  of  the  sides  DH,  HE;  and  EF  is 
equal  to  their  difference* 

But  the  rectangle  of  the  sum  and  difference  of  the  two  sides  of  a  triangle  is 
equal  to  the  rectangle  of  the  sum  and  difference  of  the  segments  of  the  ba.«e 
(th.  35) ;  therefore  the  rectangle  of  FE,  EG,  is  equal  to  the  rectangle  of  f  E, 
ED.  In  like  manner  it  is  proved,  that  the  same  rectangle  of  FE,  EG,  is  equal 
to  the  rectangle  of  AE.  EB.  Consequently,  the  rectangle  of  AE,  EB,  is  also 
equal  to  the  rectangle  of  CE.  KD  (ax  l).    O  ^  D 
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CoroL  1.  When  one  of  the  lines  in  the  second  case,  at 
DE,  by  revolving  about  the  point  E,  comes  into  the  posi- 
tion of  the  tangent  EC  or  ED,  the  two  points  C  and  D 
running  into  one ;  then  the  rectangle  of  CE,  ED,  becomes 
the  square  of  CE,  because  CE  and  DE  are  then  equal 
Consequently,  the  rectangle  of  the  parts  of  the  secant, 
AE  •  EB,  is  equal  to  the  square  of  the  tangent,  CE1. 

Carol  2.  Hence,  both  the  tangents  EC,  EF,  drawn  from  the  same  point  E, 
are  equal;  since  the  square  of  each  is  equal  to  the  same  rectangle  or  quantity 
AE.EB. 


THEOREM  LXII. 

In  equiangular  triangles,  the  rectangles  of  the  corresponding  or  like  sides,  ta  en 
alternately,  are  equal. 

Lei  ABC,  DEF,  be  two  equiangular  triangles,  hav- 
ing the  angle  A  =  the  angle  D,  the  angle  B  =  the 
angle  E,  and  the  angle  C  =  the  angle  F ;  also  the 
like  sides  AB,  DE,  and  AC,  DF,  being  those  opposite 
the  equal  angles;  then  will  the  rectangle  of  AB,  DF, 
be  equal  to  the  rectangle  of  AC,  DE. 

In  BA,  produced  take  AG  equal  to  DF;  and 
through  the  three  points  B,  C,  6,  conceive  a  circle 
BCOH  to  be  described,  meeting  CA  produced  at  H, 
and  join  GEL 

Then  the  angle  G  is  equal  to  the  angle  C  on  the  same  arc  BH,  and  the  angle 
H  equal  to  the  angle  B  on  the  same  arc  CG  (th,  50) ;  also  the  opposite  angles 
at  A  are  equal  (th.  7) :  therefore  the  triangle  AGH  is  equiangular  to  the  triangle 
ACB,  and  consequently  to  the  triangle  DFE  also.  But  the  two  like  sides  AG, 
DF,  are  also  equal  by  supposition ,  consequently  the  two  triangles  AGH,  DFE, 
are  identical  (th.  2),  having  the  two  sides  AG,  AH,  equal  to  the  two  DF,  DE, 
each  to  each. 

But  the  rectangle  GA .  AB  is  equal  to  the  rectangle  HA .  AC  (th.  61) :  con- 
sequently the  rectangle  DF.  AB  is  equal  to  the  rectangle  DE.  ACL    Q.E.D. 


THEOREM  LXIIL 

The  rectangle  of  the  two  sides  of  any  triangle,  is  equal  to  the  rectangle  of  the 
perpendicular  on  the  third  side  and  the  diameter  of  the  circumscribing  circle. 

Let  CD  be  the  perpendicular,  and  CE  the  diameter  of  the 
circle  about  the  triangle  ABC;  then  the  rectangle  CA.  CB 
is  =  the  rectangle  CD  .CE. 

For,  join  BE :  then  in  the  two  triangles  ACD,  ECB,  the 
angles  A  and  E  are  equal,  standing  on  the  same  arc  BC 
(th.  50) ;  also  the  right  angle  D  is  equal  to  the  angle  B, 
which  is  also  a  right  angle,  being  in  a  semicircle  (th.  52) : 
then/uin  these  two  triangles  have  also  their  third  angles  equal,  and  are  equi- 
angular.   Hence,  AC,  CE,  and  CD,  CB,  being  like  sides,  subtending  the  equal 
angles,  the  rectangle  AC .  CB,  of  the  first  and  last  of  them,  is  equal  to  the  rect- 
angle CE .  CD,  of  the  other  two  (th.  G2> 

n2 
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CD  be  a  mean  proportional  between  AD  and  DB; 
AC  a  mean  proportional  between  AB  and  AD ; 
BC  a  mean  proportional  between  AB  and  BDl 

Or,  AD:  CD ::  CD:  DB;  and  AB:  BC ::  BC:  BD;  and  AB:  AC::  AC: 

For,  the  two  triangles  ABC,  ADC,  having  the  right  angles  at  C  aad  D< 
and  the  angle  A  common,  hare  their  third  angles  equal,  and  are  eeaiai 
(cor.  1,  th.  17).  In  like  manner,  the  two  triangles  ABC,  BDC,  hnk 
right  angles  at  C  and  D  equal,  and  the  angle  B  common,  have  their  taint  i 
equal,  and  are  equiangular. 

Hence  then,  all  the  three  triangles,  ABC,  ADC,  BDC,  being  eqmasgeh 
have  their  like  sides  proportional  (th.  84) 

▼is.  AD:  CD::CD:DB; 
and  AB:  AC::  AC:  AD; 
and  AB  :  BC  ::  BC  :  BD.  ft 

CoroL  1.  Because  the  angle  in  a  semicircle  Is  a  right  angle  (th.  St); 
lows,  that  if,  from  any  point  C  in  the  periphery  of  the  semicircle,  a  psrpssi 
be  drawn  to  the  diameter  AB ;  and  the  two  chords  CAV  CB,  he  drawn  svl 
tremities  of  the  diameter :  then  are  AC,  BC,  CD,  the  mean  prepertisssh 
this  theorem,  or  (by  th.  77),  CD*  =  AD .  DB;  AC*  ==  AB  •  AD;  sal 
=  AB .  BD. 

Corof.  2.  Hence  AC1 :  BC1 : :  AD :  BD. 

CoroL  3.  Hence  we  have  another  demonstration  of  th.  34, 

For  since  AC*  =  AB .  AD,  and  BC*  =  AB.  BD 
By  addition  AC*  +  BC*  s  AB  (AD  +  BD)  =r  AB*. 


THEOBXM  LXZXVm. 

Equiangular  or  similar  triangles,  are  to  each  other  as  the  sfsrnm  f/A 
Uhe  sides. 

Let  ABC,  DEF,  be  two  equiangular  triangles,  AB 
and  DE  being  two  like  sides:  then  will  the  triangle 
ABC  be  to  the  triangle  DEF,  as  the  square  of  AB  is  to 
the  square  of  DE,  or  as  AB*  to  DE*. 

For,  the  triangles  being  similar,  they  have  their  like 
sides  proportional  (th.  84),  and  are  to  each  other  as 
the  rectangles  of  the  like  pairs  of  their  sides  (cor.  4^ 
th.81); 

therefore  AB  :  DE  : :  AC  :  DF  (th.  84), 

and  AB  :  DE  : :  AB  :  DE  of  equality : 
therefore  AB*  :  DE*  : :  AB  .  AC :  DE.  DF  (th. 75> 

But  A  ABC  :  A  DEF  ::  AB.  AC  :  DE.  DF  (cor.  4,  th.  8I> 
therefore  A  ABC  :  A  DEF  : :  AB*  «.  DE  ftM 
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OF  RATIOS  AND  PROPORTIONS. 

DEFINITIONS. 

Def.  76.  Ratio  is  the  proportion  or  relation  which  one  magnitude  bean  to 
another  magnitude  of  the  same  kind,  with  respect  to  quantity. 

Note.  The  measure,  or  quantity,  of  a  ratio,  is  conceived,  by  considering  what 
part  or  parts  the  leading  quantity,  called  the  Antecedent,  is  of  the  other,  called 
the  consequent ;  or  what  part  or  parts  the  number  expressing  the  quantity  of  the 
former,  is  of  the  number  denoting  in  like  manner  the  latter.  So,  the  ratio  of  a 
quantity  expressed  by  the  number  2  to  a  like  quantity  expressed  by  the  number  6, 
is  denoted  by  2  divided  by  6,  or  $  or  \  :  the  number  2  being  3  times  contained 
in  6,  or  the  third  part  of  it  In  like  manner,  the  ratio  of  the  quantity  3  to  6,  is 
measured  by  J  or  \ ;  the  ratio  of  4  to  6  is  $  or  $ ;  that  of  6  to  4  is  f  or  } ;  &c 

77.  Proportion  is  an  equality  of  ratios.    Thus, 

78.  Three  quantities  are  said  to  be  proportional,  when  the  ratio  of  the  first  to 
the  second  is  equal  to  the  ratio  of  the  second  to  the  third.  As  of  the  three  quan- 
tities A  (2),  B  (4),  C  (R),  where  f  =  i  =  J,  both  the  same  ratio. 

79.  Four  quantities  are  said  to  be  proportional,  when  the  ratio  of  the  first  to 
the  second,  is  the  same  as  the  ratio  of  the  third  to  the  fourth.  As  of  the  four 
A  (4),  B  (2),  C  (10),  D  (5),  where  J  =  V  =  2,  both  the  same  ratio. 

Note.  To  denote  that  four  quantities,  A,  B,  C,  D,  are  proportional,  they  are 
usually  stated  or  placed  thus,  A  :  B  : :  C  :  D ;  and  read  thus,  A  is  to  B  as  C  is 
to  D.  But  when  three  quantities  are  proportional,  the  middle  one  is  repeated, 
and  they  are  written  thus,  A  :  B  : :  B  :  C. 

The  proportionality  of  quantities  may  also  be  expressed  very  generally  by  the 

equality  of  fractions,  as  at  pa.  121.    Thus,  if  75  =  fy  then  A  :  B  : :  C  :  D,  also 

B:  A::D:C,  A  :  C  ::  B  :  D.and  C  :  A::D:B. 

80.  Of  three  proportional  quantities,  the  middle  one  is  said  to  be  a  Mean  Pro- 
portional between  the  other  two ;  and  the  last,  a  Third  Proportional  to  the  tirst 
and  second. 

81.  Of  four  proportional  quantities,  the  last  is  said  to  be  a  Fourth  Proportional 
to  the  other  three,  taken  in  order. 

82.  Quantities  are  said  to  be  Continually  Proportional,  or  in  Continued  Pro- 
portion, when  the  ratio  is  the  same  between  every  two  adjacent  terms,  vis.  when 
the  first  is  to  the  second,  as  the  second  to  the  third,  as  the  third  to  the  fourth, 
as  the  fourth  to  the  fifth,  and  so  on,  all  in  the  same  common  ratio. 

As  in  the  quantities  1,  2,  4,  8,  16,  &c. ;  where  the  common  ratio  is  equal  to  2. 

83.  Of  any  number  of  quantities,  A,  B,  C,  D,  the  ratio  of  the  first  A,  to  the 
last  D,  is  said  to  be  Compounded  of  the  ratios  of  the  first  to  the  second,  of  the 
second  to  the  third,  and  so  on  to  the  last 

84w  Inverse  ratio  is,  when  the  antecedent  is  made  the  consequent,  and  the 
consequent  the  antecedent    Thus,  if  1 :  2  : :  3  •  6 ;  then  inversely,  2  : 1  : :  6:  a 
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85.  Alternate  proportion  is,  when  antecedent  is  compared  with  antecedent, 
and  consequent  with  consequent — As,  if  1 :  2 : :  3  :  6 ;  then,  by  alternation,  oi 
permutation,  it  will  be  1 :  3  ::  2  :  6. 

86.  Compound  ratio  is,  when  the  sum  of  the  antecedent  and  consequent  is 
compared,  either  with  the  consequent,  or  with  the  antecedent — Thus,  if 
1  :  2  : :  3  :  6,  then,  by  composition,  1  +  2 :  1  : :  3  +  6  :  3,  and  1  +  2  :  2  : :  3 
+  6:6. 

87.  Divided  ratio  is,  when  the  difference  of  the  antecedent  and  consequent  is 
compared,  either  with  the  antecedent  or  with  the  consequent — Thus,  if  1  : 2 
::  3  :  6,  then,  by  division,  2  —  1:1::  6  —  3:3,  and  2  —  I  :  2 ::  6  —  3:6. 

Note.  The  term  Divided,  or  Division,  here  means  subtracting;,  or  parting ; 
being  used  in  the  sense  opposed  to  compounding,  or  adding,  in  de£  86. 

THEOREM  LXTI. 

Equimultiple*  of  any  two  quantities  have  the  same  ratio  as  the  quantify  them* 
selves. 

Let  A  and  B  be  any  two  quantities,  and  mA,  mB,  any  equimultiples  of  them, 

m  being  any  number  whatever :  then  will  mA  and  «B  have  the  same  ratio  at  A 

and  B,  or  A :  B  : :  mA :  mB. 

_      mB  B 

For  —v    ==     -t,  the  same  ratio. 

Corol.  Hence,  like  parts  of  quantities  have  the  same  ratio  at  the  wholes ;  be- 
cause the  wholes  are  equimultiples  of  the  like  parts,  or  A  and  B  are  like  parte 
of  mA  and  mB. 

THEOREM  LXTIL. 

If  four  quantities,  of  the  same  hind,  be  proportionals  ;  they  will  be  s»  proper* 
Hon  by  alternation  or  permutation,  or  the  antecedents  will  ham  the  same  ratio  a$ 
the  consequents. 

Let  A  :  B  : :  mA  :  mB ;  then  will  A :  m  A  : :  B  :  mB. 

_,      mA         m        ,  mB  m  . 

For  -jr  =  -r,  and  -rr  =  - . ,  both  the  same  ratio. 

Otherwise.    Let  A  :  B  : :  C  :  D ;  then  shall  B  :  A  : :  C :  D. 

AC  A 

For,  let  -ft  =  jj  =  r;  then  A  =  Br,  and  C  =  Dr:   therefore  B  s=  — 

P  B        1  D        1  ' 

and  D  =  — -.     Hence  -r  =  — ,  and  -g  =  — .     Whence  it  it  evident  that 

B        D  x»»  _ 

jr  =  -rr  (ax.  1),  or  B  :  A  : :  D  :  C. 

In  a  similar  manner  may  most  of  the  other  theorems  be  demonstrated* 

THEOREM  LXVIIL 

If  four  quantities  be  proportional;  they  will  be  in  proportion  by 
inversely. 
Let  A  :  B  : :  mA  :  mB ;  then  will  B  :  A : :  mB  :  mA, 

For  -j.  =  -g,  both  the  same  ratio* 
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THEOREM  LXIX. 

If  f out  quantities  be  proportional ;  they  will  be  in  proportion  by  composition 
and  division. 

Let  A:  B  ::mA:mB; 

Then  will  B  +  A  :  A  : :  mB  -^  mA  :  mA, 

and  B  +  A :  B  : :  mB  +  mA  :  mB. 

mA  A         ~\        mB B 

***  mB+mA"  B  +  A5  ""*  mli  +  mA""  E+~A- 

Coroi  It  appears  from  hence,  that  the  sum  of  the  greatest  and  least  of  four 
proportional  quantities,  of  the  same  kind,  exceeds  the  sum  of  the  other  two. 
For  since  A:  A-fB:  :mA  ::mAemB---  A:  A-f-B::mA+mB,  where  A  is  the 
least,  and  mA+mB  the  greatest;  then  m+l.A+mB,  the  sum  of  the  greatest  and 
least,  exceeds  m-J-l.A+B,  the  sum  of  the  two  other  quantities. 

THEOREM   LXX. 

Jf%  of  four  proportional  quantities,  there  be  taken  any  equimultiples  whatever 
of  the  two  antecedents,  and  any  equimultiples  whatever  of  the  two  consequents  / 
ike  quantities  resulting  will  still  be  proportional. 

Let  A :  B  : :  mA  :  mB ;  also,  let  pA  and  pmA  he  any  equimultiples  of  the  two 
antecedents,  and  qB  and  qmB  any  equimultiples  of  the  two  consequents ;  then 
will  -  -  -  -  ph  :  q B  : :  pmA  :  qmB. 

For  2™--  =  i_   both  the  same  ratio. 
pmix       /)** 

THEOREM  LXXL 

If  there  be  four  proportional  quantities,  and  the  ho.  consequents  be  either 
augmented  or  diminished  by  quantities  that  have  the  same  ratio  as  the  respective 
antecedents  ;  the  results  and  the  antecedents  will  still  be  proportionals. 

Let  A  :  B  : :  m  A  :  mB,  and  nA  and  nmA  any  two  quantities  haling  the  same 
ratio  as  the  two  antecedents;  then  will  A :  B  +  nA  : :  mA  :  mB  +  nmA. 

mB  -J-  nmA       B  +  nA   _     ,    _ 

tor  £=. =  — r= both  the  same  ratio. 

mA  A 

THEOREM  LXXII. 

If  any  number  of  quantities  be  proportional,  then  any  one  of  tne  antecedents 
will  be  to  Us  consequent,  as  the  sum  of  all  the  antecedents,  is  to  the  sum  of  all  the 
consequents. 

Let  A  :  B  ::  mA :  mB  :  :nA  :  nB,  && ;  then  willA:B::A-f-mA3-»A:B 
f  mB  +  nB,  &c. 

„      B  +  wB+nB       (\  +  m  +  n)B        B    . 

I*or  1-7 — t-± — I  =  /7-T — T    (  a  =  -X»  the  same  ratio. 

A  +  wA-f  nA        ( 1  +  m -f- *)  A         A* 

THEOREM    LXX11I. 

If  a  whole  magnitude  be  to  a  whole,  as  a  part  taken  from  the  first,  is  to  a  part 
taken  from  the  other;  then  the  remainder  will  be  to  the  remainder,  as  the  whoU 
to  the  whole. 
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Let  A  :  B  : :  £  A  :  ^  B ; 
n  n 

then  wffl  A :  B  : :  A  —  —  A  :  B  —  —  a 

n  it 

For  — —  =  -j,  both  the  same  ratio. 

A--A         A 
n 


THEOREM  LXXIV. 

If  any  quantities  be  proportional ;  their  squares,  or  cubes,  or  any  lihe  power*) 
or  roots,  of  them,  will  also  be  proportional. 

Let  A:  B::mA:mB;  then  will  A"  :  B»  ::  m"A"  :  m"B". 

m"B*         B" 
For  — _  Ar  =  -T-,  both  the  same  ratio. 
m"A*         A-' 

See  also  th.  viil 

THEOREM  LXXT. 

jf  there  be  two  sets  of  proportionals  ;  then  the  products  or  rectangles  of  the 
corresponding  terms  will  also  be  proportional. 

Let  A  :  B  : :  mA  :  mB, 
and  C  :  D  : :  nC  :  nD ; 
then  will  AC  :  BD  : :  rnnAC  :  mnBD. 

_       wtnBD         BD    .     t   _ 
For,    — 77,  =  -j-rji  hoth  the  same  ratio. 
'  mnhij        AC 

THEOREM  LXXVI. 

If  four  quantities  be  proportional;  the  rectangle  or  product  of  the  two  ex- 
.  tremes%  will  be  equal  to  the  rectangle  or  product  of  the  two  means*  And  the 
converse. 

Let  A  :  B  : :  m  A  :  mB ; 

then  is  A  X  mB  zr  B  X  wA  sz  wiAB,  -as  is  evident 

THEOREM   LXXVIL 

If  three  quantities  be  continued  proportionals  ;  the  rectangle  or  product  of  the 
two  extremes,  will  be  equal  to  the  square  of  the  mean.    And  the  converse. 

Let  A,  to  A,  m*A,  be  three  proportionals. 

or  A  :  mA  : :  mA  :  m*A; 

then  is  A  X  i»*A  =  mtAtl  as  is  evident 

THEOREM  LXXVm. 

If  any  number  of  quantities  be  continued  proportionals  ;  the  rath  of  the  first 
to  the  third,  will  be  duplicate  or  the  square  of  the  ratio  of  the  first  ami  second; 
and  the  ratio  of  the  first  and  fourth  wiU  be  triplicate  or  the  cube  of  that  of  the 
first  and  second;  and  so  on. 
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Let  A,  mA,  m'A,  ms  A,  &a  be  proportionals; 

A  1  A  1  .A 


then  is 


m  A 


=  — ;  but 


m 


ro*A 


=  ^i  5  an4 
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m»A 


=  «.•*• 
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THEOREM  LXXIX. 

Triangles,  and  also  parallelograms,  having  equal  altitudes,  are  to  each  other 
as  their  bases. 

Let  the  two  triangles  ADC,  DEF,  have  the  same  alti- 
tude, or  be  between  the  same  parallels  AE,  IF;  then 
is  the  surface  of  the  triangle  ADC,  to  the  surface  of  the 
triangle  DEF,  as  the  base  AD  is  to  the  base  DE.  Or 
AD :  DE  : :  the  triangle  ADC  :  the  triangle  DEF. 

For,  let  the  base  AD  be  to  the  base  DE,  as  any  one 
number  m  (2),  to  any  other  number  n  (3);  and  divide  the  respective  bases  into 
those  parts,  AB,  BD,  DG,  GH,  HE,  all  equal  to  one  another ;  and  from  the 
points  of  division  draw  the  lines  BC,  GF,  HF,  to  the  vertices  C  and  F.  Then 
will  these  lines  divide  the  triangles  ADC,  DEF,  into  the  same  number  of  parts 
as  their  bases,  each  equal  to  the  triangle  ABC,  because  those  triangular  parts 
hare  equal  bases  and  altitude  (cor.  2,  th.  35) ;  namely,  the  triangle  ABC  equal 
to  each  of  the  triangles  BDC,  DFG,  GFH,  HFE.  So  that  the  triangle  ADC, 
is  to  the  triangle  DFE,  as  the  number  of  parts  m  (2)  of  the  former,  to  ths  num- 
ber n  (3)  of  the  latter,  that  is,  as  the  base  AD  to  the  base  DE  (def.  79> 

In  like  manner,  the  parallelogram  ADKI  is  to  the  parallelogram  DEFK,  at 
the  base  AD  is  to  the  base  DE;  each  of  these  having  the  same  ratio  as  the 
number  of  their  parts,  mton.    Q.  EL  D. 


%  THEOREM  LXXX. 

Triangles,  and  also  parallelograms,  having  equal  bases,  are  to  each  other  as 
their  altitudes. 

Let  ABC,  BEF,  be  two  triangles  having  the 
equal  bases  AB,  BE,  and  whose  altitudes  are  the 
perpendiculars  CG,  FH ;  then  will  the  triangle 
ABC  :  the  triangle  BEF  : :  CG  :  FH. 

For,  let  BK  be  perpendicular  to  AB,  and  equal 
to  CG ;  in  which  let  there  be  taken  BL  =  FH  ; 
drawing  AK  and  AL. 

Then  triangles  of  equal  bases  and  heights  being  equal  (cor.  2,  th.  25),  the 
triangle  ABK  is  =  ABC,  and  the  triangle  ABL  =  BEF.  But,  considering 
now  ABK,  ABL,  as  two  triangles  on  the  bases  BK,  BL,  and  having  the  same 
altitude  AB,  these  will  be  as  their  bases  (th.  79),  namely,  the  triangle  ABK  : 
the  triangle  ABL  : :  BK  :  BL. 

Bat  the  triangle  ABK  =  ABC,  and  the  triangle  ABL=  BEF,  also  BK  =  CG 

andBL=FH. 
Therefore,  the  triangle  ABC  :  triangle  BEF : :  CG :  FH. 
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And  since  parallelograms  are  the  doubles  of  these  triangles,  having  the  same 
bases  and  altitudes,  they  will  likewise  have  to  each  other  the  same  ratio  as  their 
altitudes.     Q.  E.  D. 

Carol,  Since,  by  this  theorem,  triangles  and  parallelograms,  when  their 
bases  are  equal,  are  to  each  other  as  their  altitudes ;  and  by  the  foregoing  one, 
when  their  altitudes  are  equal,  they  are  to  each  other  as  their  bases;  therefore, 
universally,  when  neither  are  equal,  they  are  to  each  other  in  the  compound 
ratio,  or  as  the  rectangle  or  product  of  their  bases  and  altitudes. 

THBORRM  LXXXL 

If  four  lines  be  proportional;  the  rectangle  of  the  extremes  will  be  equal  to 
the  rectangle  of  the  means.  And,  conversely,  if  the  rectangle  of  the  extremes, 
of  four  lines,  be  equal  to  the  rectangle  of  the  means,  the  four  lines,  taken  alter- 
nately, will  be  proportional 

Let  the  four  lines  A,  B,  C,  D,  be  proportionals, 
or  A  :  B  : :  C  :  D ;  then  will  the  rectangle  of  A 
and  D  be  equal  to  the  rectangle  of  B  and  C ;  or 
the  rectangle  A .  D  =  B  .  C 

For,  let  the  four  lines  be  placed  with  their 
four  extremities  meeting  in  a  common  point, 
forming  at  that  point  four  right  angles;  and 
draw  lines  parallel  to  them  to  complete  the  rect- 
angles P,  Q,  H,  where  P  is  the  rectangle  of  A  and  D,  Q  the  rectangle  of  B  and 
C,  and  11  the  rectangle  of  B  and  D. 

Then  the  rectangles  P  and  R,  being  between  the  same  parallels,  are  to  each 
other  as  their  bases  A  and  B  (th.  79) ;  and  the  rectangles  Q  and  R,  being  be- 
tween the  same  parallels,  are  to  each  other  as  their  bases  C  and  D.  But  the 
ratio  of  A  to  B,  is  the  same  as  the  ratio  of  C  to  D,  by  hypothesis;  therefore  the 
ratio  of  P  to  R,  is  the  same  as  the  ratio  of  Q  to  R ;  and  consequently  the  recU 
angles  P  and  Q  are  equal     Q.  E.  D. 

Again,  if  the  rectangle  of  A  and  D,  be  equal  to  the  rectangle  of  B  and  C ; 
these  lines  will  be  proportional,  or  A  :  B  : :  C  :  D. 

For,  the  rectangles  being  placed  the  same  as  before :  then,  because  parallel- 
ograms between  the  same  parallels,  are  to  one  another  as  their  bases,  the  rect- 
angle P  :  R  : :  A  :  B,  and  Q  :  R : :  C  :  D.  But  as  P  and  Q  are  equal,  by  sup- 
position, they  have  the  same  ratio  to  R,  that  is,  the  ratio  of  A  to  B  is  equal  to 
the  ratio  of  C  to  D,  or  A  :  B  ::  C  :  D.     Q.  E.  D. 

Corol.  1.  When  the  two  means,  namely,  the  second  and  third  terms,  are  equal, 
their  rectangle  becomes  a  square  of  the  second  term,  which  supplies  the  place  ef 
both  the  second  and  third.  And  hence  it  follows,  that  when  three  lines  are 
proportionals,  the  rectangle  of  the  two  extremes  is  equal  to  the  square  of  the 
mean ;  and,  conversely,  if  the  rectangle  of  the  extremes  be  equal  to  the  square 
of  the  mean,  the  three  lines  are  proportionals. 

Corol  2.  Since  it  appears,  by  the  rules  of  proportion  in  arithmetic  and  al- 
gebra, that  when  four  quantities  ore  proportional,  the  product  of  the  extremes 
is  equal  to  the  product  ot  the  two  means ;  and,  by  this  theorem,  the  rectangle  o 
the  extremes  is  equal  to  the  rectangle  of  the  two  means ;  it  follows,  that  the  area 
or  space  of  a  rectangle  is  represented  or  expressed  bv  ♦*•«»  product  of  its  length 
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and  breadth  multiplied  together.  And,  in  general,  a  rectangle  in  geometry  is 
similar  to  the  product  of  the  measures  of  its  two  dimensions  of  length  and 
breadth,  or  base  and  height  Also,  a  square  is  similar  to,  or  represented  by,  the 
measure  of  its  side  multiplied  by  itself!  So  that,  what  is  shown  of  such  pro- 
ducts,  is  to  be  understood  of  the  squares  and  rectangles. 

CoroL  3.  Since  the  same  reasoning,  as  in  this  theorem,  holds  for  any  paral- 
lelograms whatever,  as  well  as  for  the  rectangles,  the  same  property  belongs  to 
all  kinds  of  parallelograms,  having  equal  angles,  and  also  to  triangles,  which  are 
the  halves  of  parallelograms ;  namely,  that  if  the  sides  about  the  equal  angles  of 
parallelograms,  or  triangles,  be  reciprocally  proportional,  the  parallelograms  or 
triangles  will  be  equal ;  and,  conversely,  if  the  parallelograms  or  triangles  be 
equal,  their  sides  about  the  equal  angles  will  be  reciprocally  proportional. 

CoroL  4.  Parallelograms,  or  triangles,  having  an  angle  in  each  equal,  are  in 
proportion  to  each  other  as  the  rectangles  of  the  sides  which  are  about  these 
equal  angles. 

THEOREM  LXXXII. 

If  a  line  be  drawn  in  a  triangle  parallel  to  cme  of  its  sides,  it  will  out  the  other 
two  sides  proportionally. 

Let  DE  be  parallel  to  the  aide  BC  of  the  triangle  ABC; 
then  will  AD  :  DB  : :  AE  :  EC. 

For,  draw  BE  and  CD.  Then  the  triangles  DBE,  DCE 
are  equal  to  each  other,  because  they  have  the  same  base 
DE,  and  are  between  the  same  parallels  DE,  BC  (th.  25). 
But  the  two  triangles  ADE,  BDE,  on  the  bases  AD,  DB, 
have  the  same  altitude ;  and  the  two  triangles  ADE,  CDE, 
on  the  bases  AE,  EC,  have  also  the  same  altitude ;  and  be- 
cause triangles  of  the  same  altitude  are  to  each  other  as  their  bases,  therefore 

the  triangle  ADE  :  BDE  : :  AD  :  DB, 
and  triangle  ADE  :  CDE  : :  AE  :  EC. 

But  BDE  is  =  CDE ;  and  equals  must  have  to  equals  the  same  ratio ;  there- 
fore AD  :  DB  ::  AE  :  EC.    Q.  E.  D. 

Carol.  Hence,  also,  the  whole  lines,  AB,  AC,  are  proportional  to  their  cor- 
responding proportional  segments  (coroL  th.  66), 

viz.  AB:  AC::  AD:  AE, 
and  AB:  AC::BD:CE. 

THEOREM  LXXXIII. 

A  line  i  hick  bisects  any  angle  of  a  triangle,  divides  the  opposite  side  safe  two 
segments,  which  are  proportional  to  the  two  other  adjacent  sid  s. 

Let  the  angle  ACB,  of  the  triangle  ABC,  be  bisected  by 
the  line  CD,  making  the  angle  r  equal  to  the  angle  s :  then  E 

will  the  segment  AD  be  to  the  segment  DB,  as  the  side  AC 
is  to  the  side  CB.    Or,  AD  :  DB  ::  AC  :  CB. 

For,  let  BE  be  parallel  to  CD,  meeting  AC  produced  at 
R,  Then,  because  the  line  BC  cuts  the  two  parallels  CD, 
BE,  it  m;  kes  the  angle  CBE  equal  to  the  alternate  angle  s 
(th,  12),  and  therefore  also  equal  to  the  angle  r,  which  b 
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equal  to  s  by  the  supposition.  Again,  because  the  line  AE  cuts  the  two  paral- 
lels DC,  BE,  it  makes  the  angle  E  equal  to  the  angle  r  on  the  same  side  of  it 
(th.  14).  Hence,  in  the  triangle  BCE,  the  angles  B  and  E,  being  each  equal  to 
the  angle  r,  are  equal  to  each  other,  and  consequently  their  opposite  sides  CB, 
CE,  are  also  equal  (th.  3). 

But  now,  in  the  triangle  ABE,  the  line  CD,  being  drawn  parallel  to  the  side 
BE,  cuts  the  two  other  sides  AB,  AE,  proportionally  (th.  82),  making  AD  to 
DB,  as  is  AC  to  CE  or  to  its  equal  CB.    Q.  E.  D. 

Case  2.  The  proposition  is  also  applicable  when  an  external  angle  of  a 
triangle  is  bisected. 

• 

Let  AC,  one  of  the  sides  of  the  triangle  ABC,  be  produced 
to  E,  and  let  the  angle  BCE  be  bisected  by  the  straight 
CD,  cutting  AB  produced  in  D ;  then 

AD:DB::  AC :  CB. 

Let  BF  be  parallel  to  CD. 

Then,  because  the  line  BC  cuts  the  parallel  lines  CD, 
FB,  it  makes  the  angle  CBF  equal  to  the  alternate  angle  BCD ;  and,  there- 
fore, also  equal  to  the  angle  DCE,  which  is  equal  to  BCD  by  supposition. 
Again,  because  the  line  EA  cuts  the  two  parallel  lines  CD,  FB,  it  makes  the 
angle  DCE  equal  to  the  angle  CFB,  on  the  same  side  of  the  line*  Hence,  in 
the  triangle  BCF,  the  angle  BFC,  and  FBC,  being  each  equal  to  the  angle 
DCE,  are  equal  to  each  other;  and,  consequently,  their  opposite  aides  BC,  CFV 
are  also  equal* 

Now,  in  the  triangle  ADC,  the  line  BF  being  drawn  parallel  to  the  aide  CD 
cuts  the  two  sides  AD,  AC,  proportionally ;  making 

AD  :  AC  ::  DB  :  CF  (tbeor.  72); 
Or,        AD:DB::  AC  :  CF. 

But,  BC  is  equal  to  CF;  therefore, 

AD.DB::  AC :  CB. 


THEOREM  LXXXIV* 

Equiangular  triangles  are  similar,  or  have  their  like  sides  proportkmaL 

Let  ABC,  DEF,  be  two  equiangular  triangles,  having 
the  angle  A  equal  to  the  angle  D,  the  angle  B  to  the  angle 
E,  and  consequently  the  angle  C  to  the  angle  F ;  then  will 
AB:  AC::DE:DF. 

For,  make  DG  =  AB,  and  DH  =  AC,  and  join  OH. 
Then  the  two  triangles  ABC,  DGH,  having  the  two  sides 
AB,  AC,  equal  to  the  two  DG,  DH,  and  the  contained 
angles  A  and  D  also  equal,  are  identical,  or  equal  in  all 
respects  (th.  1 ),  namely,  the  angles  B  and  C  are  equal  to  the 
angles  G  and  H.  But  the  angles  B  and  C  are  equal  to  the 
angles  E  and  F  by  the  hypothesis ;  therefore  also  the  angles 
G  and  H  are  equal  to  the  angles  E  and  F  (ax.  1),  and  con- 
sequently the  line  GH  is  parallel  to  the  side  EF  (cor.  1,  th*  14). 
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Hence  then,  in  the  triangle  DEF,  the  line  OH,  being  parallel  to  the  side  EK, 
divides  the  two  other  sides  proportionally,  making  DG  :  DH  : :  DE  :  DF  (cor. 
th.  82>  But  DG  and  DH  are  equal  to  AB  and  AC  ;  therefore  also  AB  :  AG 
: :  DE  :  DF.     Q.  E.  D. 


THSOaEM  LXXXV. 

Trumgles  which  have  their  sides  proportional,  are  also  equiangular* 

In  the  two  triangles  ABC,  DEF,  if  AB :  DE : :  AC 
:  DF  : :  BC :  EF;  the  two  triangles  will  have  their  cor- 
responding angles  equal. 

For,  if  the  triangle  ABC  be  not  equiangular  with  the 
triangle  DEF,  suppose  some  other  triangle,  as  DEG,  to 
be  equiangular  with  ABC.  But  this  is  impossible :  for 
if  the  two  triangles  ABC,  DEG,  were  equiangular,  their 
sides  would  be  proportional  (th.  84).  So  that,  AB  being 
to  DE  as  AC  to  DG,  and  AB  to  DE  as  BC  to  EG,  it 
follows  that  DG  and  EG,  being  fourth  proportionals  to 
the  same  three  quantities,  as  well  as  die  two  DF,  EF, 
the  former,  DG,  EG,  would  be  equal  to  the  latter,  DF,  EF.  Thus,  then,  the 
two  triangles,  DEF,  DEG,  having  their  three  sides  equal,  would  be  identical 
(th.  5);  which  is  absurd,  since  their  angles  are  unequal 
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Triangles,  which  have  an  angle  in  the  one  equal  to  an  angle  in  the  other,  and 
the  sides  about  these  angles  proportional,  are  equiangular. 

Let  ABC,  DEF,  be  two  triangles,  having  the  angle  A  =  the  angle  D,  and  the 
sides  AB,  AC,  proportional  to  the  sides  DE,  DF :  then  will  the  triangle  ABC 
be  equiangular  with  the  triangle  DEF. 

For,  make  DG  =  AB,  and  DH  =  AC,  and  join  GH. 

Then,  the  two  triangles  ABC,  DGH,  having  two  sides  equal,  and  the  con- 
tained angles  A  and  D  equal,  are  identical  and  equiangular  (th.  1 ),  having  the 
angles  G  and  H  equal  to  the  angles  B  and  CL  But,  since  the  sides  DG,  DH, 
are  proportional  to  the  sides  DE,  DF,  the  line  GH  is  parallel  to  EF  (th.  83) ; 
hence  the  angles  E  and  F  are  equal  to  the  angles  G  and  H  (th.  14),  and  con- 
sequently to  their  equals  B  and  C.     Q.  EL  D.       [See  fig.  th.  84.] 


THEOKEM   LXXXVTI. 


In  a  right-angled  triangle,  a  perpendicular  from  the  right  angle,  is  a  mean 
proportional  between  the  segments  of  the  hypothenuse ;  and  each  of  the  sides, 
about  the  right  angle,  is  a  mean  proportional  between  the  hypothenuse  and  the 
adjacent  segment. 

Let  ABC  be  a  right-angled  triangle,  and  CD  a  per)>en* 
dicular  from  the  right  angle  C  to  the  hypoilienuse  AB; 
then  will 
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CD  be  a  mean  proportional  between  AD  and  DB; 
AC  a  mean  proportional  between  AB  and  AD ; 
BC  a  mean  proportional  between  AB  and  BD. 

Or,  AD:  CI) ::  CD:  DB;  and  AB:  BC::  BC:  BD;  and  AB:  AC::  AC:  AC. 

For,  the  two  triangles  ABC,  ADC,  having  the  right  angles  at  C  and  D  equal, 
and  the  angle  A  common,  have  their  third  angles  equal,  and  are  equiangular 
(cor.  1,  tli.  17).  In  like  manner,  the  two  triangles  ABC,  BDC,  having  the 
right  angles  at  C  and  D  equal,  and  the  angle  B  common,  have  their  third  angles 
equal,  and  are  equiangular. 

Hence  then,  all  the  three  triangles,  ABC,  ADC,  BDC,  being  equiangular,  will 
have  their  like  sides  proportional  (th.  84) 

viz.  AD:  CD::CD:DB; 
and  AB:  AC  ::  AC:  AD; 
and  AB  :  BC  ::  BC  :  BD.  Q.  R  JX 

CoroL  1.  Because  the  angle  in  a  semicircle  is  a  right  angle  (th.  52) ;  it  fol- 
lows, that  if,  from  any  point  C  in  the  periphery  of  the  semicircle,  a  perpendicular 
be  drawn  to  the  diameter  AB ;  and  the  two  chords  CA,  CB,  be  drawn  to  the  ex- 
tremities of  the  diameter :  then  are  AC,  BC,  CD,  the  mean  proportionals  as  in 
this  theorem,  or  (by  th.  77),  CD*  =  AD .  DB;  AC*  =  AB .  AD ;  and  BC* 
=  AB  .  BD. 

Corol.  2.  Hence  AC"  :  BC*  : :  AD :  BD. 

CoroL  3.  Hence  we  have  another  demonstration  of  th.  34. 

For  since  AC1  =  AB  .  AD,  and  BC*  =  AB .  BD 
By  addition  AC*  +  BC*  =  AB  (AD  +  BD)  =  AB*. 


THEOBEM  LXXXVUL 


Equiangular  or  similar  triangles,  are  to  each  other  as  Hie  squares  qftkexr 
like  sides. 

Let  ABC,  DEF,  be  two  equiangular  triangles,  AB 
and  DE  being  two  like  sides:  then  will  the  triangle 
ABC  be  to  the  triangle  DEF,  as  the  square  of  AB  is  to 
the  square  of  DE,  or  as  AB*  to  DE*. 

For,  the  triangles  being  similar,  they  have  their  like 
sides  proportional  (th.  84),  and  are  to  each  other  as 
the  rectangles  of  the  like  pairs  of  their  sides  (cor.  4, 
th.81); 

therefore  AB  :  DE  : :  AC  :  DF  (th.  84), 

and  AB  :  DE  : :  AB  :  DE  of  equality : 
therefore  AB*  :  DE*  : :  AB  .  AC :  DE .  DF  (th.  75> 

But  A  ABC  :  A  DEF  ::  AB.  AC  :  DE.  DF  (cor.   4,  th.  81),     * 
therefore  A  ABC  :  A  DEF  : :  AB*  t  DE  Q.  &  Dl 
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THEOREM   LXXXIX. 

All  similar  figures  are  to  each  o  titer,  as  the  squares  of  their  like  sides. 

Let  ABODE,  FGHIK,  be  any  two  si- 
milar  figures,  the  like  sides  being  AB,  FG, 
and  BC,  GH,  and  so  on  in  the  same  or- 
der: then  will  the  figure  ABODE  be  tc 
the  figure  FGHIK,  as  the  square  of  AB  to 
the  square  of  FG,  or  as  ABa  to  FG  ». 

For,  draw  BE,  BD,  GK,  GI,  dividing 
the  figures  into  on  equal  number  of  tri- 
angles, by  lines  from  two  equal  angles  B  and  G. 

The  two  figures  being  similar  (by  suppos.),  they  are  equiangular,  and  have 
their  like  sides  proportional  (def.  67). 

Then,  since  the  angle  A  is  =  the  angle  F,  and  the  sides  AB,  AE,  propor* 
tional  to  the  sides  FG,  FK,  the  triangles  ABE,  FGK,  are  equiangular  (th.  86). 
In  like  manner,  the  two  triangles  BOD,  GHI,  having  the  angle  0  =  the  angle 
H,  and  the  sides  BO,  OD,  proportional  to  the  sides  GH,  HI,  are  also  equian- 
gular. Also,  if  from  the  equal  angles  AED,  FKI,  there  be  taken  the  equal 
angles  AEB,  FKG,  there  will  remain  the  equals  BED,  GKI ;  and  if  from  the 
equal  angles  ODE,  H1K,  be  taken  away  the  equals  ODB,  HIG,  there  will  re- 
main the  equals  BDE,  GIK ;  so  that  the  two  triangles  BDE,  GIK,  having  two 
angles  equal,  are  also  equiangular.  Hence  each  triangle  of  the  one  figure,  is 
equiangular  with  each  corresponding  triangle  of  the  other. 

But  equiangular  triangles  are  similar,  and  are  proportional  to  the  squares  of 
their  like  sides  (th.  88). 

Therefore  the  A  ABE  :  A  FGK  : :  AB* :  FG9, 
and  A  BOD  :  A  GHI  : :  BO" :  GH1, 
and  A  BDE  :  A  GIK  : :  DE»:  IK*. 

But  as  the  two  polygons  are  similar,  their  like  sides  are  proportional,  and  con- 
sequently their  squares  also  proportional ;  so  that  all  the  ratios  AB  *  to  FG* ,  and 
BO*  to  GH*,  and  DES  to  IK*,  are  equal  among  themselves,  and  consequent- 
ly the  corresponding  triangles  also,  ABE  to  FGK,  and  BOD  to  GHI,  and  BDE 
to  GIK,  have  all  the  same  ratio,  vis.  that  of  AB*  to  FG8:  and  hence  all  the 
antecedents,  or  the  figure  ABODE,  have  to  all  the  consequents,  or  the  figure 
FGHIK,  still  the  same  ratio,  viz.  that  of  AB  *  to  FG  *  (th.  72).    Q.  E.  D. 


THEOREM  XC 

Similar  figures  inscribed  in  circles,  have  their  like  sides,  and  also  their  whole 
I  trimeters,  in  the  same  ratio  as  the  diameters  of  the  circles  in  which  they  are  in* 
tcribcd. 

Let  ABODE,  FGHIK,  be  two 
similar  figures,  inscribed  in  the  cir- 
cles whose  diameters  are  AL  and 
FM ;  then  will  each  side  AB,  BO, 
&c.  of  the  one  figure  be  to  the  like 

side  FG,GH,&c  of  the  other  figure,  EK        /    ^B  K 

<vr  the  whole  perimeter  AB  +  BO 
+  Jcc»    of  the  one  figure,  to  the 
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whole  perimeter  FO  +  OH  +  &c  of  the  other  figure,  as  the  diameter  AL  to 
the  diameter  FM. 

For,  draw  the  two  corresponding  diagonals,  AC,  FH,  as  also  the  lines  BL, 
GM.  Then,  since  the  polygons  are  similar,  they  are  equiangular,  and  their  like 
sides  have  the  same  ratio  (def.  67) ;  therefore  the  two  triangles  ABC,  FOR, 
have  the  angle  B  =  the  angle  O,  and  the  sides  AB,  BC,  proportional  to  the 
two  sides  FO,  GH;  consequently  these  two  triangles  are  equiangular  (th.  86), 
and  have  the  angle  ACB  =  FUG.  But  the  angle  ACB  =  ALB,  standing  on 
the  same  arc  AB;  and  the  angle  FHG  =  FMG, standing  on  the  same  arc  FG ; 
therefore  the  angle  ALB  =  FMG  (ax.  1 ).  And  since  the  angle  ABL  =r  FGM, 
being  both  right  angles,  because  in  a  semicircle ;  therefore  the  two  triangles 
ABL,  FGM,  having  two  angles  equal,  are  equiangular ;  and  consequently  their 
like  sides  are  proportional  (th.  84) ;  hence  AB  :  FG  : :  the  diameter  AL :  the 
diameter  FM. 

In  like  manner,  each  side  BC,  CD,  &c  has  to  each  side  GH,  HI,  &r,  the 
same  ratio  of  A L  to  FM ;  and  consequently  the  sums  of  them  are  still  in  the 
same  ratio,  viz.  AB  +  BC  +  CD,  &c :  FG  +  GH  -f  HI,  &c  : :  the  diaui. 
AL  :  the  diam.  FM  (th.  72).     Q.  E.  D. 


THEOREM   XC1. 

Similar  figure*  inscribed  in  circles,  are  to  each  other  a$  the  squares  of  the 
diameters  of  those  circles* 

Let  ABCDE,  FGHIK,  be  two  similar  figures,  inscribed  in  the  circles  whose 
diameters  are  AL  and  FM ;  then  the  surface  of  the  polygon  ABCDE  will  be  to 
the  surface  of  the  polygon  FGHIK,  as  AL  «  to  FM  * 

For,  the  figures  being  similar,  are  to  each  other  as  the  squares  of  their  like 
sided,  AB  s  to  FG  8  (th.  88).  But,  by  the  last  theorem,  the  sides  AB,  FG.  are  as 
the  diameters  AL,  FM ;  and  therefore  the  squares  of  the  sides  AB  *  to  FG  *  as 
the  squares  of  the  diameters  AL  *  to  FM  *  (th.  74).  Consequently  the  polygons 
ABCDE,  FGHIK,  are  also  to  each  other  as  the  squares  of  the  diameters  AL  * 
to  FM  *  (ax.  1 ).     Q.  E.  D.        [See  fig.  th.  xc\ 


THEOREM   XCII. 

The  circumferences  of  all  circles  are  to  each  other  as  their  diameters* 

Let  D,  d,  denote  the  diameters  of  two  circles,  and  C,  c,  their  circumferences ; 
then  will  D  :  d  : :  C  :  c,  or  D  :  C  : :  d  :  c. 

For  (by  theor.  90),  similar  polygons  inscribed  in  circles  have  their  perimeters 
in  the  same  ratio  as  the  diameters  of  those  circles. 

Now,  as  this  property  belongs  to  all  polygons,  whatever  the  number  of  the 
sides  may  be ;  conceive  the  number  of  the  sides  to  be  indefinitely  great,  and 
the  length  of  each  infinitely  small,  till  they  coincide  with  the  circumference 
of  the  circle,  and  be  equal  to  it,  indehi.'tely  near.  Then  the  perimeter  of  the 
polygon  of  an  indefinite  number  of  sides,  io  the  same  thing  as  the  circumfer- 
ence of  the  circle.  Hence  it  appears  that  the  circumferences  of  the  circles, 
being  the  same  as  the  perimeters  of  such  polygons,  are  to  each  other  in  the 
same  ratio  as  the  diameters  of  the  circles.     Q»  E.  D. 
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THEOREM  XCIH. 

The  areas  or  spaces  of  circles,  are  to  each  other  as  the  squares  of  their 
diameters,  or  of  their  radii. 

Lei  A,  «,  denote  the  areas  or  spaces  of  two  circles,  and  D,  a\  their  diameters ; 
then  A  :«::  D«:  rf*. 

For  (by  theorem  91),  similar  polygons  inscribed  in  circles  are  to  each  other 
as  the  squares  of  the  diameters  of  the  circles. 

Hence,  conceiving  the  number  of  the  sides  of  the  polygons  to  be  increased 
more  or  more,  or  the  length  of  the  sides  to  become  less  and  less,  the  polygon 
approaches  nearer  and  nearer  to  the  circle,  till  at  length,  by  an  infinite  ap- 
proach, they  coincide,  and  become  in  effect  equal ;  and  then  it  follows,  that  the 
spaces  of  the  circles,  which  are  the  same  as  of  the  polygons,  will  be  to  each 
other  as  the  squares  of  the  diameters  of  the  circles.    Q.  E.  D. 

CoroL  The  spaces  of  circles  are  also  to  each  other  as  the  squares  of  the  cir- 
cumferences ;  since  the  circumferences  are  in  the  same  ratio  as  the  diameters 
(by  theorem  92). 


TBBomEM  xcnr 

The  area  of  any  circte,  ts  equal  to  the  rectangle  of  half  its  circumference  and 
half  its  diameter. 

Conceive  a  regular  polygon  to  be  inscribed  in  a  cir- 
cle ;  and  radii  drawn  to  all  the  angular  points,  dividing 
it  into  as  many  equal  triangles  as  the  polygon  has 
sides,  one  of  which  is  ABC,  of  which  the  altitude  is 
the  perpendicular  CD  from  the  centre  to  the  base  AB. 

Then  the  triangle  ABC,  being  equal  to  a  rectangle  of 
half  the  base  and  equal  altitude  (th.  26,  cor.  2),  is  equal 
to  the  rectangle  of  the  half  base  AD  and  the  altitude  CD ;  consequently,  the 
whole  polygon,  or  ail  the  triangles  added  together  which  compose  it,  is  equal  to 
the  rectangle  of  the  common  altitude  CD,  and  the  halves  of  all  the  sides,  or 
the  half  perimeter  of  the  polygon. 

Now,  conceive  the  number  of  sides  of  the  polygon  to  be  indefinitely  increased ; 
then  will  its  perimeter  coincide  with  the  circumference  of  the  circle,  and  con- 
sequently the  altitude  CD  will  become  equal  to  the  radius,  and  the  whole  poly- 
gon equal  to  the  circle.  Consequently,  the  space  of  the  circle,  or  of  the  polygon 
in  thai  state,  is  equal  to  the  rectangle  of  the  radius  and  half  the  circum- 
ference.   Q.  E.  D. 
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PROBLSM  U 


To  make  an  equilateral  triangle  on  a  ghen  km  AR 

From  the  centres  A  and  B,  with  the  distance  AB,  de- 
scribe arcs,  intersecting  in  a  Draw  AC,  BC,  and  ABC 
will  be  the  equilateral  triangle. 

For  the  equal  radii  AC,  BC,  are,  each  of  them,  esjaal 
to  AB. 

PROBLEM  1L 

To  bisect  a  given  angU  BAG. 

From  the  centre  A,  with  any  radios,  describe  an  arc, 
cutting  off  the  equal  lines  AD,  AE;  and  from  the  two 
centres  D,  E,  with  the  same  radius,  describe  area  inter- 
secting in  F;  then  draw  AF,  which  will  bisect  the  angle 
A  as  required. 

Join  DF,  EF.     Then  the  two  triangles  ADFV  AEF, 
having  the  two  sides  AD,  DF,  equal  to  the  two  AE,  EF 
(being  equal  radii),  and  the  side  AF  common,  they  are 
mutually  equilateral ;  consequently,  they  are  also  mutually  eeuiaagaor  flM 
and  have  the  angle  BAF  equal  to  the  angle  CAF* 

In  the  same  manner  is  an  arc  of  a  circle  bisected. 


problem  at. 

To  bisect  a  given  line  ABL 

From  the  two  centres  A  and  B,  with  any  equal  radii, 
describe  arcs  of  circles,  intersecting  each  other  in  G  and 
D;  and  draw  the  line  CD,  which  will  bisect  the  given 
line  AB  in  the  point  £1 

Draw  the  radii  AC,  BC,  AD,  BLX  Then,  because  all 
these  four  radii  are  equal,  and  the  aide  CD  common,  the 
two  triangles  ACD,  BCD,  are  mutually  equilateral ;  con* 
eequently,  they  are  also  mutually  equiangular  (th.  5),  and 
have  the  angle  ACE  equal  to  the  angle  BGE. 

Hence,  the  two  triangles  ACE,  BCE,  having  the  two  aides  AC,  Cn\eew 
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the  two  sides*  m),  CE,  and  their  contained  angles  equal,  are  identical  (th,  J)9 
and  therefore  liave  the  side  AE  equal  to  EH 


PROBLEM   tV. 

At  a  fj'vtn  point  C,in  a  line  AB,  to  erect  a  perpendicular. 

From  the  given  point  C,  with  any  radios,  cut  off  anv 
equal  parts  CD,  CE,  of  the  given  line ;  and,  from  che  two 
centres  D  and  E,  with  any  one  radius,  describe  arcs  inter- 
secting in  F;  then  join  CF,  which  will  be  perpendicular 
as  required.  AD    C     £B 

Draw  the  two  equal  radii  DF,  EF.    Tbe*  the  two  tri- 
angles CDF,  CEF,  having  the  two  sides  CD,  DF,  equal  to  the  two  CE,  EF, 
and  CF  common,  are  mutually  equilateral ;  consequently  they  are  also  mutually 
equiangular  (th.  5),  and  have  the  two  adjacent  angles  at  C  equal  to  each  other; 
therefore,  the  line  CF  is  perpendicular  to  AB  (de£  1 1 ). 


OTHERWISE. 

When  the  point  C  is  near  the  end  of  the  line. 

From  any  point  D,  assumed  above  the  line,  as  a 
centre,  through  the  given  point  C  describe  a  circle,  cut- 
ting the  given  line  at  E ;  and  throc&h  E  and  the  centre 
I),  draw  the  diameter  EDF;  then  join  CF,  which  will 
be  the  perpendicular  required. 

For  the  angle  at  C,  being  an  angle  in  a  semicircle,  is 
a  right  angle,  mid  therefore  the  line  CF  is  a  perpendicular  (by  def.  15). 


V__oV 


PROBLEM  V. 

From  a  given  point  A,  to  let  foM  a  pmpendiadar  on  a  given  tine  BCL 

From  the  given  point  A  as  a  centre,  with  any  con-  A 

venient  radius,  describe  an  arc,  cutting  the  given  line  at 
the  two  points  D  and  E;  and  from  the  two  centres  D,  E, 
with  any  radius,  describe  two  arcs,  intersecting  at  F; 
then  draw  AGF,  which  will  be  perpendicular  to  BC  as 
required. 

Draw  the  equal  radii  AD,  AE,  and  DF,  EF.  Then  the 
two  triangles  ADF,  AEF,  having  the  two  sides  AD,  DF,  equal  to  the  two  AE, 
EF,  and  AF,  common,  are  mutually  equilateral ;  consequently,  they  are  also 
mutually  equiangular  (th.  5),  and  have  the  angle  DAG  equal  the  angle  EAG 
Hence  then,  the  two  triangles  ADG,  AEG,  having  the  two  sides  AD,  AG,  equal 
to  the  two  AE,  AG,  and  their  included  angles  equal,  are  therefore  equiangular 
(th.  I),  and  have  the  angles  at  G  equal  i  consequently  AG  is  perpendicular  to 
BO  (daC  1 1> 

c  c  2 


Y 
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OTHERWISE. 

When  the  point  is  neatly  opposite  the  end  of  the  km. 

From  any  point  D,  in  the  given  line  BC,  as  a  centre, 
describe  the  arc  of  a  circle  through  the  given  point  A, 
cutting  BC  in  £;  and  from  the  centre  E,  with  die 
radios  EA,  describe  another  arc,  catting  the  former  in 
F;  then  draw  AGF,  which  will  be  perpendicular  to 
BC  as  required. 

Draw  the  equal  radii  DA,  DF9  and  EA,  EF.  Then 
the  two  triangles  DAE,  DFE,  will  be  mutually  equilate*  *  miisusisatff,  I 
are  also  mutually  equiangular  (th.  5),  and  have  the  angles  at  D  equal  Ha 
the  two  triangles  DAG,  DFG,  having  the  two  sides  DA,  DO,  equal  to  tat  I 
DF,  DO,  and  the  included  angles  at  D  equal,  have  also  the  angles  at  Gej 
(th.  1) ;  consequently,  those  angles  at  G  are  right  angles,  and  the  hat  AG 
perpendicular  to  DO* 

PROBLEM  VL 

To  make  a  triangle  with  three  given  lines  AB,  AC,  BC 

With  the  centre  A,  and  distance  AC,  describe  an 
arc  With  the  centre  B,  and  distance  BC,  describe 
another  arc,  cutting  the  former  in  C.  Draw  AC, 
BC,  and  ABC  will  be  the  triangle  required. 

For  the  radii,  or  sides  of  the  triangle,  AC,  BC,  are 
equal  to  the  given  lines  AC,  BC,  by  construction. 

Note.    If  any  two  of  the  lines  are  not  together  greater  than  tat  ta*t*i 
construction  is  impossible. 

i 

PROBLEM  VH. 

At  a  given  point  A,  th  a  line  AB,  to  make  an  angle  equal  to  a  on******* 

From  the  centres  A  and  C,  with  any  one  radius,  t 

describe  the  arcs  DE,  FO.  Then,  with  radius  DE, 
and  centre  F,  describe  an  arc,  cutting  FO  in  G. 
Through  O  draw  the  line  AG,  and  it  will  form  the 
angle  required. 

Conceive  the  equal  lines  or  radii,  DE,  FO,  to  be 
drawn.      Then  die  two  triangles  CDE,  AFG,  being 
mutually  equilateral,  are  mutually  equiangular  (th.  5),  and  have  tat  *<•■ 
A  equal  to  the  angle  at  C 


Yin. 

Through  a  given  point  A,  to  draw  aline  parallel  to  a  given  Mm  A 

From  the  given  point  A  draw  a  line  AD  to  any  ra         J  4 
point  in  the  given  line  BC.    Then  draw  the  line  EAF  X.  . 

making  the  angle  at  A  equal  to  the  angle  at  D  (by ^n 

prob.  5);  so  shall  BFbe  parallel  to  BC  as  required.  B  * 


HOBJU&da 


403 


For,  the  angle  D  being  equal  to  the  alternate  angle  A,  the  lines  BC,  EF, 
parallel,  by  th.  1& 


PROBLEM  IX. 

To  divide  a  line  AB  into  any  proposed  number  of  equal  parte. 

Draw  any  other  line  AC,  forming  any  angle  with  the 
gifen  line  AB ;  on  which  set  off  as  many  of  any  equal 
parts  AD,  DE,  EF,  FC,  as  the  line  AB  is  to  be  divided 
into.  Join  BC ;  parallel  to  which  draw  the  other  lines 
FG,  EH,  DI :  then  these  will  divide  AB  in  the  man- 
ner required.  —  For  those  parallel  lines  divide  both 
the  sides  AB,  AC,  proportionally,  by  th.  82. 


problem  x. 

To  make  a  square  on  a  given  line  AB. 

Raise  AD,  BC,  each  perpendicular  and  equal  to  AB ; 
and  join  DC :  so  shall  ABCD  be  the  square  sought 

For  all  the  three  sides  AB,  AD,  BC,  are  equal,  by 
tho  construction,  and  DC  is  equal  and  parallel  to  AB 
(by  th.  24);  so  that  all  the  four  sides  are  equal,  and 
the  opposite  ones  are  parallel.  Again,  the  angle  A  or 
B,  of  the  parallelogram,  being  a  right  angle,  the  angles  are  all  right  ones  (cor. 
1,  th.  22).  Hence,  then,  the  figure,  having  all  its  sides  equal,  and  all  its  angles 
right,  is  a  square  (def.  34). 


I) 

C 

1 

A 

u 

PKOJiLKM    XI. 

To  wake  a  rectangle,  or  a  parallelogram^  of  a  given  length  and  breadih\KR9  BC 

Erect  AD,  BC,  perpendicular  to  AB,  and  each  equal 
to  BC ;   then  join  DC,  and  it  is  done. 

The  demonstration  is  the  same  as  the  last  problem. 

And  in  the  same  manner  is  described  any  oblique 
parallelogram,  only  drawing  AD  and  BC  to  make  the 
given  oblique  angle  with  AB,  instead  of  perpendicular 
to  it 


D 


A 
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PROBLEM  XII. 

To  make  a  rectangle  equal  to  a  given  triangle  ABC. 

Bisect  the  base  AB  in  D ;   then  raise  DE  and  BF  C  £ 

perpendicular  to  AB,  and  meeting  CF  parallel  to  AB, 
at  E  and  F ;  so  shall  DF  be  the  rectangle  equal  to  the 
given  triangle  ABC  (by  cor.  2,  th.  26). 


To  make  a  equate  aqua!  to  the  nan  of  two  or  more  • 

Let  AS  and  AC  be  the  aides  of  two  given  squares. 
Draw  two  indefinite  line*  AP,  AQ  at  right  angle*  to 
each  other ;  in  which  place  the  aides  AB,  AC,  of  the 
given  squares ;  join  BO :  then  a  square  described  o» 
BC  will  be  equal  to  the  stun  of  the  two  squares  de- 
scribed on  AB  and  AC  (th.  34). 

In  too  same  manner,  a  square  mat  ba  made  equal 
to  the  sum  of  three  or  more  given  squares.      For,  if 
AB,  AC,  AD    ba   token    as  the  aides  of  the  given    sqaarea,  tSsa.  ■akhf 
AB  =  BC,    AD  =  AD,  and  drawing  DK,  it  U  evident  that  the  ifunH M 
will  be  equal  to  the  nun  of  the  three  squares  on  AB,  AC,  AD.     Aaa»«fc> 


To  make  a  square  equal  to  the  difference  of  two  gmt*  upm. 
Let  AB  and  AC,  lakon  in  the  same  straight  Una,  ba 


equal  to  the  sides  of  the  two  given 

centre  A,  with  the  distance  AB,  describe  a  circle 

make  CD  perpendicular  to  AB, 

enou  In  D :  to  shall  a  squaw  described  on  CD  be  equal 

to  AD*  -  AC,  or  AB1—  AC*.  a>  required  (cor.  th.  S4> 


•qui  rri 


To  make  a  triangle  equal  to  a  given  quadrilateral  ABCD. 

Draw  the  diagonal  AC,  and  parallel  to  it  DE,  moot 
ing  BA  produced  at  E,  and  join  CE;  then  will  the  tri> 
angle  CEB  be  equal  to  the  given  quadrilateral  ABCD. 

For,  the  two  triangles  ACE,  ACD,  being  on  the  suae 
base  AC,  and  between  the  same  parallels  AC,  DE,  an 
equal  (th.  Si) ;  therefore,  if  ABC  be  added  to  each,  ft 
will  make  BCE  equal  Is  ABCD  (ax.  S> 


To  make  a  triangle  equal  to  a  given  pentagon  AI ■■  ■     ■ . ■'. 

Draw  DA  and  DB,  and  also  EF,  CO,  parallel  to 
them,  meeting  AB  produced  at  F  and  G  ;  then  draw 
DF  and  DO;  so  shall  the  triangle  DFG  be  equal  to 
the  given  pentagon  ABCDB. 

For,  the  triangle  DFA=DEA,  and  the  triangle 
DOB  =  DCB(th.S5);    therefore,  by  adding  DAB  to 
•.ho  equals,  the  sums  are  equal  (ax.  8),  that  is,  DAB 
+  DAF  +  DBG  =  DAB  +  DAE  +  DBC,  or  Ike  triangle  DFG  si 
pentagon  ABCDE. 
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PROBLEM   ZTIL 

To  make  a  square  equal  to  a  gimen  rectangle  ABCD 

Produce  one  side  AB,  till  BE  be  equal  to  the  other 
tide  BC.  On  AE  as  a  diameter  describe  a  circle  meet- 
ing BC  produced  at  F  i  then  will  BF  be  the  side  of  die 
square  BFGH,  equal  to  the  given  rectangle  BD,  as 
required;  as  appears  by  cor.  th.  87,  and  th,  77. 


PftOBLEM  XVIII. 

To  describe  a  circle  about  a  given  triangle  ABC. 

Bisect  any  two  sides  with  two  of  the  perpendiculars 
DE,  DF,  DG,  and  D  will  be  the  centre. 

For,  Join  DA,  DB,  DG  Then  the  two  right-angled 
triangles  DAE,  DBE,  hare  the  two  sides,  DE,  EA, 
equal  to  the  two  DE,  EB,  and  the  included  angles  at  E 
equal:  these  two  triangles  are  therefore  identical 
(th.  1),  and  hare  the  side  DA  equal  to  DB.  In  like 
manner  it  is  shown,  that  DG  is  also  equal  to  DA  or 
DE  So  that  all  the  three,  DA,  DB,DC,  being  equal,  they  are  radii  of  a  circle 
passing  through  A,  B,  and  C 


Note* — The  problem  is  the  same  in  effect  when  it  Is 
To  describe  the  circumference  ofaeirck  through  three  given  points  A,  B,  C. 

Then,  from  the  middle  point  B  draw  chords  B  A,  BC, 
to  the  two  other  points,  and  bisect  these  chords  perpen- 
dicularly by  lines  meeting  in  O,  which  will  be  the  cen- 
tre. Again,  from  the  centre  O,  at  the  distance  of  any 
one  of  the  points,  as  OA,  describe  a  circle,  and  it  will 
pass  through  the  two  other  points,  B,  C,  as  required. 
'i  he  demonstration  is  evidently  as  above. 


PROBLEM  XIX. 

An  isosceles  triangle  ABC  being  given,  to  describe  another  on  the  same  base 
AB,  whose  vertical  angle  shall  be  only  half  the  Vertical  angle  C 

From  C  as  a  centre,  with  the  distance  CA,  __ 

describe  the  circle  ABE.  Bisect  AB  in  D,  join 
DC,  and  produce  to  the  circumference  E,  join 
EA  and  EB,  and  ABE  shall  be  the  isosceles  tri- 
angle required. 

For,  since  in  the  triangle  EDA,  EDB,  AD  is 
equal  to  DB,  and  DE  common  to  both,  and  the 
right  angle  EDA,  equal  to  the  right  angle  EDB, 
the  side  EA  must  be  equal  to  the  side  EB,  the  tri- 
angle AEB,  is  therefore  isosceles,  and  the  angle 

ACB  at  the  centre,  must  be  double  of  the  angle  AEB  at  the  circumference 
for  they  both  stand  on  the  same  segment  AB. 
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Given  an  ieoseelee  triangle  AEB,  to  erect  another  on  thei 
$haU  have  douNe  the  vertical  angle  E. 

Describe  a  circle  about  the  triangle  AEB,  find  its  cen- 
tre C,  and  join  CA,  CB,  and  ACB  is  the  triangle  re- 
quired. 

The  angle  C  at  the  centre  is  double  of  the  angle  E 
at  the  circumference,  and  the  triangle  ACB  is  isosceles 
for  the  sides  CA,  CB  being  radii  of  the  same  circle  are 
equal. 


bam  AB,  which 


PROBLEM   XXI. 

To  find  the  centre  of  a  given  circle* 

Draw  any  chord  AB ;  and  bisect  it  perpendicularly 
with  the  line  CD :  this  (th.  41,  cor.)  will  be  a  diameter; 
Therefore  bisect  CD  in  O,  which  wiH  be  the  centre,  as 
required. 


XXiU 


To  draw  a  tangent  to  a  dreh\  though  a  given  paint  A. 


1.  When  the  given  point  A  is  in  the  rircomference 
of  the  circle :  join  A  and  the  centre  O ;  perpendicular 
to  which  draw  BAG,  and  it  will  be  the  tangent,  by 
th.46. 

2.  When  the  given  point  A  is  out  of  the  circle: 
draw  AG  to  the  centre  O;  on  which  as  a  diameter 
describe  a  semicircle,  cutting  the  given  circumference 
in  D;  through  which  draw  BADC,  which  will  be  the 
tangent  as  required. 

For,  join  DO.  Then  the  angle  ADO,  in  a  semi- 
circle, is  a  right  angle,  and  consequently  AD  is  perpen- 
dicular to  the  radius  DO,  or  is  a  tangent  to  the  circle 
(th.  46.) 


PaOBLBM  XXUU 


On  a  given  line  AB  to  describe  a  segment  of  a  circle,  to  contain  a  given 

At  the  ends  of  the  given  line  make  angles  DAB^ 
DBA,  each  equal  to  the  given  angle  C  Then  draw 
AE,  BE,  perpendicular  to  AD,  BD;  and  with  the 
centre  E,  and  radius  EA  or  EB,  describe  a  circle ;  so 
•hall  \FB  be  the  segment  required,  as  any  angle  F 
made  in  it  will  be  equal  to  the  given  angle  C. 

For,  the  two  lines  AD,  BD,  being  perpendicular  to 
the  radii  EA,  EB  (by  construction),  are  tangents  to 
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the  circle  (th.  46);  and  the  angle  A  or  B,  which  is  equal  to  the  given 
angle  C  by  construction,  if  equal  to  the  angle  F  in  the  alternate legment  ALB 
(th.53). 


PROBLEM  XXIV* 


To  cutoff  a  segment  from  a  circle,  that  shall  contain  a  given  angle  C. 

Draw  any  tangent  AB  to  the  given  circle;  and  a 
chord  AD  to  make  the  angle  DAB  equal  to  the  given 
angle  G;  then  DEA  will  be  the  segment  required, 
any  angle  £  made  in  it  being  equal  to  the  given 
angle  C. 


PROBLEM  XXV. 


To  inscribe  an  equilateral  triangle  in  a  given  circle. 

Through  the  centre  C  draw  any  diameter  AB.  From 
the  point  B  as  a  centre,  with  the  radius  BC  of  the  given 
circle,  describe  an  arc  DCE.  Join  AD,  AE^  BE,  and 
ADE  is  the  equilateral  sought 

Join  DB,  DC,  EB,  EC.  Then  DCB  Is  an  equila- 
teral triangle,  having  each  side  equal  to  the  radius  of 
the  given  circle.  In  like  manner,  BCE  is  an  equila- 
teral triangle.  But  the  angle  ADE  it  eewal  to  the  angle 
ABE  or  CBE,  standing  on  the  same  arc  AE;  also  the  angle  AED  is  equal 
to  the  angle  CBD,  on  the  same  arc  AD ;  hence  the  triangle  DAE  has  two  of 
its  angles,  ADE,  AED,  equal  to  the  angles  of  an  equilateral  triangle,  and 
therefore  the  third  angle  at  A  is  also  equal  to  the  same;  so  that  the  triangle 
is  equiangular,  nnd  therefore  equilateral. 


PROBLEM   XXVL 


To  inscribe  a  circle  in  a  given  triangle  ABC 

Bisect  any  two  angles  A  and  B,  with  the  two  Hues 
AD,  BD.  From  the  intersection  D,  which  will  be 
the  centre  of  the  circle,  draw  the  perpendiculars  DE, 
DF,  DG,  and  they  will  be  the  radii  of  the  circle 
required. 

For,  since  the  angle  DAB  is  equal  to  the  angle 
DAG,  and  the  angles  at  E,  G,  right  angles  (by  con* 
stnxction),  the  two  triangles,  ADE,  ADG,  are  equiangular;  and,  having  also 
the  side  AD  common,  they  are  identical,  and  have  the  sides  DE,  DG,  equal 
(th.  2).     In  like  manner  it  is  shown,  that  DF  is  equal  to  DE  or  DG. 

Therefore,  if  with  the  centre  D,  and  distance  DE,  a  circle  be  described,  il 
will  pans  through  all  the  three  points,  E,  F,  G,  in  which  points  also  it  will 
touch  the  three  sides  of  the  triangle  (th.  46),  because  the  radii  DE,  DF  DG, 
are  perpendicular  to  them. 
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FBOBUDf  XXT1I. 

To  inscribe  a  square  in  a  given  ctrcfc. 

Draw  two  diameters  AC,  BD,  crossing  at  right  angles 
in  the  centre  E.  Then  join  the  four  extremities  A,  B, 
C,  D»  with  right  lines,  and  these  will  form  the  inscribed 
square  ABCD. 

For  the  four  righUangled  triangles  AEB,  BEC, 
CED,  DEA,  are  identical,  because  they  hare  the  sides 
EA,  EB,  EC,  ED,  all  equal,  being  radii  of  the  circle, 
and  the  four  included  angles  at  E  all  equal,  being  right  angles,  by  the  construc- 
tion. Therefore,  all  Jheir  third  sides  AB,  BC,  CD,  DA.  are  equal  to  one 
another,  and  the  figure  ABCD  is  equilateral.  Also,  all  its  four  angles,  A,  B, 
C,  D,  are  right  ones,  being  angles  in  a  semicircle.  Consequently  the  figure 
is  a  square. 

PROBLEM  XXVIII. 

To  describe  a  square  about  a  given  circle. 

Draw  two  diameters  AC,  BD,  crossing  at  right 
angles,  in  the  centre  E.  Then  through  their  four  ex- 
tremities draw  FG,  1H,  parallel  to  AC,  and  Fl,  GH, 
parallel  to  BD,  and  they  will  form  the  square  FGHU 

For,  the  opposite  sides  of  psrallelograms  being 
equal,  FO  and  1H  are  each  equal  to  the  diameter  A(  \ 
Fl  and  GH  each  equal  to  the  diameter  BD;  so  that 
the  figure  is  equilateral.  Again,  oecaose  the  opposite  angles  of  parallelogram* 
are  equal,  all  the  four  angles  F,  G,  H,  I,  are  right  angles,  being  equal  to  the 
opposite  angles  nt  E,  80  that  the  figure  FGH1,  having  its  sides  equal,  and  its 
angles  right  ones,  is  a  square,  and  its  sides  touch  the  circle  at  the  four  points 
A  B,  C,  D,  being  perpendicular  to  the  radii  drawn  to  those  points. 


problem  XXIX. 

To  inscribe  a  circle  in  a  given  square. 

Bisect  the  two  sides  Fl,  FG,  in  the  points  A  and  B  (last  fig.)  Then,  through 
these  two  points  draw  AC  parallel  to  FG  or  IH,  and  BD  purailel  to  Fl  or  GH. 
Then  the  point  of  intersection  E  will  be  the  centre,  and  the  four  lines  EA,  EB, 
ICC,  ED,  radii  of  the  inscribed  circle. 

For,  because  the  four  parallelograms  EF,  EG,  EH,  EI,  bare  their  opposite 
sides  and  angles  equal,  therefore  all  the  four  lines  EA,  EB,  EC,  ED,  are  equal, 
being  each  equal  to  half  a  side  of  the  square.  So  that  a  circle  described  from 
the  centre  E,  with  the  distance  EA,  will  pass  through  all  the  points  A,  B,  C,  Df 
and  will  be  inscribed  in  the  square,  or  will  touelt  its  four  sides  in  those  points, 
because  the  angles  there  are  right  ones. 

PROBLEM   XXX. 

To  describe  a  circle  about  a  given  square. 

(See  fig.  Prob.  xxvii.) 

Draw  the  diagonals  AC,  BD,  and  their  intersection  E  will  be  the  centos* 
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As  the  diagonals  of  a  square  bisect  each  other  (th.  40),  then  will  EA,  EB,  EC, 
ED,  be  all  equal,  and  consequently  these  are  radii  of  a  circle  passing  through 
the  four  points  A,  B,  C,  IX 


PROBLEM   XXXI. 

To  find  a  third-proportional  to  two  given  lines,  AB,  AC. 

Place  the  two  given  lines  AB,  AC  (or  two  lines  equal 
to  them),  to  form  any  angle  at  A ;  and  in  AB  set  off 
AD  =  AC  Join  BC,  and  draw  DE  parallel  to  it ;  so 
will  AE,  on  the  line  AC,  be  the  third  proportional 
sought 

For,  since  DE  is  parallel  to  BC,  the  two  lines  AB, 
AC,  are  cut  proportionally  by  DE  (th.  82):  hence, 
AB  :  AC : :  AD  (=  AC)  :  AE,  and  AE  is,  therefore,  the  third  proportional 
required* 

PROBLEM  XXXII. 

To  find  a  fourth  proportional  to  three  given  lines,  AB,  AC,  AD. 


A- 

A 

A 


D 


Place  two  of  the  given  lines  AB,  AC,  or  their  equals, 
to  make  any  angle  at  A ;  and  on  AB  set  off,  or  place, 
the  other  line  AD,  or  its  equal  Join  BC,  and  paral- 
lel to  it  draw  DE :  so  shall  AE  be  the  fourth  propor- 
tional as  required. 

For,  because  of  the  parallels  BC,  DE,  the  two  sides 
AB,  AC,  are  cut  proportionally  (th.  88):  so  that  AB  :  AC  ::  AD  :  AE. 


B 


«<*> 


PROBLEM    XXXIII. 


To  find  a  mean  proportional  between  two  lines  AB,  BC 


Place  AB,  BC,  joined  in  one  straight  line  AC;  on 
which,  as  a  diameter,  describe  the  semicircle  ADC ;  to 
meet  which  erect  the  perpendicular  BD ;  and  it  will  be 
the  mean  proportional  sought,  between  AB  and  BC  (by 
cor.  th.  87). 


PROBLEM    XXXIV. 

To  divide  a  given  line  in  extreme  and  mean  ratio. 

Let  AB  be  the  given  line  to  be  divided  in  extreme 
and  mean  ratio,  that  is,  so  that  the  whole  line  may  be 
to  the  greater  part,  as  the  greater  is  to  the  less  part. 

Draw  BC  perpendicular  to  AB,  and  equal  to  half  AB. 
Join  AC ;  and  uith  centre  C  and  distance  CB,  *le  rrihe 
the  circle  BD ;  then  with  centre  A  and  distance  AD, 
describe  the  arc  DE ;  so  shall  AB  be  divided  in  E  in  ex* 
treme  and  mean  ratio,  or  so  that  AB  :  AE  : :  AE  :  KB. 

Produce  AC  to  the  circuinfireiicc  at  F.   'I  hen,  ALF 
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being  a  secant,  and  AB  a  tangent,  because  B  is  a  right  angle :  therefore  the 
rectangle  AF-AD  is  equal  to  AB*  (cor.  1,  th.  61);  consequently  the  means 
and  extremes  of  these  are  proportional  (th.  77),  vis.  AB  :  AF  or  AD  +  DP 
::  AD  :  AB.  But  AE  is  equal  to  AD  by  construction,  and  AB  =  2  BC  =  DF ; 
therefore,  AB  :  AE  +  AB  : :  AE  :  AB  or  AE  +  EB ;  and  by  division, 
AB  :  AE  : :  AE  :  EB. 

PROBLEM  XXXV. 

Toad  a  given  line  AB  in  a  point  F,  so  that  the  square  of  the  one  part  BP 
may  be  equal  to  the  rectangle  of  the  whole  line  AB  and  the  other  part  AF. 

Produce  AB  till  BC  be  equal  to  it,  erect  the 
perpendicular  BD  equal  to  A  B  or  BC,  bisect  BC 
in  E,  join  ED  and  make  EF  equal  to  it;  the 
square  of  the  segment  BF  is  equivalent  to  the 
rectangle  contained  by  the  whole  BA  and  its  re* 
maining  segment  AF.  The  line  AB  is  then  said 
to  be  divided  by  medial  section  at  the  point  F. 

For  on  BC  construct  the  square  BG,  make  BH  equal  to  BP,  and  draw  IHK 
and  FI  parallel  to  AC  and  BD.  Since  AB  is  equal  to  BD,  and  BF  to  BH; 
the  remainder  AF  is  equal  to  HD:  and  it  is  further  evident,  that  FH  is  a 
square,  and  IC  and  DK  are  rectangles.  But  BC  being  bisected  in  E  and  pro- 
duced to  F,  the  rectangle  under  CF,  FB>  or  the  rectangle  IC,  together  with 
the  square  of  BE,  is  equivalent  to  the  square  of  EF  or  DE.  But  the  square  of 
DE  is  equivalent  to  the  squares  of  DB  and  BE;  whence  the  rectangle  IC,  with 
the  square  of  BE,  is  equivalent  to  the  squares  of  DB  and  BE;  or,  omitting  the 
common  square  of  BE,  the  rectangle  IC  is  =  to  the  square  of  DB.  Takeaway 
from  both  the  rectangle  BK,  and  there  remains  the  square  BI,  or  the  square  of 
BF,  =  to  the  rectangle  HG,  or  the  rectangle  contained  by  BA  and  AF. 

Cor.  Hence  also  the  construction  of  another  problem  of  the  same  nature ;  in 
which  it  is  required  to  produce  a  straight  line  AB,  such  that  the  rectangle  con- 
tained by  the  whole  line  thus  produced  and  the  part  produced,  shall  be  equi- 
valent to  the  square  of  the  line  AB  itself. 

Bisect  AB  in  C,  draw  the  perpendicular  BD  =  BC,  join  AD  and  continue 
it  until  DE  =  DB  or  BC,  and  on  AB  produced 
take  AF  =  AE:  the  line  AF  is  the  required  ex-  _ 

tension  of  AB.    For  make  DO  =  DB  or  BC;  and  ~ 

because  the  rectangle  EA,  AG  together  with  the 
square  of  l)(»  or  DB,  is  equivalent  to  the  square 
of  DA  or  to  the  squares  of  AB  and  DB  ;  the  rec- 
tangle EA,  A(i,  or  FA,  AC,  is  equivalent  to  the 
square  of  AB. 

PBOBLEM   XXXVI. 

Given  either  one  of  the  sides  AB,  or  the  base  a  b,  to  construct  mm  isosceles 
triangle,  so  that  each  of  the  angles  at  the  base  may  be  double  of  its  vertical  angle* 

First,  let  one  of  the  sides  AB  be  given.     By  the  last  sj 

problem  divide  it  into  two  parts,  AC,  CB,  such  that     A  B 

CB*  =  AB  X   AC.     Construct  the   triangle,  having 
the  base  =  CB,  and  each  of  the  two  sides  =  AB. 
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Next,  if  the  base  AB  be  given,  by  the  second  ease  of  the  foregoing  propo* 
sition,  produce  AB  to  C,  so  that  AC  X  OB  =  AB* 
then  will  AB  be  the  base,  and  AC  the  length  of  each     ABC 
of  the  two  sides. 


PROBLKM    XXXVII 

To  describe  a  regular  pentagon  on  a  given  line  AB. 

On  AB  erect  the  isosceles  triangle  ACB  having  each  of  the  angles  at  the 
base  double  of  its  vertical  angle,  on  AB  again  construct  another  isosceles  tri- 
angle whose  vertical  angle  A  OB  is  double  of  ACB, 
Miid  about  the  vertex  0  place  the  isosceles  triangles 
AOD,  DOC,  COE,  and   EOB;    these    triangles, 
with  AOB,  will  compose  a  regular  pentagon. 

For  the  angle  AOB,  being  the  double  of  ACB, 
which  is  the  fifth  part  of  two  right  angles,  must 
be  equal  to  the  fifth  part  of  four  right  angles ;  and 
consequently  five  angles,  each  of  them  equal  to 
AOB,  will  adapt  themselves  about  the  point  O. 
But  the  bases  of  those  central  triangles,  and  which 

form  the  sides  of  the  pentagon,  are  all  equal ;  and  the  angles  at  their  bases 
being  likewise  equal,  they  are  equal  in  the  collective  pairs  which  constitute  the 
internal  angles  of  the  figure.    It  if  therefore  a  regular  pentagon. 


To  describe  a  hexagon  upon  a  given  line  AB. 

From  A  and  B  as  centres,  with  AB  at  radius,  describe  arcs  intersecting  in  O 
(fig.  to  the  next  problem).  From  O  as  a  centre,  with  the  same  radius,  describe 
a  circle  ABCDEF.  Within  this  circle  set  off  from  B,  the  chords  BC,  CD,  DE, 
EF,  FA,  in  succession,  each  equal  to  AB :  they  will,  together  with  AB,  form 
the  hexagon  required. 

The  demonstration  is  analogous  to  that  of  the  following  problem. 


PROBLKM  XXXIX. 


To  inscribe  a  regular  hexagon  in  a  circle. 

Apply  the  radius  AO  of  the  given  circle  as  a  chord, 
AB,  BC,  CD,  &c.  quite  round  the  circumference,  and  it 
will  complete  the  regular  hexagon  ABCDEF. 

For,  draw  the  radii  AC),  BO,  CO,  DO,  EO,  FO, 
completing  six  equal  triangles;  of  which  any  one,  as 
ABO,  being  equilateral  (by  constr.),  its  three  angles  are 
all  equal  (cor.  2,  th.  3),  and  any  one  of  them,  as  AOB, 
is  one-third  of  the  whole,  or  of  two  right  angles  (th.  1 7), 

or  one-sixth  of  fout  right  angles.     But  the  whole  circumference  ii  the  mrastire 
•f  four  right  angles  (cor.  4,  th.  6).     Therefore  the  arc  AB  is  one-sixth  <•(  tie 


414 


GEOMETRY. 


circumference  of  the  circle,  and  consequently  its  chord  AB  one  tide  of  an  equi- 
lateral hexagon  incribed  in  the  circle.     And  the  tame  of  the  other  chorda. 

Cor.  The  aide  of  a  regular  hexagon  is  equal  to  the  radius  of  the  circum- 
scribing circle,  or  to  the  chord  of  one-sixth  part  of  the  circumference* 


PBOBIilM   XL, 

On  a  given  line  AB  to  construct  a  regular  octagon. 

Bisect  AB  by  the  perpendicular  CD,  which 
make  =  CA  or  CB,  join  DA  and  DB,  pro- 
duce CD  making  DO  =  DA  or  DB,  draw 
AO  and  BO,  thus  forming  an  angle  equal  to 
the  half  of  ADB,  and  about  the  vertex  O 
repeat  the  equal  triangles  AOB,  AOE,  EOF, 
FOG,  GOH,  HOI,  IOK,  and  KOB  to  compose 
the  octagon. 

For  the  distances  AD,  BD  are  evidently 
equal ;  and  because  CA,  CD,  and  CB  are  all 
equal,  the  angle  ADB  is  contained  in  a  semi- 
circle, and  is,  therefore,  a  right  angle.    Consequently  AOB  is  equal  to  the 
half  of  a  right  angle,  and  eight  such  angles  will  adapt  themselves  about  the 
point  O.   Whence  the  figure  BAEFGHIK,  having  eight  equal  sides  and  equal 
angles,  is  a  regular  octagon. 


To  divide  the  circumference  of  a  given  circle  successively  into  4,  8,  12,  and 
94  equal  parts. 

1.  Insert  the  radius  AB  three  times  from  A  to  D,  E,  and  C;  from  the 
extremities  of  the  diameter  AC,  and  with  a  distance  equal  to  the  double  chord 
AE,  describe  arcs  intersecting  in  the  point  F; 
and  from  A,  with  the  distance  BF,  cut  the 
circumference  on  opposite  sides  at  G  and  H : 
AG,  GC,  CH,  and  HA  are  quadrants. 

3.  From  the  point  F  with  the  radius  AB, 
cut  the  circle  in  I  and  K,  and  from  A  and  C 
inflect  the  chord  AI  from  L  and  M ;  the  cir- 
cumference is  divided  into  eight  equal  portions 
by  the  points  A,  1,  G,  K,  C,  M,  H,  and  I* 

3.  The  arc  DG,  on  being  repeated,  will 
form  twelve  equal  sections  of  the  circumfe- 
rence, 

4.  The  arc  ID  is  the  twenty-fourth  part  of 
the  circumference. 


FBOBLZX   XLII. 


To  divide  the  circumference  of  a  given  circle  successively  into  5, 10,  and  SO 
equal  parts. 

Mark  out  the  semtdrcumference  ADEC  by  the  triple  insertion  of  the  radius, 
from  A  and  C  with  the  double  chord  AB  describe  arcs  intersecting  in  F,  fan* 


PROBLEMS. 


4U 


A  with  the  distance  BF  cut  the  circle  in 
G  and  H,  inflect  the  chords  GH  and  GI 
equal  to  the  radius  AB,  and  from  the 
points  H  and  I,  with  distance  BF  or  AG, 
describe  arcs  intersecting  in  L, 

For  BL  is  the  greater  segment  of  the 
radios  BH  divided  by  a  medial  section ; 
wherefore  AL  is  equal  to  the  side  of  the 
inscribed  pentagon,  and  BL,  to  that  of 
the  decagon  inscribed  in  the  given  circle. 
Hence  AL  may  be  inflected  five  times 
in  &9  circumference,  and  BL  ten  times ; 
and  consequently  the  arc  MK,  or  the  excess  of  the  fourth  above  the  fifth,  is 
equal  to  the  twentieth  part  of  the  whole  circumference. 


PROBLKV  TLIII. 


To  describe  a  regular  pentagon  hexagon,  or  octagon,  about  a  circle. 


In  the  given  circle  inscribe  a  regular  polygon  of 
the  same  name  or  number  of  sides,  as  ABODE,  1»y 
one  of  the  foregoing  problems.  Then  to  ail  its 
angular  points  draw  tangents  (by  prob.  ft),  and  these 
will  form  the  circumscribing  polygon  requited. 

For  all  the  chords,  or  sides  of  the  inscribed  figure, 
AB,  BC,  &c,  being  equal ;  and  all  the  radii  OA,  OB, 
&&,  being  equal ;  all  the  vertical  angles  about  the  point  0  are  equal.  But  the 
angles  OEF,  OAF,  OAG,  OBG,  made  by  the  tangents  and  radii,  are  right 
angles ;  therefore  OEF  +  OAF  =  two  right  angles,  and  OAG  +  OBG 
=  two  right  angler;  consequently,  also,  AOE  -f-  AFE  rr  two  right  angles, 
and  AOB  +  AGB  =  two  right  angles  (cor.  2,  th.  18).  Hence,  then,  the 
angles  AOE+  AFE  being  =  AOB  +  AGB,  of  which  AOB  is  =  AOE; 
consequently,  the  remaining  angles  F-and  G  are  also  equal.  In  the  same 
manner  it  is  shown,  that  all  the  angles  F,  G,  H,  I,  K,  are  equal. 

Again,  the  tangents  from  the  same  point  FE,  FA,  are  equal,  as  also  the 
tangents  AG,  GB  (cor.  2,  th.  61);  and  the  angles  F  and  G  of  the  isosceles 
triangles  AFE,  AGB,  are  equal,  as  well  as  their  opposite  sides  AE,  AB ;  con- 
sequently, those  two  triangles  are  identical  (th.  1),  and  have  their  other  sides 
EF,  FA,  AG,  GB,  all  equal,  and  FG  equal  to  the  double  of  any  one  of  them. 
In  like  manner  it  is  shown,  that  all  the  other  sides  GH,  HI,  IK,  KF,  are  equal 
to  FG,  or  double  of  the  tangents  GB,  BH,  &c. 

Hence,  then,  the  circumscribed  figure  is  both  equilateral  and  equiangular; 
which  was  to  be  shown. 


Cer. — The  inscribed  circle  touches  the  Middle  of  the  sides  of  the  polygon* 
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a  circle  in  a  regular  pofugon. 


Bisect  any  two  tides  of  the  polygon  by  the  perpendi- 
culars GO,  FO,  and  their  intersection  O  will  be  the 
centre  of  the  inscribed  circle,  and  OG  or  OF  will  bo 
the  radius. 

For  the  perpendiculars  to  the  tangents  AF,  AG,  pass 
through  the  centre  (cor.,  th.  47) ;  and  the  inscribed 
circle  touches  the  middle  point  F,  G,  by  the  last  corol- 
lary. Also,  the  two  sides  AG,  AO,  of  the  right-angled  triangle  AOG,  tssj 
equal  to  the  two  sides  AF,  AO,  of  the  right-angled  triangle  AOF,  the  ttMsn 
OF,  OG.  will  also  be  equal  (cor.,  th.  45).  Therefore,  the  circle  dsseriMsl 
the  centre  O  and  radius  OG  will  pass  through  F,  and  will  loach  the  seal 
the  points  G  and  F.     And  the  same  for  all  the  other  sides  of  the 


PROBLEM    XLV. 

To  describe  a  circle  about  a  regular  polygon* 

Bisect  any  two  of  the  angles  C  and  D  with  the  lines 
CO,  DO ;  then  their  intersection  0  will  be  the  centre 
of  the  circumscribing  circle ;  and  OC,  or  01),  will  bo 
the  radius. 

For,  draw  OB,  OA,  OE,  &c,  to  the  angular  points  of 
the  giren  polygon.  Then  the  triangle  OCD  is  isosceles, 
ii«\ing  the  angles  at  C  and  D  equal,  being  the  halves 
of  the  equal  angles  of  the  polygon  BCD,  ODE ;  there- 
fore, their  opposite  sides  CO,  DO,  are  equal  (tfc.  4>  Bat  tketao 
OCD,  OCB,  having  the  two  sides  OC,  CD,  equal  to  the  two  OC,  CB\ 
included  angles  OCD,  OCB,  also  equal,  will  be  identical  (th.  1), 
third  sides  BO,  OD,  equal  In  like  manner  it  is  shown,  that  all  las  leal* 
OB,  OC,  OD,  OE,  are  equal  Consequently,  a  circle  described  vita  lata* 
O  and  radius  OA,  will  pass  through  nil  the  other  angular  points,  B,  C,  ft  K 
and  will  circumscribe  the  polygon. 


PROBLEM   XLVL 

On  a  given  line  to  construct  a  rectilinear  figure  similar  to  a  fuet  i 
linear  figure* 

Let  abode  be  the  given  rectilinear  figure, 
and  AB  the  side  of  the  proposed  similar 
figure  that  is  similarly  posited  with  ab. 

Place  AB  in  the  prolongation  of  abt 
or  parallel  to  it.  Draw  AC,  AD,  AE,  &&, 
parallel  to  ac,  ad,  ae,  respectively.  Draw 
BC  parallel  to  be,  meeting  AC  in  C ;  CD 
parallel  to  cdt  and  meeting  AD  in  D ;  DE  parallel  to  <fe,  and  meetiaf  tfl 
E;  and  so  on,  till  the  figure  is  completed.  Then  ABCDE  will  be  sis*1 
abode,  from  the  nature  of  parallel  lines  and  similar  figures  (th.  8U). 
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Miscellaneous  Exercises  in  Plane  Geometry. 

( I .)  From  two  given  points,  to  draw  two  equal  straight  lines,  which  shall 

meet  in  the  same  point  of  a  line  given  in  position. 

» 

(2.)  From  two  given  points,  on  the  same  side,  or  opposite  sides  of  a  line 
given  in  position,  to  draw  two  lines,  which  shall  meet  in  that  line,  and  make 
equal  angles  with  it. 

(3.)  To  trisect  a  given  finite  straight  line. 

(4.)  If  from  the  extremities  of  the  diameter  of  a  semicircle,  perpendiculars 
oe  let  fall  on  any  line  cutting  the  semicircle,  the  parts  intercepted  between 
those  perpendiculars  and  the  circumference  are  equal. 

(5.)  If  on  each  side  of  any  point  in  a  circle  any  number  of  equal  arcs  be 
taken,  and  the  extremities  of  each  pair  joined,  the  sum  of  the  chords  so  drawn 
will  be  equal  to  the  last  chord  produced  to  meet  a  line  drawn  from  the  given 
point  through  the  extremity  of  the  first  arc. 

(6.)  If  one  circle  touch  another  externally  or  internally,  any  straight  line 
drawn  through  the  point  of  contact  will  cut  off  similar  segments. 

(7.)  If  two  circles  touch  each  other,  and  also  touch  a  straight  line,  the  part 
of  the  line  between  the  points  of  contact  is  a  mean  proportional  between  the 
diameters  of  the  circles. 

(8.)  From  two  given  points  in  the  circumference  of  a  given  circle,  to  draw 
two  lines  to  a  point  in  the  circumference,  which  shall  cut  a  line  given  in 
position,  so  that  the  part  of  it  intercepted  by  them  may  be  equal  to  a  given 
line. 

(9.)  If  from  any  point  within  an  equilateral  triangle  perpendiculars  be 
drawn  to  the  sides,  they  are,  together,  equal  to  a  perpendicular  drawn  from 
any  of  the  angles  to  the  opposite  side. 

(10.)  If  the  three  sides  of  a  triangle  be  bisected,  the  perpendiculars  drawn 
to  the  sides,  at  the  three  points  of  bisection,  will  meet  in  the  same  point. 

(11.)  If  from  the  three  angles  of  a  triangle  lines  be  drawn  to  the  points  of 
bisection  of  the  opposite  sides,  these  lines  intersect  each  other  in  the  same 
point. 

(12.)  The  three  straight  lines  which  bisect  the  three  angles  of  a  triangle, 
meet  in  the  same  point. 

(13.)  If  from  the  angles  of  a  triangle  perpendiculars  be  drawn  to  the  oppo- 
site sides,  they  will  intersect  in  the  same  point. 

(14.)  If  any  two  chords  be  drawn  in  a  circle,  to  intersect  at  right  angles, 
the  sum  of  the  squares  of  the  four  segments  is  equal  to  the  square  of  the 
diameter  of  the  circle. 

(15.)  In  a  given  triangle  to  inscribe  the  greatest  square. 

'"*.)  la  a  given  triangle  to  inscribe  a  rectangle,  whose  sides  shall  have  a 
given  ratio. 
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(17.)  The  two  sides  of  a  triangle  are,  together,  greater  than  the  doahWof 
the  straight  line  which  joins  the  vertex  and  the  bisection  of  the  base. 

(18.)  If  in  the  sides  of  a  square,  at  equal  distances  from  the  four  angles, 
four  other  points  be  taken,  one  in  each  side,  the  tigvre  contained  by  the 
straight  lines  which  join  them  shall  also  be  a  square. 

(19.)  If  the  sides  of  an  equilateral  and  equiangular  pentagon  be  prodsnd 
to  meet,  the  angles  formed  by  these  lines  are,  together,  equal  to  two  right 

ingles. 

('20.)  If  the  sides  of  an  equilateral  and  equiangular  hexagon  be  produced 
to  meet,  tue  angles  formed  by  these  lines  are,  together,  equal  to  four  ngat 
angles. 

(21.)  If  squares  be  descnoed  on  the  three  sides  of  a  righUsngM  trissjfe, 
and  the  extremities  of  the  adjacent  sides  be  joined,  the  triangles  so  fonssd 
are  equal  to  the  given  triangle,  and  to  each  other. 

(22.)  If  squares  be  described  on  the  hypothenuse  end  aides  of  a  rijav 
angled  triangle,  and  the  extremities  of  the  aides  of  the  former,  and  these* 
jacent  sides  of  the  others,  be  joined,  the  sum  of  the  squares  of  the 
them  will  be  equal  to  five  times  the  square  of  the  hypothennse. 

(23.)  To  bisect  a  triangle  by  a  line  drawn  parallel  to  one  of  its 

(24.)  To  divide  a  circle  into  any  number  of  concentric  eqnal 

(25.)  To  inscribe  a  square  in  a  given  semicircle. 

(26.)  If  in  a  right-angled  triangle  a  perpendicular  be  drawn  from  me  ngstt 
angle  to  the  hypothenuse,  and  circles  inscribed  in  the 
of  it,  their  diameters  will  be  to  each  other  as  the  subtending 
angled  triangle. 

(27.)  If  on  one  side  of  an  equilateral  triangle,  as  a  diameter,  a  session*  m 
iescribed,  and  from  the  opposite  angle  two  straight  lines  be  drawn  to  s 
Jiat  side,  these  lines  produced  will  trisect  the  senii-circuinferenee. 

(28.)  Draw  straight  lines  across  the  angles  of  a  given  square,  so  at  to 
an  equilateral  and  equiangular  octagon. 

(29.)  The  square  of  the  side  of  an  equilateral  triangle,  fatrriWl  mam 
is  equal  to  three  times  the  square  of  the  radius. 

(30.)  To  draw  straight  lines  from  the  extremities  of  a  chord  to  a  j 
the  circumference  of  the  circle,  so  that  their  sum  shall  be  equal  toS| 
line. 

(31.)  In  a  given  triangle  to  inscribe  a  rectangle  of  a  given 

(32  J  Given  the  perimeter  of  a  right-angled  triangle,  and  the 
from  the  right  angle  upon  the  hypothenuse,  to  construct  the 

(33.)  Describe  a  circle  touching  a  given  straight  line,  and 
through  two  given  points. 

.  (34.)  In  an  isosceles  triangle  to  inscribe  three  circles,  touching 
and  each  touching  two  of  the  three  sides  of  the  triangle* 
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DEFINITIONS. 

1.  A  plank  ii  a  surface  in  which,  if  my  two  point*  bo  token,  the  straight  line 
which,  join*  those  points  wilt  be  wholly  in  that  surface. 

2.  A  straight  line  Id  said  to  he  perpendicular  to  a  plane,  when  it  is  perpendi- 
cular to  all  the  straight  line*  in  the  plane  which  pad  through  the  point  in  which 
it  meeti  the  plane. 

Thia  point  is  called  the  foot,  of  tbe  perpendicular. 

3.  The  inclination  of  a  straight  line  to  a  plane,  is  the  acute  angle  contained 
by  the  straight  line,  and  another  straight  line  drawn  from  tbe  point  in  which 
the  first  mreta  tbe  plane,  to  the  point  In  which  a  perpendicular  to  tbe  plane, 
drawn  from  any  point  in  the  first  line,  meets  the  plane. 

4.  A  straight  line  is  said  to  be  parallel  to  a  plane  when  it  cannot  meet  the 
plane,  to  whatever  distance  both  be  produced. 

A.  It  will  be  proved  in  Prop.  9,  that  the  common  Intersection  of  two  planes  is 
a  straight  line ;  this  being  premised,    . 

The  angle  contained  by  two  planes,  which  cut  one  another,  is  measured  by 
the  angle  contained  by  two  straight  lines  drawn  from  any  point  in  the  common 
intersection  of  the  planes  perpendicular  to  it,  one  in  each  of  (he  planes. 

Thia  angle  may  be  acnte,  right,  or  obtuse. 

If  it  be  aright  angle,  ihe  planes  a*e  said  to  be  perpendicular  to  oaeh  othen 

6.  Two  planes  ere  penile!  to  eecbether,  when  they  cannot  meet,  La  whatever 
distance  both  be  produced. 


A  ttritighl  tine  cannot  be  partly  in  a  plane,  and  partly  out  of  it. 
For,  by  def.  ( 1).  when  a  straight  line  has  two  points  common  to  a  plane,  it 
lies  wholly  in  that  plane. 

PKOP.     11. 

If  tm>  plant*  tmt  each  other,  their  c 

Let  the  two  planes,  AB.CD,  cut  one  another,  and 
let  P,  Q,  be  two  points  in  their  common  sectloir. 

Join  P,  Q; 

Then,  since  the  points  P,  Q,  are  in  tbe  same 
plane  AB,  the  straight  line  PQ  which  joins  idem 
must  lie  wholly  in  that  plane. 

For  a  similar  reason,  PQ  must  Lie  wholly  in 
Ihe  plane  CD. 

.-.  The  straight  line  PQ  is  common  to  the  two 
planes,  and  is  .-.  their  common  intersection, 
pii 


A            t 

1 

> 
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PROP*  11L 


Any  number  of  planes  may  be  drawn  through  the  same  straight  km* 

For  let  a  plane,  drawn  through  a  straight  line,  be  conceived  to  revobtioni 
the  straight  line  as  an  axis.  Then  the  different  positions  assumed  by  tfct  re- 
volving- plane  will  he  those  of  different  planes  drawn  through  the  straight  list 


PROP.  IV. 

One  plane,  and  one  plane  only,  can  be  drawn, 

1  °.   Through  a  straight  line,  and  a  point  not  situated  in  the  give*  Use. 
2*.  Through  three  points  which  are  not  in  the  same  straight  line, 
3*.  Through  two  straight  lines  which  intersect  each  other. 
4*    Through  two  parallel  straight  lines* 

1.  For  if  a  plane  be  drawn  through  the  given  line,  and  be  conceived  to  re- 
volve round  it  as  an  axis,  it  must  in  the  course  of  a  complete  revolatka  mm 
through  the  given  point,  and  so  assume  the  position  enounced  in  1*. 

Also,  one  plane  only  can  answer  these  conditions,  for  if  wo  suppose  a  mtmi 
plane  passing  through  the  same  straight  line  and  point,  it  must  have  m  ant 
two  intersections  with  the  first,  which  is  impossible. 

2.  Join  two  of  the  points,  this  case  is  then  reduced  to  the  last 

3.  Take  a  point  in  each  of  the  lines  which  is  not  the  point  of  intontcma, 
join  these  two  points ;  the  case  is  now  the  same  as  the  two  former. 

4.  Parallel  straight  lines  are,  by  their  definition,  in  the  same  plane,  ami  If 
the  first  case,  one  plane  only  can  be  drawn  throagh  either  of  them,  and  a ; 
assumed  in  the  other. 

Cor*  Hence,  the  position  of  a  plane  is  determined  by, 

1.  A  straight  line,  and  a  point  not  in  the  given  straight  /we. 

2.  A  triangle,  or  three  points  not  in  the  same  straight  «>** 

3.  Two  straight  lines  tchic/i  intersect  each  otlier. 
4*  Two  parallel  straight  lines. 

PROP.  V. 

If  a  straight  line  be  perpendicular  to  two  other  straight  Hues  which  k 
dt  its  foot  in  a  plane,  it  will  be  perpendicular  to  every  other  straight  he 
drawn  through  its  foot  in  the  same  plane,  and  will  there/arm  be 
to  the  plane. 

Let  XZ  be  a  plane,  and  let  the  straight  line  PQ 
be  perpendicular  to  the  two  straight  lines  AB,  CD  a  W 

which  intersect  in  Q  in  the  plane  XZ.  ^  — ' 

Draw  any  straight  line  EF  through  Q ; 
Then  PQ  will  be  perpendicular  to  EF. 

Draw  through  any  point  K  in  QF  a  straight  line 
GH,  such,  that  GK  =  KH. 

JoinP,  G;  P,  K;  P,H; 

Then,  since  GH,  the  base  of  the  A  GQH,  is  bi- 
sected in  K; 

.\  GQ-  +  HQ>    =    2GK«  +  aQK? UD 


PEOi  u&rnuNSL 
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Similarly,  since  GH,  the  base  of  A  GPH,  is  bisected  in  K; 
••.  GP«  +  HP»    =    2GK»  +  2PK\ 

But  the  angles  PQG,  PQH,  are  right  angles,  .*.  the  above  becomes, 
PQ«  +  GQ»  +  PQ»  +  HQ«    =    2Gb?  +  2PK» (2) 

Taking  (1)  from  (2),  there  remains, 

2PQ«   =  2PK»  —  2QK» 
.'  PQ"  +  QK1  =   PK? 

Hence,  the  angle  PQK  is  a  right  angle. 

In  like  manner,  it  may  be  proved  that  PQ  is  at  right  angles  to  every  other 
straight  line  passing  through  Q  in  the  plane  XZ 


PROP.  VT. 

A  perpendicular  is  the  shortest  line  which  can  be  drawn  from  any  point  to 

a  plane. 

Let  PQ  be  perpendicular  to  the  plane  XZ ;  p 

From  P  draw  any  other  straight  line  PK  to  the 
plane  XZ; 

Then  PQ  ^  PK. 

In  the  plane  XZ  draw  the  straight  line  QK,  join- 
ing the  points  Q,  K. 

Then,  since  the  line  PQ  is  perpendicular  to  the 
plane  XZ,  the  angle  PQK  is  a  right  angle;  and 
.'.  PQ  is  less  than  any  other  line  PK.  (Geom. 
Tbeor.  xxi.) 

Cor.  1.  Hence,  oblique  lines  equally  distant  from  the  perpendicular  are 
equal,  and,  if  two  oblique  lines  be  unequally  distant  from  the  perpendicular,  the 
more  distant  is  the  larger. 

That  is,  if  QG,  QH,  QK, are  all  equal, 

then  PG,  PH,  PK, are  all  equal;  and 

if  QH  be  greater  than  QG,  then  PH  is  greater  than 
PG. 

Cor.  2.  A  perpendicular  measures  the  distance 
of  any  point  from  a  plane.  The  distance  of  one 
point  from  another  is  measured  by  the  straight  line 
joining  them,  because  this  is  the  shortest  line  which  can  be  drawn  from  one 
point  to  another.  So  also,  the  distance  from  a  point  to  a  line,  is  measured 
by  a  perpendicular,  because  this  line  is  the  shortest  that  can  be  drawn  from 
the  point  to  the  line.  In  like  manner,  the  distance  from  a  point  to  a  plai.e, 
must  be  measured  by  a  perpendicular  drawn  from  that  point  to  the  plane, 
because  this  is  the  shortest  line  that  can  be  drawn  from  the  point  to  the 
plane. 
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PROP.  VII. 

Let  PQ  be  a  perpendicular  on  the  plane  XZ,  and  GH  a  straight  time  in  that 
plane  ;  if  from  Q,  the  foot  of  the  perpendicular,  QK  be  drawn  perpendicular  to 
GH,  and  P,  K,  be  joined;  then  PK  will  be  perpendicular  to  GH. 

Take  KG  =  KH,  join  P,G;  P,H;  Q,6;Q,H; 

v  KG  =  KH,  and  KQ  common  io  the  triangles 
GQK,  HQK,  and  angle  GKQ  =  angle  HKQ, 
each  being  a  right  angle. 

.-.    QG  =  QH 

.-.     PG  =  PH    Cor.  to  last  Prop. 

Hence,  the  two  triangles  GKP,  HKP,  have  the 
two  sides  GK,  KP,  equal  to  the  two  sides  HK,  KP, 
and  the  remaining  side  GP,  equal  to  the  remaining 
side  HP. 

.*.  Angle  GKP  =  angle  HKP,  and  .%  each  of  them  is  a  right  angle* 

Cor.  GH  is  perpendicular  to  the  plane  PQK,  for  GH  is  perpendicular  to  each 
of  the  two  straight  lines  KP,  KQ* 

Remark. — The  two  straight  lines  PQ,  GH,  present  an  example  of  twe 
straight  lines  which  do  not  meet,  because  they  are  not  situated  in  the  same 
plane. 

The  shortest  distance  between  these  two  lines  is  the  straight  line  QK,  which 
is  perpendicular  to  each  of  tlienu 

For,  join  any  two  other  points,  as  P,  G ; 

Then,  PG  7  PK  )  .      _ 

And,  KP  -7  KQ  5  ***  Pr0p' 

PG  ^  KQ 

The  two  lines  PQ,  GH,  although  not  situated  in  the  same  plane,  are  con- 
sidered to  form  a  right  angle  with  each  other.  For  PQ,  and  a  straight  line 
drawn  through  any  point  in  PQ  parallel  to  GH,  would  form  a  right  angle. 

In  like  manner,  PG,  and  QK,  which  represent  any  twt)  straight  lines  not 
situated  in  the  same  plane,  are  considered  to  form  with  each  other  the  same 
angle  which  PG  would  make  with  any  parallel  to  QK,  drawn  through  a  point 
in  PG. 


PROP.  VIIL 

If  two  straight  lines  be  perpendicular  to  the  same  plane,  they  will  be  paraUd 

to  each  other. 
Let  each  of  the  straight  lines  PQ,  GH,  be  per- 
pendicular to  the  plane  XZ. 

Then,  PQ  will  be  parallel  to  GH. 
In  the  plane  XZ  draw  the  straight  line  QH, 
joining  the  points  Q,H. 

Then,  since  PQ,  GH,  are  perpendicular  to  the 
plane  XZ ;  they  are  perpendicular  to  the  straight 
line  QH  in  that  plane;  and,  since  PQ,  GH,  are 
both  perpendicular  to  the  same  line  QH,  they 
parallel  to  each  other.  (Geom.  tlieor.  13,  cor.) 


PROPOSITIONa 
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Cor.  1.  Conversely,  If  two  straight  lines  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpendicular  to  the  same 
plane. 

Cor.  ?•  Two  straight  lines  parallel  to  a  third,  are  parallel  to  each  other. 

For,  <Y>ncei?e  a  plane  perpendicular  to  any  one  of  them,  then  the  other  two 
being  parallel  to  the  first,  will  be  perpendicular  to  the  same  plane;  hence,  ba 
'the  Prop,  they  will  be  parallel  to  each  other. 

The  three  straight  lines  are  not  supposed  to  be  in  the  same  plane,  *"*  this 
case  the  Proposition  has  been  already  demonstrated. 


PROP.  IX. 

If  a  straight  line,  without  a  given  plane,  be  parallel  to  m  tfraigM  line  m  th 

plane,  it.uriH  be  parallel  to  the  plane* 

Let  AB,  lying  without  the  plane  XZ,  be  parall  »1 
to  CD,  lying  in  the  plane, 

Then  AB  is  parallel  to  the  plane  XZ. 
.     Through  the  parallels  AB,  CD,  draw  the  plane 
ABCD. 

If  the  line  AB  can  meet  the  plane  XZ,  it  must 
meet  it  in  some  point  of  the  line  CD,  which  is 
the  common  intersection  of  the  two  planes. 

But  AB  cannot  meet  CD,  because  AD  is  paral- 
lel to  CD. 

Hence.  AB  cannot  meet  the  plane  X2*  u  e.  AB  is  parallel 


prop.  x. 
The  sections  made  by  a  plane  cutting  two  parallel  planes,  are  parallel 
Let  FE,  GH,  be  the  sections  made  by  the  plane 
GF  which  cuts  the  parallel  planes  XZ,  WY; 
Then,  Ft  will  be  parallel  to  GH. 
For  if  the  lines  FE,  GH,  which  are  situated 
in  the  same  plane,  be  not  parallel,  they  will  meet 
if  produced.    Therefore,  the  planes  XZ,  WY,  in 
which  these  lines  lie,  will  meet  if  produced,  and 
.-.  cannot  be  parallel,  which  is'  contrary  to  the 

hypothesis. 

.-.  FE  is  parallel  to  GH. 

PROP.  XI. 

Parallel  straight  lines  included  between  two  parallel  planes  are  efuaL 

Let  the  parallels  JEG,  FH,  be  cut  by  the  parallel 
rlanes  XZ,  WY,  inthe  points  G,  H,  E,  F, 

Then,  EG  t=  FH, 

Through  the  parallels  EG,  FH,  draw  the  plane 
EGHF,  intersecting  the  parallel  planes  in  GH, 

FE. 
Then,   GH  is  parallel  to  FE,    by  last  Prop. 
And,     GE  is  parallel  to  HF: 
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.-.    GHFE  is  a  parallelogram;  and  therefore, 

EG  =  FH 

Cor.  Two  parallel  planes  are  every  where  equidistant 


PROP.  XII. 

If  two  planes  be  parallel  to  each  other,  a  straight  line  which  is 

one  of  the  planes,  will  be  perpendicular  to  the  other  *lsa. 

Let  the  two  planes  XZ,  WY,  be  parallel,  and 
let  the  straight  line  AB,  be  perpendicular  to  the 
plane  XZ; 

Then,  AB  will  be  perpendicular  to  WY. 

For,  from  any  point  H  in  the  plane  WY,  draw 
HG  perpendicular  to  the  plane  XZ,  and  draw 
AG,  BR 

Then,  since  B  A,  HG,  are  both  perpendicular  to 
XZ;  .*.  the  angles  A,  G,  are  right  angles. 

And,  since  the  planes  XZ,  WY,  are  parallel,  .%  the  perpendiealafi  BA,  Hti, 
are  equal. 

Hence  AG  is  parallel  to  BH,  and  AB  being  perpendicular  to  AG,  b 
dicular  to  BH  also. 

In  like  manner,  it  may  be  proved,  that  AB  is  perpendicular  to  aD 
which  can  be  drawn  from  B  in  the  plane  WY. 

•\  AB  is  perpendicular  to  the  plane  WY. 

Con  Conversely,  if  two  planes  be  perpendicular  to  the 
they  will  be  parallel  to  each  other. 


prop.  xni. 

If  two  straight  lines  which  form  an  angle,  be  parallel  to  two 
lines  which  form  an  angle  in  the  same  direction,  although  mot  m  the 
tcitli  the  former,  the  two  angles  will  be  equal,  and  their  planes  will 

Let  the  two  straight  lines  AB,  BG,  in  the  plane 
XZ,  be  parallel  to  the  two  DE,  EF,  in  the  plane  WY; 
Then,  augle  ABC  =  angle  DEF. 

For,  make  AB  =  DE,  BC  =  EF;  join  A,  C; 
D,F;  A,D;B,E;  C,  F, 

Then,  the  straight  hues  AD,  BE,  which  join  the 
equal  and  parallel  straight  lines  AB,  DE,  are  them- 
selves equal  and  parallel. 

For  the  same  reason,  CF,  BE,  are  equal  and  paral- 
lel. 

,  \  AD,  CF,  are  equal  and  parallel,  and  /.  AC,  DF,  are,  aba,  eessl  fd 
parallel. 

Hence,  the  two  triangles  ABC,  DEF,  having  all  their  sidss 
each,  have  their  angles  also  equal. 

.*.  angle  ABC  =  angle  DEF. 

Again,  the  plane  XZ  is  parallel  to  the  plane  WY. 
For,  if  not,  let  a  plane  drawn  through  A  parallel  to  DEF,  Meet  Ike  ftsw§ 
Hues  FC,  EB,  in  G  and  II. 
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PROPOSITIONS. 

Then,        DA  =  EH  =  FG    Prop. 
But,  DA  =  EB  =  FC 

.-.  EH  =  EB,        FG  =  FC 
which  is  absurd ;  hence, 

Car.  1.  If  two  parallel  planes  XZ,  WY,  are  met 
by  two  other  planes  ADEB,  CFEB,  the  angles  ABC, 
J)EF,  formed  by  the  intersection  of  Uie  parallel 
planes,  will  be  equal 

For  the  section  AB  is  parallel  to  the  section     z 
DE,  Prop.  w 

So  also,  the  section  BC  is  parallel  to  the  section 
EF. 

.'.  angle  ABC  =  angle  DEF. 


Cor.  2.  If  three  straight  lines  AD,  BE,  CF,  not  situated  in  the  same  plana, 
be  equal  and  parallel,  the  triangles  ABC,  DEF,  formed  by  joining  the  extre- 
mities of  these  straight  lines,  will  be  equal,  and  their  planes  will  be  parallel 


PROP.   XIV. 

If  two  straight  lines  be  cut  by  parallel  planes,  they  will  be  cut  in  the  same 

ratio* 

Let  the  straight  lines  AB,  CD,  be  cut  by  the 
parallel  planes  XZ,  WY,  VS,  in  the  points  A,  E,  B; 
C,F,D; 

Then,        AE  :  EB  :  2  CF  :  FD. 

Join  A,C;  B,  D;  A,D;  and  let  AD  meet  the 
plane  WY  in  G;  join  E,  G;  G,  F; 

Then,  the  intersections  EG,  BD,  of  the  paral- 
lel planes  WY,  VS,  with  the  plane  ED,  are  parallel. 
(Prop.x.) 

.••    AE  :  EB  : :  AG  :  GD 

Again,  the  intersections  AC,  GF,  of  the  parallel  planes  XZ,  YW,  with  the 

plane  CG,  are  parallel, 

.%    AG  :  GD  : :  CF  :  FD 

A   comparing  this  with  the  first  proportion, 

AE  :  EB  : :  CF  :  FD 


PROP.  XV. 


If  a  straight  line  be  at  right  angles  to  a  plane,  every  plane  whic/i  posses 
through  it  will  be  at  right  anglts  to  that  plane. 

Let  the  straight  line  PQ  be  at  right  angles  to 
the  plane  XZ. 

Through  PQ  draw  any  plane  PO,  intersecting 
XZ  in  the  line  OQW. 

Then,  the  plane  PO  is  perpendicular  to  the 
plane  XZ. 

Draw  RS,  in  the  plane  XZ,  perpendicular  to 

WQG. 
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Then,  since  the  straight  line  PQ  la  perpendicular  to  the  plana  ~XZ,  it  t, 
perpendicular  to  the  two  straight  lines  AS,  OW,  which-  pan  through  its  foot 
in  that  plane. 

But  the  angle  PQR,  contained  between  PQ,  OR  which  are  perpendiculars 
to  OW,  the  common  intersection  of  the  planes  XZ,  PO,  measures  the.  angle  of 
the  two  planes  (Def,  fi) ;  hence,  since  this  angle  ia  a  right  angle,  the  two  planes 
are  perpendicular  to  each  other. 

Cor.  If  three  straight  lines,  such  a*  PQ,  RS,  OW,  be  perpendicular  to  each 
other,  each  will  be  perpendicular  to  the  plane  of  the  two  other*,  and  the  three 
planes  will  be  perpendicular  to  each  other. 


If  two  plane*  be  perpendicular  to  each  other,  a  ttraight  Hue  drawn  in  one  nf 
the  plana  perpendicular  to  thtir  common  tectum,  uHB  it  perptmdicmlar  to' the 
other  plane. 

Let  the  plane  VO  be  perpendicular  to  the  plane 
XZ  and  let  OW  be  their  common  section. 

In   the  plane  VO  draw  PQ  perpendicular  to 
OWj 

Then  PQ  is  perpendicular  to  the  plane  XZ. 

From  the  point  Q,  draw  QR  in  the  plane  XZ, 
perpendicular  tb  OW  " 

Then,  since  the  two  plaues  are  perpendicular, 
the  angle  PQR  is  a  right  angle. 

.'.  The  straight  tine  PQ,  is  perpendicular  to 
the  straight  lines  QR,  QO,  which  intersect  at  its  foot  in  the  plane  XZ. 
.'.  PQ  is  perpendicular  to  the  plane  XZ. 

Cor.  If  the  plane  VO  be  perpendicular  to  the  plane  XZ,  and  if  front  any 

point  in  OW,  their  common  intersection,  we  erect  a  perpendicular  to  the  plane 
XZ,  that  straight  line  will  lie  in  the  plane  VO. 

For  if  not,  then  we  may  draw  from  the  same  point  a  straight  line  in  the  plane 
VO,  perpendicular  to  OW,  and  this  line,  by  the  Prop,  will  be  perpendicular  to 
the  plane  XZ. 

Thus  we  should  bare  two  straight  lines  drawn  from  the  same  point  in  the 
plane  XZ,  each  of  them  perpendicular  to  the  given  plane,  which  ia  absurd. 


If  two  planet  which  cut  each  other,  be  each  of  than 

plane,  their  common  section  will  be  perpendicular  to  the 

Let  the  two  plnnes  VO,  TW,  whose  oomniou 
section  is  PQ,  be  both  perpendicular  to  the  plane 
XZ. 

Then,  PQ  is  perpendicular  to  the  plane  XZ. 

For,  from  the  point  Q,  erect  a  perpendicular 
to  the  plane  XZ. 

Then,  by  Cor.  to  last  Prop.,  thin  straight  line 
must  be  situated  at  once  in  the  planes  VO  and 
TW.  and  is  .*.  their  common  auction. 
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SOLID    ANGLES. 


DEFINITION. 


A  solid  angle  is  the  angular  space  contained  between  several  planes  which 
meet  in  the  samo  point. 

Three  planes,  at  least,  are  required  to  form  a  solid  angle. 

A  solid  angle  is  called  a  trihedral,  tetrahedral,  &c  angle,  according  as  it  iff 
formed  by  thee,  four, . . . .  plane  angles. 

P&OF.  I. 

If  a  solid  angle  be  contained  by  three  plane  angles,  the  sum  of  any  two  of  these 

angles  will  be  greater  than  the  third* 
It  la  unnecessary  to  demonstrate  this  proposition  except  in  the  ease  where 
the  plane  angle,  which  is  compared  with  the  two  others,  is  greaser  than  either 
of  them. 

Let  A  be  a  solid  angle,  contained  by  the  three 
plane  angles  BAC,  CAD,  DAB,  and  let  BAC  be 
the  greatest  of  these  angles ; 

Theu,        CAD  +  DAB  -7  B£C 
In  the  plane  BAC  draw  the  straight  line  AE, 
making  the  angle  BAE  =  angle  BAD. 

Make   AE  =  AD,  and  through  E  draw  any 
straight  line  BEC,  cutting  AB,  AC,  in  the  points        C     K 
B,C;  joinD,B;  D,  C; 

Then,  v  AD  =  AE,  and  AB  is  common  to  the  two  triangles  DAB,  BAK, 
and  the  angle  DAB  =s  angle  BAE. 

.-.    BD  =  B£ 
But,    BD  +  DC  7  BE  +  EC, 
.-.     DC  t  EC 
Again,  v  AD  =  AE,  and  AC  is  common  to  the  two  triangles  DAC,  EAC, 
but  the  base  DC  7  base  EC. 

•*•     angle  DAC  7  angle  EAC 

But»  angle  DAB  =  angle  BAE 

.  •.    angle  CAD  +  angle  DAB  7  angle  BAE  +  angle  EAC 

"7  angle  BAC. 

prop.  11. 

The  sum  of  the  plane  angles  which  form  a  solid  angle,  is  always  less  than  four 

right  angles.  v 

Let  Phe  a  solid  angle  contained  by  any  number 
of  plane  angles  APB,  BPC,  CPD,  DPE,  EPA. 

Let  the  solid  angle  P  he  cut  by  any  plane 
ABCDE, 

Take  any  point  0  in  this  plane;  join  A,  0» 
B,0;  C,0;  D,  O;  E,  O; 

Then,  since  the  sum  of  all  the  angles  of  every 
triangle  is  always  equal  to  two  right  angles,  the 
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sum  of  all  the  angles  of  the  triangles  ABP,  BPC, about  the  point  Pf 

will  be  equal  to  the  sum  of  all  the  angles  of  the  equal  number  of  triangles 
AOB,  BOC, about  the  point  O. 

Again,  by  the  last  Prop.,  angle  ABC  ^  angle  ABP  +  angle  CBP;  in 
like  manner,  angle  BCD  *L  angle  BCP  +  angle  DCP,  and  so  for  all  thu 
angles  of  the  polygon  ABCDE. 

Hence,  the  sum  of  the  angles  at  the  bases  of  the  triangles  whose  vertex  is  0, 
is  less  than  the  sum  of  the  angles  at  the  bases  of  the  triangles  whose  vertex 
is  P. 

•*.  The  sum  of  the  angles  about  the  point  0,  must  be  greater  than  the  sum  of 
the  angles  about  the  point  P. 

But,  the  sum  of  the  angles  about  the  point  0,  is  four  right  angles. 

•a.  The  sum  of  the  angles  about  the  point  P,  is  less  than  four  right  angles. 


PROP.   III. 

If  two  solid  angles  be  formed  by  three  plane  angles  which  are  equal,  each  to  each 
the  planes  in  which  these  angles  lie  will  be  equally  inclined  to  each  other. 

Let  P,  Q,  be  two  solid  angles,  each  con- 
tained by  three  plane  angles ; 

Let  angle  APC  =  angle  DQF,  angle 
APB  =  angle  DQE,  and  angle  BPC  =  angle 
EQP. 

Then,  the  inclination  of  the  planes  APC, 
APB,  will  be  equal  to  the  inclination  of  the 
planes  DQF,  DQE. 

Take  any  point  B  in  the  intersection  of 
the  planes  APB,  CPft 

From  B  draw  BY  perpendicular  to  the  plane  APC,  meeting  the  plane  in  Y. 

From  Y  draw  YA,  YC,  perpendiculars  on  PA,  PC;  join  A,  B;  B,  C; 

Again,  take  QE  =  PB,  from  E  draw  EZ  perpendicular  to  the  plane  DQF, 
meeting  the  plane  in  Z,  from  Z  draw  ZD,  ZF,  perpendiculars  on  QD,  QF;  join 
D,E;  E,F. 

The  triangle  PAB  is  right  angled  at  A,  and  the  triangle  QDE  is  right  angled 
at  D.    (Geom.  of  Planes,  Prop,  viu) 

Also,  the  angle  APB  =  angle  DQE,  by  construction. 

.*.  angle  PBA  =  angle  QED 

But,  the  side  PB  =  side  QE,  .-.  the  two  triangles  APB,  DQF,  are  equal 
and  similar. 

.-.    PA  =  QD,    and,    AB  =  DE 

In  like  manner,  we  can  prove  that, 

PC  =  QF,  and,   BC  =  EF 

We  can  now  prove  that  the  quadrilateral  PAYC,  is  equal  to  the  quadrilateral 
QDZF. 

For,  let  the  angle  APC  be  placed  upon  the  equal  angle  DQF,  then  the  point 
A  will  fall  upon  the  point  D,  and  the  point  C  on  the  point  F,  because  PA=  QD, 
and  PC  =  QF. 

At  the  same  time,  AY,  which  is  perpendicular  to  PA,  will  fall  upon  DZ, 
which  is  perpendicular  to  QD ;  and  in  like  manner,  CY  will  rail  upon  FZL 

Hence,  the  point  Y  will  fall  on  the  point  Z,  and  we  shall  have, 

AY  =  DZ,  and,    CY  =  FZ 
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But,  the  triangles  AYB,  DZE,  are  right  angled  in  Y  and  Z,  the  hypothermic 
AB  =  hypothenuse  DE,  and  the  side  AY  =  side  DZ;  hence,  these  two  tri- 
angles are  equal 

.-.   angle  YAB  =  angle  ZDE 

The  angle  YAB  is  the  inclination  of  the  planes  APC,  APB ;  and, 
The  angle  ZDE  is  the  inclination  of  the  planes  DQFV  DQE. 

."•  These  planes  are  equally  inclined  to  each  other. 

In  the  same  manner,  we  prove  that  angle  YOB  =  angle  ZFE,  and  conse- 
quently, the  inclination  of  the  planes  APC,  BPG,  is  equal  to  the  inclination  of 
the  planes  DQF,  EQF. 

We  must,  however,  observe,  that  the  angle  A  of  the  right  angled  triangle 
YAB,  is  not,  properly  speaking,  the  inclination  of  the  two  planes  APC,  APB, 
except  when  the  perpendicular  BY  falls  upon  the  same  side  of  PA  as  PC  does; 
if  it  fall  upon  the  other  side,  then  the  angle  between  the  two  plan<>s  will  be 
obtuse,  and,  added  to  the  angle  A  of  the  triangle  YAB,  will  make  up  two  right 
angles.  But,  in  this  case,  the  angle  between  the  two  planes  DQF,  DQE,  will 
also  be  obtuse,  and,  added  to  the  angle  D  of  the  triangle  ZDE,  will  make  up 
two  right  angles. 

Since,  then,  the  angle  A  will  always  be  equal  to  the  angle  D,  we  infer  that 
the  inclination  of  the  two  planes  APC,  APB,  will  always  be  equal  to  the  incli- 
nation of  the  two  planes  DQF,  DQE.  In  the  first  case,  the  inclination  of  the 
plane  is  the  angle  A  or  D ;  in  the  second  case,  it  is  the  supplement  of  those 
angles. 

Scholium. — If  two  solid  trihedral  angles  have  the  three  plane  angles  of  the 
one  equal  to  the  three  plane  angles  of  the  other,  each  to  each,  and  at  the  same 
time  the  corresponding  angles  arranged  in  the  game  manner  in  the  two  solid 
angles,  then  these  two  solid  angles  will  be  equal ;  and  if  placed  one  upon  the 
other,  they  will  coincide.  In  fact,  we  have  already  seen,  that  the  quadrilateral 
PAYC  will  coincide  with  the  quadrilateral  QDZF.  Thus,  the  point  Y  falls 
upon  the  point  Z,  and,  in  consequence  of  the  equality  of  the  triangles  AYB, 
DZE,  the  straight  line  YB,  perpendicular  to  the  plane  A  PC,  is  equal  to  the 
straight  line,  ZE  perpendicular  to  the  plane  DQE ;  moreover,  these  perpendi- 
culars lie  in  the  same  direction  ;  hence,  the  point  B  will  fall  upon  the  point  E. 
the  straight  line  PB  on  the  straight  line  QE,  and  the  two  solid  angles  will 
entirely  coincide  with  each  other. 

This  coincidence,  however,  cannot  take  place,  except  we  suppose  the  equal 
plane  angles  to  be  arranged  in  the  game  manner  in  the  two  solid  angles ;  for  if 
the  equal  p'ane  angles  be  arranged  in  an  inverse  order,  or,  which  comes  to  the 
same  thing,  if  the  perpendiculars  YB,  ZE,  instead  of  being  situated  both  on  the 
same  side  of  the  planes  APC,  DQF,  were  situated  on  opposite  sides  of  these 
planes,  then  it  would  be  impossible  to  make  the  two  solid  angles  coincide  with 
each  other.  It  would  not,  however,  be  less  true,  according  to  the  above  theorem, 
that  the  planes,  in  which  the  equal  angles  lie,  would  be  equally  inclined  to  each 
other ;  so  that  the  two  solid  angles  would  be  equal  in  all  their  constituent  parts, 
without  admitting  of  superposition.  This  species  of  equality,  which  is  not  ab* 
solute,  or  equality  of  coincidence,  has  received  from  Legendre  a  particular  de- 
scription.    He  terms  it  equality  of  symmetry. 

Thus,  the  two  solid  trihedral  angles  in  question,  which  have  the  three  plane 
angles  of  the  one,  equal  to  the  three  plane  angles  of  the  other,  each  to  each,  but 
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arranged  in  an  inverse  order,  are  termed  angles  equal  by  symmetry,  or  simply, 
symmetrical  angles- 

The  same  observation  applies  to  solid  angles  formed  by  more  than  three 
plane  angles.  Thus,  a  solid  angle  formed  /by  the  plane  angles  A,  B,  C,  D,  E, 
and  another  solid  angle  formed  by  the  same  angles  in  an  inverse  order, 
A,  E,  D,  C,  B,  may  be  such  that  the  planes  in  which  the  equal  angles  are  situ- 
ated are  equally  inclined  to  each  other.  These  two  solid  angles,  which  would 
in  this  case  be  equal,  although  not  admitting  of  superposition,  would  be  termed 
soHd  angles  equal  by  symmetry,  or  symmetrical  solid  angles. 

In  plane  figures,  there  is  no  spoties  of  equality  to  which  this  designation  can . 
belong,  for  all  those  cases  to  which  the  term  might  seem  to  apply,  are  cases  of. 
absolute  equality,  or  equality  of  coincidence.    The-season  of  this  is,  that  the  po- 
sition of  a  plane  figure  may  be  altered  at  pleasure,  and  one  may  take  the  upper 
part  Jer  die  under,  and  vice  versa*    This,  however,  does  not  hold  in 
which  the  third  dimension  may  be  taken  in  two  different  directions. 
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DEFINITIONS. 


1.  Similar  solid  figures  are  such  as  have  all  their  solid  angles  equal,  each  to 
each,  endure  contained  by  tee  same  nuafber  of  similar  planes, ' 

2.  A  pyramid  is  a  solid  figure  contained  by  planes  that  areeeastttated  be- 
twixt one  plane  and  one  point  above  it  in  which  they -meat. 


3.  A  prism  is  a  solid  figure  contained  by  plane  figures,  of  which,  two  that  are 
opposite  are  equal,  similar,  and  parallel  to  each  other;  and  the  others  are 
parallelograms. 


4.  A  sphere  is  a  solid  figure  described  by  the  revolution  4>f  a  semicircle  about 

Us  diameter,  which  remains  unmoved.  -  . 

Thus,  the  inner  side  of  the  semicircle  ABC  revolving  sound  the  diameter 

AC,  which  remains  fixed,  generates  a  sphere. 

A 


C 

5.  The  axis  of  a  sphere  is  the  fixed  right  line  about  which  the  semicircle 
revolves. 

Thus  AC,  in  the  figure  above,  b  the  axis  of  the  sphere. 

6.  The  centre  of  a  sphere  is  the  same  with  that  of  the  semicircle. 

7.  The  diameter  of  a  sphere  is  any  right  line  which  passes  through  the 
centre,  and  is  terminated  both  ways,  by  the  superficies  of  the  sphere. 

8.  A  right  cone  is  a  solid  figure  described  by  the  revolution  of  a  right-angled 
triangle  about  one  of  the  sides  containing  the  right  angle,  which  side  remainf 
fixed. 

If  the  fixed  side  be  equal  to  the  other  side  containing  the  right  angle,  the 
eone  is  called  a  right-angled  cone ;  if  k  be  less  than  the  other  bide,  an  obtuse* 
angled;  and  if  greater,  an  acute-angled  cone. 
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Thus,  the  side  AC,  revolving  round  AB,  one  of  the  tides  which 
right  angle  and  remains  fixed,  generates  a 


^■miiiB  fkt 


9.  The  axis  of  a  cone  is  the  fixed  right  line  about  which  the  triangle  rtfohm 
In  figure  above,  AB  is  the  axis. 

10.  The  base  of  a  cone  is  the  circle  described  by  that  side  eoatamtsf  *» 
right  angle  which  revolves. 

1 1.  A  cylinder  is  a  solid  figure  described  by  the  revolution  of  a  right  MfW 
parallelogram  about  one  of  its  sides  which  remains  fixed. 

Thus,  the  revolution  of  the  parallelogram  AC  about  its  side  AB,  wkka  i» 
mains  fixed,  generates  a  cylinder. 


12.  The  axis  of  a  cylinder  Is  the  fixed  right  line  about  which  the 
gram  revolves. 

13.  The  bases  of  a  cylinder  are  the  circles  described  by  the  two  itithisj 
opposite  sides  of  the  parallelogram. 

14.  Similar  cones  and  cylinders  are  those  which  ha*e  their  axes  mi  it 
diameters  of  their  bnses  proportionals. 

15.  A  cube  is  a  solid  figure  contained  by  six  equal  souj 


16.  A  tetrahedron  is  a  solid  figure  contained  by  four  equal  and 

triangles. 


17.  An    octahedron  is  a  solid  figure  contained  by  eight 
teral  triangles. 
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18.  A  dodecahedron  is  a  solid  figure  contained  by  twelve  equal  pentagons 
which  are  equilateral  and  equiangular. 


19.  An  icosahedron  is  a  solid  figure  contained  by  twenty  equal  and  equila- 
teral triangles. 


2a  A  parallelopiped  is  a  solid  figure  contained  by  six  quadrilateral  figures, 
r hereof  every  opposite  two  are  parallel. 


PROPOSITIONS. 


A 


L 


\ 


\ 


psor.  i. 

If  m  pnsm  he  cut  by  a  plane  parallel  to  its  base,  the  section  will  be  egml 

like  to  the  base* 

l«t  AG  be  any  prism,  and  IL  a  plane  parallel  to  the 
base  AC ;  then  will  the  plane  IL  he  equal  and  like  to  the 
base  A  C,  or  the  two  planes  will  have  all  their  sides  and 
ail  their  angles  equal. 

For,  the  two  planes,  AC,  IL,  being  parallel,  by  hypo- 
thesis; and  two  parallel  planes,  cut  by  a  third  plane, 
baring  parallel  sections;  therefore,  IK.  is  parallel  to  AB, 
KLtoBC,LMtoCD,andIMtoAD.  But  AI  and  BK  are 
parallels,  by  Def.  3 ;  consequently,  AK  is  a  parallelogram ;  and  the  opposite  sides, 
AB,  IK,  are  equal.  In  like  manner,  it  is  shown  that  KL  is  =  BC  and  LM  =r 
CD,  and  IM  =  AD,  or  the  two  planes,  AC,  IL,  are  mutually  equilateral.  But 
these  two  planes,  having  their  corresponding  sides  parallel,  have  the  angles 
contained  by  them  also  equal ;  namely,  the  angle  A  =  the  angle  I,  the  angle 
B  =r  the  angle  K,  the  angle  C  =  the  angle  L,  and  the  angle  D  =  the  angle  M. 
So  that  the  two  planes,  AC,  IL,  have  all  their  corresponding  sides  and  angles 
equal,  or  are  equal  and  like.     Q.  EL  D. 

I  E 
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If  a  cylinder  be  cut  by  a  plane  parallel  to  it*  bate,  the  s 
equal  to  the  hate. 

Let  AF  be  a  cylinder,  and  GHI  ny  section  parallel 
la  the  base  ABC;  then  will  OHI  be  s  circle,  equal  la 
ABa 

For.  let  the  planes  KE,  KF,  pass  through  the  axis  of 
the  cylinder  MK,  and  meet  the  section  GUI  in  the  three 
points  11,  I,  L;    and  join  the  points  as  in  the  figure. 

Then,  since  KL,  CI,  are  parallel;  and  the  plane  K.I, 
meeting  the  two  parallel  planes  ABC,  GHI,  makes  the 
two  sections  KC,  LI,  parallel;  the  figure  KL1C 
and  consequently  has  the  opposite  sides  LI,  KC  equal,  where  KC  is 
the  circular  base. 

In  like  manner,  it  is  shown  that  LH  is  equal  to  the  radius  KB;  and  ihanf 
other  lines,  drawn  from  the  point  L  to  the  circumference  of  the  seoisa  GUI, 
are  all  equal  to  radii  of  the  base ;  consequently,  GHI  is  a  circle,  sal  end 
to  ABC.     Q.E.a 


All  print*,  and  a  cylinder,  of  equal  bate*  ami  mltihtdet,  art  efW  at 

took  other. 

Let  AC,  OF,  be  two  prisms,  and 

a  cylinder,  upon  equal  bases  AB, 

DE,   and  hnring  equal  altitudes; 

theu  will  the  solid*  AC,  DF,  be 

For,  let  I'Q,  RS,  be  any  two 
sections  parallel  to  the  bases,  and 
equidistant  from  tliem.  Thou,  by 
the  last  two  propositions,  the  section  PQ  is  equal  to  the  baas  AB,  and  4s  sjs 
tion  RS  equal  the  base  DE.  But  the  bases  AB,  DE,  are  equal  by  an)  «Jf» 
Uiesbj  therefore  |b«  sections  PQ,  RS,  are  also  equal.  And  in  li 
may  be  shown,  that  any  other  corresponding  sections  are  eqeal  U 

Since,  then,  every  section  in  the  p Hist  AC,  is  equal  to  aU 
section  in  the  prism,  or  cylinder  RS,  the  prisms  and  eylii 
are  composed  of  those  sections,  mast  also  be  equal     Q,  E.  D. 

CotoL   Every  prism,  or  cylinder,  is  equal  to  a  rectangular  asnskfefs/ 
of  an  equal  base  and  altitude. 


vecta*fftilar  parallehpipedmi,  of  equal  altitude*,  heme  to  wAobWaai 


Let  AC,  EG,  be  two  re 
fclopipedons,  baring  the  equal  altitudes 
AD,  EH;  then  will  AC  be  to  EG  sa  the 
base  AB  b  to  the  bsae  EF 

For,  let  the  proportion  of  the  bsae  AB 
to  the  base  EF,  be  that  of  any  one  num- 
ber sa  (3}  to  any  other  number  ■  (V> 
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And  conceive  AB  to  be  divided  into  m  equal  parts,  or  rectangles,  AI,  LK, 
MB  (by  dividing  AN  into  that  number  of  equal  parts,  and  drawing  IL,  KM, 
parallel  to  BN>  And  let  EF  be  divided,  in  like  manner,  into  n  equal  parts, 
or  rectangles,  EO,  PF.  all  of  these  parts  of  both  bases  being  mutually  equal 
among  themselves.  And  through  the  lines  of  division  let  the  plane  sections  LK, 
MS,  PV,  pass  parallel  to  AQ,  ET. 

Then  the  parallelopipedons  AH,  LS,  MC,  EV,  PG,  are  all  equal,  having  equal 
bases  and  heights.  Therefore,  the  solid  AC  is  to  the  solid  EG,  as  the  number 
of  parts  in  AC  to  the  number  of  equal  parts  in  EG,  or  as  the  number  of  Darts 
in  AB  to  the  number  of  equal  parts  in  EF;  that  is,  as  the  base  AB  to  the  bate 
EF.    Q.E.D. 

CoroL  From  this  proposition,  and  the  corollary  to  the  last,  it  appears,  that 
all  prisms  and  cylinders  of  equal  altitudes,  are  to  each  other  as  their  bases; 
every  prism  and  cylinder  being  equal  to  a  rectangular  parallelopipedon  of  an 
equal  base  and  height 

prop.  v. 
Rectangular  paraUdopipedons,  of  equal  bases,  are  in  proportion  to  each  other 

as  their  altitudes. 

Let  AB,  CD,  be  two  rectangular  parallelo- 
pipedons standing  on  the  equal  bases  AE, 
CF;  then  will  AB  be  to  CD  as  the  altitude 
EB  is  to  the  altitude  DF. 

For,  let  AG  be  a  rectangular  parallelopi- 
pedon on  the  base  AE,  and  its  altitude  EG 
equal  to  the  altitude  FD  of  the  solid  CD. 

Then,  AG  and  CD  are  equal,  being  prisms 
of  equal  bases  and  altitudes.  But  if  HB,  HG,  be  considered  as  bases,  the  solids 
AB,  AG,  of  equal  altitude  AH,  will  be  to  each  other  as  those  bases  HB,  HCL 
But  these  bases  HB,  HG,  being  parallelograms  of  equal  altitude  HE,  are  to 
each  other  as  their  bases  EB,  EG ;  and  therefore  the  two  prisms  AB,  AG,  are 
to  each  other  as  the  lines  EB,  EG.  But  AG  is  equal  CD,  and  EG  equal  FD; 
consequently,  the  prisms  AB,  CD,  are  to  each  other  as  their  altitudes  EB,  FD; 
that  is,  AB  :  CD  ::  EB  :  FIX      Q.  E.  D. 

CoroL  1.  From  this  proposition,  and  the  corollary  to  Prop,  ml,  it  appears, 
that  all  prisms  and  cylinders,  of  equal  bases,  are  to  one  another  as  their  altitudes. 

CoroL  8.  Because,  by  coroL  1,  prisms  and  cylinders  are  as  their  altitudes, 
when  their  bases  are  equal  And,  by  the  corollary  to  the  last  theorem,  they 
are  as  their  bases,  when  their  altitudes  are  equal  Therefore,  universally,  when 
neither  are  equal,  they  are  to  one  another  as  the  product  of  their  bases  an* 
altitudes.  And  hence,  also,  these  products  are  the  proper  numeral  measures  oi 
their  quantities  or  magnitudes. 


/ 


7 


PROP.  VI. 

'are  to  each  other  as  the  cubes  of 
of  any  other  Hhe  linear dimensions. 

Let  ABCD,  EFGH,  be  two  similar  prisms; 
men  will  the  prism  CD  be  to  the  prism  GH,  as 
AB?  to  EF9,  or  as  AD1  to  EH*. 

For,  the  solids  are  to  each  other  as  the  product 
ef  their  bases  and  altitudes  (Prop.  vn  cor.  8),  that 
Kes  AC.  AD  to  EG.  EH.    But  the  bases,  btJag 

Cl2 


gftifttfi+l^  q) 


*k        j 
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similar  planes,  are  to  each  other  as  the  squares  of  their  like  sides,  that  is, 
AC  to  EG  as  AB9  to  EP;  therefore,  the  solid  CD  is  to  the  solid  GH  ns 
AB9.  AD  to  EP.  EH.  But  BD  and  FH,  being  similar  planes,  have  their  like 
sides  proportional,  that  is,  AB  :  EP  ::  AD  :  EH,  or  AB* :  EP  : :  AD* :  EH*; 
therefore,  AB*.  AD  :  EP.EH  ::  AB9:  EP,  or  ::  AD9  :  EH9;  and  conse- 
quently, the  solid  CD :  solid  GH  ::  AB9  :  EF»  ::  AD9  :  EH9.       Q.  E.  D. 


raop.  vii 

In  a  pyramid,  a  section  parallel  to  the  base  is  similar  to  the  base,  and  these  two 
planes  will  be  to  each  other  as  the  squares  of  their  distances  from  the  vertex* 

Let  ABCD  be  a  pyramid,  and  EFG  a  section  parallel  to 
the  base  BCD,  also  AIH  a  line  perpendicular  to  the  two 
planes  at  H  and  I;  then  will  BD,  EG,  be  two  similar 
planes,  and  the  plane  BD  will  be  to  the  plane  EG  as  AH9 
to  Al9. 

For,  join  CH,  FI.  Then,  because  a  plane  cutting  two 
parallel  planes,  makes  parallel  sections,  therefore  the  plane 
ABC,  meeting  the  two  parallel  planes  BD,  EG,  makes  the 
sections  BC,  EF,  parallel ;— in  like  manner,  the  plane  AC1) 
makes  the  sections  CD,  FG,  parallel.  Again,  because  two  pair  of  parallel  lines 
make  equal  angles,  the  two  EF,  FG,  which  are  parallel  to  BC,  CD,  make 
the  angle  EFG  equal  the  angle  BCD.  And,  in  like  manner,  it  is  shown,  that 
each  angle  in  the  plane  EG  is  equal  to  each  angle  in  the  plane  BD,  and  conse- 
quently those  two  planes  are  equiangular. 

Again,  the  three  lines  AB,  AC,  AD,  making  with  the  parallels  BC,  EF,  and 
CD,  FG,  equal  angles ;  and  the  angles  at  A  being  common,  the  two  triangles 
ABC,  AEF,  are  equiangular,  as  also  the  two  triangles  ACD,  AFG  and  hare 
therefore  their  like  sides  proportional,  namely,  AC :  AF : :  BC :  EF . :  CD :  FG. 
And,  in  like  manner,  it  may  be  shown,  that  all  the  lines  in  the  plane  EG  are 
proportional  to  all  the  corresponding  ones  in  the  base  BD.  Hence,  these  two 
planes,  having  their  angles  equal  and  their  sides  proportional,  are  similar. 

But,  similar  planes  being  to  each  other  as  the  squares  of  their  like  sides,  the 
plane  BD  :  EG  :.  BC* :  EP :  or ::  AC* :  AP,  by  what  is  shown  above.  But 
the  two  triangles  AHC,  AIF,  having  the  angles  H  and  I  right  ones,  and  the 
angle  A  common,  are  equiangular,  and  have  therefore  their  like  sides  propor- 
tional, namely,  AC :  AF ::  AH  :  AI,  or  AC  :  AP : :  AH9  :  AP.  Consequently 
the  two  planes  BD,  EG,  which  are  as  the  former  squares  AC9,  AP,  will  be 
also  as  the  latter  squares  AH9,  AF,  that  is,  BD  :  EG : :  AH9 :  AP. 


p&op.  mi. 

In  a  right  cone  a  section  parallel  to  the  base  is  a  circle;  and  this  section  is  tcUu 
base  as  the  squares  of  their  distances  from  the  vertex. 

Let  ABCD  be  a  right  cone,  and  GHI  a  section  parallel  to 
the  base  BCD ;  then  will  GHI  be  a  circle,  and  BCD,  GHI, 
will  be  to  each  other  as  the  squares  of  their  distances  from 
the  vertex. 

For,  draw  ALF  perpendicular  to  the  two  parallel  planes; 
and  let  the  planes  ACE,  ADE,  pass  through  the  axis  of 
the  cone  AKE,  meeting  the  section  in  the  three  points 
H.  J.  K. 
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Then,  since  the  section  GHI  is  parallel  to  the  hase  BCD,  and  the  planes  CK, 
DK,  meet  them,  HK  is  parallel  to  CE,  and  IK  to  DEL  And  because  the  tri- 
angles formed  by  these  lines  are  equianglar,  KH  :  EC  : :  AK  :  AE  : :  M  :  ED. 
Bat  EC  is  equal  to  ED,  being;  radii  of  the  same  circle ;  therefore,  &  is  also, 
equal  to  KH.  And  the  same  may  be  shown  of  any  other  lines  drawn  1  **i  th« 
noint  K  to  the  circumference  of  the  section  GHI,  which  is  therefore  a  circle. 

Again,  by  similar  triangles.  AL  :  AF  : :  AK  :  AE  or  : :  KI  :  ED,  hence 
AI/ :  AF* : :  KI9 :  ED*;  but,  KI1 :  ED" : :  circle  GHI :  circle  BCD ;  therefore, 
AL» :  AF : :  circle  GHI :  circle  BCD.      Q.  E.  D. 


PROP.    IX. 

If  a  right  cone  BCD  be  cut  by  a  plane  AGK  which  is  parallel  to  a  plane  touching 
the  com  along  the  slant  side  BC,  the  section  AGK  is  a  parabola. 

Let  BCD  be  that  position  of  the  generating  triangle, 
which  is  perpendicular  to  the  cutting  plane  AGK ;  AH 
their  common  section,  which  is  parallel  to  BC.  Draw 
AL  parallel  to  CD.  Then,  since  the  plane  BCD  passes 
through  the  axis,  it  is  perpendicular  to  the  base  CKD 
and  to  every  circular  section  EPF  parallel  to  the  base ; 
it  is  also  perpendicular  to  AGK.  Hence,  the  common 
section  PR  of  the  planes  AGK,  EPF,  is  perpendi- 
cular to  BCD  and  therefore  to  AH  and  EF. 
'  But,  AN  :  NF  ::  BC  :  CD,  which  is  a  constant  ratio, 

therefore  AN  a  NF  a  EN  X  NF  (for  EN  is  equal  and  parallel  to  AL,  and  con- 
slant)  QC  NP  by  the  property  of  the  circle.  Hence,  the  curve  is  a  parabola, 
whose  axis  is  AH.     (See  Conic  Sections,  infra,  Parabola,  Prop.  VII.) 

Cor.  If  L  be  the  latus  rectum  of  the  parabola  GAK,  L  X  AN  =r  NP"  =r 
EN  x  NF- 

L~ENX  AF"  ALXBL~  BIT 


PROP.  X. 


Jf  a  right  cone  BAD  be  cut  by  a  plane  AMP  through  both  slant  sides,  the 

section  is  an  ellipse. 

I^et  BAD  be  that  position  of  the  generating  triangle 
which  is  perpendicular  to  the  cutting  plane  ;  EPF  any 
circular  section.  Draw  MHK  parallel  to  AD  and 
therefore  bisected  by  the  axis  BO. 

Then,    AN  :  EN  ::  AM  :  MK 
NM  :  NF  ::  AM  :  AD; 
.-.  ANx  NM  :  EN  x  NF(NF)  ::  AMf:  AD  x  MK 

which  is  the  property  of  an  ellipse,  one  of  whose  axes 
is  AM  and  the  other  a  mean  proportional  l>etween  AD 
•nd  MK.    (Conic  Sections,  infra,  Ellipse,  Prop.  XII.) 
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PROP.  XI. 


If  a  right  cone  BED  be  cut  through  one  side  BE  bu  a  plane  RAP  which  beam? 
produced  backward*  cuts  the  other  side  DB  produced,  the  section  is  an  hyperbola* 


Let  D6EH  be  any  areolar  section,  BGH  a  triangular  section  throturh  the 
rertex  B  of  the  cone  parallel  to  the  plane  RAP. 

Then,  AN  :  EN  ::  BF  :  EF 
NM  :  ND  ::  BP  :  PD 
.-.     AN  X  NM  :  EN  X  NDCNI*)  ::  BFt  :  EP  X  FD(FH") 
which  is  the  property  of  an  hyperbola,  whose  axis  major  if  AM  and  whose 
conjugate  axis  is  to  AM  as  FH  to  BF. 

Cor.  If  GT,  HT,  be  tangents  to  the  circle  at  G,  H;  and  planes  passing 
through  GT,  HT,  respectively,  touch  the  cone  along  the  lines  BG,  BH ;  also  if 
TBf  the  common  section  of  the  planes,  meet  AM  in  C :  then  the  common  sec- 
tions GO,  CQ,  of  the  plane  RAP  extended  to  meet  the  tangent  planes  are  the 
asymptotes  of  the  hyperbola. 

Draw  BL  parallel  to  DE,  meeting  AM  in  L.  Then  the  axes  of  the  hyperbola 
being  in  the  proportion  of  BF  to  FH,  the  angle  GBH  or  the  equal  angle  OCQ 
is  the  angle  between  the  asymptotes. 

Now,  by  similar  triangles  ALB,  BFE,  and  CLB,  BFT ;  AL  :  CL : :  TP :  FE, 
and  therefore  AC  :  CL  ::  TE  :  FE.  In  like  manner,  by  similar  triangles 
MLB,  BFD,  and  CLB,  BFT;  ML  :  CL : :  TF  :  DF,  and  therefore  CM :  CL :: 
TD  :  DF.  But  by  the  property  of  the  circle,  TE  :  FE  : :  TD  :  DP.  There- 
fore, CA  =  CM.  Hence  C  is  the  centre  of  the  hyperbola,  and  CO,  CQ,  are 
the  asymptotes.    (Conic  Sections,  %i\fra^  Hyperbola,  Prop.  XI L) 

prop.  xir. 
A II  pyramids  and  right  cones  of  equal  bases  and  altitudes  are  equal  to 

Let  ABC,  DEF,  be  any  pyra- 
mids and  cone,  of  equal  bases 
BC,  EF,  and  equal  altitudes  AU, 
DH;  then  will  the  pyramids  and 
cone  ABC  and  DEF,  be  equal. 

For,  parallel  to  the  bases,  and 
at  equal  distances  AN,  DO,  from 
the  vertices,  sup|>ose  the  planes 
IK.  LM%  to  be  drawn. 
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Then,  by  Props,  viu  and  vrii., 

DO*  :  DH«  ::  LM  :  EF, 
and  AN*  :  AG*   ::    IK    :  BC. 

But,  since  AN*,  Ati',  are  equal  to  DO9,  DH*;  therefore,  IK  :  BC  : :  LM  s  EP 
But  BC  is  equal  to  EF,  by  hypothesis ;  therefore,  IK  is  also  equal  to  LM* 

In  the  same  manner,  it  is  shown  that  any  other  sections,  at  equal  distance 
from  the  vertex,  are  equal  to  each  other. 

Since,  then,  every  section  in  the  cone,  is  equal  to  the  corresponding  section 
in  the  pyramids,  and  the  heights  are  equal,  the  solids  ABC,  DEF,  composed  of 
those  sections,  must  be  equal  also.     Q  EL  D. 


PROP.  XIII. 

Every  pyramid  of  a  triangular  base,  is  the  third  part  of  a  prism  of  the  same 

base  and  altitude. 

Let  ABCDEF  be  a  prism,  and  BDEF  a  pyramid,  upon 
the  same  triangular  base  DEF;  then  will  the  pyramid 
BDEF  be  a  third  part  of  the  prism  ABCDEF. 

For,  in  the  planes  of  the  three  sides  of  the  prism,  draw 
the  diagonals  BF,  BD,  CD.  Then  the  two  planes  BDF, 
BCD,  divide  the  whole  prixm  into  the  three  pyramids 
BDEF,  DABC,  DBCF;  which  are  proved  to  be  all  equal 
to  one  another  as  follows : 

Since  the  opposite  ends  of  the  prism  are  equal  to  each  other,  the  pyramid 
whose  base  is  ABC  and  vertex  D,  is  equal  to  the  pyramid  whose  base  is  DEF 
and  vertex  B  (Prop,  xii.j,  bring  pyramids  of  equal  base  and  altitude. 

But  the  latter  pyramid,  whose  base  is  DEF  and  vertex  B,  is  the  same  solid 
as  I  he  pyramid  whose  base  is  BEF  and  vertex  D,  and  this  is  equal  to  the 
third  pyramid,  whose  base  is  BCF  and  vertex  D,  being  pyramids  of  the  same 
altitude  and  equal  bases  BEF,  BCF. 

Consequently,  all  the  three  pyramids  which  compose  the  prism,  are  equal  to 
each  other,  and  each  pyramid  is  the  third  part  of  the  prism,  or  the  prism  is 
triple  of  the  pyramid.     Q.  EL  D. 

Carol.  1.  Every  pyramid,  whatever  its  figure  may  be,  is  the  third  part  of  a 
prism  of  the  same  base  and  altitude ;  since  the  base  of  the  prism,  whatever  be 
its  figure,  may  be  divided  into  triangles,  and  the  whole  solid  into  triangular 
prisms  and  pyramids. 

Cor.  8.  Any  right  cone  is  the  third  part  of  a  cylinder,  or  of  a  prism,  of  equal 
base  and  altitude ;  since  it  has  been  proved  that  a  cylinder  is  equal  to  a  prism, 
and  a  cone  equal  to  a  pyramid,  of  equal   base  and  altitude. 

Scholium. — Whatever  lias  been  demonstrated  of  the  proportionality  of  prisms, 
«r  cylinders,  holds  equally  true  of  pyramids  or  cones, — the  former  being 
always  triple  the  latter;  viz.  that  similar  pyramids  or  cones,  are  as  the  cubes  ol 
their  like  linear  sides,  or  diametari,  or  altitudes,  &c 
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If  it  tphere  be  cut  by  a  plane,  the  tectum  will  be  a  circle. 

Became  the  radii'  of  the  sphere  are  all  equal,  each  of  then  beiag  gqtsi  f 
the  radius  of  the  describing  semicircle,  it  ia  evident  that  if  the  tactioa  saw 
through  the  centre  of  the  sphere,  then  the  distance  from  the  centre  to  awry 
point  in  the  periphery  of  that  lection  will  be  equal  to  the  radius  of  the  eaten, 
and  the  section  will  therefore  be  a  circle  of  the  tame  radios  at  the  aaWia 
Hut  if  the  plane  do  Dot  pate  through  the  centre,  oraw  a  perpendicakr  la  i 
from  the  centre,  and  draw  any  number  of  radii  of  the  sphere  to  the  aaaWtariai 
of  ita  surface  with  the  plane;  then  theee  radii  are  evidently  the  hjjimhinasd 
of  a  corresponding  number  of  right-angled  triangles,  which  hare  theprreeneV 
cular  from  the  centre  on  the  plane  of  the  section,  aa  a  common  side;  em*- 
quently  their  other  aidea  are  all  equal,  and  therefore  the  section  of  the  a) 
by  the  plane  is  a  circle,  whoae  centre  Is  the  point  in  which  the  p> 
cuts  the  plane. 

Cor.   If  two  spheres  intersect  one  another,  the  c 

ScBOUtna. 
All  the  sections  through  the  centre  are  equal  to  one  another,  tad  tie 
greater  than  any  other  section  which  doe*  not  pasa  through  the  centre.  Sta- 
tions through  the  centre  are  called  great  circlet,  and  the  other  sectwnsansf 
or  tea  circlet.  Also,  a  straight  line  drawn  through  the  centre  of  a  eatW  «f 
the  sphere  perpendicular  to  the  plane  of  the  circle  ia  a  diameter  of  tat  spim, 
and  (he  eitremitic*  of  this  diameter  are  called  the  pole*  of  the  cards.  Bsesi 
it  is  evident  that  the  area  of  great  circlet  between  the  pole  and  areaastsnnaf 
are  equal,  for  the  chorda  drawn  ia  the  sphere  from  either  pole  of  a  drdt » 
the  circumference  are  all  equal. 


Entry  tphere  it  tioo-lhadt  ofitt  tiratnucribiitg  cylinder. 

Let  A  BCD  bo  a  cylinder  circumscribing  the  sphere 
EFGH;  then  will  the  sphere  EFGH  be  two-thirds  of 
the  cylinder  ABCD.  For  let  the  plane  AC  be  a  section 
of  the  sphere  and  cylinder  through  the  centre  1,  and  join 
AI,  Bl.  Let  F1H  be  parallel  to  AD  or  BC,  and  EIG 
and  KL  parallel  to  AB  or  DC.  the  base  of  the  cylinder; 
the  latter  line  KL  meeting  BI  in  H,  and  the  circular      *  a       ■ 

section  of  the  sphere  in  N. 

Then,  if  the  whole  plane  HFBC  be  conceived  to  revolve  aboet  la*  1st 
H  F  aa  an  axis,  the  square  FO  will  describe  a  cylinder  AG,  and  the  qsainst 
1FG  will  describe  a  hemisphere  EFG,  and  the  triangle  IFB  will  dwtriwr 
cono  [AB.  Also,  in  the  rotation,  the  three  linea.  or  perta,  KL,  KN.lMLat 
radii,  will  describe  corresponding  circular  sections  of  these  solids,  ris.  W,' 
section  of  the  cylinder,  KN  a  section  of  the  sphere,  and  KM  a  aecnoaoftat 
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Now,  FB  being  equal  to  FI,  or  IG,  aud  KL  parallel  to  FB,  then  by  similar 
triangles  1K=KM  (Geom.  Theor.  82),  and  IKN  is  a  right-angled  triangle; 
hence  IN*  is  equal  to  IK*+KN*  (Theor.  84).  But  KL  is  equal  to  the  radius 
IG  or  IN,  and  KM=IK;  therefore  KL*  is  equal  to  KM*+KN8,  or  the  square 
of  the  longest  radius  of  the  said  circular  sections,  is  equal  to  the  sum  of 
the  squares  of  the  two  others.  Now  circles  .are  to  each  other  as  the  squares 
of  their  diameters,  or  of  their  radii,  therefore  the  circle  described  by  KL  is 
equal  to  both  the  circles  described  by  KM  aud  KN;  or  the  section  of  the 
cylinder  is  equal  to  both  the  corresponding  sections  of  the  sphere  and  cone. 
And  as  this  is  always  the  case  in  every  parallel  position  of  KL,  it  follows 
that  the  cylinder  EB,  which  is  composed  of  all  the  former  sections,  b  equal 
to  the  hemisphere  EFG  and  cone  IAB,  which  are  composed  of  all  the  latter 
sections. 

But  the  cone  IAB  is  a  third  part  of  the  cylinder  EB  (Prop.  XIII.  Cor.  2) 
consequently  the  hemisphere  EFG  is  equal  to  the  remaining  two-thirds, 
or  the  whole  sphere  EFGH  is  equal  to  two-thirds  of  the  whole  cylinder* 
A  BCD. 

Corol.  I.  A  cone,  hemisphere,  and  cylinder  of  the  same  base  and  altitude 
are  to  each  other  as  the  numbers  1,  2,  &. 

Corol.  2.  All  spheres  are  to  each  other  as  the  cubes  of  their  diameters;  all 
these  being  like  parts  of  their  circumscribing  cylinders. 

Corol.  3.  From  the  foregoing  demonstration  it  appears  that  the  spherica 
zone  or  frustum  EGNP  is  equal  to  the  difference  between  the  cylinder  EGLO 
and  the  cone  IMQ,  all  of  the  same  common  height  IK.      And  that  the 
spherical  segment  PFN  is  equal  to  the  difference  between  the  eylinder  ABLO 
and  the  conic  frustum  AQMB,  all  of  the  same  common  altitude  FK. 

Scholium. 

By  the  scholium  to  Prop.  XIII.  we  have 

cone  AIB:cone  QIM::  IF3;1K3  ::    FH3 :  (FH-2FK)* 
.•   cone  AlB:  frustum  ABMQ::    FH3:   FH3— (FH— 2FK)3 

: :   FH3 :  6FH*FK— 12FH.FK*+8FK*j 
but  cone  AIB  =  one-third  of  the  cylinder  ABGE;  hence 

cylinder  AG :  frustum  ABMQ : :  8FH3 :  6FH\FK-12FH.FK2+8FK» 
Now  cylinder  AL  :  cylinder        AG  : :   FK   :    FI 

.-.  cylinder  AL  :  frustum  ABMQ  :  :6FH*  :6FH«—  12FH.FK+8FK1 
.-.  cylinder  AL  :  segment     PFN  : :  6FH*  :  12FH.FK— 8FK«,  dividendo 

::?FH*:FK(8FH-2FK). 

But  cylinder  AL  =  circular  base  whose  diameter  is  AB  or  FH  multiplied  bj 
the  height  FK;  hence  cylinder  AL=  circle  EFGHxFK. 

.%  segment  PFN  =  J  .  ^j^^FH^FKJFK*. 
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DEFINITIONS. 

1.  A  spubrb  la  a  solid  terminated  by  a  curve  surface,  and  is  such  that  all  the* 
points  of  the  surface  are  equally  distant  from  an  interior  point,  which  is  called 
the  centre  of  the  sphere. 

We  may  conceive  a  sphere  to  be  generated  by 
the  revolution  of  a  semicircle  APB  about  its  dia- 
meter AB  *,  for  the  surface  described  by  the  motion 
of  the  curve  ABP  will  have  all  its  points  equally 
distant  from  the  centre  O 


2.  The  radius  of  a  sphere  is  a  straight 
drawn  from  the  centre  to  any  point  on  the  sur- 
face. 

The  diameter  or  axis  of  a  sphere  is  a  straight  line 
drawn  through  the  centre,  and  terminated  both 
ways  by  the  surface. 

It  appears  from  Def.  1,  that  all  the  radii  of  the  same  sphere  are  equal IUM* 
that  all  the  diameters  are  equal,  and  each  double  of  the  radius. 

3.  It  will  be  demonstrated,  (Prop,  l),  that  every  section  of  a  sphere,  made  by 
a  plane,  is  a  circle ;  this  being  assumed, 

A  great  circle  of  a  sphere  is  the  section  made  by  a  plane  passing  through  the 
centre  of  the  sphere. 

A  small  circle  of  a  sphere  is  the  section  made  by  a  plane  which  does  not  pass 
through  the  centre  of  the  sphere. 

4.  The  pole  of  a  circle  of  a  sphere  is  a  point  on  the  surfaoe  of  the  sphere 
equally  distant  from  all  the  points  in  the  circumference  of  that  circle. 

It  will  be  seen,  (Prop.  n.\  that  all  circles,  whether  great  or  small,  have  two 
poles. 

5.  A  spherical  triangle  is  the  portion  of  the  surface  of  a  sphere  included  by 
the  arcs  of  three  great  circles. 

6.  These  arcs  are  called  the  sides  of  the  triangle,  and  each  is  supposed  to  be 
less  than  half  of  the  circumference. 

7.  The  angles  of  a  spherical  triangle  are  the  angles  contained  between  the 
planes  in  which  the  sides  lie. 

8.  A  plane  is  said  to  be  a  tangent  to  a  sphere,  when  it  contains  only  one  feint 
in  common  with  the  surface  of  the  sphere. 
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PROP.   I. 

Every  section  of  a  tphac  made  by  a  plane  ii  a  circle* 

Let  AZBX  be  a  sphere  whose  centre  is  O. 

Let  XPZ  be  a  section  made  by  the  plane  XZ. 

From  O  draw  OC  perpendicular  to  Uie  plane  X2L 

In  XPZ  take  any  points  Pi,  P«,  Ptf 

Join  CP,;CP,;CP,; also,  OPi;  OPt; 

OP,; 

Then,  since  OC  is  perpendicular  to  the  plane 
XZ,  it  will  be  perpendicular  to  all  straight  lines 
passing  through  its  foot  in  that  plane.  (Geometry 
of  Planes.) 

Hence,  the  angles  OCPj,  OCPt,  OCPa, are  right  angles, 

OPi1  =  CP,'  +  OC« 
OP,f  =  CP,'  +  OC1 
OPt»    =    CPt«  +  OO 


•  • 


But,  since  Pi,  Pg»  Pi, are  all  points  upon  the  surface  of  the  sphere, 

.  by  Dc£  1,  OP!  =  OPi  =  OP,  = 


CPi  =  CPt  s  CP, 


Hence,  XPZ  is  a  circle  whose  centre  is  C,  and  every  other  section  of  a  sphere 
made  by  a  plane  may,  in  like  manner,  be  proved  to  be  a  circle. 

Cor.  1.  If  the  plane  pass  through  the  centre  of  the  sphere,  then  OC  =r  o,  and 
the  radius  of  the  circle  will  be  equal  to  the  radius  of  the  sphere. 

Cor.  2.  Hence,  all  great  circles  are  equal  to  one  another,  since  the  radius  of 
each  is  equal  to  the  radius  of  the  sphere. 

Cor.  3.  Hence,  also,  two  great  circles  always  bisect  each  other,  for  their  com- 
mon intersection  passing  through  the  centre  is  a  diameter. 

Cor.  4.  The  centre  of  a  small  circle  and  that  of  the  sphere,  are  in  a  straight 
line,  which  is  perpendicular  to  the  plane  of  the  small  circle. 

Cor.  5.  We  can  always  draw  one,  and  only  one,  great  circle  through  any 
two  points  on  the  surface  of  a  sphere,  for  the  two  given  points  and  the  centre 
of  the  sphere  give  three  points,  which  determine  the  position  of  a  plane. 

If,  however,  the  -two  given  points  are  the  extremities  of  a  diameter,  then 
these  two  points  and  the  centre  of  the  sphere  are  in  the  same  straight  line,  and 
an  infinite  number  of  great  circles  may  be  drawn  through  the  two  points. 

Distances  on  the  surface  of  a  sphere  are  measured  by  the  arcs  of  great  cir- 
cles. The  reason  for  this  is,  that  the  shortest  line  which  can  be  drawn  upon  the 
surface  of  a  sphere,  between  any  two  points,  is  the  arc  of  a  groat  circle  joining 
them. 
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If  a  dinmetrr  be  drawn  perpendiculnr  to  the  plane  of  a  great  circle,  tit*  txtre- 
mitie*  of  t/ie  diameter  will  be  the  poles  of  that  circle,  and  of  all  the  small  circle* 
whose  plane*  are  parallel  to  it. 

Let  AFB  be  *  great  circle  of  the  sphere  whose 


Then,  Z  and  N,  the  extremities  of  this  diameter, 
are  the  poles  of  the  great  circle  APB,  and  all  the 
small  circles,  such  as  apb,  whose  planes  ore  paral- 
lel to  that  of  APB. 

Take  any  points  Pi,  P,, in  the  circum. 

fere  nee  of  A  PR 

Through  each  of  these  points  respeclirely,  and  the  paints  Z  and  N,  dew-ribe 
great  circles,  ZP,N,  ZP.N. 

Join  OP,,  0P„ 

Then,  since  ZO  is  perpendicular  to  the  plane  of  APB,  it  is  perpendicular  to 
all  the  straight  lines  UI*i,  OP,, drawn  through  its  foot  in  that  plane. 

Hence,  all  the  angles  ZOPi,  ZUP are  tight  angles,  and    .-.    the 

ins  Zl'i,  ZPt, i  are  quadrants. 

Thus,  it  appears  that  the  points  Z  and  N  are  equally  distant  from  all  the 
points  in  the  circumference  of  APB,  and  are  .',  the  poke  of  that  great  circle. 

Ap-nin,  since  ZO  is  perpendicular  to  the  plane  APB,  it  hi  also  perpendicular 
to  ihe  plane  upb,  which  is  parallel  to  the  former. 

Hence,  the  oblique  lines  Zpt,  Zpt, .....  drawn  to  pi,  p%,  in  the  curcnm- 
ference  of  apb,  will  be  equal  to  each  other.     (Geometry  of  Planes.) 

.-.  The  chords  Z/>,,  Z/i,, being  equal,  the  area  Zpt,  Zpt 

which  they  subtend,  will  also  be  equal. 

.'.  The  point  Z  is  the  pole  of  the  circle  apb ;  and,  for  the  same  reason,  the 
point  N  is  also  a  pole. 

Cor.  I.  Every  arc  P,Z  drawn  from  a  point  in  the  circumference  of  a  greet 
rirrle  to  its  pole,  is  a  quadrant,  and  this  arc  P,Z  makes  a  right  angle  with  the 
arc  AP,B.  For,  the  straight  line  ZO  being  perpendicular  to  Ihe  plane  APB, 
every  plane  which  passes  through  this  straight  line  will  be  perpendicular 
lo  the  plane  APB  (Geometry  of  Planes);  hence,  the  angle  between  these 
planes  is  a  right  angle,  or,  by  (Def.  7),  the  angle  of  the  arcs  APi  and  ZP,  is  a 
ri;>lit  angle. 

Cor.  2.  In  order  to  find  the  pole  of  a  giren  arc  APi  of  a  great  circle,  take 
r,Z  equal  to  a  quadrant,  and  perpendicular  to  APb  the  point  Z  will  be  a  pole 
m'  the  ant  AP, ;  or,  from  the  points  A  and  P,  draw  two  area  AZ  and  P,Z  per- 
pendicular to  APi,  the  point  Z  in  which  they  meet  is  a  pole  of  AP|. 

Cor.  3.  Reciprocally,  if  the  distance  of  the  point  Z  from  each  of  the  points 
A  and  P|  is  equal  to  a  quadrant,  then  the  point  Z  is  the  pole  of  APi ,  and  each 
of  the  angles  ZAP,,  ZP,A,  is  a  right  angle. 

For,  let  0  be  the  centre  of  the  sphere,  draw  the  radii  OA,  OP„  OZ; 

Then,  since  the  angles  A  HZ,  P,OZ,  are  right  angles,  the  straight  Una  OZ 
perpend  Millar  to  the  straight  lines  OA,  (IP,,   and  is  .*.  perpendicular  to  that 
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plane ;  hence,  by  Prop.,  the  point  Z  is  the  pole  of  APj,  and  .*.  the  angle  ZAP* 
Zl'jA,  are  right  angles. 

Cor.  4.  Great  circles,  such  as  ZA,  ZPlf  whose  planes  are  at  right  angles  t<! 
the  plane  of  another  great  circle,  as  APB,  are  called  its  secondaries  ;  and  it  ap 
pears  from  the  foregoing  corollaries,  that, 

1.  The  planes  of  all  secondaries  pass  through  the  axis,  and  their  circumfer 
enoes  through  the  poles  of  their  primary ;  and  that  the  poles  of  any  great  circle 
may  always  be  determined  by  tbe  intersection  of  any  two  of  its  secondaries. 

2.  The  arcs  of  all  secondaries  intercepted  between  the  primary  and  its  poles 
are  =  90°. 

3.  A  secondary  bisects  all  circles  parallel  to  its  primary. 

Cor.  5.  Let  the  radius  of  the  sphere  =  R,  radius  of  small  circle  parallel  to  it 
=.  a    Distance  of  two  circles,  or  Oo  =  & 
Join  Op  i,  arc  Pipi  =  <p* 

R«    =    r9  +  * 

r     =    Rcos.  0 
&      =    Rsin.  0 

Cor.  &  Two  secondaries  intercept  similar  arcs  of  circles  parallel  to  their 
primary,  and  these  arcs  are  to  each  other  as  the  cosines  of  the  arcs  of  the  se- 
condaries between  the  parallels  and  the  primary. 

For  the  arcs  of  the  parallels  subtend  at  their  respective  centres,  angles  equal 
to  the  inclinations  of  the  planes  of  the  secondaries,  and  these  arcs  will  therefore 
be  similar. 

Also,  if  rt,  rt,  be  the  radii  of  two  small  parallels,  the  rest  of  notation  as 
before, 


circumference  p%  p9    

circumference  q%qt 


whole  circumference  of  1st 
whole  circumference  of  3d 

r% 

B  cos.  0 

It  cos.  qf 


cos.  <p 
cos.  qf 


prop.  in. 

Every  plane  perpendicular  to  a  radius  at  Us  extremity,  is  a  tangent  to  the 

sphere  in  that  point 

Let  ZXY  be  a  plane  perpendicular  to  the  radius 
OZ. 

Then,  ZXY  touches  the  sphere  in  Z. 

Take  any  point  P  in  the  plane,  join  ZP;  OP, 

Then,  since  OZP  is  a  right  angled  triangle, 

%  The  side  OP  is  7  side  OZ. 

Hence,  the  point  P  is  without  the  sphere ;  and, 
in  like  manner,  it  may  be  shown,  that  every  point 
in  XYZ,  except  Z,  is  without  the  sphere. 

Therefore,  the  plane  XYZ  is  a  tangent  to  the 
sphere. 
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The  angle,  formed  by  two  arc*  of  great  circlet,  it  equal  to  At  angle  contained  by 
the  tangent*  drawn  to  thtse  arct  at  their  point  of  intcrtection,  and  u  measured 
by  the  art:  detcribed  from  their  point  of  rmteriedion  or  pole,  intercepted  uy 


,  is  perpendicular  t 


Let  ZPN,  ZQN,  arcs  of  great  circles,  intersect 
inZ. 

Draw   ZT,    ZT,    tangents   to   the   arts   at   the 
point  Z. 

With  Z  as  pole,  describe  the  arc  PQ. 

Take  0  the  centre  of  the  sphere,  and  join  OP, 
OQ. 

Then,  the  spherical  angle  PZQ  is  equal  to  the 
angle  TZT,  and  is  measured  by  the  are  PQ. 

For  the  tangent  ZT  drawn  in  the  plane  ZPN,  Is 
perpendicular  to  radius  OZ. 

And  the  tangent  ZT  drawn  in  the  plane  ZQN, 
dius  OZ. 

Hence,  the  angle  TZT  is  equal  to  the  angle  contained  by  these  two  planes, 
that  is,  to  the  spherical  angle  i'ZQ.     (Ueom.  of  Planes). 

Again,  since  the  area  ZP,  ZQ,  are  each  of  them  equal  to  a  quadrant; 

.'.  Koch  of  the  angles  ZOP,  ZOQ,  is  a  right  angle, 

.-.  The  angle  QOP  is  the  angle  contained  by  the  planes  ZPN,  ZQN,  and  is 
=  TZT. 

.'.  The  arc  PQ,  which  measures  the  angle  POQ,  measures  the  angle  between 
the  planes,  that  is,  the  spherical  angle  PZQ. 

Cor.  1.  The  angle  under  two  great  circles  is  measured  by  the  distance  be- 
tween their  poles.  For  the  axis  of  the  great  circles  drawn  through,  their  poles 
being  perpendicular  to  the  planes  at  the  circles,  the  angles  under  these  axes 
will  be  equal  to  the  angle  between  the  tardea ;  but  the  angle  under  the  axes  it 
obviously  measured  by  the  arc  which  joins  their  extremities,  that  is,  by  the  dis- 
tance between  their  poles. 

Cor.  2.  The  angle  under  two  great  circles  is  measured  by  the  arc  of  a  com- 
mon secondary  intercepted  between  them. 

For,  since  the  secondary  passes]  through  the  poles  of  both,  taking  away  from 
the  equal  quadrants  of  the  secondary  between  each  circle  and  its  pels,  the  com- 
mon arc  intercepted  between  one  circle  and  the  pole  of  the  other,  the  remain- 
ders are  the  intercept  of  the  common  secondary  between  the  two  circles,  and 
the  distance  between  their  poles,  and  these  are  therefore  equal.  Bat  the  kttsr 
Is,  by  the  last  Cor.,  the  measure  of  the  angle. 


Cor.  3.  Vertical  spherical  angles,  such  as  QPW, 
QPS,  are  equal,  for  each  of  them  hi  Uw  angle 
formed  by  the  planes  QPS,  Wl'R, 

1 

Also,  when  two  arcs  cut  each  other,  the  two 
adjacent  angles  QPW,  QPK,  when  taken  bag*. 
titer,  are  always  equal  to  twe  right  snglaa 
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PROP.   ▼ 

If  from  the  angular  points  of  a  spherical  triangle  considered  as  poles,  three 
arcs  he  described  forming  another  triangle,  then,  reciprocally,  the  angular  points 
of  this  last  triangle  will  be  the  poles  of  the  sides  opposite  to  them  in  the  first 

Let  ABC  be  a  spherical  triangle. 

From  the  points  A,  £,  C,  considered  as  poles, 
describe  the  arcs  B'C,  A'C,  AW,  forming  the 
spherical  triangle  A'B'C. 

Then,  A'  will  be  the  pole  of  BC,  B'  of  AC,  and 
Oof  AR 

For,  since  B  is  the  pole  of  A'C,  the  distance 
from  B  to  A'  is  a  quadrant 

And,  since  C  is  the  pole  of  K'W,  the  distance 
from  C  to  A'  is  a  quadrant 

Thus,  it  appears  that  the  point  A'  is  distant  by  a  quadrant  from  the  points 
B  and  C. 

.*.  A'  is  the  pole  of  the  arc  BC 

Similarly,  it  may  be  shown  that  &  is  the  pole  of  AC,  and  C  the  pole  of  AB. 


PROP.  VL 


The  same  things  being  given  as  in  the  last  proposition,  each  angle  in  either 


of  the  triangles  will  be  measured  by  the  supplement  of  the  side  opposite  to  it 
in  the  other  triangle* 

Produce  the  sides  of  the  first  triangle  to  D,  E* 
F,  6,  H,  K. 

Then,  since  A  is  the  pole  of  B'C,  the  angle  A 
is  measured  by  the  arc  ETC 

For  the  same  reason,  the  angles  B  and  C  are 
measured  by  the  arcs  DH  and  F6  respectirely* 

Because  Bf  is  the  pole  of  FK,  the  arc  B'K  is  a 
quadrant 

Because  C  is  the  pole  of  DE,  the  arc  CE  Is  a 
quadrant 

.\    FK  +  CE    s    180* 
or,         B'C  +  EK    =     IBff 

.-.      EK    =    180»  —  B'C 
Similarly,  DH    =     180°—  A'C 

FG     =     180°  —  AT& 

But  the  arcs  EK,  DH,  FG,  are  the  measures  of  the  angles  A,  B,  C,  respec- 
tively, .-.  180°  —  B'C,  180°  —  A'C,  180°  —  A'B',  or  the  supplements  of  &Of 
A'C,  and  A'P,  are  the  measures  of  these  angles 

Again,  since  A'  is  the  pole  of  HG,  the  angle  A'  is  measured  by  GH. 
For  the  same  reason,  the  angles  B',  C,  are  measured  by  the  arcs  FK  and 
DE  respectively. 
Because  B  is  the  pole  of  A'C,  the  arc  BH  is  a  quadrant 
Because  C  is  the  pole  of  A  B\  the  arc  CG  is  a  quadrant 
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.%     BH  +  CG  =  180« 

or,        GH  +  BC  =  180° 

.%      GH  =  180°  — BC 

Similarly,  FK  =  180°  —  AC 

DE  =  180°  — AB 

And  GH,  FK,  DE,  are  the  measures  of  the  angles  A',  B',C,  respectively. 
These  triangles  ABC,  A'B*C,  are,  from  their  properties,  usually  called  Polar 
r,  or  Supplemental  triangle* 


PROP.  TIL 

2»  amy  spherical  triangle  any  one  tide  is  leu  than  the  stem  ofth 

Let  ABC  be  a  spherical  triangle,  O  the  centre 
of  the  sphere.    Draw  the  radii  OA,  OB,  OC. 

Then  the  three  plane  angles  AOB,  AOC,  BOG, 
form  a  solid  angle  at  the  point  0,  and  these  three 
angles  are  measured  by  the  arcs  AB,  AC,  BC 

But  each  of  the  plane  angles  which  form  the 
solid  angle,  is  less  than  the  sum  of  the  two  others. 

Hence  each  of  the  arcs  AB,  AC,  BC,  which 
measures  these  angles,  is  less  than  the  sum  of  the 
two  others. 


prop.  nil. 

The  sum  of  the  three  sides  of  a  spherical  triangle  is  less  than  the  circumference 

of  a  great  circle. 

Let  ABC  be  any  spherical  triangle. 
Produce  the  sides  AB,  AC,  to  meet  in  D. 
Then,  since  two  great  circles  always  bisect  each 
other  (Prop.  1,  cor.)  the  arcs  ABD,  ACD,  are 
semicircles. 

Now,  in  the  triangle  BCD, 

BC  ^  BD  +  DC,  by  Prop,  til; 
.-.  AB-f  AC  +  BC  -^  AB  +  BD  +  AC  +  DC 

^L  ABD  +  ACD 
^L  circumference  of  great  circle. 
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Thsre  are  three  curves,  whose  properties  are  extensively  applied  in  Mathema- 
tical investigations,  which,  being  the  sections  ot*  a  cone  made  by  a  plane  in  difc 
fount  positions,  are  called  the  Conic  Sections  (see  page  437).    These  are, 

1.  Thb  Parabola. 

2.  Thb  Ellipse. 

3.  Thb  Hyperbola. 

Before  entering  upon  the  discussion  of  their  properties,  it  may  be  useful  to 
enumerate  the  more  useful  theorems  of  proportion  which  have  been  proved  in 
the  treatises  on  Algebra  and  Geometry,  or  which  are  immediately  deducible 
from  those  already  established.  For  convenience  in  reference,  they  may  be 
arranged  in  the  following 

TABLE. 


If 

A 

i      B 

:: 

C       I 

:       D 

Then 

A 

:      C 

:x 

B 

D 

Or 

B 

:      A 

:: 

D 

i       C 

... 

A+B 

B 

:: 

C+D 

D 

... 

A  — B 

B 

•  • 

C  — D  : 

D 

... 

A 

A+B 

1:: 

C       : 

,   C  +  D 

... 

A 

\  A  —  B 

:: 

C 

:   C  —  D 

... 

A  +  B: 

A_B 

:: 

C+D  : 

C  — D 

•  •• 

mA    : 

n:B 

»C 

:      »D 

••• 

mA    i 

nB 

•  • 

mC 

:      »D 

A 

B 

•  • 

C 

D 

... 

m 

mm 

m 

. . 

n 

n 

A 

B 

•  • 

C 

D 

•*• 

• 

m 

n 

•  • 

m 

it 

••• 

An     : 

Bn 

•  • 

C*       « 

D* 

Akoif  A       : 

B 

•  • 

•  • 

D 

E 

And 

B       : 

C 

E 

i      F 

Then 

A 

,     C 

D 

:      F 

And  if  A       : 

B 

E       . 

,     F 

And 

B       : 

C 

:: 

D 

E 

Then 

A       ; 

C 

D 

\      F 

If 

A       : 

B 

•  • 

G       i 

D 

And 

E       s 

,    F 

•  • 

G       i 

H 

And 

K      : 

L 

•  • 

M 

N 

TbenA.ELK  : 

B.F.L 

:: 

UuJ: 

i  D.RN 

r  r 

450 


CONIC  SECTIONS 


PARABOLA. 


DEFINITIONS. 

1.  A  Parabola  is  a  plane  curve,  such,  that  if  from  any  point  in  the  carve  two 
straight  lines  be  drawn ;  one  to  a  given  fixed  point,  the  other  perpendicular  to 
a  straight  line  given  in  position :  these  two  straight  lines  will  always  be  equal  to 
one  another. 

2.  The  given  fixed  point  is  called  the  focus  of  the  parabola. 

3.  The  straight  line  given  In  position,  is  called  the 
rabola, 


of  the  pa* 


Thus,  let  QAq  be  a  parabola,  S  the 
Nn  the  directrix ; 

Take  any  number  of  points,  Pi,  P»9  P8, 
in  the  curve; 

Join  S,  P,;  S,  P, ;  S,  P.; and  draw 

P,Nlt  P8Nt,  P,Nj,  perpendicular 

to  the  directrix ;  then 

SFt=PiNiv    SPg=PtN,,    SP8  = 
PaN,, 


4.  A  straight  line  drawn  perpendicular  to 

the  directrix,  and  cutting  the  curve,  is  called  a  diameter;  and' the  point  In 
which  it  cuts  the  curve  is  called  the  vertex  of  the  diameter. 

5.  The  diameter  which  passes  through  the.  focus  is  called  the  axis,  and  the 
point  in  which  it  cuts  the  curve  is  called  the  principal  vertex. 

Thus:  draw  NiPi  Wi,    N,PtWf,   N|Pt' 

Ws ,  K  ASX,  through  the  points  P> ,  Pt ,  Pi , 
S,  perpendicular  to  the  directrix;  each  of 
these  lines  is  a  diameter;  Pi ,  Ps ,  P| ,  A,  are 
the  vertices  of  these  diameters ;  ASX  is  the  axis 
of  the  parabola,  A  the  principal  vertex. 

6.  A  straight  line  which  meets  the  curve  in 
any  point,  but  which,  when  produced  both 
ways,  does  not  cut  it,  is  called  a  tangent  to  the 
curve  at  that  point. 

7.  A  straight  line  drawn  from  any  point  in  the  curve,  parallel  to  the  tangent 
at  the  vertex  of  any  diameter,  and  terminated  both  ways  by  the  curve,  if  called 
an  ordinate  to  that  diameter. 

a  The  ordinate  which  passes  through  the  focus,  If  caDed  the 
that  diameter. 
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9.  The  part  of  a  diameter  intercepted  between  its  vertex  and  the  point  in 
which  it  is  intersected  by  one  of  its  own  ordinates,  is  called  the  abscissa  of  the 
diameter. 

10.  The  part  of  a  diameter  intercepted  between  one  of  its  own  ordinates  and 
its  intersection  with  a  tangent,  at  the  extremity  of  the  ordinate,  is  called  the 
sub-tangent  of  the  diameter. 

Thus :  let  TPf  be  a  tangent  at  P,  the  ver- 
tex of  the  diameter  PW. 

From  any  point  Q  in  the  curve  draw  Qq 
parallel  to  Tf  and  catting  PW  in  v.  Through 
S  draw  RSr  parallel  to  Tfc 

Let  QZ,  a  tangent  at  Q,  cat  WP,  produced 
inZ. 

Then  Qq  is  an  ordinate  to  the  diameter 
PW;   Ur  is  the  parameter  of  PW. 

Fv  is  the  abscissa  of  PW,  corresponding  to 
the  point  Q. 

vL  is  the  sub-tangent  of  PW,  corresponding  to  the  point  Q. 

1 1.  A  straight  line  drawn  from  any  point  in  the  curve,  perpendicular  to  the 
axis,  and  terminated  both  ways  by  the  curve,  is  called  an  ordinate  to  the  axis. 

12.  The  ordinate  to  the  axis  which  passes  through  the  focus  is  called  the 
principal  parameter,  or  lotus  rectum  of  the  parabola. 

13.  The  part  of  the  axis  intercepted  between  its  vertex  and  the  point  in 
which  it  is  intersected  by  one  of  its  own  ordinates,  is  called  the  abscissa  of  the 
axis. 

14.  The  part  of  the  axis  intercepted  between  one  of  its  own  ordinates,  and  it* 
intersection  with  a  tangent  at  the  extremity  of  the  ordinate,  is  called  the  sub- 
tangent  of  the  axis. 

Thus :  from  any  point  P  in  the  curve  draw 
Pp  perpendicular  to  AX  and  cutting  AX  in 
M.  Through  S  draw  LSI  perpendicular  to 
AX. 

Let  PT,  a  tangent  at  P,  cut  XA  produced 
SnT. 

Then,  Pp  is  an  ordinate  to  the  axis ;  U  is 
the  latus  rectum  of  the  curve. 

AM  is  the  abscissa  of  the  axis  corresponding 
to  the  point  P. 

MT  is  the  sub-tangent  of  the  axis  corresponding  to  the  point  P. 

It  will  be  proved  in  Prop.  3,  that  the  tangent  at  the  principal  vertex  is  per- 
pendicular to  the  axis ;  heuce,  the  four  last  definitions  are  in  reality  included 
in  the  four  which  immediately  precede  them. 

Cor.  It  is  manifest  from  def.  1,  that  the  parts  of 'the  curve  on  each  side  of 
the  axis  are  similar  and  equal,  and  that  every  ordinate  Pp  is  bisected  by  the 


axis. 


rr2 
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15.  If  a  tangent  be  drawn  at  any  point*  and  a  straight  line  be  drat 
the  point  of  contact  perpendicular  to  it,  and  terminated  by  the  cm 
straight  line  is  called  a  normal. 

16.  The  part  of  the  axis  intercepted  between  the  intersections  of  the 
and  the  ordinate,  is  called  the  sub-normaL 


Thus:  let  TF  be  a  tangent  at  any  point 
P. 

From  P  draw  PG  perpendicular  to  the  tan* 
gent,  and  PM  perpendicular  to  the  axis. 

Then  PG  is  the  normal  corresponding  to 
the  point  P;  MG  is  the  sub-normal  corres- 
ponding to  the  point  P. 


raop.  x. 


The  distance  of  the  focus  from  any  point  m  the 
the  abscissa  of  the  axis  corresponding  4$}  that  point, 
fxus  to  the  vertex.    That  is, 


is  equal  to  As 
the  distant*  Ji 


SP    =    AM-f  AS. 


For, 


SP  =  PN  by  Def.  (1) 

=  KM  v  NM  is  a  parallelogram. 

=  AM+ AK 

=  AM  +  AS  v  AK  =  AS,  by  DeC  (l> 


raor.  zx. 


The  lotus  rectum  is  eaual  to  four  tunes  the  distance  from  the  fit** 
vertex.    That  is, 


II    s    4A& 


For, 


U   s 


tLS,  De£(HO<x*> 

s    9LN 

s    2SK 

—    4  AS    vAS=-AK. 


PARABOLA. 


453 


mop.  in. 
To  draw  a  tangent  ta  the  parabola  at  any  point 

Let  P  be  the  given  point. 

Join  S,  P ;  draw  PN  perpendicular  to  the 
directrix. 

Bisect  the  angle  SPN  by  the  straight  line 
Tt 

Tt  is  a  tangent  at  the  point  P. 

For  if  Tt  be  not  a  tangent,  let  Tt  cat  the 
carve  in  some  other  point  p. 

Join  S,  p  ;  draw  pn  perpendicular  to  the  di- 
rectrix ;  join  S,  N. 

Since  SP  =  PN,  PO  common  to  the  tri- 
angles SPO,  NPO,  and  angle  SPO  =  angle  NPO  by  construction, 

A  SO  =  NO,        and  angle  SOP  =  angle  NOP. 

Again,  since  SO  =  NO,  Op  common  to  the  triangles  SOp,  NOp,  and  angle 
SOp  =  angle  NQp, 

•*.  Sp    =    Np. 

But  since  p  is  a  point  in  curve,  and  pn  is  drawn  perpendicular  to  the  directrix, 

Sp    =    pn 
.*•  pN    =    pn. 

That  is,  the  hypothennse  of  a  right-angled  triangle  equal  to  one  of  the  sides, 
which  is  impossible,  .*.  p  is  not  a  point  in  the  curve ;  and  in  the  same  man- 
ner it  may  be  proved  that  no  point  in  the  straight  line  17  can  be  in  the  carve, 
except  P. 

.*.  TV  is  a  tangent  to  the  curve  at  P. 
Cor,  1.  A  tangent  at  the  vertex  A,  is  perpendicular  to  the  axis. 

Cor.  2.  SP    =    ST 

For,  since  NW  is  parallel  to  TX 
.-.  ^  STP    =    <£L  NPT 

=    ,*£.  SPT  by  construction, 
.-.  SP    =    ST 
Cor.  3.  Let  Q  q  be  an  ordinate  to  the  diameter  PW,  catting  SP  in  x. 


Then,  P*    =    IV 

For,  since  Qq  is  parallel  to  Tt 

.\^Pxv    =    -eslxPT 

=    ^L  NPT  by  construction, 
=    *£.  Pox  interior  opposite  angie, 
.'.  P*    =     P» 


*' 
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Cor.  4.  Draw  the  normal  PG. 


Then,  SP 
For  since  - 
-£.GPT 


=    SG 

1  GPT  is  a  right  angle, 
=    ^.PGT  +  ^PTG 
=    -£.  PGT  +  ^  SPT 


Take  away  the  common  ^L  SPT  and  there 
remains 

^.SPG    =    ^.SGP 
.•.  SP    =    SG 


PROP.   IT. 

The  subtangent  to  the  axis  is  equal  to  twice  the  abscissa.    Tattle, 


MT    =    2AM 

For,  MT    =    MS  +  ST 

=    MS  +  SP.    Prop.  3.  cor.  8. 

=    MS  +  SA  +  AM.    Prop.  1. 
=    2AM. 

Cor.  MT  is  bisected  In  A. 


PROP.  T. 

The  subnormal  is  equal  to  one  half  of  the  lotus  rectum.    Thatiftj 
MG    =    o  if  we  denote  the  latns  rectum  by  L. 


For,MG  =  SG— SM 

=  SP  —  SM.  Prop.  3.  cor.  4. 

=  AS  +  AM  —  SM.         Prop.  1. 
=  AS  +  AS  +  SM  —  SM 

=  2  AS 

L  ^ 

=  q  Prop.  2. 


p&op.  yi. 

If  a  straight  line  be  drawn  from  the  focus  perpendicular  to  the  tangent  at 
point,  it  will  be  a  mean  proportional  between  the  distance  from  thejbcus  to  tksM 
point,  and  the  distance  from  the  focus  to  the  vertex. 

That  is,  if  SY  be  a  perpendicular  let  fall  from  S  upon  Tf  the  tangent  at  asy 
point  V 

SP:SY::SY:SA. 


PARABOLA. 


4*5 


Join  A,  Y. 

Since  SP  =  ST,  and  SY  is  drawn  perpen- 
dicular to  the  line  PT, 

.•.  TY    =    YP. 
Also  by  Prop.  4., 

TA    =    AM 
.*.  Since  AY  cuts  the  sides  of  A  TPM  pro- 
portionally, AY  is  parallel  to  MP, 

•••  AY  is  perpendicular  to  AM. 
Hence  the  A*  SYA,  SYT,  are  similar, 
ST:SY::SY:SA 
SP:SY::SY:SA    v  SP  =  ST  by  Prop.  3. 

Cor.  1.  Multiplying  extremes  and  means, 

SY«  =  SP.SA. 

Cor.%  SP:SA::SP*:SY« 

Cor.  3.  By  Cor.  1, 

SY* 

And  since  S  A  is  constant  for  the  same  parabola, 

SP  qo  SY«. 


or. 


ooftflL 


Cor.  4.  By  Cor.  I. 


SY*    =    AS.SP 
.-.  4SY*    ss    4  AS.SP 

=    L.SP.    Prop, 2 


raop.  nt. 


The  square  of  any  semUordinate  to  the  axis  U  eq^al  to  the  rectangle  under  the 
iatus  rectum  and  the  abscissa. 


That  is,  if  P  be  any  point  in  the  curve 

PM*    =    L.AM. 
For, 

PM*  =  SP*—  SM*  Geom.Theor.  34 

=  (AM+AS/-<AM— ASf 
.•  SP=AM-f-AS(Frop.l),&SM  ss  AM— AS 

«=  4  AS .  AM.    Geom.  Theor.  31  &  32. 

ss  L  •  AM.         Prop.  1. 

Cor.  1.  Since  L  is  constant  for  the  same  pa- 
nbola  PM*  x  AM, 

That  is,  The  abscissa  are  proportional  to  the 
of  the  ordinatesm 
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FEOF.  Till; 

If  Qq  be  an  ordinate  to  the  diameter  P  W 
and  Pv,  the  corresponding  abscissa,  then, 

Qo*  =  4SP  X  P«. 

Draw  PM  an  ordinate  to  the  axis. 

Join  S,  Q;  and  through  Q  draw  DQN 
perpendicular  to  the  axis. 

From  S  let  fall  SY  perpendicular  on  the 
tangent  at  P. 

The  triangles  SPY,  QDv,  are  similar. 

Qv*  i   QD»    ::  SP 
::  SP 

Tbe  triangles  PTM,  QDt%  are  also  similar ; 


SY1 

SA,    Prop,  ?l  Cot  4 


QD   :   Dr 


•  • 


PM  :  MT 

PM*  :  PM.MT 

4AS.AM:  2PM.  AM 
4AS         :  2PM 
2PM.  QD   =     4ASD* 


Bot, 

PM«  —  QN*  =  4AS .  AM  —  4AS .  An  =  4AS(AM_ AK) =4*8.1 

And,  PM*—  QN*  =  (PM  +  QN)  (PM  —  QN) 

=  (PM  +  QN).QD 

A(PM+QN).QD  =  4AS.MN  =   4 AS.  DP 

Bet,       2PM.  QD=  4AS.D* 

A  (PM— QN).  QD  =  4AS.Pt> 

Or,       QD1  =  4AS .  Po 

Qt>*  :  4AS.Pt;  ::  SP  :  SA.  m 

Q©»  =  4SP  .  Pp. 


•  • 


Cbr.  1.   In  like  manner  it  may  be  proved,  thai 

qv%  =    4SPXPt 

Hence,  Qtr  =  qv ;  and  since  the  same  may  be 
follows,  that 

A  diameter  bisects  aU  its  own  ordinates. 


proved  for  say 


Cor.  2.    Let  Rr  be  the  parameter  to  the 
diameter  PW. 

Then,  by  Prop.  in.  Cor.  & 

P*   =  P# 
,\  PS  a*  PY 
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How,  by  th*  Proposition, 

RV»  =    4SP .  PV 
=     4SP* 
.%    4RV*  or  Rr*  =  16SP« 
Rr   =    4SP. 
Hence  the  Proposition  may  be  thus  enunciated : 

The  square  of  the  semi-ordinate  to  any  diameter  ie  equal  to  tlte  rectangle 
under  the  parameter  and  abscissa* 

It  will  be  seen,  that  Prop,  vu.  is  a  particular  case  of  the  present  proposition* 


ELLIPSE. 


DEFINITIONS. 

1.  An  ellipse  is  a  plane  curve,  such  that,  if  from  any  point  in  the  curve  -two 
straight  lines  be  drawn  to  two  given  fixed  points,  the  sum  of  these  straight  lines 
will  always  be  the  same. 

2.  The  two  given  fixed  points  are  called  thtfoci. 
Thus,  let  ABa  be  an  ellipse,  S  and  H 

the  foci. 

Take  any  number  of  points  in  the  curre 
P     P      P     ----- 

Join's,Pi',  H,Pi;  S,P,,  HJPt;   S,Pt, 

H,Pf; then, 

SP,+  HP!    =  SPs+HPg   =    SP,+ 
HP,= 

3.  If  a  straight  line  be  drawn  joining  the 
foci  and  bisected,  the  point  of  bisection  is 
sailed  the  centre, 

4.  The  distance  from  the  centre  to  either  focus  is  called  the  eccentricity* 

5.  Any  straight  line  drawn  through  the  centre,  and  terminated  both  ways  by 
the  curve,  is  called  a  diameter, 

6L  The  points  in  which  any  diameter  meets  the  curve  are  called  the  vertices* 
of  that  diameter. 

7.  The  diameter  which  passes  through  the  foci  is  called  the  axis  major%  and 
the  points  in  which  it  meets  the  curve  ore  called  the  principal  vertices* 

8.  The  diameter  at  right  angles  to  the  axis  major  is  called  the  axis  minor* 
Thus,  let  ABa  be  an  ellipse,  S  and  H 

the  foci. 

Join  S,H ;  bisect  the  straight  line  SH  in 
G,  and  produce  it  to  meet  at  the  curve  in 
A  and  a* 

Through  0  draw  any  straight  line  Pp, 
terminated  by  the  curve  in  the  points  P,  p. 

Through  C  draw  B6  at  right  angles  to 
to 
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Than,  C  is  the  centre,  CS  or  CH  the  eccentricity,  Pp  is  a  d! 
p  Its  vertices,  Aa  ia  the  major  axil,  B/»  is  the  minor  Kids. 

I).  A  straight  line  which  meets  the  curve  in  a.iy  paint,  bnt  which,  being  pro- 
duced both  ways,  does  not  cut  it,  is  called  a  tangent  to  the  curve  at  that  point. 

10.  A  diameter  drawn  parallel  to  the  tangent  at  the  vertex  of  any  other  dia- 
meter, ia  called  the  conjugate  diameter  to  the  latter,  and  the  two  diameters  an 
culled  a  pair  of  conjugate  diameters. 

1L  Any  straight  lino  drawn  parallel  to  the  tangent  at  the  vertex  of  any  dia- 
meter and  terminated  both  ways  by  the  curve,  is  called  an  ordinate  to  that 


12.  The  segments  into  which  any  diameter  la  divided  by  01 
latei  are  called  the  abtcuiat  of  the  diameter. 


.of  too 


13.  The  ordinate  to  any  diameter,  which  passes  through  the  focus,  Is  called 
the  parameter  of  that  diameter. 

Thus,  let  Pp  be  any  diameter,  and  T(  a 
tangent  at  P. 

Draw  the  diameter  Drf  parallel  to  Tt. 

Take  any  point  Q  in  the  curve,  draw  Qq 
parallel  to  Tt,  cutting  Pp  in  p. 

Through  S  draw  Kr  parallel  to  T*. 

Then,  Dd  is  the  conjugate  diameter  I* 

(la  Is  the  ordinate  to  the  diameter  Pp, 
cormsponding  to  the  point  Q. 

Pp,  vp  are  the  abscissa*  of  the  diameter 
Pp,  corresponding  to  the  point  Q. 

Rr  ia  the  parameter  of  the  diameter  Pp. 

14.  Any  straight  line  drawn  at  right  angles  to  the  major  axis,  sad  tt 
both  ways  by  the  curve,  is  called  on  ordinate  to  the  axis. 

15.  The  segments  into  which  the  major  axis  ia  divided  by  one  of  its  own  «s> 
di  nates  ore  called  the  abseittat  of  the  axis. 

16.  The  ordinate  to  the  axis  which  passes  through  either  focus  is  called  the 
Intus  Tectum. 

(It  will  be  proved  in  Prop,  iv,  that  the  tangenta  at  the  principal  vertices  are 
perpendicular  to  the  major  axis  ;  henue,  definitions  14,  15,  16,  are  in  reality 
Included  in  the  three  which  immediately  precede  them.) 

17.  If  a  tangent  be  drawn  at  the  extremity  of  the  lata*  rectum  and  produced 
to  meet  the  major  axis,  and  if  a  straight  line  be  drawn  through  the  point  of  in- 
tersection at  right  angles  to  the  major  axis,  the  tangent  Is  called  the  jboal  s*» 
pent,  and  the  straight  line  the  directrix. 

Tims,  from  P  any  point  in  the  curve, 
draw  PMp  perpendicular  to  Aa,  cutting 
AfltaM. 

Through  S  draw  U  perpendicular  to 
Aa. 


Through  T  draw  Nn  perpendicular  to 
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Tim,  Pp  Is  the  ordinate  to  the  axis,  corresponding  to  the  point  P 
AM,  Ma  are  the  abscissa)  of  the  axis,  corresponding  to  the  point  P. 
U  is  the  latns  rectum. 
LT  is  the  focal  tangent. 
N»  is  the  directrix. 

18.  A  straight  line  drawn  at  right  angles  to  a  tangent  from  the  point  otf< 
tact,  and  terminated  by  the  major  axis,  is  called  a  normal. 

Hie  part  of  the  major  axis  intercepted  between  the  intersections  of  the  normal 
and  the  ordinate,  is  called  the  subnormal. 

Let  Tt  be  a  tangent  at  any  point  P. 

From  P  draw  PG  perpendicular  to  Tf 
meeting  Aa  in  6. 

From   P  draw  PM  perpendicular  to 
Aa. 

Then,  PG  is  the  normal  corresponding 
to  the  point  P. 

MG  is  the  sabnormal  corresponding  to 
the  point  P. 


.-  a 


PROP.  U 

The  nan  of  two  straight  lines  drawn  from  the  foci  to  any  point  inthecurtMb 
equal  to  the  major  axis.    That  is,  if  P  be  any  point  in  the  cnrre, 


SP  +  HP 

For, 
SP  +  HP  =  AS  +  AH 
=  *  AS  +  SH, 

And,  r  *>*£  1. 

SP  +  HP  =  aS  +  aU 
=  2  aH  +  SH, 

.-.  2  (SP  +  HP)  =  2  (AS  +  SH 
+  Hn) 

Or, 
6P  +  HP  =  Aa. 


=  Aa. 


Cor.  1. 

The  centre  1 

>isects  the  axu 

i 

major,  for 

2AS+SH 

^z 

2aH 

+  SH 

.-.  AS 

— 

aR 

And,  SG 

sz 

CH  bj 

'  definition  3. 

/.  AC 

= 

aC. 

SP  +  HP 

— _ 

2  AC 

.-.  SP 

= 

2  AC 

-HP 

HP 

= 

2  AC 

-SP 

SP  —  UP 

S5; 

SAC- 

-2HP 
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PROP.  II. 


The  centre  bisects  all  di 

Take  any  point  P  in  the  curve. 
JoinS,P;  H,P;  S,H; 
Complete  the  parallelogram  SPHp, 
Join  C,p ;  C,P ; 

Then,  since  the  opposite  sides  of  a  paral- 
lelogram are  equal, 

SP  =  Hp  ,  HP=Sp 
.\  SP  +  PH  =  Sp  +  pH 
.*.  p  is  a  point  in  the  curve. 
Again,  since  the  diagonals  of  a  parallelo- 
gram bisect  each  other,  and  since  SH  is  bi- 
sected in  C, 

.*.  Pp  is  a  straight  line,  and  a  diameter,  and  is  bisected  in  C. 
And  in  like  manner,  it  may  be  proved  that  every  other  diameter  is  bisected 
inC. 


prop.  in. 


The  distance  of  either  focus  from  the  extremity  of  the  axis  mmor  is  equal  to 

the  semi-axis  major* 

That  is, 

SB  or  HB  =r  ACL 
Since  SC  =  HC,  and  CB  is  common  to 
the  two  right-angled  triangles  SCB,  HCB, 

.-.  SB  =  Ha 
But, 

SB  +  HB  =  2  AC.  Prop.  U 
.-.  SB  =  HB  =  AU 

Cor.  1.  BC*  =  AS  .  So. 
For, 

BCf  =  SB'  —  SC 
=  AC"  — SC« 
=  (AC  +SC).(AC— SC) 
=  AS.  So. 


Cor.  2.  The  square  of  the  eccentricity  is  equal  to  the  difference  of  the  sqa 
of  the  semi-axes ; 


For, 


SC«  =  SB«  — BC« 
rz  AC— B(/» 


ELLIPSE. 


PROP.   IV. 


To  draw  a  tangent  to  the  ellipse  at  any  point 

Let  F  be  the  given  point 

Join  S,P;  H,P;  produce  SP. 

Bisect  the  exterior  angle  HPK  by  the 
straight  line  T*. 

T*  is  a  tangent  to  the  carve  at  P. 

For,  if  Tf  be  not  a  tangent,  let  TV  cut  the 
curve  in  some  other  point  p. 

Join  S,/>;  H,j>;  make  PK  =  PH;  join 
p,K;  H,K  cutting  Tfin  Z> 

Since  HP  =  PK,  PZ  common  to  the 
triangles  HPZ,  KPZ,  and  the  angle  HPZ 
=  angle  KPZ  by  construction, 

•\  HZ  ==  KZ,  and  the  angle  HZP  =  angle  KZP. 

Again,  since  HZ  =  KZ,  Zp  common  to  the  triangles  HZp,  KZp,  and  ai 
BZp  =  angle  KZp, 

•••  pK  =  pH. 

But,  since  any  two  sides  of  a  triangle  are  greater  than  the  third  side, 

Sp+pK    -7    SK 

•7    SP+PK 

•7    SP  +  PH    •-.  PK  =:  PH  by  contraction, 
7    Sp  +  pH,  by  definition  1, 
.*.  pK    -7    pH 

Bat  we  have  just  proved  that  pK  =  pH,  which  is  absurd,  •*•  p  is  not  a  point  in 
the  curve,  and  in  the  same  manner  it  maybe  proved  that  no  point  in  the  straight 
line  Tl  can  be  in  the  curve  except  P. 

.%  It  is  a  tangent  to  the  carve  at  P. 

Cor.  1.  Hence,  tangents  at  A  and  a,  are  perpendicular  to  the  major  axis,  and 
tangents  at  B  and  b  are  perpendicular  to  the  minor  axis. 

Cor.  2.  SP  and  HP  make  equal  angles  with  every  tangent. 

Cor.  3.  Since  HPK,  the  exterior  angle  of  the  triangle  SPH,  is  bisected 
ay  the  straight  line  Tf,  catting  the  base  SH  produced  in  T 

•••  STiHT::SP:HP. 
K 
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p<* 


PBOP.  ▼. 

Tangents  drawn  at  the  vertices  of  any 
Let  T<,  Ww,  be  tangents  at  Pf  p,  the  vertices  of  the  diameter 

Join  S,P;  P,H;  $p;p,H» 

Then,  by  Prop.  2,  SH  is  a  parallelogram, 
and  since  the  opposite  angles  of  parallelo- 
grams are  equal, 

.%  <£.  SPH  b  angle  §pH 
supplement  of  *£.  SPH  b  supplement  of  «£. 
SpH 

or, 
<<L  SPT  +  4ilHP/  b  ^  SpW+  ^  Bpw 


But  -^SPTb^HP*)        „_ 
And^SpW  =  ^I%wJ  by«»p.i.Cafc«\ 

Hence,  these  four  angles  are  all  equal, 

.-.  k.  SPT  b  ^  Hpw. 
And  since  SP  is  parallel  to  Hp, 

^  SPp  =  4il  PnH, 
.*.  whole  ^.TPjp  =  whole  *£.  trnP,  and  they  «•  alternate  ssj 

.-.  T/  is  parallel  to  Ww. 
Cor.  Hence,  if  tangents  be  drawn  at  the  vertices  of  any  two  diaawaai 
will  form  a  parallelogram  circumscribing  the  ellipse* 


PROP.  Tk 


;• 


If  straight  lines  he  drawn  from  the  foci  to  a  vertex  of  amy 
lance  from  the  vertex  to  the  intersection  of  the  conjugate 
focal  distance,  is  equal  to  the  semi-axis,  major* 

That  is,  if  Dd  be  a  diameter  conjugate  to  Pp,  catting  SP  in  E>aWffl 

PE  or  Pa  s  AG, 

Draw  PF  perpendicular  to  Dd,  and  HI 
parallel  to  DJ  or  TV,  cutting  PF  in  O, 

Then,  since  the  angles  at  0  are  right 
angles,  the  <tL  IPO  s  ^  HPO,  and  PO 
common  to  the  two  triangles  HPO,  IPO, 
.%  IP  =  HP. 
Also,  since  SC  =  HG,  and  CE  is  parallel 
HI,  the  base  of  A  SHI, 

.\  SE  =  EL 
Hence, 

2  PE  =  9  EI  +  2  IP 

s=  SE+EI-+-IP  +  HP 
rr  SP  +  HP 
b  2  AC 
A  PE  s  ACL 
Also,  ^  FEe  b  <£  PeR,        .-.  PE  b  Pa, 
Pes  ACL 
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PROP.  VII. 

Perpendiculars,  from  the  foci  upon  the  tangent  at  any  point,  intersect  the 
tangent  in  the  circumference  of  a  circle^  whose  diameter  is  the  major  axis. 

Prom  S  let  fell  SY  perpendicular  on  Tf 
a  tangent  at  P. 

Join  S,P;  H,P;  produce  HP  to  meet 
SY  produced  in  K. 

Join  CY ; 


Then,  since  angle  SPY  =  angle  KPY 
(Prop,  it.),  and  the  angles  at  Y  are  right 
angles,  and  PY  common  to  the  two  tri- 
angles, SPY,  KPY, 

.%  SP  =  PK 
And  SY  =  YK 

Again,  since  SY  =  YK,  and  HC  =  CS,  CY  cute  the  sides  of  the  triangle 
HSK  proportionally, 

.-.  CY  is  parallel  to  HE. 

Al,    since  CY  is  parallel  to  HK,  SY  =  YK,  HC  =  CS,  : 

.-.  CY  =  i  HK 

=  i(HP  +  PK) 
=  J(HP  +  SP) 
=  \Aa 
=  AC. 

Hence,  a  circle  described  with  centre  C  and  radius  CA  will  pass  through  Y. 
And  in  like  manner,  if  HZ  be  drawn  perpendicular  to  T*,  it  may  be  proved 
that  the  same  circle  will  pass  through  Z  also. 


prop.  mi. 

The  rectangle,  contained  by  the  perpendiculars,  from  the  foci  upon  the  tangent 
at  any  point,  is  equal  to  the  square  of  the  semi-axu,  minor. 

That  is, 

SY.HZ  =  Btt 

Let  Tf  be  a  tangent  at  any  point  P. 

On  \a  describe  a  circle  cutting  It  in  Y 
andZ. 

JoinS,Y;  H,Z; 

Then,  by  the  last  Prop.  SY,  HZ  are  per- 
pendicular to  Tf. 

Produce  YS  to  meet  the  circumference 
iny. 

Join  C,y;  C,  Z  ; 

Since  yYZ  is  a  right  angle,  the  segment 
in  which  it  lies  is  a  semicircle,  and  Z,y,  are 
the  extremities  of  a  diameter. 
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CONIC  SECTIONS. 


••.  yCZ  b  a  straight  line  and  a  diameter. 
Uenoe  the  triangles  SCy,  HCZ,  are  in  every  respect  equal. 

.-.  Sy  =  HZ 
.-.  SY .  HZ  =  YS .  Sy 
=  AS  •  &A 
=  B(?  (Prop.  3.  Cor.  1.) 


PEOP.   IX. 

Perpendiculars  let  fall  from  the  foci  upon  the  tangent  at  any  point  an  to 
other  as  the  focal  distance  of  the  point  of  contact. 

That  is, 

SY:HZ::SP:HP. 
For  the  triangles  SPY,  HPZ,  are  mani- 
festly similar, 

.-.  SY:HZ::SP:HP. 

Cor,  Hence, 

SP 
SY  =  HZ.  jT« 

SP 
SY*=  SY.HZ.g| 

=  Btf.  glastPk**. 
fiP 

=  B(?-2A0-SP# 

So  also. 


HP 
HZ»=  BC«.  gp 


=  BC». 


HP 


2  AC—  HP* 


PROP.  X* 

If  a  tangent  be  applied  at  any  point,  and  from  the  same  point 
the  axis  be  drawn,  the  semi-axis  major  is  a  mean  proportional 
tance  from  the  centre  to  the  intersection  of  the  ordinate  with  the 
distance  from  the  centre  to  the  intersection  of  the  tangent  with  the 

That  is, 

CT:CA::CA:CM. 


OrVHMHV  9Q 
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Since  the  exterior  angle  HPK  is  bisected  by  It,  Proposition,  4 


••.      ST 

.•.  ST  +  HT 
m,     SOT 
%      «CT 


HT       : :       SP       :       HP.     (Geom.  Theor.  83,  pt  2.) 
ST  —  HT : :  SP  +  HP  .  SP  —  HP 
SH       ::      2  AC     :8P  —  HP 
2  AC      :  2       SH       :  SP  —  HP : (1) 

Bui  since  PM  is  drawn  from  the  vertex  of  A  SPH  perpendicular  on  base  SH, 

.  .  SM  +  HM :  SP  —  HP  : :  SP  +  HP  :  SM  —  HM 

or,      SH       :SP  —  HP::     2  AC      :     2  CM „ ^.(2) 

Comparing  ibis  with  the  proportion  marked  (1),  we  have 

2CT       :      2  AC     ::     2  AC      z      2  CM 
or,      CT       :         CA      ::        CA     ;        CM. 


PROP.  XI. 

If  a  circle  be  described  en  the  major  uxis  of  an  ellipse,  and  if  any  ordinate  to 
the  axis  be  produced  to  meet  the  circle,  tangents  drawn  to  the  ellipse  and  circle, 
at  the  points  in  which  thenars  intersected  by  the  ordinate,  will  cut  the  major 
axis  in  the  same  point. 

Let  AQa,  be  a  circle  described  on  Aa, 

Take  any  point  P  in  the  ellipse,  draw  PM 
perpendicular  to  Aa,  and  produce  MP  to 
meet  the  circle  in  Q,  join  C,  Q, 

Draw  PT  a  tangent  to  the  ellipse  at  P  cut-  n| 
ting  CA  produced  in  T. 

Join  TQ. 

Then  QT  is  a  tangent  to  the  circle  at  Q. 

For  if  TQ  be  not  a  tangent,  draw  QT  a 
tangent  at  Q  cutting  CA  in  T. 

Then   CQT  is  a  right  angle. 

/.  Since  QM  is  drawn  from  the  right  angle  CQT  perpendicular  on  the  hf* 

pothenuse, 

.-.  CT  :  CQ  : :  CQ  :  CM.    (Geom.  Theor.  87.) 
or,  CT  :  CA : :  CA  :  CM,    v  CQ  =  CA. 

But,  by  the  last  proposition, 

CT  :CA::CA:CM, 
.-.  CT  =  CT, 

which  is  absurd,  therefore  QT  is  not  a  tangent  at  Q;  in  the  same  manner  if 
may  be  proved  that  no  line  but  QT  can  be  a  tangent  at  Q, 
••.  &c. 


Cor.  L  Describe  a  circle  on  the  minor 

axis. 

Draw  Pst  an  ordinate  to  the  minor  axis 
cutting  the  circle  in  q. 

Let  a  tangent  at  P  cut  the  minor  axis 
produced  in  L 

Then,  since  P»  is  parallel  to  AC,  and  PM 

*  BC> 

GO 
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A  Ci  :  CB 


CONIC  SECTIONS, 
:CT  :MT 

iCq'iCm*   v  the  A* CQTf  Cm?  are  simitar 

iBC^.Cw" 

:CB   i  Cm. 


Which  Is  analogous  to  the  property  proved  in  the  last  Prop,  far 


Cor*  2.  Join  tq. 

We  can  prove,  as  above,  that  ty  is  a  tangent  to  the  circle  Be& 


v  prop.  xn. 

The  square  of  any  semi-ordinate  to  the  axis,  is  to  the  rectangU  mm 
scisms,  as  the  square  of  the  semi-axis  minor  is  to  the  square  of  At 
major. 

That  is,  if  P  be  any  point  in  the  carve,  . 

»  PM«:  AM.Mas:BC*  lAC* 

Describe  a  circle  on  An,  and  pro- 
dace  MP  to  meet  it  in  Q. 

At  the  points  P  and  Q  draw  the 
tangents  PT,  QTV  which  will  intersect 
the  axis  in  the  same  point  T.    (Prop* 

no 

Let  the  tangent  to  the  ellipse  inter* 
sect  the  circle  in  Y,  Z.  \ 

Join  S,Y;  H.Z;  SY  and  HZ  are 
perpendicular  to  Tf.  (Prop.  7.) 

Hence  the  triangles  PMT,  SYT,  HZT, 


••.  PM  :     SY      ::  MT 

andPM  :     HZ      ::  MT 

.-.  PM»:SY.HZ::  MT» 

or,PM»:     BC»    ::  MT» 

::  QM» 
::  AM  •  Ma 

A  PM*:AM.Ma:;  BC* 


:  TY 
x  TZ 
TY.TZ 

TQ*  (Prop.  11,  andGeenuTl 

CQ»    vMQT,  MQCarssk 

AC» 

AC», 


Cor.  I. 

LetPi  Mi,  P«  Ms ,  ••  be  ordinates  to  the 
axis  from  any  points  Pi ,  Pi-  -  - 
Then  by  Prop. 


•  • 


PiMi»x  AMi.Mja::  BC«  t  AC* 
PiM,«:AMi.M,a::  BCS  t  ACS 
PiU1!    P.M.*    t:AMI.MIatAMt.JlJe» 
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That  is,  Hie  squares  of  the  ordinates  to  the  axis  are  to  each  other  as  the  rect- 
angles of  their  abscissa. 

Cor.  3.  By  the  fifth  proportion  in  Prop. 

PM:QM::BC:AU 

Cor.  3.  By  Prop. 

PM».  AM.Ma::BC«:AC« 

But  AM  =  AC  +  CM,      Ma  =  AC  —  CM. 

.-.  PMf :  (AC  +  CM)  (AC  —  CM)  : :  BC* :  AC* 
PM1:  AC«  —  CM*  ::BCf:AC». 


Cur,  4w  Describe  a  circle  on  B6,  draw 
Pm,  an  ordinate  to  the  minor  axis  cutting 
the  circle  in  q. 

Then,  Pm  =  CM  ,  PM  =  Cm. 
Tlieta  by  Cor.  3, 


ACf  — Pm1.:     AC»    i*  0»«  :BC« 

Pm»        :     AC»    u  BC1—  Cm1  :  BC* 

i:  (BC  +  Cm)  (BC  —  Cm)  :  BC* 
t:  Bm.mb  :  BC* 

or,         Pms         iBm.mb::  ACS  xBC*. 

Which  is  analogous  to  the  property  proyed  in  the  Prop,  for  the  major  axis* 


Car.  & 


Psi :  qm : :  AC :  BC. 


PBOP.  XIII. 


The  latus  rectum  it  a  third  proportional  to  the  axis  major  and  minor. 

That  is. 

Aa:Bo::Bo:I£ 


Since  LS  is  a  semiordinate  to  the 
axis, 
ACxBC::  AS.Sa  xL&,Prop.l& 
xx    BC      :LS",  Prop.  3. 
Cor.  L 
.-.  AC:BC:t    BC      tLS 
And, 
Aa  xBo  it    Bo       xIX 

ofl  3 


K  Jj 
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CONIC  SECTIONS. 


prop.  xrr. 

The  area  of  all  the  parallelogram*,  circumscribing  an  ellipse,  formed  by  draw* 
mg  tangents  at  the  extremities  of  two  conjugate  diameters,  is  constant,  each  being 
equal  to  the  rectangle  under  the  axes* 

Let  Pp,  Dd,  be  any  two  conjugate 
diameters,  SROX  a  parallelogram  cir- 
cumscribing the  ellipse  formed  by  draw- 
ing tangents  at  P,  D,  p$  d;  then  Pp, 
Dd,  divide  the  parallelogram  SROX 
into  four  equal  parallelograms. 

Draw  PM, dm,  ordinates  to  the  axis; 
PF  perpendicular  to  Dd. 

Produce  CA  to  meet  PX  in  T  and 
SdinL 


Then,    CT  :  CA  : : 

And,  Ct  :  CA  :: 

.%   CT  :  C*  :: 

But,   CT  :  Ct  : : 

•\  MT:  Cm  :: 


CA   :  CM 
CA  :  Cm 

Cm    :  CM 

TM  :  Cm,  by  similar  triangles. 

Cat   t  CM, 


•  • 


CM.MT  =  Cm« ( 


Again,  CM  t  CA  ::   CA    t  CT 

.%  CM  :  CA  ::  MA   t  AT,  diridendo. 
Or,  CM  :  Ma  :i    MA  :  MT,  componendo. 

.*.  AM .  Ma  =  CM .  MT  =  Cm' 


But,   AC:  BC::    AM.  Ma  (Cm8)  :  PM1,  Prop.  12. 
AC  :  BC  :i    Cm    s  PM 


Similarly,  AC  :  BC  : :    CM 
Or,    BC  :  dm  ::   CA 
But,    CT  :  CA  : 

.-.    CT  :  CA 

But,    PP  :  CT  ::    am 

.\    PF  :  CA  ::   BC 


CA 
BC 


:  dm 

:  CM 

:  CM 

:  dm 

t  Cd ,  for  A  CdT  =  iD  CPXrf 

i  Cd. 


•\  rectangle  PF .  Cd 

or,  parallelogram  CX 

•*•  parallelogram  SROX 


=  rectangle  AC  .  BC 
=  rectangle  AC  •  BC 
=  4  AC  :  BC 
=  Aa.BA. 


Oor.  By  (£), 


A  CA* 

And  similarly,  CB» 


Cm3  =  AM .  Ma 

=  (C A  +  CM) .  (CA  —  CM) 
=  CA»  —  CM» 

:  CM'+Cm* 

:  PM  *  + dm  ». 
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PROP.    XV. 

The  sum  of  the  squares  of  any  two  conjugate  diameters,  is  equal  to  the  soma 
constant  quantity,  namely,  the  sum  of  the  squares  of  the  two  axes. 

That  is, 

If  Pp,  Dd\  be  any  two  conjugate  diame- 
ters, • 

Pp«+M«  =  Aa«+Bo*. 
Draw  PM,  Dm,  ordinates  to  the  axis. 
Then,  by  Cor.  to  Prop.  14, 
AC"  +  BC"  =   CM-+  Cw'+PM'+dro' 
=    CP»  +  CD" 
.-.  4AC»+4BC•  =  4CP»  +4CDi 
Or,  Aa*+  Bo«  =    Pp»  +  Dcf. 


PROP.  XVI. 

The  rectangle  under  the  focal  distances  of  any  point  is  equal  to  the  squat  e  of 
the  semi-conjugate. 

That  is,  if  CD  be  conjugate  to  CP, 
SP  .  HP  =  CD  «. 

Draw  SY,  HZ,  perpendiculars  to  the 
tangent  at  P,  and  PF  perpendicalar  ou 
CD. 

Then  by  similar  triangles  SPY,  PEF, 


SP      :      SY      : 
Or,  SP      :       SY      : 
Similarly,     HP      :       HZ 
.-.     SP .  HP  :  SY .  HZ  : 


PE  t  PF 

AC  :  PF    vPE  =  AC,byProp.o 

AC  i  PF 

ACf:  PF», 


CD»:  BC,  Prop.  14. 

But  SY  .  HZ  =  BC* ,  by  Prop*  8. 
.-.   SP.HP  =  CD«. 


prop,  xyil 

If  two  tangents  be  drawn,  one  at  the  principal  vertex,  the  other  at  the  vertex 
of  any  other  diameter,  each  meeting  the  other  diameter  produced,  the  two  tan* 
genital  triangles  thus  formed,  will  be  equal* 

That  is, 

A  CPT  =  A  CAK. 

Draw  the  ordinate  PM,  then, 
CM :  C A  : :  CP :  CK,by  similar  A* 
But,  CM :  CA  ::  CA:  CT,  Prop.  x. 
.-.  CA:CT::CP:CK. 

The  two  triangles  CPT,  CAK,  have  thus 
the  angle  C  common,  and  the  sides  about 
that  angle  reciprocally  proportional ;  these 
triangles  are  therefore  equal. 


.«  .. 
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CONIC  SECTIONS. 


Cor.  1.  From  each  of  the  equal  triangles  CPT,  CAR,  take  the  common 
CAOP;  there  remains, 

triangle  OAT  =r  triangle  OKP. 

Jor.  2.   Also  from  the  equal  triangles  CPT,  C  AK,  take  the  common  triangle 
CPM ;  there  remains, 

triangle  MPT  =  trapez.  AKPM. 


QG* 

QG8,  v  the  triangles 


raop.  xyiil 

The  same  being  supposed,  as  in  last  proposition, 
then  any  straight  lines,  QG,  QE,  drawn  parallel 
to  the  two  tangents  shall  cut  off  equal  spaces. 

That  is, 

triangle  GQE    =    trapez.  AKXG 
triangle  rqE      =    trapez.  ARRr 

Draw  the  ordinate  PM. 

The  three  similar  triangles  CAK,  CMP,  CGX, 
are  to  each  other  as  C  A* ,  CM* ,  CG* , 

'.*.  trap.  AKPM  :  trap.  AKXG  ::  CA»  —  CM«  :  CAf  — CG»,  dividendo. 
But,  PM« :  QG*  : :  CA*  —  CM2  :  CA*  —CG», 

.-.  trap.  AKPM  :  trap.  AKXG  : :  PM*  : 
But,  trian.  MPT  :  trian.  GQE  : :  PM*  : 
are  similar. 

.%  trap.  AKPM  :  trian.    MPT  ::  trap.  AKXG  :  trian,  GQE. 

But  by  Prop.  17.,  Cor.  2, 

trap.  AKPM  =  triangle  MPT 

.-.    trap.  AKXG  =  triangle  GQE 

And  similarly,        trap.  AKKr  =  triangle  rqE 

Cor.  1.  The  three  spaces  AKXG,  TPXG,  GQE,  are  all  equal. 

Cor.  2.  From  the  equals  AKXG,  EQG,  take  the  equals  AKRr,  Egr; 

there  remains, 

RrXG    =    rqQQ. 

Cor.  3.  From  the  equals  RrXG,  r?QG,  take  the  common  space  rqvXQ 

there  remains, 

triangle  oQX    =    triangle  vqEL 

Cor.  4.    From  the  equals  EQG,  TPXG,  take  the  common  space  E»XG ; 

there  remains, 

TP»E    =    triangle  oQX. 


Cor.  5.    If  we  take  tho  particular  case  in  which 
QG  coincides  with  the  minor  axis, 


The  triangle  EQG  becomes  the  triangle  IBC, 
The  figure  AKXG  becomes  the  triangle  AKC, 
triangle  IBC    =    triangle  AKC 

=    triangle  CPT. 


• . 
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raor.  xix. 

Any  diameter  bisects  all  its  own  ordinate* 
That  fa, 

If  Qq  be  any  ordinate  to  a  diameter  CP, 

Qv    =    vq. 
Draw  QX,  qx,  at  right  angles  to  the  major 
axis; 

Then  triangle  ©QX  =  triangle  vqx;  Prop.  18, 
Cor.  a 
But  these  triangles  are  also  equiangular; 
•••    Qv    z=    vq. 

Cor.    Hence,  any  diameter  divides  the  ellipse  into  two  equal  parte. 


PROP.  xx. 

The  square  of  the  semiordbutte  to  any  diameter,  is  to  the  rectangle  under  the, 
absciss*,  as  the  square  of  the  sani-conjugate  to  the  square  of  the  semi*diameterm 
That  is, 

If  Qq  be  an  ordinate  to  any  diameter  CP, 
Qv*  :  Pv.vp  : :  CD* :  CP1 

Produce  Qq  to  meet  the  major  axis  in  £; 

Draw  QX,  DW,  perpendicular  to  the  major 
axis,  and  meeting  PC  in  X  and  W.  \     /^  \JA  _ir* 

Then,    since   the    triangles  CPT,  CvE,    are 
similar, 

trian.  CPT  :  trian.  CrE  ::  CP*  :  Ce* 
or,  trian.  CPT  :  trap.TP*E  ::  CP*  :  CP1  —  Cs* 

Again,  since  the  triangles  CDW,  ©QX,  are  similar, 

triangle  CDW     :     triangle  oQX    ::    CD*    :   vQ* 

But  triangle  CDW  =    triangle  CPT;   Prop.  1  a,  Cor.  5. 

And  triangle    t?QX  =    trapes.  TPoE;   Prop,  la,  Cor.  3. 

CP1  :      CD*    ::  CP9  —  Ce*  :  *Q* 
Or,       Qe*   :  Pv.vp  ::        CD1        :  CP* 

Cor.  1.  The  squares  of  the  ordinates  to  any  diameter,  are  to  each  other  as 
the  rectangles  under  their  respective  abacisMB. 

Cor.  2.  The  above  proposition  is  merely  an  extension  of  the  property 
already  proved  in  Prop.  12,  with  regard  to  the  relation  between  ordinates  to 
the  axis  and  their  abscissa. 


HYPER  II  OLA. 


DEFINITIONS. 

1*  Air  Hvtkrpola  is  a  plane  curve,  such  thai,  if  from  any  point  btMl 
two  straight  lines  be  drawn  to  two  given  fixed  points,  the  excess  of  UttStaf 
line  drawn  to  one  of  t'ie  points  above  the  other  will  always  be  the  m 

2.  The  two  given  fixed  points  are  called  theybci. 

Thus,  let  QAo  be  an  hyperbola,  S  ar.d  H  the  foci 

Take  any  number  of  points  in  the  curve,  Plf  P,,  Pf,  ...... 

Join  S,Pi,H,Pi;    S,P,,H,Pt;    S,P,,H,P,., then, 

HPi  —  SPt  =  HP,  —  SP,  =  HP,  —  SP,  = 


\P 


V 


If  HP!  —  SPi  and  SPi  —  HP^ be  always  equal  to  the 

quantity,  the  points  Pi  P,  P, and  I*i ,  V%  ,  P,  ,  will  lie  in  U»^P 

and  similar  hyperbolas  QA<?,  Q!a<f,  which  in  this  case  are  called  oppt&*0 
tolas, 

3*  If  a  straight  line  be  drawn  joining  the  foci,  and  bisected,  lbs  p"*    ■ 
lection  is  called  the  centre. 

4.  The  distance  from  the  centre  to  either  focus  is  called  the  ecastrit^r 

6.  Any  straight  line  drawn  through  the  centre,  and  terminated  by  t*t*JP 
site  hyperbolas,  is  called  a  diameter. 

6.  The  points  in  which  any  diameter  meets  the  hyperbolas  are  csflsi *•* 
tiers  of  that  diameter.  I 

7.  The  diameter  which  passes  through  the  foci  is  called  the  axis  «9^' 
the  points  in  which  it  meets  the  curves  the  principal  vertices. 

8.  If  a  straight  line  be  drawn  through  the  centre  at  right  angles  to  ow* 
axis,  and  with  a  principal  vertex  as  centre,  and  radius  equal  to  the  eeasp 
a  circle  be  described,  cutting  the  straight  line  in  two  points,  the  distanot  •* 
these  points  is  called  the  axis  minor. 


HYPERBOLA. 
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Thus,  let  Qq,  Qf</  be  two  opposite  hyperbolas,  S 
and  11  the  foci,  join  S,  H; 

Bisect  SH  in  C,  and  let  SH  cut  the  curves  in 
A,  a. 

Through  C  draw  any  straight  line  Pi?,  termi- 
nated by  the  carves  in  the  poh.l j  P,  p. 

Through  C  draw  any  straight  line  at  right  angles 
to  Art,  and  with  centre  A  and  radius  =  CS  describe 
a  circle  cutting  the  straight  line  in  the  points  B,  b. 

Then  C  is  the  centre,  OS  or  CH  tlie  eccentrici-  </' 
iy,  Yp  is  a  diameter,  P  and  p  its  vertices,  Aa  is  the 
major  axis,  tib  is  the  minor  axis. 


\ 


The  hyperbolas  Xz,  XV,  whose  major  axis  is 
156,  and  whose  minor  axis  is  Aa,  are  called  the 
conjugate  hyp  ibub  s  to  Q'/,  QY« 

9.  A  straight  line,  which  meets  the  curve  in  any         *f 
point,  but  which,  being  produced  both  ways,  does  not  cut  it,  is  called  a  tangent 
to  the  curve  at  that  point 

10.  A  straight  line,  drawn  through  tho  centre,  parallel  to  the  tangent,  at  the 
vertex  of  any  diameter,  is  called  the  conjugate  diameter  to  the  latter,  and  the 
two  diameters  are  called  a  pair  of  conjugate  diameters. 

The  vertices  of  the  conjugate  diameter  are  its  intersections  with  the  conjugate 
hyperbolas. 

11.  Any  straight  line  drawn  parallel  to  the  tangent  at  the  vertex  of  any 
diameter,  and  terminated  both  ways  by  the  curve,  is  called  an  ordinate  to  that 
diameter. 

12.  The  segments  into  which  any  diameter  produced  is  divided  by  one  of  its 
own  ordi nates  and  its  vertices,  are  called  the  abscissa  of  the  diameter. 

13.  The  ordinate  to  any  diameter,  which  passes  through  the  focus,  is  called 
the  parameter  of  that  diameter. 

Thus,  let  Yp  be  any  diameter,  and  Tl  a  tan-  R 

gent  at  P ;  /I 

Draw  the  diameter  D<i  parallel  to  T<;  .  \.  >y  ,^l 

Take  any  point  Q  in  tho  curve,  draw  Qq 
parallel  to  Tl  and  cutting  Pp  produced  in  v; 

Through  S  draw  Rr  parallel  to  T/; 

Then  Dd  is  the  conjugate  diameter  to  Yp, 

Qq  is  the  ordinate  to  the  diameter  Yp  cor- 
responding to  the  point  Q, 

Pv,  rp,  are  the  abscissas  of  the  diameter  Yp 
corresponding  to  the  point  Q, 

Rr  is  the  parameter  of  the  diameter  Yp, 

I4w  Any  straight  line  drawn  from  any  point  in  the  curve  at  right  angles  to  the 
major  axis  produced,  and  terminated  both  ways  by  the  curve,  is  called  an  ordi- 
nate to  the  axis. 
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15.  The  segments  into  which  the  major  axis  produced  la  divided  by  flaw  erf 
Is  own  ordinate  and  its  vertices,  are  called  the  abteUna  qf 'the axis, 

16.  The  ordinate  to  the  axis  which  passes  through  the  focus,  is  called  the 


(It  will  be  proved  in  Prop.  4,  that  the  tangents  at  the  principal  vertical  are 
perpendicular  to  the  major  axis ;  hence  definition*  )*,  15,  1G,  are  in  reality 
included  in  the  three  which  immediately  precede  ihem.) 

■  17.  If  a  tangent  be  drawn  at  the  extremity  of  the  lalua  rectum,  and  produced 
to  meet  the  major  axis;  and  if  a  straight  line  be  drawn  through  the  point  of 
intersection,  at  right  angle*  to  the  major  axis ;  the  tangent  is  called  Ihe  Jvcal 
tangent,  and  the  straight  line  the  directrix. 

Thus,  from  P,  any  point  in  the  curve,  draw  PSip 
perpendicular  to  Aa,  cutting  Aa  in  M ; 
'1  hmugh  S  draw  LJ  perpendicular  to  Aa ; 
Let  LT,  a  tangent  at  L,  cut  Aa  in  T; 
Through  T  draw  tin  perpendicular  to  Aa: 
alien,  Pp  is  the  ordinate  to  the  niis  correspond- 
ing to  the  point  P, 
AM,  Ma,  are  the  abscissas  of  the  axis  cor- 
responding to  the  point  P, 
Li  is  the  lulus  rectum, 
LT  is  the  focal  tangent, 
■    Nn  is  the  directrix. 


'      The  difference  of  too  straight  tine*  dram  fnm  Oefod  to  an*  point  m  i 
curve,  it  equal  to  the  major  axi*. 

That  Is,  If  F  be  any  point  in  the  curve, 

HP  — SP    =    Aa; 
For, 
HP— SP  =  AH— AS  =  Aa+aH— AS  , 


HP— SP  =  aS— aH 

=  Ao— aH+AS)                 H   )• 

Or, 

8(HP— SP)  =  SAa 

HP—SP  =    Aa 

Cor.  I    The  centre 

bisects  the  major  axis ;    for,  siuce 

AH  —    AS    =    aS  _   aH 

Or, 

SH  —  SAS    =     SH  _  BaH 

AS    =    aH 

And 

CS    =    CH,  by  def.  S. 

ac  =  «a 

Cor.  IL 

HP—   SP    =    SAC 

HP    =    2AC+    SP 

SP    at     HP  — SAC 

HP  f-    SP    =    SA0+8SP. 

HYPERBOLA. 
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prop.  n. 
The  centre  bisects  all  diameters. 

Take  any  point  P  in  the  curve ; 
JoinS,  P;   H,P;   S,  H; 
Complete  the  parallelogram  SPHp ; 
JoinC,  p;   C,  P; 

Then,  aince  the  opposite  sides  of  parallelograms 
are  equal, 

HP  =  Sp,         SP  =  Hp; 
.-.     HP  — SP  =    Sp— Up; 

•a.  p  is  a  point  in  the  opposite  hyperbola  by 
definition  8. 

Again,  since  the  diagonals  of  a  parallelogram  bisect  each  other  and  since 
SH  is  bisected  in  C,  (de£  3,) 
•*.   Pp  is  a  straight  line  and  a  diameter,  and  is  bisected  in  C. 
In  like  manner,  it  may  be  proved  that  any  other  diameter  is  bisected  in  C. 


PBOP.  lib 

The  rectangle  under  the  segment*  of  the  major  axis  produced,  mads  by  the 
focus  and  its  vertices,  is  equal  to  the  square  of  the  semi-axis,  minor. 

That  is, 

AS .  Sa  s  BC« 
For, 

BC»   =  AB«— AC1 

=  SC«  —  AC\  by  de£  8, 
=  (SC    _AC)(SC  +  AC) 
=  AS.Sa 

Cor.  Hie  square  of  the  eccentricity  is  equal  to 
the  sum  of  the  squares  of  the  semi-axes. 
For,     SCf   =   AB«,  def.8, 
=  AC»  +  BCf. 


PBOP.    IV. 

7b  draw  a  tangent  to  the  hyperbola  at  any  point. 

Let  P  be  the  given  point ; 

Join  S,  P;  H,  P; 

Bisect  the  angle  SPH  by  the  straight  line 

It 

Tt  is  a  tangent  to  the  curve  at  P. 

For  if  Tt  be  not  a  tangent,  let  T/  cut  the 
curve  in  some  other  point  p. 

Join  S,  p ;  H,  p ;  draw  SYO  perpendicular 
to  T/,  meeting  HP  in  0 ;  join  p,  0. 

Since  the  angles  at  Y  are  right  angles,  and 
angle  SPY  =  angle  OPY  by  construction,  and 
side  YP  common  to  the  two  triangles  SYP, 
OYP; 
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And 


SY    =    OY 
SP    =    OP. 


SYjp,  OYp, 


Again,  since  SY  =  OY,  and  Yp  common  to  the  two  trjj 
and  the  angles  at  Y  eqnal; 

Sp    =  Op 

.\  Hp  —  ty    =  Up  —  Sp 

=  HP  — SP 

=  HP— OP 

=  HO 

Hp   =  HO  +  Op 

that  is,  one  side  of  the  triangle  HOp  is  equal  to  the  other  two,  which  is  absurd ; 
•*.  p  is  not  a  point  in  the  curve :  and  in  the  same  manner,  it  may  be  proved 
that  no  point  in  the  straight  line  T/  can  be  in  the  curve,  except  P ; 

•*.    It  is  a  tangent  to  the  curve  at  P. 

Cor.  1.  Hence  tangents  at  A  and  a,  are  perpendicular  to  the  major  axis. 
Cor.  2.  SP  and  HP  make  equal  angles  with  every  tangent 
Cor.  3.  Since  SPH,  the  vetticle  angle  of  A  SPH,  is  bisected  by  the  straight 
line  PT,  which  cuts  the  base  in  T, 

.-.  HT:TS::HP:SP. 


PROP.   V. 

Tangents  drawn  et  the  vertices  of  a  diameter  are  paraUeL 

Let  TV,  Ww,  be  tangents  at  P,  p,  the  vertices 
of  the  diameter  PCB. 

JoinS,P;  H,  P;   S,p;  H,  p: 

Then,  by  Prop.  2,  SH  is  a  parallelogram,  and 
since  the  opposite  angles  of  parallelograms  are 
equal, 

.*.  angle  SPH    =    angle  SpH. 

But  the  tangents  Tf,  Ww,  bisect  the  angles 
SPH,  SpH,  respectively.  • 

.-.  angle  WpS    =    angle  HPT 

=    angle  PTS,  which  is  the  exterior  opposite  angle  to  VfpS, 
.*.  Ww  is  parallel  to  Tfc 


Cor.  If  Dd  be  a  diameter  conjugate  to 
Pp,  and  terminated  by  the  conjugate  hy- 
perbolas, tangents  drawn  at  D  and  d  will  be 
parallel. 

Hence  tangents  drawn  at  the  extremities 
of  conjugate  diameters  form  a  parallelogram. 


HYPEKUUL.A. 
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PROP.   VL 

lines  be  drawn  from  the  foci  to  a  vertex  of  any  diameter,  the  die* 
lame  from  the  vertex  to  the  intersection  of  the  conjugate  diameter  with  either 
focal  distance,  is  equal  to  the  semi-axis,  major. 

That  is,  if  Do*  be  a  diameter  conjugate  to 
Pp,  catting  SP  produced  in  E,  and  HP  in  e, 
PEorPe    =    AC. 
Draw  HI  parallel  tu  Bd,  meeting  SP  pro- 
duced in  L 
One  angle  PHI  =  alternate  angle  HPT 

s  angle  TPS 
=  angle  HIP 
V  HI  is  parallel  to  Dd  or  Tf 
.-.  IP  =  HP. 
Also,  since  SC  =  HC,  and  CE  is  paral- 
lel to  HI,  the  base  of  the  A  SHI, 

••.  SE    s    EI 
Hence,  V  PE    =    PI  — EI 

=    HP  — SE 
=    HP  — SP  — PE 
.'.  9PE    s    HP  — SP 
s    2  AC 
PE    =s    AC. 
Also  angle  PEs  s  angle  s?eE>  .\   Fe  =  PE  and 

Pe     =    Aa 


prop,  nu 

Perpendiculars  from  the  fori  upon  the  tangent  at  any  point,  interstct  the 
tangent  in  the  circumference  of  a  circle  whose  diameter  it  the  major  axis. 

From  S  let  fidl  SY  perpendicular  on  T*  a  tangent 
at  P. 

Join  S,P;  H,P;  let  HP  meet  SYinK;  join 
C,Y; 

Then,  since  angle  SPY  =  angle  KPY,  and  the 
angles  at  Y  are  right  angles,  and  the  aide  PY  coav 
mon  to  the  two  triangles  SPY,  KPY, 

.%  SY  =  KY 
and  KP  =  SP, 
Again,  since  S Y  =  YK,  and  SC  =  CH,  CY 
cuts  the  sides  of  A  HSK  proportionally, 

••.  CY  is  parallel  to  HP. 
Also,  since  CY  is  parallel  to  HP,  SY  =  KY,  and  SC  =  CH, 

.-.  CY    =    J  HK 

=    *(HP  —  KP) 
=    i(HP  —  SP) 

=    }Aa 

i  =  Aa 

Hence,  a  circle  described  with  centre  C  and  radios  =  CA,  will  pass  through 
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Y ;  end  in  like  manner,  if  HZ  be  drawn  perpendicular  to  Tf,  it  may  be  proved 
that  the  same  circle  will  past  through  Z  also* 


pbop.  vul 

The  rectangle  contained  by  perpendiculars  from  the  foci  upon  the 
any  point,  i$  equal  to  the  square  of  the  semi-axis,  minor. 

That  is, 

SY.HZ  =  BC» 

Let  T/  be  a  tangent  at  any  point  P ; 

On  Ka  describe  a  circle  cutting  It  in  Y  and  Z; 
joinS,Y;  H,  Z. 

Then,  by  last  Prop.,  SY,  HZ  are  perpendicular 
toTf. 

Let  HZ  meet  the  circumference  in  z ; 

JoinC.z;  C,  Y; 

Since  rZY  is  a  right  angle,  the  segment  in  which 

it  lies  is  a  semicircle,  and  z,  Y,  are  the  extremities 

of  a  diameter ; 

.*.  rCY  is  a  straight  line  and  a  diameter. 

Hence  the  triangles  CYS,  G*H,  are  in  every  respect  equal; 

.-.  SY  =  H* 
.%  SY  •  HZ  =  H* .  HZ 

=  HA.Ua    Geom.  Theor.  Gi. 
=  BC».    Prop.  3, 


peop.  ix, 

Perpendiculars  let  fall from  the  foci  upon  the  tangent  at  any  point,  are  to  cm  h 
other  as  the  focal  distance  of  the  point  of  contact 

That  is, 

SY:HZ::SP:HP. 

For  the  triangles  SPY,  HPZ,  are  manifestly 

similar ; 

•%  SY:HZ::SPsHP. 


Cor.  Hence, 

SP 
SY  =  HZ.ggp 

.•.  SY«  =  SY.HZ. 


SP 

HP 


SP 


aeaiso, 


s  BC8.gp,  last  Prop. 

SP 
SaC+8* 


=  BC». 


HP 
HZ'zrBC'.^jp 

™.  HP 

sBC,-aP-gAC' 


HYPERBOLA. 
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PRor. 


If  a  tangent  be  applied  at  any  paint,  and  from  the  same  paint  an  ordinate  to 
the  axis  be  drawn,  the  semi-axis  major  is  a  mean  proportional  between  the  die* 
tance  from  the  centre,  to  the  intersection  of  the  ordinate  with  the  axis,  and  the 
distance  from  the  centre  to  the  intersection  of  the  tangent  with  the  axis* 


That  is, 


CT :  CA  : :  CA  :  CM. 


Since  the  angle  SPH  is  bisected  by  FT.  which 
cuts  HS,  the  base  of  the  triangle  HPS,  in  T,  .•. 


HT 
.-.  HT— ST 
or,      2CT 
.-.       2CT 


ST       ::      HP       :        SP 
HT+ ST ::  HP  — SP :  HP  + SP 

2  AG    :HP+SP 


SH 
SAG 


SH       :HP+SP 


(') 


But  since  PM  is  drawn  from  the  vertex  of  triangle  HPS  perpendicular  to 
HS  produced, 

HM  —  SM:HP  +  SP::HP  —  SP:  HM+SM 
or,      SH       :HP+SP::      SAG    :    8  CM (2) 

Comparing  this  with  the  proportion  marked  (l\  we  hare 
2CT     :     2  AC     ::    2  AC      :       2  CM 
ok;      CT      :        CA      :t       CA      :         CM. 


PROP.   XI. 

Let  AQa  be  a  circle  described  on  the  major  axis, 
from  the  point  T,  draw  TQ  perpendicular  to  Ao» 
meeting  the  circle  in  Q,  join  QM. 

TTien  QM  la  a  tangent  to  the  circle  at  Q. 

Join  C,  Q. 

For  if  QM  be  not  a  tangent,  draw  QM'  a  tangent 
at  Q,  cutting  AC  in  M'. 

Then  CQM'  is  a  right  angle. 

.*.  Since  QT  is  drawn  from  the  right  angle  CQMr 
perpendicular  to  the  hypothenuse, 


.-.  CM'  :  CQ  : :  CQ  :  CT. 
or,  CM'  :  CA  : :     A  :  CT, 


CQ  =  CA. 


But  by  the  last  Prom 


CM  :  CA  : :  CA  :  CT 
.-.  CM  =  CM', 

which  Is  absurd;   .*•  QM  is  not  a  tangent  at  Q ;  and  in  the  same  manner  n  may 
be  proved  that  no  line  but  QM'  can  be  a  tangent  at  Q. 
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PROP    ML 

The  square  of  any  semUordinate  to  the  cms,  is  to  the  rectangle  aasV 
abscissa,  as  the  square  of  the  semi-axis  minor,  is  to  the  square  of  the 
major. 

That  is,  if  P  be  any  point  in  the  curve, 

PM»:  AM.  Ma  ::BC»:  AC*. 

Describe  a  circle  on  Aa,  and  draw  PT  a  tangent 
to  the  hyperbola  at  P,  intersecting  the  circle  in  the 


yM 


10  uie  nyperooia  at  r,  intersecting  we  circle  m  we             V  |  /  j  VVX  J 

points  Y,  Z,  and  the  major  axis  in  T.  llsr,h c  /4aa  m 

Draw  TQ  perpendicular  to  Ao,  meeting  the  cir-  / \       /  J\ 

cle  in  Q;  join  QM  ^^     \ 

Then  QM  is  a  tangent  to  the  circle  at  Q  by    /  \ 

Prop.  11,  and  •*•  the  angle  CQM  is  a  right  angle. 

Join  S,  Y ;  H,  Z ;  SY  and  HZ  are  perpendicu- 
lar to  Tt,  Prop.  7. 

Hence  the  triangles  PMT,  SYT,  HZT,  are  similar  to  each  other. 
.-.  PM  :      SY      ::     MT      :     TY 
and,   PM:      HZ      ::     MT      x     TZ 
.-.  PM»:SY.HZ::     MT»    :TY.TZ^ 

or.PM'x    BC8      ::     MT1    i    TQ»,    Prop.  8,  and  Geom.  Theoe.  6!. 

::      QM*    :    CQ»,  v  MQT,MCQ  are  similar  liiaajk 
::AM.Ma:    AC*9    Geom.  Theor.  61. 
.-.  PM'xAM.Ma  ::     BC»     x    AC1. 

Cor.  h 

Let  Pi  Mi ,  P*  M8 , be  ordinates  to  the  axis  from  any  point  Pi,  Pir— 

Then  by  Prop. 

PiMi»  :  AMj.Mia::        BC1        t        AC» 

P,Mtf  :  AM,.M,a  ::        B0»        :        ACf 

••PiM^r      PtMs*     ::  AMfMia  :  AMt.Mta. 

That  is,  the  square  of  the  ordinates  to  the  axis  are  to  each  other  ss  tat  n*> 
angles  of  their  abscissa. 

Cor.  9L    By  Prop. 

PM1  :     AM.  Ma      ::  BC«  :  AC1 
But  AM  =  CM  —  CA,  Ma  =  CM  +  CA, . 

.-.  PM»  :  CM»— CA»  ::  BC1:  AC*. 


PROP.    XIII. 

tphe  lotus  rectum  is  a  third  proportional  to  the  axis  major  and 

That  is, 

Aa  :  Bo  ::      Bb     :  U 

Since  LS  is  a  semiordinate  to  the  axis, 

AC»:BC«::AS.8a:LS«,  Prop.  12. 
::     BC1    :LS»,  Prop.3. 
.-.  AC  i  BC  x:      BC     :  LS 
or,  Aa:   Bb  ::       B6      :U 


HYPERBOLA. 


area  of  aff  peweiUlogrami,  firmed  by  drawing  temgmU  it  the  extrtmi. 
m  of  law  amjmpate  duo-etcri,  it  ewutant,  each  bti»g  equal  to  At  TmUwmm 


m\  !*/>,  L>^  b«  aaj  two  conjugal*  diame- 
,  W«cXj,  b  parallelogram  inacribod  be- 
ta Um  oppoaile  Uid  conjugate  byptrbolu 
Inning  langwdi  at  1\  p,  1>,  d;  then  Pp, 
diild*  in*  parallelogram  WxX»  inlu 


raw  I'm,  da,  ordinal*!  to  the  axil ;  PF 
,  IW. 

:  PX  In  T  u>l  Wi  lo  (; 

CT  ;  CA  : 


:  CA  :  CM 
Cf   :  CA  :i  CA  i  Cm,   Prop.  II. 
CT  s  Ct  :  i  Cm  i  CM 

CT  :  C(    : :  MT  :  Cm,  by  aioular 
MT  :  Cm  ::  Cm  :  CM 

CM.MT   =    C-*  _.. 


CM  :  CA  ::  CA  :  CT 
CM  !  CA  ::  MA  t  AT,  dividends  : 
CM  :  Ma  i:  MA  s  MT.eom) 
Ma     =    CM .  MT    =    Cm*  . 


fhtf. 

Or, 

AC:  BC": 
AC*  s  BC : 

:  AM  .  Mar   i  PIP 
;  Cm> :  PM* 

AC  ;  BC  : 

:  Cm  :  PM 

Similarly, 
Or, 

AC:  BC: 

BC  :  dm   :: 

:  CM  ;  dm 

CA   ;  CM 

fta, 

CT  :  CA  : : 

;  CA  :  CM 

CT  :  CA  : : 

BC    :  dm 

But, 

PF  :  CT  !! 

dm    :  CA 

PF  ;  CA  :: 

BC  :  Co* 

.-.  Rectangle  PF  .  CD 

or.    Parallelogram  CX 

.-.  Parallelogram  WrnX* 

=  rectangle  AC  .  PC 
=  rectangle  AC  .  1;C 
=  4  AC.BC 

=  Ao.BS. 

Car.        B,(tjL 

Cm'  =  AM .  M« 

=;  (CM  _  CA)  (CM  +  CAk 
s  CM*  —  CA* 
.1  CA'  =  CM""  —  Cm* 

Aod  aioiilarie,  CO*  =  dm'   —  PM* 
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PROP.  XT* 

The  difference  of  the  squares  of  any  two  conjugate 
same  constant  quantity,  namely,  the  difference  of  the 

That  is,  if  Pp,  T>a\  be  any  two  conjugate  diame- 
ters, 

Pp«_Drf*  =  Aa«_-B©«. 

Draw  PM,  dm,  ordinates  to  the  axis. 
Then,  by  Cor.  to  last  Prop. 

AC8—  BC«=CMf  +  PM«—(Cmf  +  <&••) 

=  CP»  —  Cd* 
.-.  Aa«— .B&f=Pp«— Dd«. 


is  equal  Ism 
of  the  two 


PROP*  XVU 

The  rectangle  under  the  focal  distances  of  any  point,  is  equal  wmtsmmj 

the  semi-conjugate* 

That  is,  if  CD  be  conjugate  to  CP, 
SP.HP  =  CD«. 

Draw  SY,  HZ,  perpendiculars  to  the  tangent  at 
P,  and  PF  perpendicular  to  CD; 

Then  by  similar  triangles,  SPY.  PEP, 

SP      :      SY     ::  PE  :   PP 
or,      SP       :       SY     ::  AC  :   PF 
V  PE  =  AC.  by  Prop.  6. 
Similarly,    UP       t      HZ     ::AC   :    PF 
.•.  SP.HP :SY. HZ::  AC»i   PFf 

s:CD8?  CB \  by  Pref>  14. 
But  SY.HZ  =  CB»,  by  Prop.  & 

SP.HP  sr  CD«. 


PROP.  XVII. 

If  two  tangents  be  drawn,  one  at  the  principal 
of  any  other  diameter,  each  meeting  the  other's 
gential  triangles  thus  formed  wiB be  equal 

That  is, 

triangle  CPT  =  triangle  CAR. 
Draw  the  ordinate  PM;  then 

CM :  C A  ::  CP :  CK.  by  similar  triangles. 
.  But»CM:CA:.*CA:CT 
.••  CA«CT::CP:CK. 
The  two  triangles  CPT,  CAK,  hare  thus  the 
angle  C  common  and  the  sides  about  that  angle 
ciprocally  proportional;    these  triangles    are 
equaL 


theothtrstmu 
prodmei,  At  nmi 


HYPERBOLA. 
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Cor*  1.  Take  each  of  the  equal  triangles  CPT,  CAK,  from  the  common 
•pace  CAOP ;  there  remains 

triangle  OAT  =  OKP. 

Cor.  2.  Also  take  the  equal  triangles  CPT,  CAK,  from  the  common  triangle 
CPM;  there  remains  * 

triangle  MPT  =  frapez.  AKPM. 


PROF*  XVIIL 

The  same  being  supposed,  as  in  last  proposition, 
then  any  straight  lines,  QG,  QE,  drawn  parallel 
to  the  two  tangents  shall  cut  off  equal  spaces. 

That  is, 

triangle  GQE    =    trapez.  AKXG 
triangle  rqE      =    trapez.  AKRr 

Draw  the  ordinate  PM. 

The  three  similar  triangles  CAK,  CMP,  CGX, 
are  to  each  other  as  CA* ,  CM* ,  CG* , 

.-.     AKPM  :  trap.  AKXG  ::  CM*_  CA«  :  CG«  — CA«,  dividends 
PM8 :  QG*  : :  CM*  —  C A2  :  CG'  —  CA», 


But, 


PM» 
PM« 


QG« 

QG»,    v  die  triangles 


••.  trap.  AKPM :  trap.  AKXG  : : 
But,  trian.  MPT  :  triaii.  GQE  : : 
are  similar. 

.-.  trap.  AKPM  :  trian.   MPT  : :  trap.  AKXG  :  trian.  GQE, 

But,  by  Prop,  xvn.,  Cor.  2, 

trap.  AKPM  =  triangle  MPT; 

.-.     trap.  AKXG  =  triangle  GQE. 

And  similarly,      trap.  AKRr  =  triangle  rqE. 

Cor.U  The  three  spaces  AKXG,  TPXG,  GQE,  m  all  equal 

Cor.  2.  From  the  equals,   AKXG,  EQG9  take  the  equals   AKRr,  Egr* 

there  remains, 

RrXG   =    rqQQ. 

Cor.  3.  From  the  equals  RrXG,  r?QG,  take  the  common  apace  rqvXi* ; 

there  remains, 

triangle  vQX    =    triangle  vqR. 

Cor.  4t    From  the  equals  EQG,  TPXG,  take  the  common  space  E©XG ; 

there  remains, 

TPr>E    =    triangle  vQX. 

Cor.  5.  If  we  take  the  particular  cose  in 
which  QG  coincides  with  the  minor  axis, 

The  triangle   EQG  becomes  the  triangle 
IBC, 

The    figure  AKXG  becomes  the  triangle 
AKC, 

.-.    triangle  IBC  =  triangle  AKC 

=  triangle  CJT. 

h  h2 
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CONIC  SECTIONS 


PROP.    XIX. 

Any  diameter  bisects  att  its  own  oittu 

That  is, 
If  Qq  be  any  ordinate  to  a  diameter  CP, 
Qv    =z    vq. 

Draw  QX,  qx>  at  right  angles  tothe 
major  axis; 

Then  triangle  »QX  =  triangle  vqx; 
Prop,  xviu.,  Cor.  3. 

But  these  triangles  are  also  equiangular ; 

Qv    =    vq. 


•  • 


Cor.    Hence,  any  diameter  divides  the  hyperbola  into  two  esaal  part* 


PROP,  xx. 

The  square  of  the  sani-ordinate  to  any  diameter \  is  tothe  recumgk  wish 
abscisses,  as  the  square  of  the  semi-conjugate  to  the  square  of  the 

That  is, 
If  Qq  be  an  ordinate  to  any  diameter  CP, 
Qt>*   :  Pv.vp  ::   CD*   .  CP*. 

Let  Qq  meet  the  major  axis  in  £ ; 

Draw  QX,  DW,  perpendicular  to  the  major 
Axis,  and  meeting  PC  iu  X  and  W. 

Then,  since  the  triangles  CPT,  CrE,  are 
similar, 

Irian.  CPT  :  trian.  CvE ::  CP* :  Ct* 
or,  trian.  CPT  :  trap.TP»E  : :  CP* :  C©»  —  CP1 


Again,  since  the  triangles  CDW,  vQX,  are  similar, 

triangle  CDW    :    triangle  ©QX    : :    CD*  :    v(f; 
But,  triangle  CDW  ='  triangle  CPT ;     Prop,  xviil,  Car.  * 

And  triangle    oQX  =  trapes.  TPoE ;   Prop,  xviil,  G*  J 

.\     CP1    :    CDJ     ::  Ct>2  —  CP»    :    v(f 
Or,     Qv*    i  Pv.vp::  CD1       :     CP". 

Cor.  1.    The  squares  of  the  ordinates  to  any  diameter,  are  to 
the  rectangles  under  their  respective  abscissa 

Cor.  2.    The  above  proposition  is  merely  an   extension  of  At 
already  proved  in  Prop.  12,  with  regard  to  the  relation  bet 
the  axis  and  their  abscissas. 


A 


I 


HYPERBOLA. 


ON  THE  ASYMPTOTES  OF  THE  HYPERBOLA. 

Definition-. — An  Asymptote  is  a  diameter  which  approaches  nearer  to  meet 
the  curve,  the  farther  it  is  produced,  but  which,  being  produced  ever  so  far, 
does  never  actually  meet  iL 


If  tangent*  be  drawn  at  the  vertices  of  the  axes,  the  diagonal*  of  the  rectangle  to 
formed  are  asymptotes  to  the  four  carve*. 

Let  MP  meet  CE  in  Q; 

Then,     MO/  ;  CM'  :;  AE*  :  AC 

::  BC  :  AC 

j:  MP"  :  CM"  — CA'. 

Now,  a-i  CM  increases,  the  ratio  of  CM*  to 
CM' —  CA"  continually  approaches  to  a  ratio  of 
equality;  but  CAP  —  CA*  can  never  become  actually 
eqii.il  to  CM",  however  much  CM  may  be  increased. 
Hence,  MP  is  always  less  than  MQ,  bat  approaches,  continually  nearer  to  an 
equality  with  it. 

In  the  same  manner  it  may  be  proved,  that  CQ  is  an  asymptote  to  the  conju- 
gate hyperbola  BP'. 

Cor.  1.   The  two  asymptotes  make  equal  angles  with  the  axis  major  and  with 
the  axis  minor. 

Cor.  8.   The  line  AB  joining  the  vertices  of  the  conjugate  axes  is  bisected  by 
one  asymptote  and  is  parallel  to  the  other. 

Cor.  3.    AH  lines  perpendicular  to  either  axis  and  terminated  by  the  asym- 
ptotes are  bisected  by  the  axis. 


All  the  parallelogram*  are  equal,  which  are  formed  hrtween  the 
curve,  by  line*  drawn  parallel  to  the  asymptote*. 

That  is,  the  lines  HE,  EK,  AP,  AQ,  being 
parallel  to  the  asymptotes  CH,  CA,  tlien  llie  paral- 
lelogram CUEK  --  parallelogram  CPAQ, 

For,  let  A  be  llie  vertex  of  the  curve,  or  extre- 
mity ot  the  Mjmi-irans verse  axis  AC,  perpendicular 
to  which  draw  Al,  or  Al,  which  will  be  equal  to 
the  semi-conjugate,  by  definition  xix.  Also,  draw 
UKUfA  parallel  to  U 

Tlien, 
anil  by  parallels, 
therefore,  by  subtract    CA* 


;  CD1  — CA"  :  DE", 
:  CD*  :  DH*j 

DIP  —  DE*  or  r 


consequently,  the  square  A L*  =  the  rectangle  HE.  EA. 
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But,  by  similar  trian.  PA    :   AL    : :   GE    :   ETT, 
and,  by  the  same,  Q  A    :  A/     : :   EK    :   Eh ; 

therefore,  by  comp.  PA .  AQ  :    AL"   : :   GE .  EK  :   HE .  Vh  i 
and,  because    AL"  =  HE .  Eh,  therefore  PA .  AQ  =  GE .  P.K. 

Hut  the  parallelograms  CGEK,  CPAQ,  being  equiangular,  are  as  the 
tangles    GE.EK  and  PA.AQ. 

And  therefore  the  parallelogram  GK  =  the  parallelogram  PQ. 

That  is,  all  the  inscribed  parallelograms  are  equal  to  one  another.    Q.RD 

CoroL  1.  Because  the  rectangle  GEK  or  CGE  is  constant,  therefore  GE  is 
reciprocally  as  CG,  or  CG  :  CP  : :  PA  :  GE.  And  hence  the  asymptote  con- 
tinually approaches  towards  the  curve,  but  never  meets  it ;  for  GE  decreases 
continually  as  CG  increases ;  and  it  is  always  of  some  magnitude,  except  when 
CG  is  supposed  to  be  infinitely  great,  for  then  GE  is  infinitely  small  or  nothing. 
So  that  the  asymptote  CG  may  be  considered  as  a  tangent  to  the  curve  at  a 
point  infinitely  distant  from  C. 

Carol  2.  If  the  abscissas  CD,  CE,  CG,  &c, 
taken  on  the  one  asymptote,  be  in  geometrical 
progression  increasing;  then  shall  the  ordinates 
DH,  EI,  GK,  &c,  parallel  to  the  other  asymptote, 
be  a  decreasing  geometrical  progression,  having 
the  same  ratio.  For,  all  the  rectangles  CDH, 
CEI,  CGK,  &c,  being  equal,  the  ordinates  DH, 
EI,  GK,  &c,  are  reciprocally  as  the  abscissas  CD, 
CE,  CG,  &c,  which  are  geometricals.  And  the 
reciprocals  of  geometricals  are  also  geometricals, 
and  in  the  same  ratio,  but  decreasing,  or  in  converse  order. 


PROP.    XXIII. 

The  three  following  spaces,  between  the  asymptotes  and  the  curve,  are  equal; 
namely,  the  sector  or  trilinear  space  contained  by  an  arc  of  the  curve  and  two 
radii,  or  lines  drawn  from  its  extremities  to  the  centre ;  and  each  of  the  twe 
quadrilaterals,  contained  by  the  said  arc,  and  two  lines  drawn  from  its  ex- 
tremities parallel  to  one  asymptote,  and  the  intercepted  pott  of  the  other 
asymptote* 

That  is, 
The  sector  CAE  =  PAEG  =  QAEK,  all 
standing  on  the  same  arc  AE. 


For,  as  has  been  already  shown,  CPAQ  =  CGEK ; 
Subtract  the  common  space  CGIQ, 
So  shall  the  paral.  PI  =  the  paraL  IK ; 
To  each  add  the  trilineal  I  AE, 
Then  is  the  quadril.  PAEG  =  QAEK. 
dgalD,  from  the  iniauYHftteral  CAEK,  take  the  equal  triangle  CAQ,  ("EK, 
and  there  remains  the  sector  CAE  =  QAEK. 

Therefore,  CAE  =  QAEK  =z  PAEG.  Qv&R 


APPLICATION  OF  ALGEBRA 

TO 

GEOMETRY. 


When  it  is  proposed  to  resolve  a  geometrical  problem  algebraically,  or  by  al- 
gebra, it  is  proper,  in  the  first  place,  to  draw  a  figure  that  shall  represent  the 
several  parts  or  conditions  of  the  problem,  and  to  suppose  that  figure  to  be  the 
true  one.  Then,  having  considered  attentively  the  nature  of  the  problem,  the 
figure  is  next  to  be  prepared  for  a  solution,  if  necessary,  by  producing  or  draw- 
ing such  lines  in  it  as  appear  most  conducive  to  that  end.  This  done,  the  usual 
symbols  or  letters,  for  known  and  unknown  quantities,  are  employed  to  denote 
the  several  parts  of  the  figure,  both  the  known  and  unknot  n  parts,  or  as  many 
of  them  as  necessary,  as  also  such  unknown  line  or  lines  as  may  be  easiest  found, 
whether  required  or  not.  Then  proceed  to  the  operation,  by  observing  the  re- 
lations that  the  several  parts  of  the  figure  have  to  each  other;  from  which,  and 
the  proper  theorems  in  the  foiegoing  elements  of  geometry,  make  out  as  many 
equations  independent  of  each  other,  as  there  are  unknown  quantities  employed 
in  them :  the  resolution  of  which  equations,  in  the  same  manner  as  in  arithmeti- 
cal problems,  will  determiue  the  unknown  quantities,  and  resolve  the  problem 
proposed. 

As  no  general  rule  can  be  given  for  drawing  the  lines,  and  selecting  the  fittest 
quantities  to  substitute  for,  so  as  always  to  bring  out  the  most  simple  conclusions, 
]>ecause  different  problems  require  different  modes  of  solution ;  the  best  way  to 
gain  experience,  is  to  try  the  solution  of  the  same  problem  in  different  ways, 
and  then  apply  that  which  succeeds  best,  to  other  cases  of  the  same  kind  when 
they  afterwards  occur.  The  following  particular  directions,  however,  may  bo  of 
some  use. 

)st,  In  preparing  the  figure,  by  drawing?  lines,  let  them  be  either  parallel  or 
perpendicular  to  other  lines  in  the  figure,  or  so  as  to  form  similar  triangles* 
And  if  an  angle  be  given,  it  will  be  proper  to  let  the  perpendicular  be  ophite 
to  that  angle,  and  to  fall  from  one  end  of  a  given  line,  if  possible. 

2dy  In  selecting  the  quantities  proper  to  substitute  for,  those  are  to  be  chosen^ 
whether  required  or  not,  which  lie  nearest  the  known  or  given  parts  of  the 
figure,  and  by  means  of  which  the  next  adjacent  parts  may  be  expressed  by  ad- 
dition and  subtraction  only,  without  using  surds. 

3d,  When  two  lines  or  quantities  are  alike  related  to  other  parts  of  the  figure 
or  problem,  the  way  is,  not  to  make  use  of  either  of  them  separately,  but  to  sub- 
stitute ibr  tneir  sum,  or  difference,  or  rectangle,  or  the  sum  of  their  alternate 
quotients,  or  for  some  line  or  lines  in  the  figure,  to  which  they  have  both  the 
same  relation. 

4<A  When  the  area,  or  the  perimeter,  of  a  figure,  is  given,  or  such  parts  of  it 
a?  have  only  a  remote  relation  to  the  parts  required ;  it  is  sometimes  of  use  to 
assume  another  figure  similar  to  the  proposed  one,  having  one  side  onus1  *° 
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unity,  or  some  other  known  quantity.  For,  hence  the  other  parte  of  the  ftgm 
may  be  found,  by  the  known  proportions  of  the  like  sides,  or  puts,  and  »  a 
equation  be  obtained.    For  examples,  take  the  following  problems. 


PROBLEM  L 

In  a  right-angled  triangle,  having  given  the  base  (3),  and  the  sum  of  the  ijp» 
thenuse  and  perpendicular  (9);  to  find  both  these  two  sides, 

Let  ABC  represent  the  proposed  triangle  right-angled  at 
B.  Put  the  base  AB  =  3  =  b,  and  the  sum  AC  +  BC  of 
the  hypothenuse  and  perpendicular  =  9  =  «;  also,  let  x de- 
note the  hypothenuse  AC,  and  y  the  perpendicular  BCL 

Then  by  the  question  x  -f-  y  =  t. 

and  by  theorem  34,  j^=y*-f-  b\ 

By  transposition  y  in  the  1st  equation  gives,  z  =  s  —  y. 

This  value  of  x  substituted   in  the  2d,  gives  s*  —  2  ty  +  y*  =  y*  -f-  J\ 

Taking  away  y*  on  both  sides  leaves  s* — 2  s  y  =  l?t 

By  transposing  2  sy  and  6",  gives  / — 6*  =  2  sy, 

a* b* 

And  dividing  by  2  s,  gives  — 5 —  =y=4=  BC 

Hence  x  =  s  —  5  =  y  =  AC. 

N.  B.  In  this  solution,  and  the  following  ones,  the  notation  is  wsM  ■J*H 
as  many  unknown  letters,  x  and  y,  as  there  are  unknown  sides  of  tketn*^ 
a  separate  letter  for  each;  in  preference  to  using  only  one  unknovifafctfe 
one  side,  and  expressing  the  other  unknown  side  in  terms  of  that  letter  will 
given  sura  or  difference  of  the  sides  ;  though  this  latter  way  woeW  netwfc 
solution  shorter  and  sooner ;  because  the  former  way  gives  occsswa  kt  w* 
and  better  practice  in  reducing  equations;  which  is  the  very  end  »4** 
for  which  these  problems  are  given  at  alL 


PROBLEM   II. 


Jh  a  right-angled  triangle,  having  given  the  hypothenuse  (5),  and  the  9*1  ■] 
„  base  and  perpendicular  (7)  ;  to  find  both  these  two  sides. 

Let  ABC  represent  the  propo.*;d  triangle  right-angled  at  B.  Put  lk*  P~J 
hypothenuse  AC  =  5  =  a,  and  the  sum  AB  -f-  BC  of  the  base  and  p*F*| 
cular  =  7  =  s  \  a^°  let  x  denote  the  base  AB,  and  y  the  perpendkabr  V* 

Then  by  the  question,  x  -f-  y  =  s, 

and  by  theorem  34-  x*  +  y*  =  a*, 

By  transposing  y  in  the  1st,  gives  x  =r  s  —  y, 

By  substituting  this  value  for  x,  gives    «*  —  2  sy  -J-  2y*  =«*• 

By  transposing  **,  gives  2y 8  —  2  s  y  =  «*  —  s% 

By  dividing  by  2,  gives  y *  —  s  y  z=  J  a*  —  |  A   _ 

By  completing  the  square,  gives  y-  —  s  y  -f-  ^  **  =  J*1-* 

By  extracting  the  root,  gives  y  —  J  *  =  v/ffl1"--!" 

By  transposing  J*,  ghes  y  :=  i*  -^  v/i^*  —  J*" 

4  and  3,  the  raises  rf'1 
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PROBLEM   1IT. 


In  a  rectangle  having  given  the  diagonal  (10),  and  the  perimeter ;  or  sum  of  ail 
the  four  sides  (28) ;  to  find  each  of  the  sides  severalty. 

Let  ABGD  be  the  proposed  rectangle;    and  put  the  D C 

diagonal  AC  =  10  =  d,  and  half  the  perimeter  AB  -f- 
BG  or  AD  -J-  DC  =r  14  =  a ;  also  put  one  aide  AB  =  x, 
and  the  other  BC  =:  y. 

Hence,  by  right-angled  triangles, 

And  by  the  question 

Then  by  transposing  y  in  the  2d,  gives 

This  value  substituted  in  the  1st,  gives 

Transposing  a2,  gives 

And  dividing  by  2,  gives 

By  completing  the  square,  it  is 

And  extracting  the  root,  gives 

And  transposing  \  a,  gives 
or  6,  the  values  of  a;  and  y. 


x*+y*=d\ 
x  +  y    =  a, 
x  =  a    —  y, 
a*  —  2ay+  2y»=:c*«f 
2y*  —  2ay=    d*  —  a«, 
y«_    cy  =  i<*«  —  *<,«, 

y   —  la    =  y/frfg-^T 


PRollI.KM    IV. 

Having  given  the  base  and  perpendicular  of  any  triangle  ;  to  find  the  side  of  a 

square  inscribed  in  the  same. 

Let  ABC  represent  the  given  triangle,  and  EPGH  its 
inscribed  square.  Put  the  base  AB  =  b,  the  perpendi- 
cular CD  =:  a,  and  the  side  of  the  square  GP  or  GH  = 
Dl  =  x;  then  will  CI  =  CD  — DI  =  a  — a:. 

Then,  because  the  like  lines  in  the  similar  triangles 
ABC,  GFC,  are  proportional  (by  theorem  84,  Geom.), 
A B  :  CD  : :  GF  :  CI,  that  is,  b :  a ::  x  :  a  —  x.  Hence, 
by  multiplying  extremes  and  means,  ab  —  bx  =,  ox,  and  transposing  bx,  gives 

ab  =  ax  -f-  bz;  then  dividing  by  a  +  bt  gives  x  =   —  -  =  GF  or  GH,  Hie 

a  -f-  b 

side  of  the  inscribed  square;   which  therefore  is  of  the  same  magnitude,  what- 
ever the  species  or  the  angles  of  the  triangles  may  be. 


PROBLIliI    v. 

In  an  equilateral  triangle,  having  given  the  lengths  of  the  three  perpendicular^ 
drawn  ft  om  a  certain  point  within,  on  the  three  sides;  to  determine  the  sides. 
Let  ABC  represent  the  equilateral  triangle,  and  DE, 

DF,  and  DG,  the  given  perpendiculars  from  the  point 

D.     Draw  the  lines  DA,  DB,  DC,  to  the  three  angular 

points ;   and  let  fall  the  perpendicular  CH  on  the  base 

AB.      Put  the  three  given  perpendiculars,  DE  =  o, 

DF  =  b,  DG  =  c,  and  put  x  =  AH  or  BH,  half  the  side 

of  the  equilateral  triangle.      Then  is  AC  or  BC  =  2x, 

and  by  right-angled  triangles  the  perpendicular  CH  = 

y/  \c»— -AH»  =  v/4o«  — a*  =x/3x»  =  aV3 
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Now,  since  the  area  or  space  of  a  rectangle,  is  expressed  by  the  product  of 
the  base  and  height  (cor.  2,  th.  81,  Geom.),  and  since  a  triangle  is  equal  to  half 
a  rectangle  of  equal  base  and  height  (cor.  1,  th,  26),  it  follow*  that, 

the  whole  triangle  AlMi  *  =  ;  AJ1  X  CU  =:  ar  X  a  v'3  —  **  y/** 
the  triangle  ABD    =  JAB  X  DG  =  x  X  c  =  ex, 

the  triangle  BCD     =  fcBC  Xl)E  =  xXo  =  flX, 

the  triangle  ACD     =  JAC  xDP  =  *Xi  =  4ft 

But  the  three  last  triangles  make  up,  or  are  equal  to,  the  whole  former  or 
great  triangle ; 

that  is,   x*y/3  =  ax  +  bx  +  ex:   hence,  dividing  by  x,  gives 
x  y/3  =  a    -f-  b    +  c,    and  dividing  by  y/3,  gives 

x  =  —X — IH. ,  half  the  side  of  the  triangle  sought 

Also,  since  the  whole  perpendicular  CH  is  =  x  y/3,  it  is  therefore  :=  «  + 
b  +  c.  That  is,  the  whole  perpendicular  CH,  is  just  equal  to  the  sum  of  all 
the  three  smaller  perpendiculars  DE  -J-  DF  -f-  DG  taken  together,  wherever 
the  point  D  is  situated. 

PROBLEM   VI. 

In  a  right-angled  triangle,  having  given  the  base  (3;,  and  the  difference 
between  the  hypothenuse  and  perpendicular  (1) ;  to  fiiid  both  these  two  sides. 

PROBLEM  TIL 

In  a  right-angled  triangle,  having  given  the  hypothenuse  (5),  and  the  differ- 
ence between  the  base  and  perpendicular  (1);  to  determine  both  these  two 

sides. 

problem  mi. 
Having  given  the  area,  or  measure  of  the  space,  of  a  rectangle,  inscribed  in 
a  given  triangle;   to  determine  the  sides  of  the  rectangle. 

PROBLEM   IX. 

In  a  triangle,  having  given  the  ratio  of  the  two  sides,  together  with  both  the 
segments  of  the  base,  made  by  a  perpendicular  from  the  vertical  angle;  to 
determine  the  sides  of  the  triangle. 

PROBLEM  x. 

In  a  triangle,  having  given  the  base,  the  sum  of  the  other  two  sides,  and  the 
length  of  a  line  drawn  from  the  vertical  angle  to  the  middle  of  the  base;  to 
find  the  sides  of  the  triangle. 

PROBLEM   XI. 

In  a  triangle,  having  given  the  two  sides  about  tbe  vertical  angle,  with  the 
line  bisecting  that  angle,  and  terminating  in  the  base ;  to  find  the  base. 

PROBLEM   XII. 

To  determine  a  rightr  angled  triangle ;  having  given  the  lengths  of  two  lines 
drawn  from  the  acute  angles,  to  the  middle  of  the  opposite  sides. 

PROBLEM   XIII. 

To  determine  a  right  angled- triangle ;  baring  given  the  perimeter.  and  vtm 
radius  of  its  inscribed  circle. 
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PROBLEM  XIV. 

To  determine  a  triangle ;  having  given  the  base,  the  perpendicular,  and  the 
ratio  of  the  two  side*, 

PROBLEM  xv. 

To  determine  a  right-angled  triangle ;  having  given  the  hypothenuse,  and 
the  side  of  the  inscribed  square. 

PROBLEM  XVL 

To  determine  the  radii  of  three  equal  circles,  described  in  a  given  circle,  to 
touch  each  other  and  alao  the  circumference  of  the  given  circle. 

problem  xvn. 
In  a  right-angled  triangle,  having  given  the  perimeter,  or  sum  of  all  the 
sides,  and  the  perpendicular  let  fall  from  the  right  angle  on  the  hypothenuse ; 
to  determine  the  triangle,  that  in,  its  sides. 

PROBLEM  XVIIL 

To  determine  a  right-angled  triangle ;  having  given  the  hypothenuse,  and 
the  difference  of  two  lines  drawn  from  the  two  acute  angles  to  the  centre  of  tlte 
inscribed  circle. 

PROBLEM  XIX. 

To  determine  a  triangle ;  having  given  the  base,  the  perpendicular,  and  the 
difference  of  the  two  other  aides. 

PHOSLKM  XX, 

To  determine  a  triangle ;  having  given  the  base,  the  perpendicular,  and  the 
rectangle  or  product  of  the  two  aides. 

PROBLEM  XXL 

To  determine  a  triangle ;  having  given  the  lengths  of  three  lines  drawn  from 
the  three  angles,  to  the  middle  of  the  opposite  sides. 

PROBLEM   XXS. 

In  a  triangle,  having  given  all  the  three  aides;  to  find  the  radius  of  the 
inscribed  circle. 

PROBLEM   XXUL 

To  determine  a  right-angled  triangle ;  having  given  the  side  of  the  inscribed 
square,  and  the  radius  of  the  inscribed  circle. 

PROBLEM   XXIV. 

To  determine  a  triangle,  and  the  radius  of  die  inscribed  circle ;  having  given 
the  lengths  of  three  lines  drawn  from  the  three  angles,  to  the  centre  of  that 
circle* 

PROBLEM  XXV, 

Td  determine  a  rightrnngled  triangle;  having  given  the  hypothenus*,  *nd 
the  radius  of  the  inscribed  circle. 

rROB'.F.ftr   XXVL 

To  determine  a  triangle;  having  given  the  base,  the  line  bisecting  ft* 
vertical  angle,  and  the  diameter  of  the  circumscribing  circle. 


PROBLEMS  ON  MAXIMA  AND  MINIMA. 

TO  BB  SOLVED  GEOMETRICALLY, 

1.  Divide  a  right  line  into  two  parte  so  that  their  rectangle  shall  be  a 
maximum. 

2.  Find  a  point  in  a  given  straight  lino,  from  which  if  two  straight  lines  be 
drawn  to  two  given  points  on  the  same  side  of  the  given  line,  and  in  the  same 
plane  with  it,  their  sum  shall  be  a  maximum. 

3.  Let  ABC  be  a  right-angled  triangle  of  which  AB  is  the  hypothenuse. 
Draw  through  the  angular  point,  C,  a  right  line  such,  that  the  sum  of  two  per- 
pendiculars let  fall  upon  it  from  A  and  B,  respectively,  shall  be  a  minimum. 

4.  Through  a  given  point  within  a  circle,  which  is  not  the  centre,  to  draw 
the  least  chord. 

5.  Through  either  of  the  points  of  intersection  of  two  given  circles  that  cut 
each  other,  to  draw  the  greatest  of  all  straight  lines,  passing  through  that  point, 
and  terminated  both  ways  by  the  two  circumferences. 

6.  Two  semicircles  whose  radii  are  in  a  known  ratio,  lie  on  contrary  sides  of 
the  same  right  line,  the  circumference  of  one  terminating  in  the  centre  of  the 
other.  Draw  the  greatest  right  line  perpendicular  to  the  common  diametral 
line,  and  terminated  both  ways  by  the  two  curves. 

7.  Through  a  given  point  in  a  given  circle,  out  of  the  centre,  draw  a  chord 
which  shall  cut  off  the  least  segment. 

8.  To  find  a  point  in  the  circumference  of  a  given  circle,  at  which  any  given 
straight  line  drawn  from  the  centre,  but  less  than  the  radius  of  the  circle,  shall 
subtend  the  greatest  angle. 

9.  (liven  the  base  and  the  ratio  of  the  sides,  to  determine  the  triangle  whoa 
its  area  is  a  maximum. 

10.  in  a  given  triangle  to  inscribe  the  greatest  rectangle. 

11.  To  divide  a  given  right  line  into  two  parts,  such  that  the  sum  of  tne 
squares  of  tho  s»vo  parts  may  be  a  minimum. 

12.  In  a  given  plane  triangle  to  inscribe  another,  having  its  angular  points  in 
the  three  sides  of  the  given  one,  and  its  perimeter  a  minimum. 

13.  Given  the  hypothenuse  of  a  right-angled  triangle,  to  construct  it  when  thi 
sum  of  *  lie  teg  and  the  diameter  of  the  inscribed  circle  is  a  maximum. 
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DEFINITIONS. 

1  Plank  ratGONOMETiiv  treats  of  the  relations  and  calculations  of  tlie  sides 
and  angles  of  plane  triangles. 

S.  The  circumference  of  every  circle  (.as  before  observed  Id  Geom.  def.  S6) 
u  supposed  to  be  divided  into  360  equal  parts,  called  Degrees ;  also  each  de- 
gree into  60  Minutes,  each  minute  into  60  seconds,  and  so  on. 

Hence  a  semicircle  contains  180  degrees,  and  a  quadrant  90  degrees. 

3.  The  Measure  of  any  angle  (def.  57,  Geom.)  is  an  arc  of  any  circle  con; 
tained  between  the  two  lines  which  form  that  angle,  the  angular  point  being  the 
centre ;  and  it  is  estimated  by  the  number  of  degrees  contained  in  that  arc 

Hence,  a  right  angle  being  measured  by  a  quadrant,  or  quarter  of  the  circle, 
h  an  angle  of  90  degrees;  and  the  sum  of  the  three  angles  of  every  triangle,  or 
two  right  angles, Is  equal  to  180  degrees.  Therefore,  in  aright-angled  triangle, 
taking  one  of  the  acute  angles  from  00  degrees,  leaves  the  other  acute  angle  i 
and  the  sum  of  two  angles,  in  any  triangle,  taken  from  180  degrees,  leaves  the 
third  angle;  or  one  angle  being  taken  from  180  degrees,  leaves  the  sum  of  the 

4.  Degrees  are  marked  at  the  top  of  the  figure  with  a  small  *,  minutes  with  ', 
seconds  with  ",  and  so  on.  Thus,  57*  9V  12",  denote  £7  degrees  30  minutes 
and  IS  seconds. 

5.  The  Complement  of  an  arc,  is  what  it  want*  of 
a  quadrant  or  90°.  Thus,  if  AD  be  a  quadrant, 
then  BD  Is  the  complement  of  the  arc  AB;  and, 
reciprocally,  AB  is  the  complement  of  BD.  So 
that,  if  AB  be  an  arc  of  50*,  then  il 
BD  will  be  40*. 

6.  The  Supplement  of  an  arc,  la  what  it  wi 
a  semicircle,  or  180*     Thus,  if  ADE  be  a 
circle,  then  HUE  is  the  supplement  of  the  arc  AB; 
and,  reciprocally,   AD  is  the  supplement  of  the  arc  DDE.     So  that,  if  AB  be 
an  arc  of  50*,  then  its  supplement  DDE  will  be  130*. 

7.  The  Sine,  or  Bight  Sine,  of  an  arc,  is  the  line  drawn  from  one  extremity 
of  the  arc,  perpendicular  to  the  diameter  passing  through  the  other  extremity. 
Thus,  BF  is  the  sine  of  the  arc  AB,  or  of  the  arc  DDE. 

CoroL  Hence  the  sine  (BF)  is  half  the  chord  (BG)  of  the  doable  arc(BAG). 

8.  The  Versed  Sine  of  an  arc,  is  the  part  of  the  diameter  intercepted  between 
the  arc  and  its  sine.  So,  AF  is  the  versed  sine  of  the  arc  AB,  and  EF  the  versed 
tine  of  the  arc  EDB. 

9.  The  Tangent  of  an  arc,  is  a  line  touching  the  circle  in  one  extremity  of 
that  arc,  continued  from  thence  to  meet  a  line  drawn  from  the  centre  through 
the  other  extremity :  which  last  line  is  called  the  Secant  of  the  same  nrc 
Thus,  AH  is  the  tangent,  and  CH  the  secant,  of  the  arc  AB.  Also,  EI  is  tlie 
tangent,  and  CI  the  secant,  of  the  supplemental  arc  DDE.     And  this  latter  hue 
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u  accounted  negative,  u  being 


to* 

gent  and  secant  ore  equal  to  the  former,  but  at 
diaun  in  tin  opposite  or  contrary  direction  to  tl 

10.  Thf)  Cosine,  Cotangent,  and  Cosecant,  of  an  arc,  are  the  sine,  tangent, 
and  secant  of  the  complement  of  that  arc,  the  Co  being  only  a  contraction  of 
the  word  complement  Thus,  the  arcs  AB,  BD  being  the  complements  of  each 
other,  the  sine,  tangent  or  secant  of  the  one  of  these,  is  the  cosine,  cotangent  or 
cosecant  of  the  other.  So,  BF,  the  sine  of  AB,  Is  the  cosine  of  BD;  and  BK, 
the  sine  of  BD,  is  the  cosine  of  All :  in  like  manner,  AH,  the  tangent  of  AB, 
is  the  cotangent  of  BD ;  and  DL,  the  tangent  of  DB,  is  the  cotangent  of  AB , 
also,  CH,  the  secant  of  AB,  U  the  cosecant  of  BD;  and  CL,  the  secant  of  BD, 
is  the  cosecant  of  AB. 

Carol.  Hence  several  remarkable  properties  easily  follow  from  these  defini- 
tions; as, 

l$l,  That  an  arc  and  Its  supplement  have  the  same  sine,  tangent,  and  secant ; 
but  the  two  latter,  the  tangent  and  secant,  are  accounted  negative  when  the  arc 
la  greater  than  a  quadrant  or  90  degrees. 

id.  When  the  arc  is  0,  or  nothing,  the  sine  and  tangent  are  nothing,  but  the 
secant  is  then  the  radio*  CA. — But  when  the  arc  is  a  quadrant  AD,  then  the 
sine  is  the  greatest  it  can  be,  being  the  radio*  CD  of  the  circle ;  and  both  the 
tangent  and  secant  are  infinite. 

3d,  Of  any  arc  AB,  the  versed  sine  AF,  and  cosine  BK,  or  CF,  together  nuke 
up  the  radius  CA  of  the  circle- — The  radio*  CA,  tangent  AH,  and  secant  CH, 
form  a  right-angled  triangle  CAH.  So  also  do  the  radius,  sine,  and  cosine, 
form  another  rigtuVangled  triangle  CBF  or  CBK.  A*  alto  the  radius,  cotan- 
gent, and  cosecant,  another  right-angled  triangle  CDL.  And  all  these  right- 
angled  triangles  are  similar  to  each  Other. 

1 1.  The  sine,  tangent,  or  secant  of  an  angle,  is  the  sine,  tangent,  or  secant  of 
the  arc  by  which  the  angle  is  measured,  or  of  the  degree*,  tw.  in  the  sane  are 
or  angle. 

12.  The  method  of  constructing  the 
scales  of  chords,  sines,  tangents,  snd  se- 
cants, usually  engraven  on  Instruments, 
for  practice,  is  exhibited  in  the  annexed 

13.  A  Trigonometrical  Canon,  la  a  ta- 
ble exhibiting  the  length  of  the  sine,  tan- 
gent, and  secant,  to  every  degree  and 
minute  of  the  quadrant,  with  respect  to 
the  radius,  which  is  expressed  by  unity, 
or  1,  and  conceived  to  be  divided  Into 
10000000  or  more  decimal  parts.  And 
farther,  the  logarithms  of  these  dues, 
tangents,  and  secants  are  also  ranged  in 
the  tables;  which  are  most  commonly 
used,  as  they  perform  the  calculations  by  5 
only  addition  and  subtraction,  instead  of  9 
the  multiplication  and  division  by  the 
natural  sines,  &c-  according  to  the  nature 
of  logarithms. 

Upon  this  Little  depends  the  numeral 
solution  of  the  several  cases  in  trigouo- 


FLANK  TRIGONOBfETBY  4M 

metry.    It  will  therefore  be  proper  to  begin  with  the  mode  of  constructing  H» 
which  may  be  done  in  the  following  manner: 

noiLBM  L 
To  find  the  sine  and  cosine  of  a  given  art* 

This  problem  is  resolved  after  various  ways.  One  of  these  Is  as  follows,  via. 
by  means  of  the  ratio  between  the  diameter  and  ditaimference  of  a  circle,  to- 
gether with  the  known  series  for  the  sine  and  cosine,  hereafter  demon- 
strated. Thus,  the  semicircumference  of  the  circle,  whose  radius  is  1,  being 
3-141592653589793,  &c.v  the  proportion  will  therefore  be, 

as  the  number  of  degrees  or  minutes  in  the  semicircle, 
is  to  the  degrees  or  minutes  in  the  proposed  arc, 
so  is  a  14159265,  Ac.  to  the  length  of  the  said  are. 

This  length  of  the  arc  being  denoted  by  the  letter  a;  also  its  sine  and  cosine 
by  s  and  c ;  then  will  these  two  be  expressed  by  the  two  following  series,  vis. 

a*         a9  a1 

9  =  a  ""  £8  +  £335  ~~  2.3.4.5.6.7 "+  ** 

=  a—  "6  +  ISo  ""  50io  +  ** 

a*        a*  a' 

c  =  l "~  T  +  233  ~~  2aiJa  +  *a 

a*       a4         n* 

Example  l — If  it  be  required  to  find  the  sine  and  cosine  of  one  minute* 
Then,  the  number  of  minutes  in  180*  being  10800,  it  will  be  first,  as 
10800  : 1  : :  314159265,  &c  :  -000290888208665  =  the  length  of  an  arc  of 
one  minute-     Therefore,  in  this  case, 

a  =     -0002908883 
and  Ja«  =     -000000000004,  &o 
the  difference  is  «  =     -0002908882  the  sine  of  1  minute. 
Also,  from       1* 

take  Ja,=  0-0000000428079, && 
leaves    c  =      -9999999577  the  cosine  of  1  minute. 

Example  iu— For  the  sine  and  cosine  of  5  degrees. 
Here,  as  180* :  5* ::  3-14159265,  &c. : -08726646  =  a  the  length  of  5  degree*, 
Hence,  a  =  -08726646 

—  |a»  =  —  -00011076 
+  tttx<**    =  -00000004 

these  collected,  give  s  =  -08715574  the  sine  of  5*. 

And,  for  the  cosine,         1  =  1- 

—  ia*   =  —  -00380771 
+  Aa4  =        -00000241 

these  collected,  give    e  =        -99619470  the  cosine  ef  6*. 

After  the  same  manner,  the  sine  and  cosine  of  any  other  are  may  be  com- 
puted. But  the  greater  the  arc  is,  the  slower  the  series  will  converge,  in  which 
case  a  greater  number  of  terms  must  be  taken  to  bring  oat  the  conclusion  to 
the  same  degree  of 
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,    Or,  having  found  the  sine,  the  cosine  will  be  found  from  it,  by  the  properly 
of  the  right-angled  triangle  CBP,  viz.  the  cosine  CF  =  v/CBt  —  BF* ,  or 

c  =  v/l—  **• 

There  are  also  other  methods  of  constructing  the  canon  ot  sines  and  cosines, 
which,  for  brevity's  sake,  are  here  omitted. 


PROBLEM  II. 

To  compute  the  tangents  and  secants. 

The  sines  and  cosines  being  known,  or  found  by  the  foregoing  problem ;  the 
tangents  and  secants  will  be  easily  found,  from  the  principle  of  similar  triangles, 
in  the  following  manner : — 

In  the  first  figure,  where,  of  the  arc  AB,  BF  is  the  sine,  CF  or  BK  the  co- 
sine, AH  the  tangent,  GH  the  secant,  DL  the  cotangent,  and  CL  the  cosecant, 
the  radius  being  CA,  or  CB,  or  CD ;  the  three  similar  triangles  CFB,  CAH, 
CDL,  give  the  following  proportions : 

\stt  CF :  FB  : :  CA :  AH;  whence  the  tangent  is  known,  being  a  fourth 
proportional  to  the  cosine,  sine,  and  radius. 

2dt  CF  :  CB  : :  CA  :  CH ;  whence  the  secant  is  known,  being  a  third  pro- 
portional to  the  cosine  and  radios. 

3d,  BF  :  FC  : :  CD  :  DL;  whence  the  cotangent  is  known,  being  a  fourth 
proportional  to  the  sine,  cosine,  and  radius. 

4//*,  BF  :  BC  : :  CD  :  CL ;  whence  the  cosecant  is  known,  being  a  third  pro- 
portional to  the  sine  and  radius. 

Having  given  an  idea  of  the  calculation  of  sines,  tangents,  and  secants,  we 
may  now  proceed  to  resolve  the  several  cases  of  Trigonometry ;  previous  to 
which,  however,  it  may  be  proper  to  add  a  few  preparatory  notes  and  observa- 
tions, as  below. 

Note  1. — There  are  usually  three  methods  of  resolving  triangles, 'or  the  cases 
of  trigonometry ;  namely,  Geometrical  Construction,  Arithmetical  Computation, 
and  Instrumental  Operation. 

///  the  First  Method, — The  triangle  is  constructed  by  making  the  parts  of 
the  given  magnitudes,  namely,  the  sides  from  a  scale  of  equal  parts,  and  the 
angles  from  a  scale  of  chords,  or  by  some  other  instrument  Then,  measuring 
the  unknown  parts,  by  the  same  scales  or  instruments,  the  solution  will  be  ob- 
tained near  the  truth. 

In  the  Second  Method. — Having  stated  the  terms  of  the  proportion  according 
to  the  proper  rule  or  theorem,  resolve  it  like  any  other  proportion,  in  which  a 
fourth  term  is  to  be  found  from  three  given  terms,  by  multiplying  the  second 
and  third  together,  and  dividing  the  product  by  the  first,  in  working  with  the 
natural  numbers;  or,  in  working  with  the  logarithms,  add  the  logs,  of  the  se- 
cond and  third  terms  together,  and  from  the  sum  take  the  log.  of  the  first  term; 
then  the  natural  number  answering  to  the  remainder  is  the  fourth  term  sought. 

In  the  Third  Method. — Or  Instrumentally,  as  suppose  by  the  log.  lines  on 
one  side  of  the  common  two  foot  scales ;  Extend  the  compasses  from  the  first 
term,  to  the  second  or  third,  which  happens  to  be  of  the  samel  kind  with  it; 
then  tbat  extent  will  reach  from  the  other  term  to  the  fourth  term,  as  required, 
taking  both  extents  towards  the  same  end  of  the  scale. 

'   Note  2. — In  every  triangle,  or  ease  in  trigonometry,  there  most  be  given  three 
parts,  to  find  the  other  three.     And,  of  the  three  parts  that -are  given,  one  of 
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them  at  least  must  be  a  side ;  because  the  same  angles  are  common  to  an  infi- 
nite number  of  triangles. 

Note  3. — All  the  cases  in  trigonometry  may  be  comprised  in  three  varieties 
only;  viz. 

1*/,  When  a  side  and  its  opposite  angle  are  given. 
2d,  When  two  sides  and  the  contained  angle  are  given. 
3d,  When  the  three  sides  are  given. 
For  there  cannot  possibly  be  more  than  these  three  varieties  of  cases ;  for 
each  of  which  it  will  therefore  be  proper  to  give  a  separate  theorem,  as  follows : 


theorem  r. 

When  a  side  and  its  opposite  angle  are  two  of  the  given  parts. 

Then  the  sides  of  the  triangle  have  the  same  proportion  to  each  other,  as  the 
sines  of  their  opposite  angles  have. 
That  is,   As  any  one  side, 

Is  to  the  sine  of  its  opposite  angle ; 

So  is  any  other  side, 

To  the  sine  of  its  opposite  angle. 

Demonstr. — For,  let  ABC  be  the  proposed  triangle, 
having  AB  the  greatest  side,  and  BC  the  least  Take 
AD  zr  BC,  considering  it  as  a  radius;  and  let  fall  the 
perpendiculars  DE,  CF,  which  will  evidently  be  the 
sines  of  the  angles  A  and  B,  to  the  radius  AD  or  BC. 
But  the  triangles  ADE,  ACF,  are  equiangular,  and 
therefore  AC  :  CF  : :  AD  or  BC  :  DE ;  that  is,  AC  is  to  the  sine  of  its  opposite 
angle  B,  as  BC  to  the  sine  of  its  opposite  angle  A* 

Note  1. — In  practice,  to  find  an  angle,  begin  the  proportion  with  a  side  oppo- 
site a  given  angle.  And  to  find  a  side,  begin  with  an  angle  opposite  a  given 
side. 

Note  2. — An  angle  found  by  this  rule  is  ambiguous,  or  uncertain  whether  it 
be  acute  or  obtuse,  unless  it  be  a  right  angle,  or  unless  its  magnitude  be  such 
as  to  prevent  the  ambiguity ;  because  the  sine  answers  to  two  angles,  which  are 
supplements  to  each  other;  and  accordingly  the  geometrical  construction  forms 
two  triangles  with  the  same  parts  that  are  given,  as  in  the  example  below ;  and 
when  there  is  no  restriction  or  limitation  included  in  the  question,  either  of 
them  may  be  taken.  The  degrees  in  the  table,  answering  to  the  sine,  is  the 
acute  angle ;  but  if  the  angle  be  obtuse,  subtract  those  degrees  from  1&0°,  and 
the  remainder  will  be  the  obtuse  angle.  When  a  given  angle  is  obtuse,  or  a 
right  one,  there  can  be  no  ambiguity ;  for  then  neither  of  the  other  angles  can 
be  obtuse,  and  the  geometrical  construction  will  form  only  one  triangle. 


EXAMPLE  I. 

In  the  plane  triangle  ABC, 

TAB  345  yards 
Given,    -J  BC  232  yards 
(angle  A  37°  -i\i 

Required  the  other  parta. 
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1.  Geometrically. 

Draw  an  indefinite  line,  upon  which  set  off  AB  =  345,  from  tone  cat 
nient  scale  of  equal  parts. — Make  the  angle  A  =  37*£. — With  a  radias  of  23 
taken  from  the  same  scale  of  equal  parts,  and  centre  B,  cross  AC  in  the  t» 
points  C,  C. — Lastly,  join  BC,  BC,  and  the  figure  is  constructed,  void  giw 
two  triangles,  showing  that  the  case  is  ambiguous. 

Then,  the  sides  AC  measured  by  the  scale  of  equal  parts,  and  the  stghi 
and  C  measured  by  the  line  of  chords,  or  other  instrument,  will  be  fband  to  fe 
nearly  as  below ;  viz. 

AC  174  angle  B  27*  angle  C  115*4 

or    374}  or  78J  or  64  J 

2.  Arithmetically. 

First,  to  find  the  angles  at  C: 

As  side  BC  332 kg.  2\fc»4*0 

To  sin.  opp.  angle  A      37«  20* ~. 9-78*»B 

So  side  AB  345 9-5516191 

To  sin.  opp.  angle  C     1 15«  36*  or    «4*  W 9*55l» 

Add  angle  A       37  20  37    20  

The  sum  153  56  or  101    44 

Taken  from       180  00        180   00 


Leaves  angle  B    37  04  or    78    16 

Then,  to  find  the  side  AC : 

As  sine  angle       A      37«  W log.  9-7WWI 

To  opposite  side  BC         232  MIM* 

«.  ,        „    J  27«  04' W56«n 

So  sine  angle      B   { ?8    lfl  ^^ 

To  opposite  aide  AC    174«07 ***«* 

or,      374-56  t*tt& 

3.  ListrwmentaUy. 

In  the  first  proportion. — Extend  the  compasses  from  839  Is  345  s** ' 
line  of  numbers;  then  that  extent  will  reach,  on  the  sines,  frost  9ty *r 
the  angle  C. 

In  the  second  proportion. — Extend  the  compasses  from  37«j  Is  V  « 1 
on  the  sines;  then  that  extent  will  reach,  on  the  line  of  nmasen\lsS' 
174  or  374  J,  the  two  values  of  the  side  AG. 


example  u. 

In  the  plane  triangle  ABC, 

f  AB  365  poke 

Given,  )  angle  A     57*    12* 
(angle  B      24     45 
Required  the  other  parts.  Ana.  1         AC  WJ*  f  J, 


PLANE  TRIGONOMETRY.  499 


EXAMPLE   IIL 

In  the  plane  triangle  ABC, 

C  AC   120  feet 

Given,  \  BC   1 12  feet  f  ""H*  »  «*°  3*  91' 

(angle   A      57°  27'  or»      1I5   25  3*> 

Required  the  other  parts.  Ans.  1  an*Ia  C  57  58  39 

1      or,  7     7  21 

AB  112-65  feet 

or,  16-47  feet 

THEOREM  IL 

When  two  sides  and  their  contained  angle  are  given. 
Then  it  will  be,. 

As  the  sum  of  those  two  sides, 
Is  to  the  difference  of  the  same  sides ; 
So  is  the  tang,  of  half  the  sum  of  their  opposite  angles, 
To  the  tang,  of  half  the  difference  of  the  same  angles. 
Hence,  because  it  lias  been  shown  under  Algebra,  that  the  half  sum  of  any 
two  quantities  increased  by  their  half  difference,  gives  the  greater,  and  dimi- 
nished by  it  gives  the  less,  if  the  half  difference  of  the  angles,  so  found,  be 
added  to  their  half  sum,  it  will  give  the  greater  angle,  and  subtracting  it  will 
leave  the  less  angle. 

Then,  all  the  angles  being  now  known,  the  unknown  side  will  be  found  by 
the  former  theorem. 

Denwnstr. — Let  ABC  be  the  proposed  triangle, 
having  the  two  given  sides  AC,  BC,  including  the 
given  angle  C.  With  the  centre  C,  and  radius 
CA,  th«  less  of  these  two  sides,  describe  a  semi- 
circle, meeting  the  other  side  BC  produced  in  D 
and  E.  Join  AE,  AD,  and  draw  DP  parallel  to 
AEL 

Then,  BE  is  the  sum,  and  BD  the  difference  of 
the  two  given  sides  CB,  CA.  Also,  the  sum  of  the  two  angles  CAB,  CBA,  is 
equal  to  the  sum  of  the  two.  CAD,  CD  A,  these  sums  being  each  the  supplement 
of  the  vertical  angle  C  to  two  right  angles:  but  the  two  latter  CAD,  CD  A,  are 
equal  to  each  other,  being  opposite  to  the  two  equal  sides  C A,  CD :  hence, 
either  of  them,  as  CD  A,  is  equal  to  half  the  sum  of  the  two  unknown  angles 
CA!),  CBA.  Again,  the  exterior  angle  CD  A  is  equal  to  the  two  interior  angles 
B  and  DAB;  therefore  the  angle  DAB  is  equal  to  the  difference  between 
CD  A  and  B,  or  between  CAD  and  B;  consequently  the  same  angle  DAB  is 
equal  to  half  the  difference  of  the  unknown  angles  B  and  CAB;  of  which  it 
has  been  shown  that  CD  A  is  the  half  sum. 

Now  the  angle  DAE,  in  a  semicircle,  is  a  right  angle,  or  AE  is  perpendicular 
to  AD ;  and  DF,  parallel  to  AE,  is  also  perpendicular  to  AD :  consequently, 
AE  is  the  tangent  of  CI)  A  the  half  sum,  and  DF  the  tangent  of  DAB  the  half 
difference  of  the  angles,  to  the  aatue  radius  AD,  by  the  definition  of  a  tangent. 
But,  the  tangents  AE,  DF,  being  parallel,  it  will  be  as  BE  :  BD  ::  AE  :  Db  ; 
that  is,  as  the  sum  of  the  sides  is  to  the  difference  of  the  sides,  so  is  the  tangent 
of  half  the  sum  of  the  opposite  angles,  to  the  tangent  of  half  their  difference. 

Note. — The  sum  of  the  unknown  angles  is  found,  by  taking  the  given  angle 

from  180\ 

ii  2 
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EXAMPLE  L 

In  the  plane  triangle  ADC,  r 

AB  345  yards 
Given,  1  AC  174*07  yardi 


•I 


angle  A      37°  20*  A  B 

Required  the  other  parts. 

1.  Geometrically. 

Draw  A  B  =:  345  from  a  scale  of  equal  parts.  Make  the  angle  A  =  37*  20 
bet  off  AC  =  174  by  the  scale  of  equal  parts.     Join  BC,  and  il  is  done. 

Then  the  other  parts  being  measured,  they  are  found  to  be  nearly  a*  follows 
viz.  the  side  BC  232  yards,  the  angle  B  27°,  and  the  angle  C  115*$. 

2.  Arithmetically, 

As  sum  of  sides  AB,  AC, 519*07   log.    2-715WJ9 

To  difference  of  sides  A B,  AC, 170-93    ...     2-232*1*3 

So  tangent  half  sum  angles  C  and  B, 71°  2if    ...  10*4712979 

To  tangeut  half  difference  angles  C  and  B       44   16    ...     99S8H9U3 

Their  sum  gives  angle  C         1 15   36 
Their  diff.  gives  angle  B  27     * 

Then,  by  the  former  theorem, 

As  sine  angle  C  115°  3&  or  64*  2V „ log.  9*955 1  ?j9 

To  its  opposite  side  AB  345 2*5378 1 91 

So  sine  angle  A  37*  20*  9-78279% 

To  its  opposite  side  BC  232 - 2*3654890 

3.  InstrumentaUy. 

In  the  first  proportion. — Extend  the  compasses  from  519  to  171,  on  the  fa 
of  numbers;  and  that  extent  will  reach,  on  the  tangents,  from  71* J  (the  castas; 
way,  because  the  tangents  are  set  back  again  from  45*),  a  little  beyest  4 
which  being  set  so  far  back  from  45,  falls  upon  44*J,  the  fourth  term, 

In  the  second  proportion.  —  Extend  from  64*}  to  37*},  on  the  sinei;  ai 
that  extent  will  reach,  on  the  numbers,  from  345  to  232,  the  fourth  I 
■ought 


EXAMPLE  U. 

In  the  plane  triangle  ABC, 

r         AB  365  poles 
Given,*|  AC   154-33 

(angle  A     57-  12*  f         BC  309-« 

Required  the  other  parts.  Ana.  J  angle  B  24*4? 

I  angle  C  98*  9 

EXAMPLE   lib 


In  the  plane  triangle  ABC, 

C         AC  120  yards 
Given,  1         BC  112  yards 

(angle  C  57*  58'  39*  C         AB   11H5 

Required  the  other  parts-  Ans.   <  angle  A  57**27  '] 

(  angle  L*  64  34  flj 
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THEOREM  III. 

When  the  three  sides  of  the  triangle  are  given. 
Then,  having  let  fall  a  perpendicular  from  the  greatest  angle  upon  the  oppo* 
•ite  side,  or  base,  dividing  it  into  two  segments,  and  the  whole  triangle  into 
two  right-angled  triangles ;  it  will  be, 

As  the  base,  or  sum  of  the  segments, 
Is  to  the  sum  of  the  other  two  sides; 
So  is  the  difference  of  those  sides, 
To  the  difference  of  the  segments  of  the  base. 
Then  half  the  difference  of  the  segments  being  added  to  the  half  sum,  or  the 
half  base,  gives  the  greater  segment;   and  the  same  subtracted  gives  the  less 
segment. 

Hence,  in  each  of  the  two  right-angled  triangles,  there  will  be  known  two 
sides,  and  the  angle  opposite  to  one  of  them ;  consequently,  the  other  angles 
will  be  found  by  the  first  problem. 

jDemuiistr. — By  Cor.  to  Theorem  35,  Geometry,  the  rectangle  under  the  sum 
and  difference  of  the  two  sides,  is  equal  to  the  rectangle  under  the  sum  and 
difference  of  the  two  segments.  Therefore,  by  forming  the  sides  of  these 
rectangles  into  a  proportion,  it  will  appear  that  the  sums  and  differences  are 
proportional  as  in  this  theorem,  by  Theor.  76,  Geometry. 

EXAMPLE  I. 

In  the  plane  triangle  ABC, 

C  AB   345  yards 
Given,  the  sides  J  AC  232 

(  BC    174-07 
To  find  the  angles. 

1.  Geometrically. 

Draw  the  base  AB  =  345  by  a  scale  of  equal  parts.  With  radius  232,  and 
centre  A,  describe  an  arc;  and  with  radius  174,  and  centre  B,  describe  another 
arc,  cutting  the  former  in  C.     Join  AC,  BC,  and  it  is  done. 

Then,  by  measuring  the  angles,  they  will  be  found  to  be  nearly  as  follow ; 
viz.     angle  A  27°,  angle  B  37°}',  and  angle  C  115°$. 

2.  Arithmetically. 

Having  let  fall  the  perpendicular  CP,  it  will  be, 

As  the  base  AB  :  AC  +  BC  ::  AC  —  BC  :  AP  —  BP, 
that  is,  as  345  :  406-07  ::  57-93  :  68-18  =  AP  —  BP, 

its  half  is 34-09 

the  half  base  is _}72'^ 

the  sum  of  these  is 206*59  =  AP 

and  their  difference 138*41  =  BP 

Then,  in  the  triangle  APC,  right-angled  at  P9 

As  the  side  AC 232       log.  2*3654880 

To  sine  opposite  angle       90°      J  0-0000000 

So  is  side  AP 206-59  2*3151093 

To  sine  opposite  angle  ACP  62*  56> 9*9496213 

Which  taken  from 90  00  

Leaves  the  angle  A  ........      27  04 
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Again,  in  the  triangle  BPC,  right-angled  at  P, 

As  the  side  I3C 174*07 log.  2-2407239 

To  sine  opposite  angle  P  ......     90* „         10-0000000 

So  is^fcide  BP 138-41 ...........  2-141167* 

To  sin.  opposite  angle  BCP...   52°  40* ^....  9-9004*36 

Which  taken  from 90  00 

Leaves  the  angle  B ........   37  20 


Also,  the       angle  ACP  62»  5& 

Added  to       angle  BCP  52  40 

Gives  the  whole  angle  ACB  115  36 

So  that  all  the  three  angles  are  as  follow ;  vis. 

the  angle  A  27°  4/ ;    the  angle  B  37°  2(K;    the  angle  C  1 15*  3ft 

3.  Instrumentally. 

In  the  first  proportion.— Extend  the  compasses  from  345  to  406,  on  the  li 
of  numbers;  then  that  extent  will  reach,  on  the  same  line,  from  58  to  fr 
nearly,  which  is  the  difference  of  the  segments  of  the  base. 

In  the  second  proportion. — Extend  from  232  to  206  J,  on  the  line  of  bo 
bers ;  then  that  extent  will  reach,  on  the  sines,  from  90*  to  63°. 

In  the  third  proportion.  —  Extend  from  174  to  138 J;  then  that  exteet  « 
reach  from  90°  to  52°}  on  the  sines. 

EXAMPLE  II. 

In  the  plane  triangle  ABC, 
TAB  365  poles 
Given  the  sides, ^  AC  154*33 

(BC  309-86  (angle  A  57*  i? 

To  find  the  angles.  Ans.    )  angle  B  84  45 

(angle  C  98    3 
In  the  plane  triangle  ABC, 

TAB  120 
Given  the  sides,  J  AC  1 12-65 

(BC  112  (angle  A  57*  V  9 

To  find  the  angles.  Ant,    jangle  B  57  *  » 

(angle  C  64  34  « 

The  three  foregoing  theorems  include  all  the  cases  of  plane  triaagfc** 
right-angled  and  oblique ;  besides  which,  there  are  other  theoreaw  »awl 
some  particular  forms  of  triangles,  which  are  sometimes  more  exptfti  " 
their  use  than  the  general  ones;  one  of  which,  as  the  case  for  which  I 
so  frequently  occurs,  may  be  here  taken,  as  follows : 

THEOREM  IV. 

When,  in  a  right-angled  ti  tangle,  there  are  given  one  leg  and  the  n&m;  "I 
the  other  leg  or  the  hypothermic  ;  it  will  be% 

As  radius,  t.  e.  sine  of  90°  or  tangent  of  45* 

Is  to  the  given  leg, 

So  is  the  tangent  of  its  adjacent  angle 

To  the  other  leg ; 

And  so  is  the  secant  of  the  same  angle 

To  the  hypothenuse. 
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Demonstr.  AB  being  the  given  leg,  in  the  right-angled 
triangle  ABC ;  with  the  centre  A,  and  any  assumed  radius 
AD,  describe  an  arc  DE,  and  draw  DF  perpendicular  to 
AB,  or  parallel  to  BC.  Now  it  is  evident,  from  the  defini- 
tions, that  DF  is  the  tangent,  and  AF  the  secant,  of  the  arc 
DE,  or  of  the  angle  A  which  is  measured  by  that  arc,  to  the 
radius  AD.  Then,  because  of  the  parallels  BC,  DF,  it  will 
be  as  AD  :  AB  : :  DF  :  BC  : :  AF  :  AC,  which  is  th*  same  as  the  theorem  is  in 
words. 

EXAMPLE  I. 

In  the  right-angled  triangle  ABC, 

Given  J    the  le*  **  162  I  To  find  AC  and  BG, 
tangle  A  53°  T  48"i 

L  Geometrically. 

Make  AB  =169  equal  parts,  and  the  angle  A  =  53*  7  48";  then  raise  the 
perpendicular  BC,  meeting  AC  in  C.     So  shall  AC  measure  270,  and^BC  216. 


2.  Arithmetically. 

As  radius  tang.  45°  

To  leg  AB  162        

So  tang,  angle  A 53°  T  48"  

TolegBC    216        

So  secant  angle  A   53°  7'  48" 

To  hyp.  AC 270        


log;  10*0000000 

2*2095150 

10-1240371 

2*3344521 

10*2218477 
2-4313627 


3.  Instrument  ally. 

Extend  the  compasses  from  45"  to  53°  J,  on  the  tangents, 
will  reach  from  162  to  216  on  the  line  of  numbers. 


Then  that  extent 


example  ii. 


In  the  right-angled  triangle  ABC, 

Given?    the  leg  AB  180 
ithe  angle  A  62*  4 
To  find  the  other  two  sides. 


40/ 


.       c  AC  392-0147 
iBC  348-2464 


Note.  There  is  sometimes  given  another  method  for  right-angled  triangles, 
which  is  this : 

ABC  being  such  a  triangle,  make  one  leg  AB  radius, 
that  is,  with  centre  A,  and  distance  AB,  describe  an  arc 
BF.  Then  it  is  evident  that  the  other  leg  BC  repre- 
sents the  tangent,  and  the  hypothenuse  AC  the  secant,  of 
the  arc  BF,  or  of  the  angle  A. 

In  like  manner,  if  the  leg  BC  be  made  radius;  then 
Che  other  leg  AB  will  represent  the  tangent,  and  the  hy- 
pothenuse AC  the  secant,  of  the  arc  IKi  or  angle  0. 

But  if  the  hypothenuse  be  made  radius;  then  each  leg 
will  represent  the  sine  of  its  opposite  angle ;  namely,  the  leg  AB  the  sine  of  the 
vurc  AE  or  angle  C,  and  the  leg  BC  the  sine  of  the  arc  CD  or  angle  A. 
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And  then  the  general  rule  for  all  these  cases,  is  this,  namely,  thai  the  skies 
of  the  triangle  bear  to  each  oilier  the  same  proportion  as  the  parts  which  they 
represent. 

And  tliis  is  called,  Making  every  side  radius. 


OF  HEIGHTS  AND  DISTANCES,  &c 


By  the  mensuration  and  protraction  of  lines  and  angles,  are  determined  the 
Vngths,  heights,  depths,  and  distances  of  bodies  or  objects. 

Accessible  lines  are  measured  by  applying  to  them  some  certain  measure  s 
lumber  of  times,  as  an  inch,  or  foot,  or  yard.  But  inaccessible  lines  must  be 
measured  by  taking  angles,  or  by  some  such  method,  drawn  from  the  principle! 
of  geometry. 

When  instruments  are  used  for  taking  the  magnitude  of  the  angles  in  de- 
grees, the  lines  ore  then  calculated  by  trigonometry :  in  the  other  methods,  the 
lines  are  calculated  from  the  principle  of  similar  triangles,  without  regard  to 
the  measure  of  the  angles. 

Angles  of  elevation,  or  of  depression,  are  usually  taken  either  with  a  theodo- 
lite, or  with  a  quadrant,  divided  into  degrees  and  minutes,  and  furnished  with 
a  plummet  suspended  from  the  centre,  and  two  sides  fixed  on  one  of  the  radii, 
or  else  with  telescopic  sights. 

To  take  an  angle  of  altitude  and  depression  with  the  quadrant. 

Let  A  be  any  object,  as  the  sun,  moon,  or  a 
star,  or  the  top  of  a  tower,  or  hill,  or  other  emi 
nence  :  and  let  it  be  required  to  find  the  measure 
of  the  angle  ABC,  which  a  line  drawn  from  the 
object  makes  with  the  horizontal  line  13 C 

Fix  the  centre  of  the  quadrant  in  the  angular 
point,  and  move  it  round  there  as  a  centre,  till 
with  one  eye  at  D,  the  other  being  shut,  you  per- 
ceive the  object  A  through  the  sights :  then  will 
the  arc  GH  of  the  quadrant,  cut  off  by  the  plumb 
line  BH,  be  the  measure  of  the  angle  ABC  as  required. 


A 


<K 


The  angle  ABC  of  depression  of  any  object  A, 
is  taken  in  the  same  manner;  except  that  here 
the  eye  is  applied  to  the  centre,  and  the  measure 
of  the  angle  is  the  arc  GH,  on  the  other  side  of 
the  plumb  line. 


-<K 


The  following  examples  are  to  be  constructed  and  calculated  by  the  foregoing 
methods,  treated  of  in  Trigonometry. 
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EXAMPLE  L 

Having  measured  a  distance  of  200  feet,  in  a  direct  horizontal  line,  from  the 
bottom  of  a  steeple,  the  angle  of  elevation  of  its  top,  taken  at  that  distance,  was 
found  to  be  47°  3C  :  from  hence  it  is  required  to  find  the  height  of  the  steeple. 

Construction. 

Draw  an  indefinite  line,  upon  which  set  off  AC  =  200  equal  parts,  for  the 
measured  diffMM"*»T  Erect  the  indefinite  perpendicular  AB ;  and  draw  CB  so 
as  to  make  the  angle  C  =  47°  30\  the  angle  of  elevation ;  and  it  is  done.  Then 
AB,  measured  on  the  scale  of  equal  parts,  is  nearly  218). 

6 

Calculation. 

As  radius  10-0000000 

To  AC  200    2-3010300 

So  tang,  angle  C  4f»30  10-0379475 

To  AB  218-26  required   2-3389775 

EXAMPLE  II. 

What  was  the  perpendicular  height  of  a  cloud,  or  of  a  balloon,  when  its  angles 
of  elevation  were  35*  and  64° ,  as  taken  by  two  observers,  at  the  same  time,  both 
on  the  same  side  of  it,  and  in  the  same  vertical  plane ;  their  distance  as  under 
being  half  a  mile  or  880  yards.  And  what  was  its  distance  from  the  said  two 
observers  ? 

Construction. 

Draw  an  indefinite  ground  line,  upon  which  set  off  the  given  distance  AB  = 

880 ;  then  A  and  B  are  the  places  of  the  observers.    Make  the  angle  A  =  35°, 

and  the  angle  B  =  64* ;  and  the  intersection  of  the  lines  at  C  will  be  the  place 

of  the  balloon ;  from  whence  the  perpendicular  CD,  being  let  fall,  will  be  its 

perpendicular  height    Then,  by  measurement,  are  found  the  distances  and 

height  nearly  as  follows;  via.  AC  1631,  BC  1041,  DC  936. 

c 

Calculation. 

First,  from  angle  B  64* 
Take  angle  A  35 
Leaves  angle  ACB  89 


Then,  in  the  triangle  ABC, 

As  sine      angle  ACB    29* 
To  op.  side  AB     880 

So  sine      angle  A  35* 

To  opposite  side  BC    1041-126 


9-6855712 
2-9444827 
9-7585913 
3-0175028 


As  sine      angle  ACB    29* 9-6855712 

To  opposite  side  AB     880           2-9444827 

So  sine      angle  B     116*  or  64°  9*9536602 

To  opposite  side  AC    1631-442    3-2125717 
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And,  in  the  triangle  BCD, 

As  sine      angle  D         90°       ••  10*0000090 

To  opposite  side  BC  1041*125 3-0176088 

So  sine      angle  B        64°       ~ .-...  9*0598802 

To  opposite  side  CD    935-757.... .....  5  97 11 630 


EXAMPLE  III. 

Having  to  find  the  height  of  an  obelisk  standing  on  the  top  of  a  declirity,  I 
first  measured  from  its  bottom  a  distance  of  40  feet,  and  there  found  the  angle, 
formed  by  the  oblique  plane  and  a  line  imagined  to  go  to  the  top  of  the  obelisk, 
41°;  but,  after  measuring  on  in  the  same  direction  60  feet  further,  the  like 
angle  was  only  £3°  4a7.    What  then  was  the  height  of  the  obelisk  ? 

Construction. 

Draw  an  indefinite  line  for  the  sloping  plane  or  declivity,  in  which  assuine 
any  point  A  for  the  bottom  of  the  obelisk,  from  whence  set  off  the  distance 
AC  =  40,  and  again  CD  =  60  equal  parts.  Then  make  the  angle  C  =  41°, 
and  the  angle  D  =  £3°  45' ;  and  the  point  B,  where  the  two  lines  meet,  will 
be  the  top  of  the  obelisk.    Therefore  AB,  joined,  will  be  its  height. 

Calatkrtm. 

From  the  angle  C  41*00' 
Take  the  angle  D  23  45 
Leaves  the  angle  DBC    17   15 


4L= 


Then,  in  the  triangle  DBG, 

As  sine      angle  DBC    17*  157  .....................................  9*4720856 

To  opposite  side  DC      60         ....................................  1*7781513 

So  sine      angle  D         23  45   .....................................  9*6050320 

To  opposite  side  CB      81*488 - 1*9110977 

And,  in  the  triangle  ABC, 

As  sum  of  sides              CB,  CA  121*488   .... 2-0845333 

To  difference  of  sides     CB,  CA    41*488   - 1*6179225 

So  tang,  half  sum  angles    A,  B       69*30*   « 10*4272623 

To  tang,  half  diff.  angles    A,  B       42  24} 9.9606516 


The  diff.  of  these  is  angle  CB  A      27     5} 


Lastly,  as  sine  angle  CBA   27*  5}' 
To  opposite  side        CA     40 
So  sine  angle  C         41°  O' 

To  opposite  side        AB      57*623 


•  •...M....M....  •*..•....•» 


0-6582842 
1*6020800 
916169429 
1*7607187 


EXAMPLE   IV. 


Wanting  to  know  the  distance  between  two  inaccessible  trees,  or  other  ob- 
jects, from  the  top  of  a  tower,  120  feet  high,  which  lay  in  the  same  right  line 
with  the  two  objects,  I  took  the  angles  formed  by  the  perpendicular  wall  and 
lines  conceived  to  be  drawn  from  the  top  of  the  tower  to  the  bottom  of  each 
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tree,  and  found  them  to  be  33°  and  64°J.    What  then  may  be  the  distance 
between  the  two  objects? 

Construction* 

Draw  the  indefinite  ground  line  BD,  and 
perpendicular  to  it  BA  =  120  equal  parts. 
Then  draw  the  two  lines  AC,  AD,  making 
the  two  angles  B AC,  BAD,  equal  to  the  given 
angles  33*  and  64}°.  So  shall  C  and  D  be 
the  places  of  the  two  object*. 


First,  In  the  right-angled  triangle  ABC, 

As  radius  10*0000000 

To  AB  120  2*0791812 

So  tang,  angle  B AC...  33° 9*8125174 

To  BC 77-929  1-8916986 

And,  in  the  right-angled  triangle  ABD, 

As  radius  10*0000000 

To  AB  120      2-0791812 

So  tang,  angle  BAD  64*$ 10-3215039 

To  BD 251-585 2-4006851 

From  which  take  BC  77*929    

Leaves  the  dist  CD  173*656  as  required. 

sxahplb  v. 

Being  on  the  side  of  a  river,  and  wanting  to  know  the  distance  to  a  house 
which  was  seen  on  the  other  side,  I  measured  200  yards  in  a  straight  line  by 
the  side  of  the  river;  and  then  at  each  end  of  this  line  of  distance,  took  the 
horizontal  angle  formed  between  the  house  and  the  other  end  of  the  line ; 
which  angles  were,  the  one  of  them  68°  2^  and  the  other  73*  157.  What  then 
were  the  distances  from  each  end  to  the  house? 

Construction. 
Draw  the  line  AB  =  200  equal  parts.    Then  draw  AC  so  as  to  make  the 
angle  A  =  68*  2r,  and  BC  to  make  the  angle  B  s  73*  15'.    So  shall  the  point 
C  be  the  place  of  the  house  required. 


■rm*. 


(Mentation 

68° 

* 

73 

15 

141 

17 

180 

0 

To  the  given  angle  A 

Add  the  given  angle  B 

Then  their  sum 

Being  taken  from 

Leaves  the  third  angle  C  38    43  *T^                 i 

Hence,  As  sin.  angle  C    38*49 — •••———-*-•——— •9*796£062 

To  op.  side  AB  200       •••*. •••••••••••••••••••••••••••••••2*3010300 

So  sin.  angle  A  68*    2* ••♦••••••••••.••••••••••••••••••••••9*9672679 

To  op.  side  BC    296*54  ••- — —— ~.~ 2*4720917 

And,     As  sin*  angle  C  38°  43»««««»«»»«»»»»»«»»»»»«»»»»»««»«»»««*9*7962062 

To  op.  side  AB  200       ..••••••••••••••••••••••••••••••. •••2*3010300 

So  sin*  angle  B  73*  15^  ••••••••••••••••••»••••••••••••••••. 9*#81 1711 

To  op.  side  AC    306*19  ....••«•_«•••——— —.2*4859949 
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Exam.  vi. — From  the  edge  of  a  ditch  of  36  feet  wide,  surrounding  a  fort, 
having  taken  the  angle  of  elevation  of  the  top  of  the  wall,  it  was  found  to  bt 
62°  4(X :  required  the  height  of  the  wall,  and  the  length  of  a  ladder  to  reach 
from  uiy  station  to  the  top  of  it? 

Ana^  cheight  of  wall  G9  64, 
lladder  78*4  feet. 

Exam,  vil — Required  the  length  of  ashoar,  which,  being  to  stmt  11  feet 
from  the  upright  of  a  building,  will  support  a  jamb  23  feet  10  inches  from  tht 
ground?  Ans.  go*  feet  3  inches. 

Exam.  vm. — A  ladder,  40  feet  long,  can  be  so  planted,  that  it  shall  reach  t 
window  33  feet  from  the  ground,  on  one  side  of  the  street ;  and  by  turning  it 
over,  without  moving  the  foot  out  of  its  place,  it  will  do  the  same  by  a  window 
21  feet  high,  on  the  other  side :  required  the  breadth  of  the  street? 

Ans.  56*619  feeL 

Exam.  ix. — A  Maypole,  whose  top  was  broken  off  by  a  blast  of  wind,  struck 
the  ground  at  15  feet  distance  from  the  foot  of  the  pole :  what  was  the  height 
of  the  whole  maypole,  supposing  the  broken  piece  to  measure  39  feet  in  length? 

Ans.  75  feet 

Exam.  x. — At  170  feet  distance  from  the  bottom  of  a  tower,  the  angle  of  its 
elevation  was  found  to  be  53°  3CK:  required  the  altitude  of  the  tower. 

Ans.  221  feet 

Exam.  xi. — From  the  top  of  a  tower,  by  the  sea-side,  of  143  feet  height,  it 
was  observed  that  the  angle  of  depression  of  a  ship's  bottom,  then  at  anchor! 
measured  35° :  what  then  was  the  ship's  distance  from  the  bottom  of  the  wall  ? 

Ans.  204-22  feet 

Exam.  xij. — What  is  the  perpendicular  height  of  a  hill ;  its  angle  of  eleva- 
tion, taken  at  the  bottom  of  it,  being  46°,  and  200  yards  farther  off,  on  a  level 
with  the  bottom  of  it,  the  angle  was  3I°?  Ans.  £86*28  yards. 

Exam,  xiil — Wanting  to  know  the  height  of  an  inaccessible  tower;  at  the 
least  distance  from  it,  on  the  same  horiiontal  plane,  I  took  its  angle  of  eleva- 
tion equal  to  5b° ;  then  going  300  feet  directly  from  it,  found  the  angle  there  to 
be  only  32° :  required  its  height,  and  my  distance  from  it  at  the  first  station  ? 

Ans.    JHoiSht.     W-tf 
(Distance,  192*15 

Exam.  xiv. — Being  on  a  horizontal  plane,  and  wantiug  to  know  the  height 
of  a  tower  placed  on  the  top  of  an  inaccessible  hill ;  I  took  the  angle  of  eleva- 
tion of  the  top  of  the  hill  equal  40°,  and  of  the  top  of  the  tower  equal  51°;  then 
measuring  in  a  line  directly  from  it  to  the  distance  of  200  feet  farther,  I  found 
the  angle  to  the  top  of  the  tower  to  be  33°  45':  what  then  is  the  height  of  the 
tower?  Ans.  93-33148  feet 

Exam.  xv. — From  a  window  near  the  bottom  of  a  house,  which  seemed  to  be 
on  a  level  with  the  bottom  of  a  steeple,  I  took  the  angle  of  elevation  of  the  top 
of  the  steeple  equal  40°;  then  from  another  window,  IS  feet  directly  above  the 
former,  the  like  angle  was  37°  30*:  what  then  is  the  height  and  distance  of  the 
steeple?  AnSm  [  Height,    210-44 

l  Distance,  250-79 

Exam.  xvi. — Wanting  to  know  the  height  of,  and  my  distance  from,  an  ob- 
ject on  the  other  side  of  a  river,  which  seemed  to  be  on  a  level  with  the  place 
where  I  stood,  close  by  the  side  of  the  river;  and  not  having  room  to  measure 
backwards,  on  the  same  plane,  because  of  the  immediate  rise  of  the  hank,  1 
placed  a  mark  where  I  stood,  and  measured  in  a  directiou  from  the  object  u» 
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the  ascending  ground  to  the  distance  of  264  feet,  where  it  was  evident  that  I 
was  above  the  level  of  the  top  of  the  object ;  there  the  angles  of  depression  were 
found  to  be,  viz.  of  the  mark  left  at  the  river's  side  42°,  of  the  bottom  of  the 
object  27°,  and  of  its  top  19°.  Required  then  the  height  of  the  object,  and  the 
distance  of  the  mark  from  its  bottom  ?  »„  J  Height,       57*26 

1  Distance,  150*50 

Exam.  xvii. — If  the  height  of  the  mountain  called  the  Peak  of  Teneriffe  be 
4  miles,  and  the  angle  taken  at  the  top  of  it,  as  formed  between  a  plumb  line 
and  a  line  conceived  to  touch  the  earth  in  the  horizon,  or  farthest  visible  point, 
be  87°  25'  55';  it  is  required  from  hence  to  determine  the  magnitude  of  the 
whole  earth,  and  the  utmost  distance  that  can  be  seen  on  its  surface  from  the 
top  of  the  mountain,  supposing  the  form  of  the  earth  to  be  perfectly  round  ? 

A       jDist       178-458  miles. 
'  iDiam.  7957-818 

Exam,  xviii. — Two  ships  of  war,  intending  to  cannonade  a  fort,  are,  by  the 
shallowness  of  the  water,  kept  so  far  from  it,  that  they  suspect  their  guns  can- 
not reach  it  with  effect  In  order,  therefore,  to  measure  the  distance,  they  se- 
parate from  each  other  a  quarter  of  a  mile,  or  440  yards ;  then  each  ship  ob- 
serves and  measures  the  angles  which  the  other  ship  and  the  fort  subtends, 
which  angles  were  83°  45/  and  85°  15'.  What  then  was  the  distance  between 
each  ship  and  the  fort?  .       J2292*26  yards, 

12298-05 

Exam.  xxx. — Being  on  the  side  of  a  river,  and  wanting  to  know  the  distance 
to  a  house  which  was  seen  at  a  distance  on  the  other  side ;  I  measured  out  for 
a  base  400  yards  in  a  right  line  by  the  side  of  the  river,  and  found  that  the 
two  angles,  one  at  each  end  of  this  line,  subtended  by  the  other  end  and  the 
house,  were  68°  Sf  and  73°  15^  What  then  was  the  distance  between  each  sta- 
tion and  the  house  ?  A        5  *^3*08  yards* 

""■  (61238 

Exam,  xx Wanting  to  know  the  breadth  of  a  river,  I  measured  a  base  of 

500  yards  in  a  straight  line  close  by  one  side  of  it;  and  at  each  end  of  this  line 
I  found  the  angles  subtended  by  the  other  end  and  a  tree  close  on  the  bank  on 
the  other  side  of  the  river,  to  be  53°  and  79°  12^.  What  then  was  the  perpen- 
dicular breadth  of  the  river?  Ans.  529*48  yards. 

Exam.  xxi. — Wanting  to  know  the  extent  of  a  piece  of  water,  or  distance 
between  two  headlands ;  I  measured  from  each  of  them  to  a  certain  point  in- 
land, and  found  the  two  distances  to  be  735  yards  and  840  yards;  also,  the  ho- 
rizontal angle  subtended  between  these  two  lines  was  55*  40f.  What  then  was 
the  distance  required  ?  Ans.  741*2  yards. 

Exam.  xxii. — A  point  of  land  was  observed,  by  a  ship  at  sea,  to  bear  east-by- 
south  ;  and  after  sailing  north-east  12  miles,  it  was  found  to  bear  south-east-by- 
east  It  is  required  to  determine  the  place  of  that  headland,  and  the  ship's 
distance  from  it  at  the  last  observation  ?  •  Ans.  26*0728  miles. 

Exam,  xxiit. — Wanting  to  know  the  distance  between  a  house  and  a  mill, 
which  were  seen  at  a  distance  on  the  other  side  of  a  river,  I  measured  a  base 
line  along  the  side  where  I  was  of  600  yards,  and  at  each  end  of  it  took  the 
angles  subtended  by  the  other  end  and  the  house  and  mill,  which  were  as  fol- 
low ;  viz.  at  one  end  the  angles  were  58°  20/  and  95*  2C,  and  at  the  other  end 
the  like  angles  were  53°  30*  and  98°45/.  What  then  was  the  distance  between 
the  house  and  mill  ?  Ana,  959*5866  yards. 
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Exam.  xxiv. — Wanting  to  know  my  distance  from  an  inaccessible  object  Q, 

on  the  other  side  of  a  river;  and  having  no  instrument  for  taking  angles,  bet 

only  a  chain  or  cord  for  measuring  distances ;  from  each  of  two  stations,  A  sad 

B,  which  were  taken  at  500  yards  asunder,  I  measured  in  a  direct  line  from 

the  object  O  100  yards  vfe-   AC  and  UD  each  equal  to  100  yards;  also  tfat 

diagonal  AD  measured  550  yards,  and  the  diagonal  BC  560.    What  then 

the  distance  of  the  object  0  from  each  station  A  and  B  ? 

A       CAO  536-25 

1  BO  500-09 


MENSURATION  OF  PLANES. 


The  area  of  any  plane  figure,  is  the  measure  of  the  space  contained  within  itf 
extremes  or  bounds ;  without  any  regard  to  thickness. 

This  area,  or  the  content  of  the  plane  figure,  is  estimated  by  the  number  of 
little  squares  that  may  be  contained  in  it;  the  side  of  those  little  measuring 
squares  being  an  inch,  a  foot,  a  yard,  or  any  other  fixed  quantity.  And  hence, 
the  area  or  content  is  said  to  be  so  many  square  inches,  or  square  feet,  or  squaie 
yards,  &c 

Tims,  if  the  figure  to  be  measured  be  the  rectangle 
A  BCD,  and  the  little  square  E,  whose  side  is  one  inch, 
be  the  measuring  unit  proposed:  then,  as  often  as  the 
said  little  square  is  contained  in  the  rectangle,  so  many 
square  inches  the  rectangle  is  said  to  contain,  which  in 
the  present  case  is  12. 


D 


c: 


.- 
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To  find  the  area  of  any  parallelogram,  whether  it  be  a  square,  a  rectangle,  a 

rhombus,  or  a  rhomboid, 

Multiply  the  length  by  the  perpendicular  breadth,  or  height,  and  the  product 
will  be  the  area.  * 


0  The  truth  of  this  rule  is  prored  In  the  Geometry,  Theor.  81,  Cor.  1 

The  same  Is  otherwise  proved  thus  t  Let  the  foregoing  rectangle  be  the  figure  pretenses'  j  end  let 
the  length  and  breadth  be  divided  into  equal  parts,  each  equal  to  the  lineal  measuring  unit,  bring  here 
4  for  the  length,  and  3  for  the  breadth ;  and  let  the  opposite  points  of  division  be  connected  by  right 
lines.  Then,  it  Is  evident  that  these  lines  divide  the  rectangle  into  a  number  of  UtUe  squares,  ear* 
equal  to  the  square  measuring  unit  E;  and  farther,  that  the  number  of  these  lilOt  squares,  or  the 
area  of  the  figure,  Is  equal  to  the  number  of  lineal  measuring  units  in  the  length,  repeated  an  often  as 
there  are  linenl  measuring  units  In  the  breadth,  or  height;  that  is,  equal  to  the  length  drawn  Into  the 
height;  which  here  is  4  X  3  or  IS. 

And  it  is  proved  (Geometry,  Theor.  25,  Cor.  9),  that  a  rectangle  is  eqaal  to  any  obUqoe  aaraaeJa 
gram,  of  equal  length  and  perpendicular  breadth.    Therefore,  the  rule  is  general  for  all  paiallsluginias 
whatever. 
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EXAMPLES. 


Ex.  1. — To  find  the  area  of  a  parallelogram,  whose  length  is  12*25,  and 
height  8*5. 

12-25  length 
8*5  breadth 


6125 
9800 

104*125  area 


Ex.  2. — To  find  the  area  of  a  square,  whose  side  is  35*25 

Ana.  124  acres,  1  rood,  1  perch. 
Ex.  3. — To  find  the  area  of  a  rectangular  hoard,  whose  length  is  12$  feet» 
and  breadth  9  inches*  Ana.  9J  feet. 

Ex.  4. — To  find  the  content  of  a  piece  of  land,  in  form  of  a  rhombus,  its 
length  being  6.20  chains,  and  perpendicular  height  5*45. 

Ans.  3  acres,  I  rood,  20  perches. 
Ex.  5. — To  find  the  number  of  square  yards  of  painting  in  a  rhomboid, 
whose  length  is  37  feet,  and  breadth  5  feet  3  inches. 

Ans.  21 A  *<laare  yards. 

PROBLEM  II. 

To  find  the  area  of  a  triangle. 

Rule  i. — Multiply  the  base  by  the  perpendicular  height,  and  half  the  product 
will  be  the  area.*    Or,  multiply  the  one  of  these  dimensions  by  half  the  other. 

EXAMPLES. 

Ex.  1. — To  find  the  area  of  a  triangle,  whose  base  is  625,  and  perpendicular 

height  520  links  ? 

Here  625  X  260  =  162500  square  links, 

or  equal  1  acre,  2  roods,  20  perches,  the  answer. 

Ex.  2. — How  many  square  yards  contains  the  triangle,  whose  base  is  40,  and 
perpendicular  30  feet  ?  Ans.  66f  square  yards. 

Ex.  3. — To  find  the  number  of  square  yards  in  a  triangle,  whose  base  is  49 
feet,  and  height  25J  feet  Ana.  68*|,  or  68*7361. 

Ex.  4. — To  find  the  area  of  a  triangle,  whose  base  is  18  feet  4  inches,  and 
height  11  feet  10  inches.  Ans.  108  feet,  5f  inches. 

Rule  ii. — When  two  sides  and  their  contained  angle  are  given :  Multiply 
the  two  given  sides  together,  and  take  half  their  product :  Then  say,  as  radius 
is  to  the  sine  of  the  given  angle,  so  is  that  half  product,  to  the  area  of  the  tri- 
angle. 

Or,  multiply  that  half  product  by  the  natural  sine  of  the  said  angle.  + 

*  The  troth  of  this  role  H  evident,  because  any  triangle  Is  the  half  of  a 
and  altitude,  by  Geometry,  Theor.  86. 

f  For,  let  AB,  AC,  be  the  two  given  side*,  Including  the  given 
angle  A.  Now  |AB  X  CP  la  the  area,  by  the  first  role,  CP  being 
perpendicular.  Bat,  by  Trigonometry,  as  sine  angle  P,  or  radios, 
fa  to  sine  angle  A  :  t  AC  :  CP  =  sine  angle  A  X  AC,  taking 
«ndios  =  1.  Therefore,  the  area  |AB  X  CP  is  =  f  AB  X  AC 
X  "An,  angle  A,  to  radius  I ;  or, 

as  radios  t  sin.  angle  A  ::  fABX  AC  :  the 
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Ex.  1. — What  is  Uie  area  of  a  triangle,  whose  two  sides  are  30  and  40,  and 
their  contained  angle  28°  57'  18*'  ? 

Here  J  X  40  X  30  =  600, 
Therefore.  1 :  -4641226  nat  sin.  28°  ST  la'' 

600 


290-47356,  the  answer. 


Ex.  2. — How  many  square  yards  contains  the  triangle,  of  which  one  angle  is 
45*,  and  its  containing  sides  25  and  21 J  feet?  Ans.  20*86947. 

Rule  hi. — When  the  three  sides  are  given :  Add  all  the  three  sides  together, 
and  take  half  that  sum.  Next,  subtract  each  side  severally  from  the  said  half 
sum,  obtaining  three  remainders.  Lastly,  multiply  thfj  said  half  sum  and  those 
three  remainders  all  together,  and  extract  the  square  root  of  the  last  product, 
for  the  area  of  the  triangle.  * 

Ex.  1. — To  find  the  area  of  the  triangle  whose  three  sides  are  20,  30,  40. 


20 

45 

45                        45 

30 

20 

30                       40 

40 

_ 

—                      _ 

■ 

25,  first  rem. 

15,  second  rem.     5, 

3^90 

— 

—                     — 

-  45,  half  sum. 

Then  45  X  25  X  15  X  5    =    84375. 
The  root  of  which  is  290*4737,  the  area. 

Ex.  2. — How  many  square  yards  of  plastering  are  in  a  triangle,  whose  sides 

30,  40,  50?  Ana,  66}. 

Ex.  3 — How  many  acres,  &c  contains  the  triangle,  whose  sides  are  2569, 
4900,  5025  links  ?  Ans.  61  acres,  1  rood,  39  perches. 

problem  in. 
To  find  the  area  of  a  trapezoid. 
Add  together  the  two  parallel  sides;  then  multiply  their  sum  by  the  perpen- 
dicular breadth  or  distance  between  them ;  and  half  the  product  will  be  the  area; 
by  Geometry,  theorem  29, 

Ex.  1 — In  a  trapezoid,  the  parallel  sides  are  750  and  1225,  and  the  perpen- 
dicular distance  between  them  1540  links:  to  find  the  area, 
1225 
750 

1975  X  770  =  152075  square  links  =  15  acres,  33  perches. 

•  For,  1ft  «,  6,  e,  denote  the  tides  opposite  respectively  to  A,  B,  C.  the  angles  of  the  triangle  ABC 
(see  last  flg.);  then  by  Thcor.  37,  Geom.  we  have  BC*=AB*+AC«— 2AB.AP,  or  f*«6»+c«-Je.AP 

,\  AP=£±£z±S;  hence  we  hare 

CP»=6»— <£+*-+*£  m  <**c*— <**+c*— a*)1  m  (26c+**+c*— «*) .  (Me- #*-  «*+•*) 

.«.  Ac*.CV*vz{{b+c)*—d*}  •  («t-(f-if}B(«+J+c)(-«+Hc)M+tMt+N 

.-.  2  AB.CP  ~  Ic.cp-v'  {a-±|±£  .  -?+*+* .  •=*+*  .  •±tH }  ■»,/«<•-«)  (*-*)<«\ 

whore  *=  _(a+ 6+c)chalf  the  sum  of  the  three  sides. 
2 
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Ex.  % — How  many  square  feet  are  contained  in  the  plank,  whose  length  is 
12  feet  6  inches,  the  breadth  at  the  greater  end  15  inches,  and  at  the  less  end 
11  inches?  Ans.   13* J  feet. 

Ex.  3. — In  measuring  along  one  side  AB  of  a  quadrangular  field,  that  side 
and  the  two  perpendiculars  let  fall  on  it  from  the  two  opposite  corners,  measured 
as  below :  required  the  content 

AF    =  110  links. 

AQ    =  745 

AB    =  1110 

CP    =  352 

DQ   =  595 

Ans.  4  acres,  I  rood,  5*792  patches. 

PROBLEM  IV 

To  find  the  area  of  any  trapezium. 

Divide  the  trapezium  into  two  triangles  by  a  diagonal :  then  find  the  areas 
of  these  triangles,  and  add  them  together. 

Note. — If  two  perpendiculars  be  let  fall  on  the  diagonal,  from  the  other  two 
opposite  angles,  the  sum  of  these  perpendiculars  being  multiplied  by  the  dia- 
gonal, half  the  product  will  be  the  area  of  the  trapezium. 

Ex.  1. — To  find  the  area  of  the  trapezium,  whose  diagonal  is  42,  and  the  two 
perpendiculars  on  it  16  and  18. 

Here    16+18    =    34,  its  half  is  17. 
Then  42  X  17    =  714,  the  area. 

Ex.  2. — How  many  square  yards  of  paving  are  in  the  trapezium,  whose  dia- 
gonal is  65  feet,  and  the  two  perpendiculars  let  tail  on  it  28  and  33£  feet  ? 

Ans.  222^  yards. 
Ex.  3. — In  the  quadrangular  field  ABCD,  on  account  of  obstructions  there 
could  only  be  taken  the  following  measures,  viz.  the  two  sides  BC  265,  and 
AD  220  yards,  the  diagonal  AG  378,  and  the  two  distances  of  the  perpendicu- 
lars from  the  ends  of  the  diagonal,  namely,  AB  100,  and  CF  70  yards.  Re- 
quired the  area  in  acres,  when  4840  square  yards  make  an  acre? 

Ans.  17  acres,  2  roods,  21  perches. 


problem  v. 

To  find  the  area  of  an  irregular  polygon. 

Draw  diagonals  dividing  the  proposed  polygon  into  trapeziums  and  triangles. 
Then  find  the  areas  of  all  these  separately,  and  add  them  together  for  the  con- 
tent of  the  whole  polygon. 

Exam— To  find  the  content  of  the  irregular  figure  ABCDEFGA,  in  which 
are  given  the  following  diagonals  and  perpendiculars;  namely, 

B 
AC  55 

FD52 

GC  44 

Gm  13 

Bn   18 

Oo   12 

Ep     8 

D7  23  9 

Ans.  1878*5. 
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To  find  the  area  of  a  regular  polygon* 

Rule  l — Multiply  the  perimeter  of  the  polygon,  or  turn  of  its  sides,  by  the 
perpendicular  drawn  from  its  centre  on  one  of  its  sides,  and  take  half  the  pro- 
duct for  the  area.* 

Ex.  1. — To  find  the  area  of  the  regular  pentagon,  each  side  being  25  feet, 
and  the  perpendicular  from  the  centre  on  each  side  is  17.2047737. 

Here  23  X  5  =  125  is  the  perimeter. 
And  17-2047737  X  125  =r  2150-5967125. 
Its  half  1075*298356  is  the  area  sought. 

Rile  ii. — Square  the  side  of  the  polygon;  then  multiply  that  square  by  the 
area  or  multiplier  set  against  its  name  in  the  following  table,  and  the  product 

will  be  the  area,  f 


No.  of 
Sides. 

Names. 

Areas,  or 
Multipliers. 

3 

Trigon,  or  triangle 

0*4330127 

4 

Tetragon,  or  square 

1-0000000 

5 

Pentagon 

1-7204774 

6 

Hexagon 

2-5980762 

7 

Heptagon 

3-6339124 

8 

Octagon 

4-8284271 

9 

Nonagon 

6-1818242 

10 

Decagon 

7-6942068 

11 

Undecagon 

9-3656399 

12 

1 

Dodecagon 

11-1961594 

Exam. — Taking  here  the  same  example  as  before,  namely,  a  pentagon,  whoa* 
side  is  25  feet 

Then,  25*  being  =  625, 

And  the  tabular  area  1*7204774; 

Therefore,  1-7204774  X  625  =  1075*298375,  as  before. 

Ex.  2. — To  find  the  area  of  the  trigon,  or  equilateral  triangle,  whose  side 
i.s20,  Ans.  173-20508. 


♦  This  it  only  in  effect  resolving  the  polygon  into  as  many  equal  triangles  »■>  ft  has  sides,  Tty  < 
tag  lines  from  the  centre  to  all  the  angles ;  then  finding  their  areas,  and  adding  them  all  together. 

f  This  rule,  is  founded  on  the  property,  that  like  polygons,  being  similar  figures,  are  to  one  i 
as  the  squares  of  their  like  sides ;  which  is  proved  in  the  Geometry,  Theorem  89.  Now,  the)  multi- 
pliers in  the  table,  are  the  areas  of  the  respective  polygons  to  the  side  i.  Whence  the  rate  la 
manifest. 

Note.— The  areas  in  the  table,  to  each  side  1,  may  be  computed  in 
the  following  manner :  From  the  centre  C  of  the  polygon  draw  lines 
to  ^  very  angle,  dividing  the  whole  figure  Into  as  many  equal  triangles 
an  the  polygon  has  sides ;  and  let  ABC  be  one  of  those  triangles, 
the  perpendicular  of  which  is  CD.  Divide  360  degrees  by  the  num. 
uer  of  sides  in  the  polygon,  the  quotient  gives  the  angle  at  the 
centre  ACB.  The  half  of  this  gives  the  angle  ACD ;  and  this 
taken  from  90*,  leaves  the  angle  CAD.  Then,  as  radius  is  to  AD, 
so  is  tangent  angle  CAD  to  the  perpendicular  CD.    This  multiplied 

by  AD,  gives  the  area  of  the  triangle  ABC $  which,  being  multiplied  by  the  number  of  taw  I 
or  uf  the  aides  of  the  polygon,  gives  its  whole  area,  as  In  the  table. 
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Ex.  3.  To  find  the  area  of  a  hexagon,  whose  side  is  30  1 

Ex.  4.  To  find  tbe  area  of  au  octagon,  whose  side  is  20.  Ans.  1931-37064. 

Ei.  5    To  find  tbe  area  of  a  decagon,  whose  side  U  20.  Ans.  3077-68352. 


To  find  the  diameter  and  circumference  of any  circle,  the  one  from  the  other.' 

This  may  be  done  nearly  by  either  of  the  two  following  proportions,  viz. 
As  7  is  to  22,  bo  is  the  diameter  to  the  circumference. 
Or,  As  1  is  to  3-1416,  so  is  the  diameter  to  the  circumference.* 
Ex.  1.  To  find  the  circumference  of  the  circle  whose  diameter  is  20. 
By  the  first  rule,  aa  7  :  22  : :  20  i  62s,  the  answer. 

Ex.  2.  If  the  circumference  of  ibe  earth  be  2501)0  miles,  what  is  its  diameter? 
By  tbe  2d  rule,  as  31416  :  1  : :  25000  i  79374,  nearly  the  diameter. 


•  For.  let  ABCD  be  nn; 


ilar  heiiion,  ud  !■  therefor*  eo.ua]  the  rtdlua  AH 


or  I  ;  hence,  In  (he  rlibt-anf  ]e  triangle  ACD,  11  will  I*  DC=  AD"- A.&-  ■/&- 
the  eopplemental  chord  of  »  of  the  periphery. 

Then,  br  the  forefolnf  theorem,  bj  alwafi  MfectlDf  the  tin,  end  adding  1  1 


Veiaisswm    p=    i-bmiijmoj 

^«-99S919l7tJ     al     I-MST3217S7   [ 


the  periphery,  let  thii  number  he  Inked  from  4.  the  equal 
Ibe  net  V'a-MOQISTUl-DDManOolll  ii  the  lentth  of  thai  cb< 
which,  u  the  •Meoof  the   pulsion   nrnrlj  rainuJe  with  the  circumference  of  the  circle,  mint   nl 
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To  find  the  length  of  am/  arc  qfm  circle. 

Multiply  the  degrees  in  the  given  are  by  the  radius  of  the  aide,  and  the 
product  again  by  the  decimal  4)1746,  for  the  length  of  the  arc* 

Ex.  1. — To  find  the  length  of  an  arc  of  90  degrees,  the  radios  being  9  feet. 

Ana.  4-7115. 
Ex.  2— To  find  the  length  of  an  arc  of  h2*  IP,  or  12^,  the  radios  being  10 
feet.  Ana-  2*1231. 


To  find  the  area  of  a  circle. 

t  Kcjlb  h — Multiply  half  the  ritrcomference  by  half  the  diameter.  Or  multi- 
ply the  whole  circumference  by  the  whole  diameter,  and  take  £  of  the  product. 

Hulk  il— Square  the  diameter,  and  multiply  that  square  by  the  decimal 
•7854,  for  the  area. 

Ex.  1. — To  find  tlie  area  of  a  circle  whose  diameter  is  10,  and  its  draun- 
ference  81*411 

By  Role  1.  By  Role  t. 

31-416  "7854 

10  100  =  If* 


78*54    ^e  aPea  78"** 


Bat  now,  to  nhtw  how  near  this  determination  is  to  the  troth,  1st  AQP 
=  0-00100061 12  represent  one  side  of  such  s>  regular  polygon  of  1590  sides, 
and  SRT  a  nide  of  another  similar  polygon  described  about  the  circle ;  and 
from  the  centre  E  let  the  perpendicular  EQR  be  drawn,  bisecting  AP  and 
ST  in  Q  and  K.  Then,  since  AQ  is  =  f  AP  =  0-00*0453056,  and  EA  =  1, 
therefore  EQ*  =  EA*.  AQ*  =  «<99958167,  and  consequently  its  root 
gives  EQ  =  -9990979084 ;  then,  because  of  the  parallels  AP,  ST,  It  is 
FQ  :  ER  ::  AP  :  ST  : :  the  whole  Inscribed  perimeter  :  the  circum- 
scribed one ;  that  is,  as  -9999079084  :  1  ::  0-8831788  :  6*8831980  the 
perimeter  of  the  circumscribed  polygon*  But  the  circumference  of  the 
circle  being;  greater  than  the  perimeter  of  the  inner  polygon,  and  less  than 
that  of  the  outer,  it  must  consequently  be  greater  then  '6-9831788, 

bat  less  than  6*8831980, 

and  must  therefore  be  nearly  equal  f  their  sum,  sc  6.9831854,    which  in  fact  is  tree  In  the  last 

figure,  which  should  be  a  3  instead  of  the  4. 

Hence,  the  circumference  being  6**831854  when  the  dtsmatar  is  8,  It  will  be  the  half  of  that,  or 
3*1415977,  when  the  diameter  is  1,  to  which  the  r»t»o  in  the  rule,  vis.  1  to  3*1416  ia  rery  near.    Also 
the  other  rati?  in  the  rule  7  to  22  or  1  to  31  =  3*1488,  fee,  is  another  near  approxinutbou. 

*  It  having  been  found,  in  the  demonstration  of  the  foregoing  problem,  that  when  the  radius  of  a 
circle  is  1 .  the  length  of  the  whole  circumference  is  6*8831854,  which  consists  of  380  degrees ;  there* 
fore,  ss  360°  :  63831854  :  1*  :  -01745,  &c,  the  length  of  the  are  of  1  degree.  Hence,  the  number 
-01745,  multiplied  by  any  number  of  degrees,  will  give  the  lenrth  of  the  arc  of  those  degrees.  And, 
because  the  circumfereoces,  and  arcs,  are  as  the  diameters,  or  radii  of  the  circles;  therefore,  as  tha 
radius  1  Is  to  any  other  radios  r.  so  is  the  length  of  the  arc  above  mentioned  to  r  X  D1745  X 
In  the  arc,  which  is  the  length  of  that  are  as  in  the  rule. 

f  Thin  first  rule  is  proved  in  the  Geometry,  Theor.  94. 

And  the  second  rule  is  deduced  from  the  first  In  this  manner :  It  appears  by  the  

Problem  7,  that  when  the  diameter  of  a  circle  is  1,  its  circumference  is  314150/7,  or  noarry  £1416 1 
then,  by  the  first  rule,  1  X  3  1416-7-4  =  -7854,  which  is  therefore  the  area  of  the  efcrcJe  whose 
diameter  is  1.  But  the  areas  of  different  circles  are  to  each  other  as  the  square  of  their  diameters,  by 
Geometry,  Theor.  93 ;  therefore,  as  !•  8  d •  :i  TOM  :  •7854 d%  the  area  of  the  circle 
U  rf.  as  iu  the  second  rule. 
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Ex.  2. — To  find  the  area  of  a  circle,  whose  diameter  is  7,  and  cireumfei- 
ence  22.  Ana.  38$. 

Ex.  3. — Hour  many  square  yards  are  in  a  circle,  whose  diameter  is  3$  feet? 

Ana.  1-069. 

PAOtlLfit  x. 

To  find  the  area  of  a  circular  ring,  or  space  included  between  two  concentric 

circles. 

Take  the  difference  between  the  areas  of  the  two  circles,  as  found  by  the  last 
problem. — Or,  which  is  the  same  tiling-,  subtract  the  square  of  the  less  diameter 
from  the  square  of  the  greater,  and  multiply  their  difference  by  *7854*— Or, 
lastly,  multiply  the  sum  of  the  diameters  by  the  difference  of  the  same,  and 
that  product  by  -7854;  which  is  still  the  same  thing,  because  the  product  of  the 
sum  and  difference  of  any  two  quantities,  is  equal  to  the  difference  of  their 
squares. 

Ex.  1. — The  diameters  of  two  concentric  circles  being  10  and  6,  required  the 
area  of  the  ring  contained  between  their  circumferences. 

Here  10  +  6  =  16  the  sum,  and  10  —  6  =  4  the  difference, 
Therefore,  -7854  X  16X4=  -7854  X  64  =  50-8656,  the  area. 

Ex.  2. — What  is  the  area  of  the  ring,  the  diameters  of  whose  bounding  cir- 
cles are  10  and  20  ?  Ans.  235*62. 

PBOBLEM    XL 

To  find  the  area  of  the  sector  of  a  circle. 

Rufjs  l — Multiply  the  radius,  or  halt'  the  diameter,  by  half  the  arc  of  the 
sector,  for  the  area.  Or,  multiply  the  whole  diameter  by  the  whole  arc  of  the 
sector,  and  take  J  of  the  product.  The  reason  of  which  is  the  same  as  for  the 
first  rule  to  problem  9. 

Rule  u As  360  is  to  the  degrees  in  the  arc  of  the  sector,  so  is  the  area  of 

the  whole  circle,  to  the  area  of  the  sector. 

This  is  evident,  because  the  sector  is  proportional  to  the  length  of  the  arc,  or 
to  the  degrees  contained  in  it. 

Ex.  1 To  find  the  area  of  a  circular  sector,  whose  are  contains  18  degrees  - 

the  diameter  being  3  feet. 

1.— By  the  1st  Rule. 
First,  3*1416  X  3  =  9*4248,  the  circumference. 
And  360  :  18  : :  9*4248  :  -47124,  the  length  of  the  arc; 
rhen,  -47124  X  3  -j-  4  =  -11781  X  3  =  '35343,  the  area. 

2.— By  the  2d  Rule. 
First,  -7854  X  3?  =  7*0686,  the  area  of  the  whole  circle. 
Then,  as  360  :  18  : :  7*0086  :  -35343,  the  area  of  the  sector. 

Ex.  2. — To  find  the  area  of  a  sector,  whose  radius  is  10,  and  arc  2a 

Ans.  100. 

Ex.  3.— Required  the  area  of  a  sector,  whose  radius  it  £5,  and  its  arc  contain- 
ing 1 47*  29*.  Ans.  804*401 7. 

PROBLEM    XIL 

To  find  the  area  of  a  segment  of  a  circle* 

Rule  l Find  the  area  of  the  sector  bavin*  the  same  arc  with  the  segment 

b>  the  last  problem. 
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Find  also  the  urea  of  (he  triangle,  formed  by  the  chard  of  lb*  acfsM ad 
the  two  radii  of  the  sector. 

Then  take  the  sum  of  these  tiro  for  the  answer,  when  the  segment  a  pola 
than  a  semicircle :  or  take  their  difference  for  the  answer,  when  it  it  Ian  taa 
a  semicircle. — As  is  evident  by  inspection. 

Ex.  1.— To  find  the  area  of  the  segment  ACBDA,  its  chord  AB  being  li, 
and  the  radios  AE  or  CE  10. 

First,  As  AE  :  AD  :  :  sin.  angle  D  90>;  sin.  36-  5i-"%  . 

=:  36*7  degrees,   the  degrees  in  the  angle  AEC  or  arc  *^ri^\ 

AG.    Their  double,  73*74,  are  the  degrees  in  the  whole 
•re  ACa 

Now,  T8a4  X   400  =  314-16,   the  area  of  the  whole 

Therefore,  360* :  73-74  : :  314-16  :  643504,  area,  or  the 
whole  sector  AC  BE.  _       

Again,  v/AE"^_  AD*  =  y/ 100  —  36  =  y/M  =  8  =  DE. 

Therefore,  AD  X   DE  =  6  X  8   —   48,  [he  are.  of  the  uianjle  AEE 

Hence,  sector  ACBE  —  triangle  AEB  =:  16-3504,  are*  of  srg.  ACiiDA. 

Rule  it. — Divide  the  height  of  the  segment  by  the  diameter,  ipJUbi 
quotient  in  the  column  of  heights  in  the  following  tablet: — Take  oal the  teas* 
ponding  area  in  the  next  column  on  the  right  band;  and  multiplj  k V] "•> 
square  of  the  circle's  diameter,  for  the  area  of  the  s< 

Note. — When  the  quotient  is  not  found  exactly  i 
may  be  made  between  the  next  less  and  greater  area,  ii 
done  for  logarithms,  or  any  other  table. 
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Ex.  8.— Taking  Hie  & 
AB  12,  and  the  radiu; 


h  which  an  p*  ■  L 


And  having  found,  as  above,  DE  =  B;    then  CE  —  DE  =  CD  3* 
Hence,  by  the  rule,  CD  +-  CF  =  2  -=-  20  =  •!,  the  ub*m*l 
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This*  It  ing  found  in  the  first  column  of  the  table,  the  corresponding  tabular  area 
/s  -0408a  Then  -04088  X  20*  =  "04088  X  400  =  16*352,  the  area,  nearly 
the  same  as  before. 

Ex.  3. — What  is  the  area  of  the  segment,  whose  height  is  18,  and  diameier 
of  the  circle  50?  Ans.  636*375. 

Ex.  4. — Required  the  area  of  the  segment  whose  chord  is  16,  the  diameter 
being  20  r  Ana.  44*7292. 

FKOBLEM  XIII. 

To  measure  long  irregular  figure*. 

Take  or  measure  the  breadth  in  several  places  at  equal  distances;  then 
add  all  these  breadths  together,  and  divide  the  sum  by  the  number  of  them,  for 
the  mean  breadth ;  which  multiply  by  the  length  for  the  area.  * 

Note  1. — Take  half  the  sum  of  the  extreme  breadths  for  one  of  the  said 
breadths. 

Note  2. — If  the  perpendiculars  or  breadths  be  not  at  equal  distances,  compute 
all  the  parts  separately,  as  so  many  trapezoids,  and  add  them  all  together  for 
the  whole  area. 

Or  else,  add  all  the  perpendicular  breadths  together,  and  divide  their  sum  by 
the  number  of  them  for  the  mean  breadth,  to  multiply  by  the  length ;  which 
will  give'  the  whole  area,  not  far  from  the  truth. 

Ex.  1. — The  breadths  of  an  irregular  figure,  at  five  equidistant  places,  being 
8.2,  7.4,  9.2,  10.2,  8.6;  and  the  whole  length  39 :  required  the  area? 

First,  (8*2  -f-  8*6)  -j-  2  =  8*4,  the  mean  of  the  two  extremes. 
Then,  84  +  7*4  -f.  9-2  +  10-2  =  35*2,  sum  of  breadths. 
And,  35*2  -|-4  =  b*8,  the  mean  breadth. 
Hence,  8*8  X  39  =  343  2,  the  answer. 

Ex.  2 — The  length  of  an  irregular  figure  being  84,  and  the  breadths  at  six 
equidistant  places  17*4,  20*6,  14*2,  16*5,  201,  24-4;  what  is  the  area? 

Ans.  155064. 


•  This  rule  la  made  out  as  follows  :  Let  A  BCD  be  the  irre- 
gular piece;  having  the  several  breadths  AD,  £F,  GH,  IK,  BC, 
at  the  equal  distances  AE,  EG,  GI,  IB.  Let  the  several 
breadths  in  order  be  denoted  by  the  corresponding  letters  a,  ft, 
«,  **,  «,  and  the  whole  length  AB  by  /;  then  compute  the  areas 
of  the  parts  into  which  the  figure  is  divided  by  the  perpendi. 
eulars,  as  so  many  trapezoids  by  Problem  3,  and  add  them  all 
together.    Thus,  the  sum  of  the  parts  is, 

«  +  ft  ft  +  c  e  +  d  rf  +  e 

—^    X   AE  +  ~i       X   EG  +   -^-   X  Gl  +  -J-    X  IB 

=  (i«  +  »-fc-M+|*)x*'  =  (>n  +  o  +  #+d)K 


whU-h  is  the  whole  area,  agreeing  with  the  rule  ;  m  being  the  arithmetic  mean  between  the  extreme* 
and  4  the  number  of  the  parts.    And  the  same  for  any  other  number  of  parts. 
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MENSURATION  OF  SOLIDS. 


Br  the  Mensuration  of  Solids  are  determined  the  spaces  included  by 
guous  surfaces,  and  the  sum  of  the  measures  of  these  including  sorfras,  k  At 
whole  surface  or  superficies  of  the  body. 

The  measure  of  a  solid,  is  called  its  solidity,  capacity,  or  content. 

Solids  are  measured  by  cubes,  whose  sides  are  inches,  or  feet,  or  yank,  4% 
And  hence  the  solidity  of  a  body  is  said  to  be  so  many  cubic  inches,  feet,  jsts\ 
&&,  as  will  fill  its  capacity  or  space,  or  another  of  equal  magnitude. 

The  least  solid  measure  is  the  cubic  inch,  other  cubes  being  taken  frost  it 
iccording  to  the  proportion  in  the  following  table : 

Table  of  Cubic  or  Solid  Measures* 

1728    cubic  inches  make 1  cubic  foot 

27    cubic  feet  make 1  cubic  yard 

166|  cubic  yards  make - 1  cubic  pole 

64000    cubic  poles  make 1  cubic  furloug 

512    cubic  furlongs  make 1  cubic  mile. 


PBOBLBX  L 

To  find  the  superficies  of  a  prism, 

» 

Multiply  the  perimeter  of  one  end  of  the  prism  by  the  length  or  asfst*? 
•the  solid,  and  the  product  will  be  the  surface  of  all  its  sides.  To  «sts\sM 
also  the  area  of  the  two  ends  of  the  prism,  when  required.*)' 

Or,  compute  the  areas  of  all  the  sides  and  ends  separately,  and 
together. 

Ex.  1 — To  find  the  surface  of  a  cube,  the  length  of  each  side  being  tin* 

Ans.tt*s* 
Ex.  2. — To  find  the  whole  surface  of  a  triangular  prism,  whose  ksgAk'j 
feet,  and  each  side  of  its  end  or  base  18  inches.  Ant.  91*ti8s* 

Ex.  3.— To  find  the  convex  surface  of  a  round  prism,  or  cylisstr,  ?A* 
length  is  20  feet,  and  diameter  of  its  base  is  2  feet.  Aas,  I&tfa 

Ex.  4. — What  must  be  paid  for  lining  a  rectangular  cistern  with  kai  *  I 
a  pound  weight,  the  thickness  of  the  lead  being  such  as  to  weigh  7  sV.  ftr< 
square  foot  of  surface;  the  inside  dimensions  of  the  cistern  being  as  falsi 
the  length  8  feet  2  inches,  the  breadth  2  feet  8  inches,  and  depth  t 
inches?  Ana.  £&3lMm 


*  Before  perusing  this  chapter  the  student  must  make  himself  master  of  the 
*' Geometry  of  Solids,"  which  immediately  follow*  the  "  Geometry  of  Plauea."  The 
whirh  the  rules  are  founded  are  explained  in  the  Differential  Cairn  I  us, 

t  Ilia  truth  of  this  will  easily  appear,  by  considering  that  tne  sides  of  any  prism  are  | 
whose  common  length  is  the  name  as  the  length  of  the  solid,  and  their  Ueadtaa  tahamatU 
■take  up  the  perimeter  of  the  euds  of  the  same. 

An*  the  rale  la  evident!  v  the  saio*  U*r  the  snrfnrt*  of  a  rvUoder. 
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PROBLEM  U. 

To  find  the  surface  of  a  pyramid  or  cone* 

Multiply  the  perimeter  of  the  base  by  the  slant  height,  or  length  of  the  side, 
and  half  the  product  will  evidently  be  the  surface  of  the  sides,  or  the  sum  of  the 
areas  of  all  tne  triangles  which  form  it  To  which,  add  the  area  of  tne  end  or 
base,  if  requisite. 

Ex.  1. — What  is  the  upright  surface  of  a  triangular  pyramid,  the  slant  height 
being  20  feet,  aud  each  side  of  the  base  3  feet  ?  Ans.  90  feet. 

Ex.  2. — Required  the  convex  surface  of  a  cone,  or  circular  pyramid,  the 
slant  height  being  50  feet,  and  the  diameter  of  its  base  8£  feet     Ans.  667.59. 

PROBLEM  UL 

To  find  the  surface  of  the  frustum  of  a  pyramid  or  cone  ;  being  the  lower  part, 
when  the  top  is  cut  off  by  a  plane  parallel  to  the  base. 

Add  together  the  perimeters  of  the  two  ends,  and  multiply  their  sum  by  the 
slant  height,  taking  half  the  product  for  the  answer. — As  is  evident,  because  the 
sides  of  the  solid  are  trapezoids,  having  the  opposite  sides  parallel. 

Ex.  1. — How  many  square  feet  are  in  the  surface  of  the  frustum  of  a  square 

pyramid,  whose  slant  height  is  10  feet;  also,  each  side  of  the  base  or  greater 

end  being  3  feet  4  inches,  and  each  side  of  the  less  end  2  feet  2  inches  ? 

Ans.  110  feet 

Ex.  2. — To  find  the  convex  surface  of  the  frustum  of  a  cone,  the  slant 

height  of  the  frustum  being  12J  feet,  and  the  circumferences  of  the  two  ends 

6  and  8*4.  Ana.  90  feet 

PROBLEM  tV 

l 

To  find  the  solid  content  of  any  prism  or  cylinder. 

Find  the  area  of  the  base,  or  end,  whatever  the  figure  of  it  may  be  ;  and 
multiply  it  by  the  length  of  the  prism  or  cylinder,  for  the  solid  content 

Ex.  ] To  find  the  solid  content  of  a  cube,  whose  side  is  24  inches. 

Ans.  13824. 

Ex.  2. — How  many  cubic  feet  are  in  a  block  of  marble,  its  length  being  3 
feet  2  inches,  breadth  2  feet  8  inches,  and  thickness  2  feet  6  inches  ? 

Ans.  21j 

Ex.  3. — How  many  gallons  of  water  will  the  cistern  contain,  whose  dimen- 
sions are  the  same  as  in  the  last  example,  when  277*274  cubic  inches  are  con* 
taincd  in  one  gallon?  Ans.  131*566. 

Ex.  4.— Required  the  solidity  of  a  triangular  prism,  whose  length  is  10  feet^ 
and  the  three  sides  of  its  triangular  end  or  base,  are  3,  4,  5  feet        Ans.  60. 

Ex.  5. — Required  the  content  of  a  round  pillar,  or  cylinder,  whose  length  is 
20  feet,  and  circumference  5  feet  6  inches.  Ans.  48-1459. 

pboblbm  v. 

To  find  the  content  of  any  pyramid  or  cane. 

Find  the  area  of  the  base,  and  multiply  that  area  by  the  pet  pendi  rain  r 
height;  then  take  }  of  the  nroduct  for  the  content 
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Ex.  1. — Required  the  solidity  of  the  square  pyramid,  each  side  of  its  ban 
being  30,  and  its  perpendicular  height  25.  Ans.  7500. 

Ex.  2. — To  find  the  content  of  a  triangular  pyramid,  whose  perpendicular 
height  is  30,  and  each  side  of  the  base  3.  Ans.  38*971 17. 

Ex.  3. — To  find  the  content  of  a  triangular  pyramid,  its  height  being  14  feet 
6  inches,  and  the  three  sides  of  its  base  5,  6,  7.  Ans.  71*0352. 

Ex.  4. — What  is  the  content  of  a  pentagonal  pyramid,  its  height  being  12 
feet,  and  each  side  of  its  base  2  feet  ?  Ans.  £7-5276. 

Ex.  5m — What  is  the  content  of  the  hexagonal  pyramid,  whose  height  is  6*4, 
and  each  side  of  its  base  6  inches  ?  Ans.  1  *38564  feet. 

Ex.  6. — Required  the  content  of  a  cone,  its  height  being  10}  feet,  and  the 
circumference  of  its  base  9  feet.  Ana.  22*56093 


PROBLEM  VL 

To  find  the  solidity  of  the  frustum  of  a  cone  or  pyramid. 

Add  into  one  sum,  the  areas  of  the  I  wo  ends,  and  the  mean  proportional  be. 
tween  them,  or  the  square  root  of  their  product;  and  }  of  that  sum  will  be  a 
mean  area;  which,  being  multiplied  by  the  perpendicular  height  or  length  of 
the  frustum,  will  give  its  content. 

Ex.  1 — To  find  the  number  of  solid  feet  in  a  piece  of  timber,  whose  bases 
are  squares,  each  side  of  the  greater  end  being  15  inches,  and  each  .side  of  the 
less  end  6  inches ;  also,  the  length  or  perpendicular  altitude  24  feet? 

Ana.   19|. 

Ex.  2.^-Required  the  content  of  a  pentagonal  frustum,  whose  height  is  5 
feet,  each  side  of  the  base  18  inches,  and  each  side  of  the  top  or  less  end  6 
inches.  Ans.  9  3 1925  feet. 

Ex.  3. — To  find  the  content  of  a  conic  frustum,  the  altitude  being  18,  the 
greatest  diameter  8,  and  the  least  diameter  4.  Ans-   527*7888. 

Ex.  4. — What  is  the  solidity  of  the  frustum  of  a  cone,  the  altitude  being  25, 
also  the  circumference  at  the  greater  end  being  20,  and  at  the  less  end  10  ? 

Ans.  464-216. 

Ex.  5. — If  a  cask,  which  is  two  equal  conic  frustums  joined  together  at  the 
bases,  have  its  bung  diameter  28  inches,  the  head  diameter  20  inches,  and 
length  40  inches ;  how  many  gallons  of  wine  will  it  hold  ?  Ana.  79*06 13. 


fboblhi  vu. 

To  find  the  surface  of  a  sjthere,  or  any  segment. 

Role  l — Multiply  the  circumference  of  the  sphere  by  its  diameter,  and  the 
product  will  be  the  whole  surfaco  of  it. 

Rule  ii. — Multiply  the  square  of  the  diameter  by  3*1416,  and  the  product 
will  be  the  surface. 

Note. — For  the  surface  of  a  segment  or  frustum,  multiply  the  whole  circum- 
ference by  the  height  of  the  part  required. 

Ex.  1. — Required  the  convex  superficies  of  a  sphere,  whose  diameter  is  7, 
and  circumference  22.  Ans.  154* 

Ex.  2. — Required  the  superficies  of  a  globe,  whose  diameter  is  £4  inches. 

Ana.  1809*5616. 
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Ex.  3. — Required  the  area  of  the  whole  surface  of  the  earth,  its  diameter  be- 
ing 7957}  miles,  and  its  circumference  25000  miles. 

Ans.  198943750  sq.  miles. 

Ex.  4. — The  axis  of  a  sphere  being  42  inches,  what  is  the  convex  superficies 
of  the  segment,  whose  height  is  9  inches  ?  Ans.   1187*5248  inches. 

Ex.  5. — Required  the  convex  surface  of  a  spherical  zone,  whose  breadth  or 
Height  is  2  feet,  and  cut  from  a  sphere  of  12}  feet  diameter.    Ans.  78*54  feet. 


To  find  the  solidity  of  a  sphere  or  Globe. 

Rulb  i. — Multiply  the  surface  by  the  diameter,  and  take  }  of  the  product 
for  die  content. 

Role  n^— Multiply  the  cube  of  the  diameter  by  the  decimal  '5236.  for  the 
content. 

Ex.  1. — To  find  the  content  of  a  sphere  whose  axis  is  12.     Ana.  9047808. 
Ex.  2. — To  find  the  solid  content  of  the  globe  of  the  earth,  supposing  its 
circumference  to  be  25000  miles.  Ans.  268,857,437,760  miles. 


PROBLEM  IX. 

To  find  the  solid  content  of  a  spherical  segment. 

Run  l — From  three  times  the  diameter  of  the  sphere  take  double  the 
height  of  the  segment;  then  multiply  the  remainder  by  the  square  of  the  height 
and  the  product  by  the  decimal  '5236.  for  the  f*ontent 

Rulb  n. — To  three  times  the  square  of  the  radius  oi  the  segment's  base, 
add  the  square  of  its  height ;  then  multiply  the  sum  by  the  height,  and  the 
product  by  '5236,  for  the  content 

Ex.  1. — To  find  the  content  of  a  spherical  segment,  of  2  feet  in  height,  cut 
from  a  sphere  of  8  feet  in  diameter.  Ans.  41*888. 

Ex.  2. — What  is  the  solidity  of  the  segment  of  a  sphere,  its  height  being  9, 
and  the  diameter  of  its  base  20?  Ana.  1795*4244. 

Note. — The  general  rules  for  measuring  all  sorts  of  figures  having  been  now 
delivered,  we  may  next  proceed  to  apply  them  to  the  several  practical  uses  in 
life,  as  follows. 


LAND  SURVEYING. 


SECTION  L 
DESCRIPTION  AND  USE  OF  THE  INSTRUMENTa 


I.— Or  THE  CHAIN. 

Iakd  is  measured  with  a  chain,  called  Gunter's  Chain,  from  its  inventor,  of  4 
poles  or  22  yards,  or  66  feet  in  length.  It  consists  of  100  equal  links ;  and  the) 
length  of  each  link  is  therefore  •£&  of  a  yard,  or  -£fo  of  a  foot,  or  7*92  inches. 

Land  is  estimated  in  acres,  roods,  and  perches.  An  acre  is  equal  to  10 
square  chains,  that  is,  10  chains  in  length  and  one  chain  in  breadth.  Or  it  is 
220  X  22  =  4840  square  yards.  Or  it  is  40  X  4  =  160  square  poles.  Or  it 
is  1000  X  100  =  1,000,000  square  links.     These  being  all  the  same  quantity. 

Also,  an  acre  is  divided  into  four  parts  called  roods,  and  a  rood  into  40  parts 
called  perches,  which  are  square  poles,  or  the  square  of  a  pole  of  5\  yards  long, 
or  the  square  of  i  of  a  chain,  or  of  ib  links,  which  is  625  square  links.  So  that 
the  divisions  of  land  measure  will  be  thus : 

625  square  links  =     1  pole  or  perch, 
40  perches  =     1  rood, 

4  roods  =     1  acre. 

The  length  of  lines,  measured  with  a  chain,  are  best  set  down  in  links  at 
integers,  every  chain  in  length  being  100  links ;  and  not  in  chaius  and  deci- 
mals. Therefore,  after  the  content  is  found,  it  will  be  in  square  links ;  then 
cut  off  five  of  the  figures  on  the  right  hand  for  decimals,  and  the  rest  will  be 
acres.  The^e  decimals  are  then  multiplied  by  4  for  roods,  and  the  decimals  of 
these  again  by  40  for  perches. 

L'xam. — Suppose  the  length  of  a  rectangular  piece  of  ground  be  792  links, 
and  its  breadth  385 :  to  fh.d  ihe  area  in  acres,  roods,  and  perches. 

792  304920 

3b5  4 


3.^60  -19680 

6336  40 

2376  

7*87200 


3*04920 


An>    3  acres,  0  roods,  7  perches. 

2.— OF  THE   PLAIN   TABLE. 

This  instrument  consists  of  a  plain  rectangular  board,  of  any  convenient  size 
the  centre  of  which,  when  used,  is  fixed  by  means  of  screws  to  a  threeJegged 
stand,  having  a  ball  and  socket,  or  other  joint,  at  the  top,  by  means  of  which, 
when  the  legs  are  fixed  on  the  ground,  the  table  is  inclined  in  any  direction. 
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To  the  table  belong  various  parts,  as  follow ; 

1.  A  frame  of  wood,  made  to  fit  round  its  edges,  and  to  be  taken  off,  for  the 
convenience  of  putting  a  sheet  of  paper  upon  the  table.  The  one  side  of  this 
frame  is  usually  divided  into  equal  parts,  for  drawing  lines  across  the  table, 
parallel  or  perpendicular  to  the  sides;  and  ihe  other  side  of  the  frame  b 
divided  into  360  degrees  from  a  centre  which  is  in  the  middle  of  the  table  ;  by 
means  of  which  the  tablo  is  to  be  used  as  a  theodolite,  &c. 

2.  A  needle  and  compass  screwed  into  the  side  of  the  table,  to  point  out  the 
directions,  and  to  be  a  check  upon  the  sights. 

3.  An  index,  which  is  a  brass  two-foot  scale,  with  either  a  small  telescope,  or 
open  sights  erected  perpendicularly  upon  the  ends.  These  sights  and  one  edge 
of  the  index,  are  in  the  same  plane,  and  that  edge  is  called  the  fiducial  edge 
of  the  index. 

To  use  this  instrument,  take  a  sheet  of  paper  which  will  cover  it,  and  wet  it 
to  make  it  expand ;  then  spread  it  flat  upon  the  table,  pressing  down  the  frame 
upon  the  edges,  to  stretch  it  and  keep  it  fixed  there;  and  when  the  paper  is 
become  dry,  it  will,  by  contracting  again,  stretch  itself  smooth  and  flat  from 
any  cramps  and  unevenness.  On  this  paper  is  to  be  drawn  the  plan  or  form  of 
the  thing  measured. 

Then,  begin  at  any  part  of  the  ground  the  most  proper,  and  make  a  point  on 
a  convenient  part  of  the  paper  or  table,  to  represent  that  point  of  the  ground ; 
then  fix  in  that  point  one  leg  of  the  compasses,  or  a  fine  steel  pin,  and  apply  to 
it  the  fiducial  edge  of  the  index,  moving  it  round  till  through  the  sights  you 
perceive  some  remarkable  object,  as  the  corner  of  a  field,  &c ;  and  from  the 
station  point  draw  a  line  with  the  point  of  the  compasses  along  the  fiducial 
edge  of  the  index ;  then  set  another  object  or  corner,  and  draw  its  line ;  do  the 
same  by  another,  and  so  on,  till  as  many  objects  are  set  as  may  be  thought 
fit.  Then  measure  from  the  station,  towards  as  many  of  the  objects  as  may  be 
necessary,  and  no  more,  taking  the  requisite  offsets  to  corners  or  crooks  in  the 
hedges,  laying  the  measures  down  on  their  respective  lines  on  the  table.  Then, 
at  any  convenient  place,  measured  to,  fix  the  table  in  the  same  position,  and 
set  the  objects  which  appear  from  thence,  &c.  as  before  ;  and  thus  continue  till 
the  work  is  finished,  measuring  such  lines  as  are  necessary,  and  determining  as 
many  as  may  be,  by  intersecting  lines  of  direction  drawn  from  different  stations. 

OP  SHIFTING  THE  PAPER  ON  THE  PLAIN  TABLE. 

When  one  paper  is  full,  and  you  have  occasion  for  more;  draw  a  line  in  any 
manner  through  the  farthest  point  of  the  last  station  line,  to  which  the  work 
can  be  conveniently  laid  down  ;  then  take  the  sheet  off  the  table,  and  fix 
another  on,  drawing  a  line  upon  it,  in  a  part  the  most  convenient  for  the  rest  of 
the  work ;  then  fold  or  cut  the  old  sheet  by  the  line  drawn  on  it,  applying  the 
edge  to  the  line  on  tho  new  sheet,  and  as  they  lie  in  that  position,  continue  the 
last  station  line  on  tho  new  paper,  placing  on  it  the  rest  of  die  measure,  begin* 
ning  at  where  the  old  sheet  left  off.     And  so  on  from  sheet  to  sheet 

When  the  work  is  done,  and  you  would  fasten  all  the  sheets  together  into  one 
piece,  or  rough  plan,  the  aforesaid  lines  are  to  be  accurately  joined  together,  in 
the  same  manner  as  when  the  lines  were  transferred  from  the  old  sheets  to  the 
new  ones. 

But  it  is  to  be  noted,  that  if  the  said  joining  lines,  on  the  old  and  new  sheets 
have  not  the  same  inclination  to  the  side  of  the  table,  the  needle  will  not  point 
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to  the  original  degree  when  the  table  is  rectified ;  and  if  the  needle  be  repaired 
tn  respect  still  the  same  degree  of  compass,  the  easiest  way  of  drawing  the  lines 
in  the  same  position,  is  to  draw  them  both  parallel  to  the  same  sides  of  the  table, 
by  means  of  the  equal  divisions  marked  on  the  other  two  sides. 


3.   OF  THE  THEODOLITE. 

The  theodolite  is  a  brazen  circular  ring,  divided  into  360  degrees,  and  hav- 
ing an  index  with  sights,  or  a  telescope,  placed  on  the  centre,  about  which  the 
index  is  moveable ;  also  a  compass  fixed  to  the  centre,  to  point  oat  courses  and 
check  the  sights ;  the  whole  being  fixed  by  the  centre  on  a  stand  of  a  conve- 
nient height  for  use. 

In  using  this  instrument,  an  exact  account,  or  field-book,  of  aU  measures  and 
things  necessary  to  be  remarked  in  the  plan,  must  be  kept,  from  which  to  make 
out  the  plan  on  returning  home  from  the  ground. 

Begin  at  such  part  of  the  ground,  and  measure  in  such  directions,  as  yon. 
judge  most  convenient ;  taking  angles  or  directions  to  objects,  and  measuring 
such  distances  as  appear  necessary,  under  the  same  restrictions  as  in  the  use  of 
the  plain  table.  And  it  is  safest  to  fix  the -theodolite  in  the  original  position  at 
every  station,  by  means  of  fore  and  back  objects,  and  the  compass,  exactly  as 
in  using  the  plain  table ;  registering  the  number  of  degrees  cut  off  by  the  index 
when  directed  to  each  object ;  and,  at  any  station,  placing  the  index  at  the 
same  degree  as  when  the  direction  towards  that  station  was  taken  from  the  last 
preceding  one,  to  fix  the  theodolite  there  in  the  original  position. 

The  best  method  of  laying  down  the  aforesaid  lines  of  direction,  is  to  de- 
scribe a  pretty  large  circle ;'  then  quarter  it,  and  lay  on  it  the  several  numbers 
of  degrees  cut  off  by  the  index  in  each  direction,  and  drawing  lines  from  the 
centre  to  all  these  marked  points  in  the  circle.  Then,  by  means  of  a  parallel 
ruler,  draw,  from  station  to  station,  lines  parallel  to  the  aforesaid  lines  drawn 
from  the  centre  to  the  respective  points  in  the  circumference. 


4. — OF  1HE  CROSS. 

The  cross  consists  of  two  pair  of  sights  set  at  right  angles  to  each  other,  upon 
a  staff  having  a  sharp  point  at  the  bottom  to  stick  in  the  ground. 

The  cross  is  very  useful  to  measure  small  and  crooked  pieces  of  ground. 
The  method  is  to  measure  a  base  or  chief  line,  usually  in  the  longest  direction 
of  the  piece,  from  corner  to  corner ;  and  while  measuring  it,  finding  the  places 
where  perpendiculars  would  fall  on  this  line,  from  the  several  corners  and 
bends  in  the  boundary  of  the  piece,  with  the  cross,  by  fixing  it,  by  trials,  on 
such  parts  of  the  line,  so  that  through  one  pair  of  the  sights  both  ends  of  the 
line  may  appear,  and  through  'he  other  pair  you  can  perceive  the  correspond- 
ing bends  or  corners:  and  then  measuring  the  lengths  of  the  said  perpendi- 
culars. 

RRSfARKS. 

Besides  the  fore-mentioned  instruments,  which  are  most  commonly  used, 
there  are  some  others ;  as  the  circumferentor,  which  resembles  the  theodolite  in 
shape  and  use ;  and  the  semicircle,  for  taking  angles,  &c. 

The  perambulator  is  u$ed  for  measuring  roads,  and  other  great  distances  on 
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level  ground,  and  by  the  sides  of  rivers.  It  has  a  wheel  of  8£  feet,  or  half  a 
pole  in  circumference,  upon  which  the  machine  turns ;  and  the  distance  mea- 
sured, is  pointed  out  by  an  index,  which  is  moved  round  by  clock-work. 

Levels,  with  telescopic  or  other  sights,  are  used  to  find  the  level  between 
place  and  place,  or  how  much  one  place  is  higher  or  lower  than  another.  And 
in  measuring  any  sloping  or  oblique  line,  either  ascending  or  descending,  a 
small  pocket  level  is  useful  for  showing  how  many  links  for  each  chain  are  to 
be  deducted,  to  reduce  the  line  to  the  true  horizontal  length. 

An  offset  staff  is  a  very  useful  and  necessary  instrument  for  measuring  the 
offsets  and  other  short  distances.  It  is  10  links  in  length,  being  divided  and 
marked  at  each  of  the  10  links, 

Ten  small  arrows,  or  rods  of  iron  or  wood,  are  used  to  mark  the  end  of  every 
chain  length  in  measuring  lines.  And  sometimes  pickets,  or  staves  with  flags, 
are  set  up  as  marks  or  objects  of  direction. 

Various  scales  are  also  used  in  protracting  and  measuring  on  the  plan  or 
paper;  such  as  plane  scales,  line  of  chords,  protractor,  compasses,  reducing 
scale,  parallel  and  perpendicular  rules,  &c  Of  plane  scales,  there  should  be 
several  sizes,  as  a  chain  in  1  inch,  a  chain  in  }  of  an  inch,  a  chain  in  J  an  inch, 
&c.  And  of  these,  the  best  for  use  are  those  that  are  laid  on  the  very  edges  of 
the  ivory  scale,  to  prick  off  distances  by,  without  compasses. 

5. — OF  THE  FIELD-BOOK. 

In  surveying  with  the  plane  table,  a  field-book  is  not  used,  as  every  thing  is 
drawn  on  tlie  table  immediately  wlien  it  is  measured.  But  in  surveying  with 
the  theodolite,  or  any  other  instrument,  some  sort  of  a  field-book  must  be  used, 
to  write  down  in  it  a  register  or  account  of  all  that  is  done  and  occurs  relative 
to  the  survey  in  hand. 

This  book  every  one  contrives  and  rules  as  he  thinks  fittest  for  himself.  The 
following  is  a  specimen  of  a  form  which  has  been  formerly  used.  It  is  ruled 
into  3  columns :  the  middle,  or  principal  column,  is  for  the  stations,  angles, 
bearings,  distances  measured,  &c  ;  and  those  on  the  right  and  left  are  for  the 
offsets  on  the  right  and  left,  which  are  set  against  their  corresponding  distances 
in  the  middle  column ;  as  also  for  such  remarks  as  may  occur,  and  may  be  pro- 
per to  note  in  drawing  the  plan,  &c. 

Here  0  1  is  the  first  station,  where  the  angle  or  bearing  is  105°  25'.  On  the 
left,  at  73  links  in  the  distances  or  principal  line,  is  an  offset  of  92 ;  and  at  610 
an  offset  of  24  to  a  cross  hedge.  On  the  right,  at  0,  or  the  beginning,  an  offset 
25  to  the  corner  of  the  field ;  at  248  Brown's  boundary  hedge  commences ;  at 
610  an  offset  35 ;  and  at  954,  the  end  of  the  first  line,  the  0  denotes  its  termi- 
nating in  the  hedge.     And  so  on  for  the  other  stations. 

A  line  is  drawn  under  the  work,  at  the  end  of  every  station  Ijne,  to  prevent 
confusion. 
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POKM  OF  THIS   FIELD-BOOK. 


r              - 

Onsets  and  Remarks 
on  the  left. 

Stations,  Bear- 
ings, 
and  Distances. 

Offsets  and  Remarks 
on  the  right 

O  1 

106»  25T 

92 

00 
73 

25,  •  corner. 

Cross  a  hedge,  24 

248 
610 

Brown's  hedge. 
35 

954 

00 

0  2 

53°  10» 

00 

00 

House  corner,  51 

25 

21 

120 

29,   a  tree* 

34 

734 

40,  a  style, 

03 

67«  20* 

61 

35 

A  brook,           SO 

248 

639 

16,  a  spring. 

Foot  path,         16 

810 

Cross  hedge,      18 

973 

20,  a  pond. 

But  some  skilful  surveyors  now  make  use  of  a  different  method  for  the  field 
book,  namely  beginning  at  the  bottom  of  the  page  and  writing  upwards ;  by 
which  they  sketch  a  neat  boundary  on  either  hand,  as  they  pass  along ;  an  ex- 
ample of  which  will  be  given  further  on,  in  the  method  of  surveying  a  Urge 
estate. 

In  smaller  surveys  and  measurement,  a  good  way  of  setting  down  the  work 
is,  to  draw  by  the  eye,  on  a  piece  of  paper,  a  figure  resembling  that  which  is 
to  be  measured ;  and  so  writing  the  dimensions,  as  they  are  found,  against  the 
corresponding  parts  of  the  figure.     And  this  method  may  be  practised  to  a  con- 
siderable extent,  even  in  the  larger  surveys. 


SECTION  II. 

THE  PRACTICE  OF  SURVEYING. 

This  part  contains  the  several  works  proper  to  be  done  in  the  field,  or  the 
ways  of  measuring  by  all  the  instruments,  and  in  all  situations. 

PROBLEM   I. 

To  measure  a  line  or  distance. 

To  measure  a  line  on.  the  ground  with  the  chain  :  Having  provided  a  chain. 
with  ten  small  arrows,  or  rods,  to  stick  one  into  the  ground,  as  a  mark,  at  the  end 
of  every  chain ;  two  persons  take  hold  of  the  rhain,  one  at  each  end  of  it ;  and 
all  the  ten  arrows  are  taken  by  one  of  them,  who  goes  foremost,  and  is  called 
the  leader .  the  other  being  called  the  follower,  for  distinction's  sake. 
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A  picket,  or  station-staff,  being  set  up  fn  the  direction  of  the  line  to  be 
measured,  if  there  do  not  appear  some  marks  naturally  in  that  direction ;  they 
measure  straight  towards  it,  the  leader  fixing  down  an  arrow  at  the  end  of  every 
chain,  which  the  follower  always  takes  np,  till  all  the  ten  arrows  are  used. 
They  are  then  all  returned  U>  the  leader,  to  use  over  again.  And  thus  the  arrows 
are  changed  from  the  one  to  the  other  at  every  ten  chains'  length,  till  the  whole 
line  is  finished;  then  the  number  of  changes  of  the  arrows  shows  the  number  of 
tens,  to  which  the  follower  adds  the  arrows  he  holds  in  his  hand,  and  the  num- 
ber oi  links  of  another  chain  over  to  the  mark  or  end  of  the  line.  So,  if  there 
have  been  three  changes  of  the  arrows,  and  the  follower  hold  six  arrows,  and  the 
end  of  the  line  cut  off  45  links  more,  the  whole  length  of  the  line  is  set  down  in 
links  thus,  3645. 

When  the  ground  is  on  a  declivity,  ascending  or  descending ;  at  every  chain 
length,  lay  the  offset  staff,  or  link-staff  down  in  the  slope  of  the  chain,  upon 
uhich  lay  the  small  pocket  level,  to  show  how  many  links  or  parts  the  slope  line 
is  longer  than  the  true  level  one ;  then  draw  the  chain  forward  so  many  links 
or  parts,  which  reduces  the  line  to  the  horizontal  direction. 

PROBLEM   II. 

To  take  angles  and  bearings. 

Let  B  and  C  be  two  objects,  or  two  pickets  set  up  % 
perpendicular,  and  let  it  be  required  to  take  their 
bearings,  or  the  angle  formed  between  them  at  any 
station  A. 

1, WITH  THE  PLAIN  TABLE. 

The  table  being  covered  with  a  paper,  and  fixed  on  its  rtand ;  plant  it  at  the 
station  A,  and  fix  a  fine  pin,  or  a  ^int  of  the  compasses,  in  a  proper  point  of 
the  pn])cr,  to  represent  the  point  A :  close  by  the  side  of  this  pin  lay  the  fiducial 
eiKe  of  the  index,  and  turn  it  about,  .still  touching  the  pin,  till  one  object  D 
ran  be  seen  through  the  sights :  then  by  the  fiducial  edge  of  the  index  draw  a 
line  ;  in  the  very  same  manner  draw  another  line  in  the  direction  of  the  other 
ohject  C     And  it  is  done. 

2.— WITH  THE  THEODOLITE,  &C. 

Direct  the  fixed  sights  along  one  of  the  lines,  as  AB,  by  turning  the  instru- 
ment about  till  the  mark  B  is  seen  through  these  sights ;  and  there  screw  the 
instrument  fast  Then  turn  the  moveable  index  about,  till  through  its  sigh;s 
you  see  the  other  mark  C.  Then  the  degrees  cut  by  the  index,  upon  the  gra- 
duated limb  or  ring  of  the  instrument,  show  the  quantity  of  the  angle. 

3. WITH  THE  MAGNETIC  NEEDLE  AND  COMPASS. 

Turn  the  instrument,  or  compass  so,  that  the  north  end  of  the  needle  poii  t 
to  the  flower-de-luce.  Then  direct  the  sights  to  one  mark,  as  B,  and  note  the 
degrees  cut  by  the  needle.  Next  direct  the  sights  to  the  other  mark  C,  and 
note  again  the  degrees  cut  by  the  needle.  Then  their  sum  or  difference,  as  the 
case  is,  will  give  the  quantity  of  the  angle  BAC. 

4. BY  MEASUREMENT  WITH  THE  CHAIN,  &C. 

Measure  one  chain  length,  or  any  other  length,  along  both  directions,  as  to 
B  and  C ;  then  measure  the  distance  B,  C,  and  it  is  done.    This  is  easily  trans- 
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fared  to  paper,  by  making  a  triangle  ABC 
measuring  the  angle  A. 


these  three  lengths,  and  tnen 


problem  m. 

m 

To  measure  the  offsets, 

Ahiklnm  being  a  crooked  hedge,  or  river,  Ac :  From  A  measure  in  a 
straight  direction  along  the  side  of  it  to  R  And  in  measuring  along  this  line 
AB,  observe  when  you  are  opposite  any  bends  or  corners  of  the  hedge,  as  at 
c,  d,  e,  &c ;  and  from  thence  measure  the  perpendicular  offsets  cA,  </*,  &c, 
wjjb  the  offset-staff,  if  they  are  not  very  large,  otherwise  with  the  chain  itsel£ 
And  the  work  is  done.    The  register,  or  beld-book,  may  be  as  follows : 


Offset,  left. 

Baseline  AB. 

0 

0  A 

ch         62 

45       he 

di         84 

220        Ad 

ek         70 

340       Ae 

//          98 
gm       57 
B*        91 

510       Af 
634       Ag 

785       AB 

IftOBLEM  IT. 


To  survey  a  triangular  JIM  ABC 


1. — BY  TOT  CHAIN. 


AP  794 
AB  1321 
PC        826 


Having  set  up  marks  at  the  <x>rnen,  which  is  to  be  done  in  all  cases  where 
there  are  not  marks  naturally ;  measure  with  the  chain  from  A  to  P,  where  a  per- 
pendicular would  fall  from  the  angle  C,  and  set  up  a  mark  at  P,  noting  down  the 
distance  AP.  Then  complete  the  distance  AB  by  measuring  from  Pto  B. 
Having  set  down  this  measure,  return  to  P,  and  measure  the  perpendicular  PC 
And  thus,  having  the  base  and  perpendicular,  the  area  from  them  is  easily 
found.  Or,  having  the  place  P  of  the  perpendicular,  the  triangle  is  easily  con- 
structed. 

Or,  measure  all  the  three  sides  with  the  chain,  and  note  them  down.  From 
which  the  content  is  easily  found,  or  the  figure  constructed. 

* 

2.— BY  TAKING  ONE  OE  MORE  OP  THE  ANGLES. 

Measure  two  sides,  AB,  AC,  and  the  angle  A  between  them.  Or  m Pamirs 
one  side  AB,  and  the  two  adjacent  angles  A  and  B.  From  either  of  these  ways 
the  figure  is  easily  planned ;  then  by  measuring  the  perpendicular  CP  on  the 
plan,  and  multiplying  it  by  half  AB,  you  have  the  content. 
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PROBLEM   ?• 

To  measure  a  four-sided  field. 

1. — BY  THE  CHAIN. 

H 

AE 

£14 

210        DE                                 y 

\ 

AP 

368 

306        BF                             / 

\ 

AC 

592 

±C         B 

\ 

c»v 

\ 

y 

Measure  along  either  of  the  diagonals,  as  AC;  and  either  the  two  perpendi- 
culars DE,  BF,  as  in  the  last  problem ;  or  else  the  sides  AB,  BC,  CD,  DA. 
From  either  of  which  the  figure  may  be  planned  and  computed  as  before 
directed. 


AP  110 
AQ  745 
AB     1110 


OTHERWISE  BY  THE  CHAIN. 
352      PC 

595    QD 


I — V 


Measure  on  the  longest  side,  the  distances  AP,  AQ,  AB ;  and  the  perpencbV 
culars  PC,  QD. 

2. — BY  TAKING  ONE  OR  MORE  OF  THE  ANGLES. 

Measure  the  diagonal  AC  (see  the  last  fig.  but  one),  and  the  angles  DAB, 
CAD,  ACD.     Or,  measure  the  four  sides,  and  any  one  of  the  angles  as  ABC 

Thus, 


t 

Or  thus, 

AC 

591 

AB 

486 

CAB 

37*  20 

BC 

394 

CAD 

41    20 

CD 

410 

ACB 

72    25 

DA 

462 

ACD 

54    40 

PROBU 

BAD 

KM  VU 

78»357 

To  survey  any  field  by  the  chain  only. 

Having  set  up  marks  at  the  corners,  where  necessary,  of  the  proposed  field 
ABCDEFG,  walk  over  the  ground,  and  consider  how  it  can  best  be  divided 
in  triangles  and  trapeziums;  and  measure  them  separately  as  in  the  last  two 
problems.  Thus,  the  following  figure  is  divided  into  the  two  trapeziums 
ABC6,  GDEF,  and  the  triangle  GCD.  Then,  in  the  first  trapezium,  beginning 
at  A,  measure  the  diagonal  AC,  and  the  two  perpendiculars  Gm,  Bn.  Then, 
the  base  GC,  and  the  perpendicular  T)q,  Lastly,  the  diagonal  DF,  and  the 
two  perpendiculars  /?E,  oG.  All  which  measures  write  against  the  correspond* 
nig  parts  of  a  rough  figure  drawn  to  resemble  the  figure  to  be  surveyed,  or  Ml 
them  down  in  any  other  form  you  choose. 
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Thus, 
Am 
An 
AC 


135 
410 
550 


Thus, 
130    wG 
180    nB 


Co      152 
CG    440 


¥o  206 
r>  288 
FD    520 


230     qD 


120 
80 


oG 

pE 


OR  THUS. 

Measure  all  the  sides  AB,  BC,  CD,  DE,  EF,  FG,  and  GA;  and  Um 
diagonals  AC,  CG,  GD,  DF 

OTHERWISE. 

Many  pieces  of  land  may  be  very  well  surveyed,  by  measuring  any  base  line, 
either  within  or  without  them,  together  with  the  perpendiculars  let  fall  upon  it 
from  every  corner  of  them.  For  they  are  by  those  means  divided  into  several 
triangles  and  trapezoids,  all  whose  parallel  sides  are  perpendicular  to  the  base 
line  ;  and  the  sum  of  these  triangles  and  trapeziums  will  be  equal  to  the  figure 
proposed  if  the  base  line  fall  within  it;  if  not,  the  sum  of  the  parts  which  are 
without  being  taken  from  the  sum  of  the  whole,  which  are  both  within  and  with- 
out, will  leave  the  area  of  the  figure  proposed. 

In  pieces  that  are  not  very  large,  it  will  be  sufficiently  exact  to  find  the 
points,  in  the  base  line,  where  the  several  perpendiculars  will  fall,  by  means  of 
the  cross,  and  from  thence  measuring  to  the  corners  for  the  lengths  of  the  per- 
pendiculars.— And  it  will  be  most  convenient  to  draw  the  line  so  as  that  all  the 
perpendiculars  may  fall  within  the  figure. 

Thus,  in  the  following  figure,  beginning  at  A,  and?  nfeasuring  along  the  lino 
AG,  the  distances  and  perpendiculars,  on  the  right  and  left,  are  as  below. 


Ab      315 

350    6B 

Ac      440 

70    cC 

Ad     585 

320    rfD 

Ae      610 

50    tB 

A/     990 

470   /F 

AG  1020 

0 

PROBLEM  TIL 

To  survey  any  field  with  the  plain  table. 

1.— FROM   ONE   STATION. 

Plant  the  table  at  any  angle,  as  C,  from  whence  all 
the  other  angles,  or  marks  set  up,  can  be  seen  *,  turn 
the  table  about  till  the  needle  point  to  the  flower  de- 
Ince ;  and  there  screw  it  fast.  Make  a  point  for  C 
on  the  paper  on  the  table,  and  lay  the  edge  of  the 
tiidex  to  C,  turning  it  about  C  till  through  the  sights 
yon  see  the  mark  D  ;  and  by  the  edge  of  the  index 
draw  a  dry  or  obscure  line  :  then  measure  the  distance 
CD,  and  lay  that  distance  down  on  the  line   CD. 


8QRVEYING.  533 

1  nan  corn  the  ntax  aoout  the  point  C,  till  the  mark  E  be  seen  through  the 
sights,  by  which  draw  a  line,  and  measure  the  distance  to  E,  laying  it  on  the 
line  from  G  to  E.  In  like  manner  determine  the  positions  of  CA  and  CB,  by 
turning  the  sights  successively  to  A  and  B;  and  lay  the  lengths  of  those  lines 
Sown.  Then  connect  the  points  with  the  boundaries  of  the  field,  by  drawing 
the  black  lines  CD,  DE,  EA,  AB,  BC. 

2. — FROM  A  STATION  WITHIN  THE  FIELD. 

When  all  the  other  parts  cannot  be  seen  from  one 
angle,  choose  some  place  O  within ;  or  even  without,  if 
more  convenient,  from  whence  the  other  parts  can  be 
seen.  Plant  the  table  at  0,  then  fix  it  with  the 
needle  north,  and  mark  the  point  O  on  it.  Apply  the 
index  successively  to  O,  turning  it  round  with  the 
sights  to  each  angle  A,  B,  G,  D,  E,  drawing  dry  lines 
to  them  by  the  edge  of  the  index ;  then  measuring  the 
distances  OA,  OB,  &c,  and  laying  them  down  upon 
those  lines.     Lastly,  draw  the  boundaries  AB,  BG,  GD,  DE,  EA, 

3. — BY  GOING  BOUND  THE  FIGURE. 

When  the  figure  is  a  wood,  or  water,  or  from  some  other  obstruction  you 
cannot  measure  lines  across  it;  begin  at  any  point  A,  and  measure  round  it, 
either  within  or  without  the  figure,  and  draw  the  directions  of  all  the  sides  thus : 
Plant  the  table  at  A,  and  turn  it  with  the  needle  to  the  north  or  flower-de-luce ; 
fix  it,  and  mark  the  point  A.  Apply  the  index  to  A,  turning  it  till  you  can  see 
the  point  E,  there  draw  a  line ;  then  the  point  B,  and  there  draw  a  line :  then 
measure  these  lines,  and  lay  them  down  from  A  to  E  and  B.  Next,  move  the 
table  to  B,  lay  the  index  along  the  line  AB,  and  turn  the  table  about  till  you 
can  see  the  mark  A,  and  screw  fast  the  table ;  in  which  position  also  the  needle 
will  again  point  to  the  flower-de-luce,  as  it  will  do  indeed  at  every  station 
when  the  table  is  in  the  right  position.  Here  turn  the  index  about  B  till 
through  the  sights  you  see  the  mark  G ;  there  draw  a  line,  measure  BG,  and 
by  the  distance  upon  that  line  after  you  have  set  down  the  table  at  G.  Turn 
it  then  again  into  its  proper  position,  and  in  like  manner  find  the  next  line 
1/1).  And  so  on  quite  round  by  E  to  A  again.  Then  the  proof  of  the  work 
will  be  the  joining  at  A :  for  if  the  work  is  all  right,  the  last  direction  EA  on 
the  ground,  will  pass  exactly  through  the  point  A  on  the  paper;  and  the 
measured  distance  will  also  reach  exactly  to  A.  If  these  do  not  coincide,  or 
nearly  so,  some  error  has  been  committed,  and  the  work  must  be  examined 
over  agair 

problem  vm. 
To  survey  afield  with  the  theodolite*  §*c 

1. — FEOM  ONE  POINT  Oft  STATION. 

When  all  the  angles  can  be  seen  from  one  point,  as  the  angle  G  (first  fig.  to 
last  problem),  place  the  instrument  at  G,  and  turn  it  about  till,  through  the 
fixed  sights,  you  see  the  mark  B,  and  there  fix  it.  Then  turn  the  moveable 
index  about  till  the  mark  A  is  seen  through  the  sights,  and  note  the  degrees 
cut  on  the  instrument.  Next  turn  the  index  successively  to  E  and  D,  noting 
the  degrees  cut  off  at  each ;   which  gives  all  the  angles  BCA,  BCE,  BCD. 
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Lastly,  measure  the  lines  CB,  C  A,  CE,  CD ;  and  enter  the  measures  in  a  fieM- 
book,  or  rather  against  the  corresponding  parts  of  a  rough  figure,  drawn  by 
guess  to  resemble  the  field* 

2.— FBOM  A  POINT  WITHIN  OR  WITHOUT. 

Plant  the  instrument  at  0  (last  fig.),  and  turn  it  about  till  the  fixed  sights 
point  to  any  object,  as  A ;  and  there  screw  it  fast  Then  turn  the  moveable 
index  round  till  the  sights  point  successively  to  the  other  points  E,  D,  C,  B 
noting  the  degrees  cut  off  at  each  of  them;  which  gives  all  the  angles  rountJ 
the  point  0.  Lastly,  measure  the  distances  OA,  OB,  DC,  OD,  OE,  noting 
the  in  down  as  before,  and  the  work  is  done, 

3.— BY  GOING  HOUND  THE  YIELD. 

By  measuring  round,  either  within  or  without  the 
field,  proceed  thus :  Having  set  up  marks  at  B,  C,  &c, 
near  the  corners  as  usual,  plant  the  instrument  at  any 
point  A,  and  turn  it  till  the  fixed  index  be  in  the 
direction  AB,  and  there  screw  it  fast:  then  turn  the 
moveable  index  to  the  direction  AF ;  and  the  degrees 
cut  off  will  be  the  angle  A.  Measure  the  line  AB, 
and  plant  the  instrument  at  B,  and  there  in  the  same 
manner  observe  the  angle  B.  Then  measure  BC,  and 
observe  the  angle  C  Then  measure  the  distance  CD, 
and  take  the  angle  D.  Then  measure  DE,  and  take  the  angle  E.  Then 
measure  EF,  and  take  the  angle  F.     And,  lastly,  measure  the  distance  FA* 

To  prove  the  work :  add  all  the  inward  angles  A,  B,  C,  &c,  together;  fist 
when  the  work  is  right,  their  sum  will  be  equal  to  twice  as  many  right  angles 
as  the  figure  has  sides,  wanting  four  right  angles.  But  when  there  is  an  angle, 
as  F,  that  bends  inwards,  and  you  measure  the  external  angle,  which  is  less 
than  two  right  angles,  subtract  it  from  four  right  angles,  or  360  degrees,  to 
give  the  internal  angle  greater  than  a  semicircle,  or  180  degrees. 

OTHERWISE. 

Instead  of  observing  the  internal  angles,  you  may  take  the  external  angles, 
formed  without  the  figure  by  producing  the  sides  further  out  And  in  this  case 
when  the  work  is  right,  their  sum  altogether  will  be  equal  to  360  degrees. 
But  when  one  of  them,  as  F,  runs  inwards,  subtract  it  from  the  sum  of  the  rest, 
to  leave  360  degrees. 

PROBLEM    IX. 

To  survey  a  field  with  crooked  hedge*,  frc 

With  any  of  the  instruments,  measure  the 
lengths  and  positions  of  imaginary  lines  run- 
ning as  near  the  sides  of  the  field  as  you  can  ; 
and,  in  going  along  them,  measure  the 
offsets  in  the  manner  before  taught;  then 
you  will  have  the  plan  on  the  paper  in  using 
the  plain  table,  drawing  the  crooked  hedges 
through  the  ends  of  the  onsets ;  but  in  sur- 
veying with  the  theodolite,  or  other  instrument,  set  down  the  measures  properly 
in  a  field-book,  or  memorandum-book,  and  plan  them  after  returning  from  the 
field,  by  laying  down  all  the  lines  and  angles. 

So  in  surveying  the  piece  ABODE,  set  up  marks  a,  b,  e,  d,  dividing  it  into 
as  few  sides  as  may  be.  Then  begin  at  any  station  a,  and  measure  the  linos 
od,  be,  cd,  da,  taking  their  positions,  or  the  angles  a,b9c,d\  and,  in  going 


wunvrrtxnG. 


535 


along  the  tinea,  measure  all  the  offsets,  as  at  m,  n,  0,  p,  &c,  along;  every 
itation  line. 

And  this  is  done  either  within  the  field,  or 
without,  as  may  be  most  convenient.  When 
there  are  obstructions  within,  as  wood,  water, 
hills,  &c.,  then  measure  without,  as  in  the 
figure  here  given. 

problem  x. 
To  survey  a  Jittd,  or  any  other  thing,  by  two  stations. 

This  is  performed  by  choosing  two  stations,  from  whence  all  the  marks  and 
objects  can  be  seen ;  then  measuring  the  distance  between  the  stations,  and  at 
each  station  taking  the  angles  formed  by  every  object,  from  the  station  line  or 
distance. 

The  two  stations  may  be  taken  either  within 
the  bounds,  or  in  one  of  the  sides,  or  in  the 
direction  of  two  of  the  objects,  or  quite  at  a 
distance  and  without  the  bounds  of  the  objects 
or  part  to  be  surveyed. 

In  this  manner,  not  only  grounds  may  be 
surveyed,  without  even  entering  them,  but  a 
map  may  be  taken  of  the  principal  parts  of  a 
county,  or  the  chief  places  of  a  town,  or  any  part  of  a  river  or  coast  surveyed, 
or  any  other  inaccessible  objects;  by  taking  two  stations,  on  two  towers,  or 
two  hills,  or  such  like* 

PROBLEM  XL 

r  To  survey  a  large  estate. 

If  the  estate  be  very  large,  and  contain  a  great  number  of  fields,  it  cannot 
well  be  done  by  surveying  all  the  fields  singly,  and  then  putting  them  together ; 
nor  can  it  be  done  by  taking  all  the  angles  and  boundaries  that  inclose  it. 
For  in  these  cases,  any  small  errors  will  be  so  multiplied,  as  to  render  it  very 
much  distorted, 

1.  Walk  over  the  estate  two  or  three  times,  in  order  to  get  a  perfect  idea  of 
it,  and  till*  you  can  carry  the  map  of  it  tolerably  well  in  your  head.  And  to 
help  your  memory,  draw  an  eye  draught  of  it  on  paper  or  at  least  of  the  prin- 
cipal parts  of  it,  to  guide  you ;  setting  the  names  within  the  fields  in  that 
draught 

2.  Choose  two  or  more  eminent  places  in  the  estate,  for  stations,  from  whence 
all  the  principal  parts  of  it  can  be  seen ;  and  let  these  stations  be  as  far  distant 
from  one  another  as  possible. 

3.  Take  such  angles,  between  the  stations,  as  you  think  necessary,  and 
measure  the  distances  from  station  to  station  always  in  a  right  line :  these  tilings 
must  be  done  till  you  get  as  many  angles  and  lines  as  are  sufficient  for  deter* 
mining  all  the  points  of  station.  And  in  measuring  any  of  these  station 
distances,  mark  accurately  where  these  lines  meet  with  any  hedges,  ditches, 
roads,  lanes,  paths,  rivulets,  &c. ;  and  where  any  remarkable  object  is  placed, 
by  measuring  its  distance  from  the  station  line ;  and  where  a  perpendicular 
from  it  cuts  that  line.  And  thus  as  you  go  along  any  main  station  lino,  take 
offsets  to  the  ends  of  all  hedges,  and  to  any  pond,  house,  mill,  bridge,  &c, 
omitting  nothing  that  is  remarkable,  and  noting  every  thing  down* 

4b  As  to  the  inner  parts  of  the  estate,  they  must  be  determined  in  like  man- 
ner, by  new  station  lines :  for  after  the  main  stations  are  determined,  and  every 
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thing  adjoining  to  theui,  then  the  estate  must  be  siuWrided  into  tioor  three 
|»art*  by  ih»w  station  line*:  taking  i*  i,er  slattern*  at  pmi •  »r  places,  where  to* 
can  hate  the  best  view.  Measure  these  station  Hues  a*  >ou  tl»d  the  fins,  and 
all  their  iutervctioiis  uith  liedges.  and  offsets  to  such  objects  as  appear,  'ihen 
proceed  to  suricy  the  adjoining  fields,  by  taking  tlie  angle*  that  the  side?  n»U 
with  the  station  line,  at  the  intersections,  and  measuring  the  distances  to  e,i*h 
corner,  from  the  intersections.  For  the  station  lines  will  he  the  bases  to  all  the 
future  operations;  the  situation  of  all  parts  being  entirely  dependent  upon 
them ;  and  therefore  they  should  be  taken  of  as  great  length  as  pus»ible ;  and 
it  is  best  for  theiu  to  run  along  some  of  the  hedges  or  boundaries  of  one  or 
more  fields,  or  to  pass  through  some  of  their  angles.  All  things  being  deter- 
mined for  these  stations,  you  must  take  more  inner  stations,  and  continue  to 
divide  and  subdivide  till  at  last  you  come  to  single  fields;  repeati;  g  the  same 
work  for  the  inner  stations,  as  lor  the  outer  o  e*>,  till  all  is  done ;  and  close  th« 
work  as  often  as  you  cji,  and  in  a*  feu  lines  as  possible. 

5.  An  estate  may  be  so  situ  .ted,  that  the  uhole  cannot  be  surveyed  together ; 
because  one  part  of  the  estate  cunnot  be  seen  from  another.  In  this  case,  you 
may  divide  it  into  three  or  four  parts,  and  survey  the  p.irts  separately,  as  it 
they  were  lands  belonging  to  different  persons;  and  at  last  join  them  together. 

6.  As  it  is  ner.es.5ury  to  protract  or  lay  down  the  work  as  you  proceed  in  it, 
you  must  ha\e  a  sc;:le  of  a  due  length  to  do  it  by.  To  get  such  a  scale, 
measure  the  tiho!e  length  of  the  estate  in  chains;  then  consider  how  many 
inches  long  the  i«i:.p  is  to  be;  and  from  these  will  be  kuoun  how  many  chain 
you  must  ha\e  in  an  inch;  then  make  the  scale  accordingly,  or  choose  one 
already  made. 

THE  NEW  METHOD  OF  SURVEYING. 

In  the  former  method  of  measuring  a  lnrge  estate,  the  accuracy  of  it  depends 
on  the  correctness  of  the  iuslri.mei.fs  i..>id  in  taking  the  angles.  To  avoid  the 
errors  incident  to  such  a  multitude  of  r.is^les,  oilier  methods  have  of  late  years 
been  used  by  some  few  skilful  siineyors.  The  most  practical,  expeditious,  and 
correct,  seems  to  be  the  following : 

Choose  two  or  more  eminences,  as  grand  stations,  and  measure  a  principal 
base  line  from  one  station  to  the  other,  noting  every  hedge,  brook,  or  other 
remarkable  object  as  you  pass  by  it;  measuring  also  such  short  peqtendicular 
lines  lo  the  bends  of  hedges  as  may  be  near  at  hand.  From  the  extremities  of 
this  base  line,  or  from  any  convenient  parts  of  the  same,  go  off  with  other  lines 
to  some  remarkable  object  situated  towards  the  sides  of  the  estate,  without 
regarding  the  angles  they  make  with  the  base  line  or  with  one  another;  still 
remembering  to  note  every  hed^e,  brook,  or  other  object  that  you  pass  by. 
These  lines,  when  laid  down  by  intersections,  will,  with  the  base  line,  form  a 
grand  triangle  on  the  estate;  several  of  which,  if  need  be,  being  thus  laid 
down,  you  nay  proceed  to  form  other  smaller  triangles  and  trapezoids  on  the 
sides  of  the  former:  and  so  on,  until  you  finish  with  the  enclosures  individually. 

This  grand  triangle  being  completed,  and  laid  down  on  the  rough  plan-paper, 
the  parts,  exterior  as  well  as  interior,  are  to  be  completed  by  smaller  triangles 
and  trapezoids. 

In  countries  where  the  lands  are  enclosed  with  hLh  hedges,  and  where  many 
Lines  piiss  through  an  estate,  a  theodolite  may  be  used  to  advantage,  in  measur- 
ing the  angles  of  such  lauds ;  by  which  means,  a  kind  of  skeleton  of  tho  estate 
may  be  obtained,  and  the  lane  lines  serve  as  the  bases  of  such  triangles  and 
tr/'pexit'ds  ns  are  necessary  to  fill  up  the  interior  parts. 
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The  field-book  is  ruled  into  three  columns.  In  the  middle  one  are  set  down 
tho  distances  on  the  chain  line  at  which  any  mark,  offset,  or  other  observation 
is  made ;  and  in  the  right  and  left  hand  columns  are  entered  the  offsets  and 
observations  made  on  the  right  and  left  hand  respectively  of  the  chain  line. 

It  is  of  great  advantage,  both  for  brevity  and  perspicuity,  to  begin  at  the 
bottom  of  the  leaf  and'  write  upwards ;  denoting  the  crossing  of  fences  by  lines 
drawn  across  the  middle  column,  or  only  a  part  of  such  a  line  on  the  right  and 
left  opposite  the  figures,  to  avoid  confusion ;  and  the  corners  of  fields,  and  other 
remarkable  turns  in  the  fences  where  offsets  are  taken  to,  by  lines  joining  in 
the  manner  the  fences  do,  as  will  be  best  seen  by  comparing  the  book  with  the 
plan  annexed  to  the  field-book  following,  page  462. 

The  letter  in  the  left  hand  corner  at  the  beginning  of  every  line,  is  the  mark 
or  place  measured  from  ;  and,  that  at  the  right  hand  corner  at  the  end,  is  the 
mark  measured  to.  But  when  it  is  not  convenient  to  go  exactly  from  a  mark, 
the  place  measured  from,  is  described  such  a  distance  from  one  mark  towards 
another  ;  and  where  a  mark  is  not  measured  to,  the  exact  place  is  ascertained 
by  saying,  turn  to  the  right  or  left  hand,  such  a  distance  to  such  a  mark,  it 
being  always  understood  that  those  distances  are  taken  in  the  chain  line. 

The  characters  used  are,  (  for  tutu  to  the  i  ight  hand,  \  for  turn  t<}  the 
left  hand,  and  a  a  placed  o\er  an  offs  t,  to  show  that  it  is  not  taken  at  right 
angles  with  the  chain  line,  but  in  the  line  with  some  straight  fence ;  being 
chiefly  used  when  crossing  their  directions,  and  it  is  a  better  way  of  obtaining 
their  true  places  than  by  offsets  at  right  angles. 

When  a  line  is  measured  whose  position  is  determined,  either  by  former 
work,  (as  in  the  case  of  producing  a  given  line,  or  measuring  from  one  known 
place  or  mark  to  another,)  or  by  itself  (as  in  the  third  side  of  a  triangle)  it  is 
called  a  fast  line,  and  a  double  line  across  the  book  is  drawn  at  the  conclusion 
of  it ;  but  if  its  position  is  not  determined  (as  in  the  second  side  of  a  triangle), 
it  is  called  a  loose  line,  and  a  single  line  is  drawn  across  the  book.  When  a 
line  becomes  determined  in  position,  and  is  afterwards  continued,  a  double  line 
half  through  the  book  is  drawn. 

When  a  loose  line  is  measured,  it  becomes  absolutely  necessary  to  measure 
some  line  that  will  determine  its  position.  Thus,  the  first  line  ah,  being  the 
base  of  a  triangle,  is  always  determined ;  but  the  position  of  the  second  side  hj\ 
does  not  become  determined,  till  the  third  side  jb  is  measured ;  then  the  tri- 
angle may  be  constructed,  and  the  position  of  both  is  determined. 

At  the  beginning  of  a  line,  to  fix  a  loose  line  to  the  mark  or  place  measured 
from,  the  sign  of  turning  to  the  right  or  left  hand  must  be  added  (as  at 7  in  the 
third  line) ;  otherwise  a  stranger,  when  laying  down  the  work,  may  as  easily 
construct  the  triangle  hjb  on  the  wrong  side  of  the  line  ah,  as  on  the  right  one  : 
but  this  error  cannot  be  fallen  into,  if  the  sign  above  named  be  carefully  observed. 
In  choosing  a  line  to  fix  a  loose  one,  care  must  be  taken  tltat  it  does  not 
make  a  very  acute  or  obtuse  angle;  as  in  the  triangle  pBr,  by  the  angle  at  B 
being  ver\  obtuse,  a  small  deviation  from  truth,  even  the  breadth  of  a  point  at 
p  or  1,  would  make,  the  error  at  B,  when  constructed,  very  considerable;  Lut 
by  constructing  the  triangle  pBq,  such  a  deviation  is  of  no  consequence. 

Where  the  words  leave  off  are  written  in  the  field-book,  it  is  to  signify  tli  t 
the  taking  of  offsets  is  from  thence  discontinued;  and  of  course  something  is 
wanting  between  that  and  the  next  offset 

The  ueld-book  for  tins  method,  and  the  plan  drawn  from  it,  are  contained  in 
the  foar  following  pages. 
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PBOBLKM  XII. 

To  survey  a  comfy,  or  large  trmct  of  iamd. 

1.  Choose  two,  three,  or  four  eminent  placet,  for  stations;  inch  as  the  topi 
of  high  hills  or  mountains,  towers,  or  church  steeples,  which  may  be  seen  frost 
one  another ;  from  which  most  of  the  towns  and  other  places  of  note  may  abe 
be  seen  ;  and  so  as  to  be  as  far  distant  from  one  another  as  possible.  Upon 
these  places  raise  beacons,  or  Ions;  poles,  with  flags  of  different  colours  flying 
at  them,  so  as  to  be  risible  from  alTtbe  other  stations. 

8.  At  all  the  places,  which  you  would  set  down  in  die  map,  plant  long  poles 
with  flags  at  them,  of  several  colours,  to  distinguish  the  places  from  one  another; 
fixing  them  on  the  tops  of  church  steeples,  or  the  tops  of  houses,  or  in  the 
centres  of  lesser  towns. 

These  marks  being  then  set  up  at  a  convenient  number  of  places,  and  such 
as  may  be  seen  from  both  stations ;  go  to  one  of  these  stations,  and,  with  an 
instrument  to  take  angles,  standing  at  that  station,  take  all  the  angles  between 
the  other  station  and  each  of  these  marks.  Then  go  to  the  other  station,  and 
take  all  the  angles  between  the  first  station  and  each  of  the  former  marks,  set- 
ting them  down  with  the  others,  each  against  his  fellow  with  the  same  colour. 
You  may,  if  you  can,  also  take  the  angles  at  some  third  station,  which  may 
serve  to  prove  the  work,  if  the  three  lines  intersect  in  that  point  where  any 
mark  stands.  The  marks  must  stand  till  the  observations  are  finished  at  both 
stations ;  and  then  they  must  be  taken  down,  and  set  up  at  fresh  places.  Hie 
same  operations  must  be  performed,  at  both  stations,  for  these  fresh  places ;  and 
the  like  for  others.  The  instrument  for  taking  angles  must  be  an  exceeding 
good  one,  made  on  purpose  with  telescopic  sights ;  and  of  a  good  length  of 
radius.     A  circumferentor  is  reckoned  a  good  instrument  for  this  purpose. 

3.  And  though  it  be  not  absolutely  necessary  to  measure  any  distance,  be- 
cause a  stationary  line  being  laid  down  from  any  scale,  all  the  other  lines  will 
be  proportional  to  it ;  yet  it  is  better  to  measure  some  of  die  lines,  to  ascertain 
the  distances  of  places  in  miles,  and  to  know  how  many  geometrical  miles  there 
are  in  any  length ;  as  also  from  thence  to  make  a  scale  to  measure  any  distance 
in  miles.  In  measuring  any  distance,  it  will  not  be  exact  enough  to  go  along 
the  high  roads  ;  by  reason  of  their  turnings  and  windings,  hardly  ever  lying  in 
a  right  line  between  the  stations,  which  must  cause  infinite  redactions,  and 
create  endless  trouble  to  make  it  a  right  line ;  for  which  reason  it  can  never  be 
exact.  But  a  better  way  is  to  measure  in  a  right  line  with  a  chain,  between 
station  and  station,  over  hills  and  dales  or  level  fields,  and  all  obstacles.  Only 
in  case  of  water,  woods,  towns,  rocks,  banks,  &c,  where  one  cannot  pass,  such 
parts  of  the  lines  must  be  measured  by  the  methods  of  inaccessible  distances ; 
and  besides,  allowing  for  ascents  and  descents,  when  they  are  met  with.  A 
good  compass  that  shows  the  bearing  of  the  two  stations,  will  always  direct  yon 
to  go  straight,  when  you  do  not  see  the  two  stations;  and  in  the  progress,  if 
you  can  go  straight,  offsets  may  be  taken  to  any  remarkable  places,  likewise 
noting  the  intersection  of  the  station  line  with  all  roads,  rivers,  etc 

4.  From  all  the  stations,  and  in  the  whole  progress,  be  very  particular  in 
observing  sea-coasts,  ri vermouths,  towns,  castles,  houses,  churches,  mills,  trees, 
rocks,  sands,  roads,  bridges,  fords,  ferries,  woods,  hills,  mountains,  rills,  brooks, 
parks,  beacons,  sluices,  floodgates,  locks,  &o,  and  in  general  every  thing  thai 
is  remarkable. 
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5.  After  you  have  done  with  the  first  and  main  station  lines,  which  command 
the  whole  county ;  you  must  then  take  inner  stations,  at  some  places  already 
determined;  which  will  divide  the  whole  into  several  partitions:  and  from 
these  stations  you  must  determine  the  places  of  as  many  of  the  remaining  towns 
as  you  can.  And  if  any  remain  in  that  part,  you  must  take  more  stations,  at 
some  places  already  determined;  from  which  you  may  determine  the  rest 
And  thus  go  through  all  the  parts  of  the  county,  taking  station  after  station, 
till  we  have  determined  all  we  want  And  in  general  the  station  distances  must 
always  pass  through  such  remarkable  points  as  have  been  determined  before- 
by  the  former  stations. 

PROBLEM  XIII. 

To  survey  a  town  or  city. 

This  may  be  done  with  any  of  the  instruments  for  taking  angles,  but  best  of 
all  with  the  plain  table,  where  every  minute  part  is  drawn  while  in  sight  It  is 
best  also  to  have  a  chain  of  fifty  feet  long,  divided  into  fifty  links  of  one  foot 
each,  and  an  offset  staff  of  ten  feet  long. 

Begin  at  the  meeting  of  two  or  more  of  the  principal  streets,  through  which 
you  can  have  the  longest  prospects,  to  get  the  longest  station  lines :  there  hav- 
ing fixed  the  instrument,  draw  lines  of  direction  along  those  streets,  using  two 
men  as  marks,  or  poles  set  in  wooden  pedestals,  or  perhaps  some  remarkable 
places  in  the  houses  at  the  further  ends,  as  windows,  doors,  corners,  &c 
Measure  these  lines  with  the  chain,  taking  offsets  with  the  staff  at  all  corners 
of  streets,  bondings,  or  windings,  and  to  all  remarkable  things,  as  churches, 
markets,  halls,  colleges,  eminent  houses,  &e.  Then  remove  the  instrument  to 
another  station,  along  one  of  the  lines;  and  there  repeat  the  same  process  as 
before.    And  so  on  till  the  whole  is  finished. 


Thus,  fat  the  instrument  at  A,  and  draw  lines  in  the  direction  of  all  the 
streets  meeting  there ;  then  measure  AB,  noting  the  street  on  the  left  at  m. 
At  the  second  station  B,  draw  the  directions  of  the  streets  meeting  there ;  and 
measure  from  B  to  C,  noting  the  places  of  the  streets  at  ft  and  o  as  you  pass  by 
them.  At  the  third  station  C,  take  the  direction  of  all  the  streets  meeting 
there,  and  measure  CD.  At  D  do  the  same,  and  measure  DE,  noting  the  place 
of  the  cross  streets  at  p.  And  in  this  manner  go  through  all  the  principal 
streets.  This  done,  proceed  to  the  smaller  and  intermediate  streets ;  and  lastly, 
to  the  lanes,  alleys,  courts,  yards,  and  every  part  that  it  may  be  thought  propei 
to  represent  in  the  plan. 
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SECTION  HI, 
OF  PLANNING,    COMPUTING,    AND   DIVIDING. 

PROBLEM   I. 

To  lay  down  the  plan  of  any  survey. 

If  the  survey  was  taken  with  a  plain  table,  you  have  a  rough  plan  of  it  already 
on  the  paper  which  covered'  the  table.  Hut  if  the  survey  was  with  any  other 
instrument,  a  plan  of  it  is  to  be  drawn  from  the  measures  that  were  taken  in  the 
survey,  and  first  of  all  a  rough  plan  on  paper. 

To  do  tli is,  you  must  have  a  set  of  proper  instruments,  for  laying  down  both 
lines,  angles,  &c,  as  scales  of  various  sizes,  the  more  of  them,  and  the  more 
accurate,  the  better ;  scales  of  chords,  protractors,  perpendicular  and  parallel 
rulers,  &c.  Diagonal  scales  are  best  for  the  lines,  because  they  extend  to  three 
figures,  or  chains  and  links,  which  are  hundredth  parts  of  chains.  But  in  using 
the  diagonal  scale,  a  pair  of  compasses  must  be  employed  to  take  off  the  lengths 
of  the  principal  lines  very  accurately.  Hut  a  scale  with  a  thin  edge  divided,  is 
much  readier  for  laying  down  the  perpendicular  offsets  to  crooked  hedges,  and 
for  marking  the  places  of  those  offsets  upon  the  station  line  ;  which  in  done  at 
only  one  application  of  the  edge  of  the  scale  to  that  line,  and  then  pricking  off 
all  at  once  the  distances  along  it.  Angles  are  to  b«»  laid  down  either  with  a 
good  scale  of  chords,  which  is  perhaps  the  most  accurate  way ;  or  with  a  largo 
protractor,  which  is  much  readier  when  many  angles  are  to  be  laid  down  at  one 
point,  as  they  are  pricked  off  all  at  once  round  the  edge  of  the  protractor. 

In  general,  all  lines  and  angles  must  be  laid  down  on  the  plan  in  the  same 
order  in  which  they  were  measured  in  the  field,  and  in  which  they  are  written  in 
the  field-book ;  laying  down  first  the  angles  for  the  position  of  lines,  next  the 
lengths  of  the  lines,  with  the  places  of  the  offsets,  and  then  the  lengtlis  of  the 
offsets  themselves,  all  with  dry  or  obscure  lines;  then  a  black  line  drawn 
through  the  extremities  of  all  the  offsets,  will  be  the  hedge  or  bounding  line  of 
the  field,  &c  After  the  principal  bounds  and  lines  are  laid  down,  and  made  to 
fit  or  close  properly,  proceed  next  to  the  smaller  objects,  till  you  have  entered 
every  thing  that  ought  to  appear  in  the  plan,  as  houses,  brooks,  trees,  hilb, 
gates,  stiles,  roads,  lanes,  mills,  bridges,  woodlands,  &c 

The  north  side  of  a  map  or  plan  is  commonly  placed  uppermost,  and  a  meri- 
dian somewhere  drawn,  with  the  compass  or  flower-de-luce  pointing  north. 
Also,  in  a  vacant  part,  a  scale  of  equal  parts  or  chains  is  drawn,  with  the  title  of 
the  map  in  conspicuous  characters,  and  embellished  with  a  compartment.  Hull 
are  shadowed,  to  distinguish  them  in  the  map.  Colour  the  hedges  with  dif- 
ferent colours ;  represent  hilly  grounds  by  broken  hills  and  valleys ;  draw  single 
dotted  lines  for  foot-paths,  and  double  ones  for  horse  or  carriage  roads.  Write 
the  name  of  each  field  aud  remarkable  place  within  it,  and,  if  you  choose,  its 
content  in  acres,  roods,  and  perches. 

In  a  very  large  estate,  or  a  county,  draw  vertical  and  horizontal  lines  through 
the  map,  denoting  the  spares  between  them  by  letters  placed  at  the  top,  and 
bottom,  and  sides,  for  readily  finding  any  field  or  other  object  mentioned  in  a 
table. 

In  mapping  counties,  and  large  estates  that  have  uneven  grounds  of  hills  and 
valleys,  reduce  all  oblique  lines,  measured  up-hill  and  down  hill,  to  borixonta) 
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straight  lines,  if  that  was  not  done  during  the  survey,  before  they  were  entered 
in  the  field-book,  by  making  a  proper  allowance  to  shorten  them.  For  which 
purpose  there  is  commonly  a  small  table  engraven  on  some  of  the  instruments 
for  surveying. 


problem  n. 

To  compute  the  contents  of  fields. 

1.  Compute  the  contents  of  the  figures,  whether  triangles  or  trapeziums,  &c, 
by  the  proper  rules  for  the  several  figures  laid  down  in  measuring ;  multiply 
the  lengths  by  the  breadths,  both  in  links,  and  divide  by  2;  the  quotient  is 
acres,  after  you  have  cut  off  five  figures  on  the  right  for  decimals.  Then  bring 
these  decimals  to  roods  and  perches,  by  multiplying  first  by  4,  and  then  by  40L 
An  example  of  which  has  been  already  given  in  the  description  of  the  chain* 

2.  In  small  and  separate  pieces,  it  is  usual  to  cast  up  their  contents  from  the 
measures  of  the  lines  taken  in  surveying  them,  without  making  a  correct  plan 
of  them. 

3.  In  pieces  bounded  by  very  crooked  and  winding  hedges,  measured  by 
offsets,  all  the  parts  between  the  offsets  are  most  accurately  measured  separately 
as  small  trapezoids. 

4.  Sometimes  such  pieces  as  that  last  mentioned,  are  computed  by  finding  a 
mean  breadth,  by  dividing  the  sum  of  the  offsets  by  the  number  of  them,  ac- 
counting that  for  one  of  them  where  the  boundary  meets  the  station  line ;  then 
multiply  the  length  by  that  mean  breadth.  —  But  this  method  is  commonly  in 
some  degree  erroneous. 

5k  But  in  larger  pieces,  and  whole  estates,  consisting  of  many  fields,  it  is 
the  common  practice  to  make  a  rough  plan  of  the  whole,  and  from  it  compute 
the  contents  quite  independent  of  the  measures  of  the  lines  and  angles  that  were 
taken  in  surveying.  For,  then,  new  lines  are  drawn  in  the  fields  in  the  plan,  so 
as  to  divide  them  into  trapeziums  and  triangles,  the  bases  and  perpendiculars  of 
which  are  measured  on  the  plan  by  means  of  the  scale  from  which  it  was 
drawn,  and  so  multiplied  together  for  the  contents.  In  this  way,  the  work 
is  very  expeditiously  done,  and  sufficiently  correct;  for  such  dimensions 
are  taken  as  afford  the  most  easy  method  of  calculation;  and,  among  a 
number  of  parts,  thus  taken  and  applied  to  a  scale,  it  is  likely  that  some  of  the 
parts  will  be  taken  a  small  matter  too  little,  and  others  too  great;  so  that  they 
Hill,  upon  the  whole,  in  all  probability,  very  nearly  balance  one  another.  After 
all  the  fields  and  particular  parts  are  thus  computed  separately,  and  added  all 
together  into  one  sum,  calculate  the  whole  estate  independent  of  the  fields,  by 
dividing  it  into  large  and  arbitrary  triangles  and  trapeziums,  and  add  these  also 
together.  Then  if  this  sum  be  equal  to  the  former,  or  nearly  so,  the  work  is 
right ;  but  if  the  sums  have  any  considerable  difference,  it  is  wrong,  and  they 
must  be  examined  and  recomputed,  till  they  nearly  agree. 

6.  But  the  chief  secret  in  computing  consists  in  finding  the  contents  of  pieces 
bounded  by  curved  or  very  irregular  lines,  or  in  reducing  such  crooked  sides  o 
fields  or  boundaries  to  straight  lines,  that  shall  inclose  the  same  or  equal  are* 
with  those  crooked  sides,  and  so  obtain  the  area  of  the  curved  figure  by  meant 
of  the  right-lined  one,  which  will  commonly  be  a  trapezium.  Now,  this  reducing 
the  crooked  sides  to  straight  ones,  is  very  easily  and  accurately  performed  in 
this  manner :  Apply  the  straight  edge  of  a  thin,  clear  piece  of  lanthorn-born  to 
the  crooked  line  which  is  to  be  reduced,  in  such  a  manner,  tluit  the  small  parts 
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cut  off  from  the  crooked  figure  by  it,  may  be  equal  to  those  which 
in :  which  ©quality  of  the  parts  included  and  excluded  you  wilJ  presently  be 
able  te  judge  of  very  nicely  by  a  little  practice ;  then  with  a  pencil  or  point  of 
a  tracer,  draw  a  line  by  the  straight  edge  of  the  horn.  Do  the  same  by  the 
other  sides  of  the  field  or  figure.  So  shall  you  have  a  straight-sided  figure 
equal  to  the  curved  one;  the  content  of  which,  being  computed  as  before 
diiected,  will  be  the  content  of  the  curved  figure  proposed. 

Or,  instead  of  the  straight  edge  of  the  horn,  a  horse-hair  may  be  applies1 
across  the  crooked  sides  in  the  same  manner ;  and  the  easiest  way  of  using  tat 
hair,  is  to  string  a  small  slender  bow  with  it,  either  of  wire,  or  cane,  or  whale- 
bone, or  such  like  slender  or  elastic  matter ;  for,  the  bow  keeping  it  always 
stretched,  it  can  be  easily  and  neatly  applied  with  one  hand,  while  the  other  h 
at  liberty  to  make  two  marks  by  the  side  of  it,  to  draw  the  straight  line  by. 


EXAMPLE. 

Thus,  let  it  be  required  to  find  the  contents  of  the  same  figure  as  in  ptoUeai 
[» of  the  last  section,  to  a  scale  of  4  chains  to  an  inch. 


Draw  the  fdur  dotted  straight  lines  AB,  BC,  CD,  DA,  cutting  off  equal  quan- 
tities on  both  sides  of  them,  which  they  do  as  near  as  the  eye  can  judge :  so  is 
the  crooked  figure  reduced  to  an  equivalent  right-lined  one  of  four  sides  ABCIX 
Tlu'ii  draw  the  diagonal  BD,  which,  by  applying  a  proper  scale  to  it,  measures 
\'2~)4.\.  Also  the  perpendicular,  or  nearest  distance,  from  A  to  this  diagonal. 
n;<*asures  456  ;  and  the  distance  of  C  from  it,  is  428. 

Then,  half  the  sum  of  456  and  42S,  multiplied  by  the  diagonal  1256,  gives 
555,152  square  links,  or  5  acres,  2  roods,  8  perches,  the  content  of  the  trapezium, 
or  of  the  irregular  crooked  piece. 

PROBLEM  III. 

To  transfer  a  plan  to  another  paper,  jpc 

After  the  rough  plan  is  completed,  and  a  fair  one  is  wanted,  this  may  be  done 
by  any  of  the  following  methods : 

First  Method. — Lay  the  rough  plan  on  the  clean  paper,  keeping  them  always 
pressed  flat  and  close  together,  by  weights  laid  on  them.  Then,  with  the  point 
of  a  fine  pin  or  pricker,  prick  through  all  the  corners  of  the  plan  to  be  copied. 
Take  them  asunder,  and  connect  the  pricked  points,  on  the  clean  paper,  with 
lines ;  and  it  is  done.  This  method  is  only  to  be  practised  in  plans  of  such 
figures  as  are  small  and  tolerably  regular,  or  bounded  by  right  lines. 

Second  Method* — Rub  the  back  of  the  rough  plan  over  with  black-lead 
powder ;  and  lay  the  said  black  pan  on  the  clean  paper  on  which  the  plan  is  te 
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be  copied,  and  in  the  proper  position.  Then  with  the  blunt  point  of  some  hard 
substance,  as  brass,  or  such  like,  trace  over  the  lines  of  the  whole  plan ;  pressing 
the  tracer  so  much  as  that  the  black-lead  under  the  lines  may  be  transferred  to 
the  clean  paper :  after  which,  take  off  the  rough  plan,  and  trace  over  the  leaden 

marks  with  common  ink,  or  with  Indian  ink Or,  instead  of  blacking  the 

rough  plan,  you  may  keep  constantly  a  blacked  paper  to  lay  between  the  plans. 

Third  Method, — Another  method  of  copying  plans,  is  by  means  of  squares. 
This  is  performed  by  dividing  both  ends  and  sides  of  the  plan  which  is  to  be 
copied,  into  any  convenient  number  of  equal  parts,  and  connecting  the  corres- 
ponding points  of  division  with  lines ;  which  will  divide  the  plan  into  a  number 
of  small  squares.  Then  divide  the  paper,  upon  which  the  plan  is  to  be  copied, 
into  the  same  number  of  squares,  each  equal  to  the  former  when  the  plan  is  to 
be  copied  of  the  same  size,  but  greater  or  less  than  the  others,  in  the  proportion 
in  which  the  plan  is  to  be  increased  or  diminished,  when  of  a  different  size. 
Lastly,  copy  into  the  clean  squares  die  parts  contained  in  the  corresponding 
squares  of  the  old  plan ;  and  you  will  have  the  copy,  either  of  the  same  size,  or 
greater  or  less  in  any  proportion. 

Fourth  Method, — A  fourth  method  is  by  the  instrument  called  a  pentagraph, 
which  also  copies  the  plan  in  any  size  required. 

Fifth  Method. — But  the  neatest  method  of  any  is  this.  Procure  a  copying 
frame  or  glass,  made  in  this  manner :  namely,  a  large  square  of  tfie  best  window 
glass,  set  in  a  broad  frame  of  wood,  which  can  be  raised  up  to  any  angle,  when 
the  lower  side  of  it  rests  on  a  table.  Set  this  frame  up  to  any  angle  before  you, 
facing  a  strong  light ;  fix  the  old  plan  and  clean  paper  together  with  several 
pins  quite  around,  to  keep  them  together,  the  clean  paper  being  laid  uppermost, 
and  over  the  face  of  the  plan  to  be  copied.  Lay  them,  with  the  back  of  the  old 
plan,  on  the  glass,  namely,  that  part  which  you  intend  to  begin  at  to  copy  first ; 
and,  by  means  of  the  light  shining  through  the  papers,  you  will  very  distinctly 
perceive  every  line  of  the  plan  through  the  clean  paper.  In  this  state  then 
trace  all  the  lines  on  the  paper  with  a  pencil.  Having  drawn  that  part  which 
covers  the  glass,  slide  another  part  over  the  glass,  and  copy  it  in  the  same 
manner.    Then  another  part    And  so  on,  till  the  whole  is  copied. 

Then  take  them  asunder,  and  trace  all  the  pencil  lines  over  with  a  fine  pen 
and  Indian  ink,  or  with  common  ink. 

And  thus  you  may  copy  the  finest  plan,  without  injuring  it  in  the  least. 

When  the  lines  are  copied  on  the  clean  paper,  the  next  business  is  to  write 
such  names,  remarks,  or  explanations  as  may  be  judged  necessary;  laying 
down  the  scale  for  taking  the  lengths  of  any  parts,  a  flower-de-luce  to  point  out 
the  diiection,  and  the  proper  title  ornamented  with  a  compartment ;  illustrating 
or  colouring  every  part  in  the  manner  that  shall  seem  most  natural,  such  as 
shading  rivers  or  brooks  with  crooked  lines ;  drawing  the  representations  of 
trees,  bushes,  hills,  woods,  hedges,  houses,  gates,  roads,  &c,  in  their  proper 
places;  running  a  single  dotted  line  for  a  footpath,  and  a  double  one  for  a 
carriage  road;  and  either  representing  the  bases  or  the  elevations  of  build- 
ings, && 
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TIMBER  MEASURING. 


L— OF  TUB  GABFEMTER98  OR  SLIDING  RULE. 


The  Carpenter's  or  Sliding  Bale,  is  an  instrument  much  used  in  measuring  «f 
timber  and  artificers'  works,  both  lor  taking  the  dimensions,  and  computing  the 
contents. 

The  instrument  consists  of  two  equal  pieces,  each  a  foot  in  length,  which  are 
connected  together  by  a  folding  joint. 

One  side  or  lace  of  the  rule  is  divided  into  inches,  and  eighths,  or  half  quar- 
ters. On  the  same  lace  also  are  several  plane  scales,  divided  into  12th  parts  by 
diagonal  lines ;  which  are  used  in  planning  dimensions  that  are  taken  in  feet 
and  inches,  'Ae  edge  of  the  rule  is  commonly  divided  decimally,  or  into 
tenths ;  namely,  each  foot  into  ten  equal  parts,  and  each  of  these  into  ten  parts 
again ;  so  that  by  means  of  this  last  scale,  dimensions  are  taken  in  feet,  tenths 
and  hundredths,  and  multiplied  as  common  decimal  numbers,  which  is  the  best 
way. 

On  the  one  part  of  the  other  face  are  four  lines,  marked  A,  B,  C,  D;  the  two 
middle  ones,  B  and  C,  being  on  a  slider,  which  runs  in  a  groove  made  in  the 
stock.  The  same  numbers  serve  for  both  these  two  middle  lines, — the  one  being 
above  the  i  umbers,  and  the  other  below. 

These  four  lines  are  logarithmic  ones,  and  the  three  A,  B,  C,  which  are  all 
etjual  to  one  another,  are  double  lines,  as  they  proceed  twice  over  from  one  to 
ten.  The  other  or  lowest  line  D,  is  a  single  one,  proceeding  from  four  to  forty. 
It  is  nUo  called  the  girt  line,  from  its  use  in  computing  the  contents  of  trees 
and  timber;  and  upon  it  are  marked  WG  at  1 7* 1 5,  and  AG  at  18*95,  the  wine 
and  ale  gauge  points,  to  make  this  instrument  serve  the  purpose  of  a  ganging  rule* 

On  the  other  part  of  this  face,  there  is  a  table  of  the  value  of  a  load,  50  cubic 
foot  of  timber,  at  all  prices,  from  sixpence  to  two  shillings  a  foot. 

When  1  at  tho  beginning  of  any  line  is  accounted  1,  then  the  1  in  the  middle 
will  be  10,  and  the  10  at  the  end  100 ;  but  when  1  at  the  beginning  is  accounted 
10,  then  the  1  in  the  middle  is  100,  and  the  10  at  the  end  1000;  and  so  on. 
And  all  the  smaller  divisions  are  altered  proportionally. 


II— ARTIFICERS'  WORK. 
Artihcehs  compute  the  contents  of  their  works  by  several  different  measures; 


Glazing  and  masonry  by  the  foot ; 

Pointing,  plastering,  paving,  &c.,  by  the  yard,  of  9  square  feet- 

Flooring,  partitioning,  roofing,  tiliug,  frr.,  by  the  sauare  of  100  square  feet 
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And  brick  wont,  either  by  the  yard  of  9  square  teet,  or  oy  the  perch,  or 
square  rod  or  pole,  containing  £72£  square  feet,  or  30£  square  yards,  being  the 
square  of  the  rod  or  pole  of  16£  feet  of  5  J  yards  long. 

As  this  number  27 2 ±  is  troublesome  to  divide  by,  the  £  is  often  omitted  in 
practice, -and  the  content  in  feet  divided  only  by  the  272.  But  when  the  exact 
divisor  272£  is  to  be  used,  it  will  be  easier  to  multiply  the  feet  by  4,  and  then 
divide  successively  by  9,  11,  and  11.  Also  to  divide  square  yards  by  30±,  first 
multiply  them  by  4,  and  then  divide  twice  by  11. 

All  works,  whether  superficial  or  solid,  are  computed  by  the  rules  proper  to 
the  figure  of  them,  whether  it  be  a  triangle  or  rectangle,  a  parallelepiped  or  any 
other  figure. 


IIL— BRICKLAYERS'  WORK. 

Brickwork  is  estimated  at  the  rate  of  a  brick  and  a  half  thick.  So  that,  if  a 
wall  be  more  or  less  than  this  standard  thickness,  it  must  be  reduced  to  it,  as 
follows : 

Multiply  the  superficial  content  of  the  wall  by  the  number  of  half  bricks  in 
the  thickness,  and  divide  the  product  by  3. 

The  dimensions  of  a  building  are  usually  taken  by  measuring  half  round  on 
the  outside  and  half  round  on  the  inside;  the  sum  of  these  two  gives  the  com- 
pass of  the  wall,— to  be  multiplied  by  the  height,  for  the  content  of  the  materials. 

Chimneys  are  by  some  measured  as  if  they  were  solid,  deducting-  only  the 
vacuity  from  the  hearth  to  the  mantle,  ou  account  of  the  trouble  of  them. 

And  by  others  they  are  girt  or  measured  round  for  their  breadth,  and  the 
height  of  the  story  is  their  height,  taking  the  depth  of  the  jambs  for  their  thick- 
ness. And  in  this  case,  no  deduction  is  made  for  the  vacuity  from  the  floor  ** 
the  mantle-tree,  because  of  the  gathering  of  the  breast  and  wings,  ta  «<tu«  room 
for  the  hearth  in  the  next  story. 

To  measure  the  chimney  shafts,  which  Appear  above  the  building,  girt  them 
about  with  a  line  for  the  breadth,  to  multiply  by  their  height  And  account 
their  thickness  half  a  brick  more  than  it  really  is,  in  consideration  of  the  plas- 
tering and  scaffolding, 

All  windows,  doors,  &c,  are  to  be  deducted  out  of  the  contents  or  me  wai's 
in  which  they  are  placed.  But  this  deduction  is  made  only  with  regard  to 
materials ;  for  the  whole  measure  is  taken  for  workmanship,  and  that  all  outside 
measure  too,  namely,  measuring  quite  round  the  outside  of  the  builaing,  being 
in  consideration  of  the  trouble  of  the  returns  or  angles.  There  are  also  some 
other  allowances,  such  as  double  measure  for  feathered  gablo  ends,  &c. 


Ex.  l — How  many  yards  and  rods  of  standard  brick-work  are  in  a  wall  whose 
length  or  compass  is  57  feet  3  inches,  and  height  24  feet  6  inches ;  the  walk 
seing  2  J  bricks  or  5  half  bricks  thick  ?  Ans.  8  rods,  17f  yards. 

Ex.  it. — Required  the  content  of  a  wall  62  feet  6  inches  long,  and  14  feet  8 
inches  high,  and  2  J  bricks  thick  ?  Ans.  169*753  yards, 

Ex.  in. — A  triangular  gable  is  raised  17}  feet  high,  on  an  end  wall  whose 
length  is  24  feet  9  inches,  the  thickness  being  two  bricks ;  required  the  reduced 
content?  Ans,  32*08} yards. 
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Ex.  iv. — The  end  wall  of  a  house  is  £8  feet  10  inches  long,  and  55  feet  8 
inches  high,lo  the  eaves ;  20  feet  high  is  2J  bricks  thick,  other  20  feet  high  b 
2  bricks  thick,  and  the  remaining  15  feet  8  inches  is  1|  brick  thick;  above 
which  is  a  triangular  gable,  1  brick  thick,  and  which  rises  42  courses  of  bricks, 
of  which  every  4  courses  make  a  foot  What  is  the  whole  content  in  standard 
measure  ?  Ans.  253*626  yards. 


IV.— MASONS'   WORK. 

To  masonry  belong  all  sorts  of  stone-work ;  and  the  measure  made  use  of  is  a 
foot,  either  superBcial  or  solid. 

Walls,  columns,  blocks  of  stone  or  marble,  &c,  are  measured  by  the  cubic 
foot ;  and  pavements,  slabs,  chimney-pieces,  &c,  by  the  superficial  or  square 
foot. 

Cubic  or  solid  measure  is  used  for  the  materials,  and  square  measure  for  the 
workmanship. 

In  the  solid  measure,  the  true  length,  breadth,  and  thickness,  are  taken,  and 
multiplied  continually  together.  In  the  superficial,  there  must  be  taken  the 
length  and  breadth  of  every  part  of  the  projection,  which  is  seen  without  the 
general  upright  face  of  the  building. 

EXAMPLES. 

Ex.  i. — Required  the  solid  content  of  a  wall,  53  feet  6  inches  long,  12  feet  3 
inches  high,  and  2  feet  thick  ?  Ans.  1310}  feet. 

Ex.  ii. — What  is  the  solid  content  of  a  wall,  the  length  being  24  feet  3  inches, 
height  10  feet  9  inches,  and  2  feet  thick  ?  Ans.  521-375  feet. 

Ex.  in. — Required  the  value  of  a  marble  slab,  at  8s.  per  foot;  the  length 
being  5  feet  7  inches,  and  breadth  1  foot  10  inches  ?  Ans.  £4,  Is.  10|^ 

Ex.  iv. — In  a  chimney-piece,  suppose  the 

Length  of  the  mantle  and  slab,  each  4  feet  6  inches  ; 

Breadth  of  both  together, 3  2 

Length  of  each  jamb, 4         4 

Breadth  of  both  together, I  9 

Required  the  superficial  content  ?  Ans.  21  feet,  10  inches. 


V.—CARPENTERS'   AND  JOINERS'   WORK. 

To  this  branch  belongs  all  the  wood-work  of  a  house,  such  as  flooring,  parti- 
tioning*, roofing,  &c 

Large  and  plain  articles  are  usually  measured  by  the  square  foot  or  yard,  &c , 
but  enriched  mouldings,  and  some  other  articles,  are  often  estimated  by  running 
or  lineal  measures,  and  some  things  are  rated  by  the  piece. 

In  measuring  of  joists,  it  is  to  be  observed,  that  only  one  of  their  dimensions 
is  the  same  with  that  of  the  floor ;  for  the  other  exceeds  the  length  of  the  room 
by  the  thickness  of  the  wall  and  j-  of  the  same,  because  each  end  is  let  into  the 
wall  about  }  of  its  thickness. 

No  deductions  are  made  for  hearths,  on  account  of  the  additional  trouble  and 
waste  of  materials. 
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Partitions  are  measured  from  wall  to  wall  for  one  dimension,  and  from  flooi 
to  floor,  as  far  as  they  extend,  for  the  other.  « 

No  deduction  is  made  for  door-ways,  on  account  of  the  trouble  of  framing 
them. 

In  measuring  of  joiners'  work,  the  string  is  made  to  ply  close  to  every  part  of 
the  work  ever  which  it  passes. 

The  measure  for  centering  for  cellars  is  found  by  making  a  string  pass  over 
the  surface  of  the  arch  for  the  breadth,  and  taking  the  length  of  the  cellar  lor 
the  length ;  but  in  groin  centering,  it  is  usual  to  allow  double  measure,  on  ai>" 
count  of  their  extraordinary  trouble. 

In  roofing ,  the  length  of  the  house  in  the  inside,  together  with  $  of  the  thick- 
ness of  one  gable,  is  to  be  considered  as  the  length  ;  and  the  breadth  is  equal 
to  double  the  length  of  a  string  which  is  stretched  from  the  ridge  down  the 
rafter,  and  along  the  eaves-board,  till  it  meets  with  the  top  of  the  wall 

For  stair-cases,  take  the  breadth  of  all  the  steps,  by  making  a  line  ply  close 
over  them,  from  the  top  to  the  bottom,  and  multiply  the  length  of  this  line  by 
the  length  of  ft  step,  for  the  whole  area — By  the  length  of  a  step  is  meant  the 
length  of  the  front  and  the  returns  at  the  two  ends ;  and  by  the  breadth,  is  to 
be  understood  the  girt  of  its  two  outer  surfaces,  or  the  tread  and  riser. 

For  the  balustrade,  take  the  whole  length  of  the  upper  part  of  the  hand-rail, 
and  girt  over  its  end  till  it  meet  the  top  of  the  newel  post,  for  the  length ;  and 
twice  the  length  of  the  baluster  upon  the  landing,  with  the  girt  of  the  band-rail, 
for  the  breadth. 

For  wainscot  ting,  tike  the  compass  of  the  room  for  the  length ;  and  the 
height  from  the  floor  to  the  ceiling,  making  the  string  ply  close  into  all  die 

mouldings,  for  the  breadth Out  of  this  must  be  made  deductions  for  windows, 

doors,  and  chimneys,  &c,  but  workmanship  is  counted  for  the  whole,  on  account 
of  the  extraordinary  trouble. 

For  doors,  it  is  usual  to  allow  for  their  thickness,  by  adding  it  into  both  the 
dimensions  of  length  and  breadth,  and  then  multiply  them  together  for  the  area. 
If  the  door  be  pannelled  on  both  sides,  take  double  its  measure  for  the  work- 
manship; but  if  the  one  side  only  be  pannelled,  take  the  area  and  its  half  for 
the  workmanship — For  the  surrounding  architrave,  gird  it  about  the  outermost 
parts  for  its  length ;  and  measure  over  it,  as  far  as  it  can  be  seen  when  the  door 
is  open  for  the  breadth. 

Window-shutters,  bases,  &&,  are  measured  in  the  same  manner. 

In  the  measuring  of  roofing  for  workmanship  alone,  holes  for  chimney  shafts 
and  skylights  are  generally  deducted. 

But  in  measuring  for  work  and  materials,  they  commonly  measure  in  all 
skylights,  hit  hem-lights,  and  holes  for  the  chimney  shafts,  on  account  of  their 
trouble  and  waste  of  materials. 

EXAMPLES. 

Ex.  i — Required  the  content  of  a  floor  48  feet  6  inches  long,  and  24  feet  3 
•nriies  broad  ?  Ans.   1 1  squares,  76  fr  feet 

Ex.  it. — A  floor  being  36  feet  3  inches  long,  and  16  feet  6  inches  broad,  how 
many  squares  are  in  it  ?  Ans.  5  squares,  9H£  feet 

Ex.  in. — How  many  squares  are  there  in  173  feet  10  inches  in  length,  and  fc. 
feet  7  inches  height,  of  partitioning  ?  Ans.   18*3972  squares. 

Ex.  iv. — What  cost  the  roofing  of  a  house  at  10*. fid.  a  square;  the  length 
within  the  walls  being  52  feet  8  inches,  and  the  breadth  30  feet  6  inches,— 
reckoning  the  roof  |  of  the  flat  ?  Ana.  £  12,  12*.  1 1  jd 
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Ex.  t. — To  how  much,  at  6#.  per  square  yard,  amounts  the  wainscotting  of  a 
room  ;  the  height,  taking  in  the  cornice  aud  mouldings,  being  12  feet  6  inches, 
and  the  whole  compass  83  feet  8  inches ;  also  the  three  window-shutters  are 
each  7  feet  8  inches  by  3  feet  6  inches,  and  the  door  7  feet  by  I  feet  6  inches; 
the  door  and  shutters,  being  worked  on  both  sides,  are  reckoned  work  and  half 
work?  Am.  £36,  12s.  2JdL 


IV.— SLATERS'  AND  TILERS'  WORK. 

In  these  articles,  the  content  of  a  roof  is  found  by  multiplying  the  length  of 
the  ridge  by  the  girt  oyer  from  eaves  to  eaves ;  making  allowance  in  this  girt 
for  the  double  row  of  slates  at  the  bottom,  or  for  how  much  one  row  of  slates  or 
iles  is  laid  over  another. 

When  the  roof  is  of  a  true  pitch,  that  is,  forming  a  right  angle  at  top,  then 
ttie  breadth  of  the  building  with  its  half  added,  is  the  girt  over  both  sides. 

In  angles  formed  in  a  roof,  running  from  the  ridge  to  the  eaves,  when  the 
Angle  bends  inwards,  it  is  called  a  valley ;  but  when  outwards,  it  is  called  a  hip. 

Deductions  are  made  for  chimney  shafts  or  window  holes. 

EXAMPLES. 

Ex.  i. — Required  the  content  of  a  slated  roof,  the  length  being  45  feet  9 
inches,  and  the  whole  girt  34  feet  3  inches?  Ans.   174*104  yards. 

Ex.  il — To  how  much  amounts  the  tiling  of  a  house,  at  25*.  (kL  per  square; 
the  length  being  43  feet  10  inches,  and  the  breadth  on  the  flat  27  feet  5  inches, 
also  the  eaves  projecting  16  inches  on  each  side,  and  the  roof  of  a  true  pitch  ? 

Ans.  £24,  9s.  5}d. 


VIL— PLASTERERS'   WORK. 

Plasterers'  work  is  of  two  kinds,  namely,  ceiling — which  is  plastering  upon 
laths — and  rendering,  which  is  plastering  upon  walls;  which  are  measured 
separately 

The  contents  are  estimated  either  by  the  foot  or  yard,  or  square  of  100  feet. 
Enriched  mouldings,  &c.,  are  rated  by  running  or  lineal  measure. 

Deductions  are  to  be  made  for  chimneys,  doors,  windows,  &c  But  the  win- 
dows are  seldom  deducted;  as  the  plastered,  returns  at  the  top  and  sides  art 
allowed  to  compensate  for  the  window  opening. 

EXAMPLES. 

Ex.  i. — How  many  yards  contains  the  ceiling,  which  is  43  feet  3  inches  long; 
and  25  feet  6  inches  broad  ?  Ans.   122*541. 

Ex.  il — To  how  much  amounts  the  ceiling  of  a  room,  at  lOrf.  per  yard ;  the 
length  being  21  feet  8  inches,  and  the  breadth  14  feet  10  inches  ? 

£1,  9*.8f£ 

Ex.  in. — The  length  of  a  room  is  18  feet  6  inches,  the  breadth  12  feet  3 
inches,  and  height  10  feet  6  inches ;  to  how  much  amounts  the  ceiling  and  ren 
dering, — the  former  at  Sd  and  the  latter  at  3d.  per  yard, — allowing  for  ths 
door  of  7  feet  by  3  feet  8  inches,  and  a  fire-place  of  5  feet  square  ? 

Ans,  £1.  18*.  3i<A 


GLAZlKltS*  WORK.  553 

Ex.  it. — Required  the  quantity  of  plastering  in  a  room,  the  length  being  14 
feet  5  inches,  breadth  13  feet  2  inches,  and  height  9  feet  3  inches  to  the  under 
side  of  the  cornice,  which  girts  S\  inches,  and  projects  5  inches  from  the  wall  on 
the  upper  part  next  the  ceiling — deducting  only  for  a  door  7  feet  by  4? 

Ans.  53  yards  5  feet  3  inches  of  rendering, 
18  5         6  of  ceiling, 

39         OH         of  cornice. 


VIIL— PAINTERS'   WORK. 

Painters'  work  is  computed  in  square  yards.  Every  part  is  measured  where 
the  colour  lies ;  and  the  measuring  line  is  forced  into  all  the  mouldings  and 
corners. 

Windows  are  done  at  so  much  a  piece.  And  it  is  usual  to  allow  double 
measure  for  carved  mouldings,  &c 

EXAMPLES. 

Ex.  i. — How  many  yards  of  painting  contains  the  room  which  is  65  feet  6 
inches  in  compass,  and  12  feet  4  inches  high  ?  Ans.  89}  yards. 

Ex.  ii. — The  length  of  a  room  being  20  feet,  its  breadth  14  feet  6  inches, 
and  height  10  feet  4  inches ;  how  many  yards  of  painting  are  in  it,  deducting  a 
fire-place  of  4  feet  by  4  feet  4  inches,  and  two  windows  each  6  feet  by  3  feet  2 
inches?  Ans.  73^-  yards. 

Ex.  in. — What  costs  the  painting  of  a  room  at  (yd.  per  yard ;  its  length  being 
24  feet  6  inches,  its  breadth  16  feet  3  inches,  and  height  12  feet  9  inches;  also 
the  door  is  7  feet  by  3  feet  6  inches,  and  the  window-shutters  to  two  windows 
each  7  feet  9  inches  by  3  feet  6  inches,  but  the  breaks  of  the  windows  themselves 
are  8  feet  6  inches  high,  and  1  foot  3  inches  deep — deducting  the  fire-place  of 
5  feet  by  5  feet  6  inches  ?  Ans.  £3,  3s.  10£d 


IX.— GLAZIERS'   WORK. 

Glaziers  take  their  dimensions  either  in  feet,  inches,  and  parts,  or  feet, 
tenths,  and  hundredths.     And  they  compute  their  work  in  square  feet 

In  taking  the  length  and  breadth  of  a  window,  the  cross  bars  between  the 
squares  are  included.  Abo,  windows  of  round  or  c*a!  forms  are  measured  as 
square,  measuring  them  to  their  greatest  length  and  breadth,  on  account  of  the 
waste  in  cutting  the  glass* 


Ex.  l — How  many  square  feet  contains  the  window  which  is  4*25  feet  long, 
and  2*75  feet  broad?  Ans.  11}. 

Ex.  ii. — What  will  the  glasing  a  triangular  skylight  come  to,  at  lOdL  a  foot ; 
the  base  being  12  feet  6  inches  and  the  perpendicular  height  6  feet  9  inches  ? 

Ans.  41.  15s.  litt. 
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Ex.  hi. — There  is  a  house  with  three  tier  of  windows,  three  windows  in 
tier,  their  common  breadth  3  feet  1 1  inches ;  now, 

The  height  of  the  first  tier  is  7  feet  10  inches, 

of  the  second         6    '       8 

of  the  third  5  4 

Required  the  expense  of  glazing,  at  14d  per  foot?        Ans.  .£13,  11*.  lofdl 

Ex.  iv. — Required  the  expense  of  glazing  the  windows  of  a  house  at  13d.  a 
foot ;  there  being  three  stories,  and  three  windows  in  each  story ; 
The  height  of  the  lower  tier  is  7  feet  9  inches, 

of  the  middle  6         6 

of  the  upper  5         3£ 

and  of  an  oval  window  over  the  door    1        10£ 
the  common  breadth  of  all  the  windows  being  3  feet  9  inches  ? 

Ans,  £1%  5s.  6tL 


X.— PAVERS*  WORK. 

Pavers'  work  is  done  by  the  square  yard.  Aud  the  couteni  £s  found  by 
multiplying  the  length  by  the  breadth. 

EXAMPLES. 

Ex.  i. — What  cost  the  paving  a  footpath  at  3*.  4d  a  yard ;  the  length  being 
35  feet  4  inches,  and  breadth  8  feet  3  inches?  Ans.  £5,  7*.  1  l^d. 

Ex.  ii. — What  cost  the  paving  a  court,  at  3*.  2d.  per  yard ;  the  length  being 
27  feet  10  inches,  and  the  breadth  14  feet  9  inches  ?  Ans.  £7,  4s.  5+d. 

Ex.  m. — What  will  be  the  expense  of  paving  a  rectangular  court-yard,  whose 
length  is  63  feet,  and  breadth  45  feet;  in  which  there  is  laid  a  footpath  of  5 
feet  3  inches  broad,  running  the  whole  length,  with  broad  stones,  at  3s.  a  yard — 
the  rest  being  paved  with  pebbles,  at  2s.  6d.  a  yard  ?  Ans.  £40,  5s.  10$dL 


XL— PLUMBERS'   WORK 

Pli'birers'  work  is  rated  at  so  much  a  pound,  or  else  by  the  hundred  weight, 
of  1 1 2  pounds. 

Sheet  lead  used  in  roofing,  guttering,  &c,  is  from  7  to  121b.  to  the  square 

foot.     And  a  pipe  of  an  inch  bore  is  commonly  13  to  141b.  to  the  yard  in 

length. 

examples. 

Ex.  i. — How  much  weighs  the  lead  which  is  39  feet  6  inches  long,  and  3  feet 
3  inches  broad,  at  8£  lb.  to  Uie  square  foot  ?  Ans.  1091^  lb. 

Ex.  it. — What  cost  the  covering  and  guttering  a  roof  with  lead,  at  18*.  the 
cwt, ;  the  length  of  the  roof  being  43  feet,  and  breadth  or  girt  over  it  32  feet — 
the  guttering  57  feet  long,  and  2  feet  wide  *  the  former  9*831  lb.,  and  the  lattef 
7-373  lb.  to  the  square  foot?  Ans.  £115,  9s.  IJdL 


XIL— TIMBER  MEASURING 


PROBLEM    L 

To  find  the  area  or  superficial  content  of  a  bottrd  or  plank. 

Multiply  the  length  by  the  mean  breadth, 

Note, — When  the  board  is  tapering,  add  the  breadths  at  the  two  ends  toge* 
ther,  and  take  half  the  sum  for  the  mean  breadth. 

BY  THE   SLIDING  HULK. 

Set  12  on  B  on  the  breadth  in  inches  on  A ;  then  against  the  length  in  feet 
on  B  is  the  content  on  A,  in  feet  and  fractional  parts. 

EXAMPLES. 

Kx.  l — What  is  the  value  of  a  plank,  at  l£dL  per  foot,  whose  length  is  12  feet 
6  inches,  and  mean  breadth  1 1  inches  ?  Ans.  1*.  ba\ 

Ex.  ii. — Required  the  content  of  a  board,  whose  length  is  1 1  feet  S  inches, 
and  breadth  1  foot  10  inches.  Ans.  20  feet,  5  inches,  8". 

Ex.  m. — What  is  the  value  of  a  plank,  which  is  12  feet  9  inches  long,  and 
1  foot  3  inches  broad,  at  2£d  a  foot  ?  Ans.  3*.  3}'/. 

Ex.  iv. — Required  the  value  of  5  oaken  planks  at  3d.  per  foot,  each  of  them 
being  17J  feet  long,  and  their  several  breadths  as  follows;  namely,  two  ol 
13J  inches  in  the  middle,  one  of  14}  inches  in  the  middle,  and  the  two  remain- 
ing ones,  each  18  inches  at  the  broader  end,  and  114  at  the  narrower. 

Ans.  £1,  5s.  9U 

PROBLEM    II. 

To  find  the  solid  content  of  squared  or  four-sided  timber 

Multiply  the  mean  breadth  by  the  mean  thickness,  and  the  product  again  by 
the  length,  and  the  last  product  will  give  the  content. 

BY  THE  SLIDING  RULE. 

CD  DC 

As  length  :    12  or  10  ::  quarter  girt  :  solidity. 

That  is,  as  the  length  in  feet  on  C,  is  to  12  on  D  when  the  quarter  girt  is  in 
inches,  or  to  10  on  D  when  it  is  in  tenths  of  feet ;  so  is  the  quarter  girt  on  D, 
to  the  content  on  C. 

Note  1. — If  the  tree  taper  regularly  from  the  one  end  to  the  other;  either 
take  the  mean  breadth  and  thickness  in  the  middle,  or  take  the  dimensions  at 
the  two  ends,  and  half  their  sum  will  be  the  mean  dimensions. 

Note  2. — If  the  piece  do  not  taper  regularly,  but  is  unequally  thick  in  some 
parts  and  small  in  others,  take  several  different  dimensions,  add  them  all  toge- 
ther, and  divide  their  sum  by  the  number  of  them,  for  the  mean  dimensions. 

Note  3. — The  quarter  girt  is  a  geometrical  mean  proportional  between  the 
mean  breadth  and  thickness,  that  is  the  square  root  of  their  product  Some- 
times unskilful  measurers  use  the  arithmetical  mean  instead  of  it,  that  is,  half 
their  sum;  but  this  is  always  attended  with  error,  and  the  more  so  as  the 
breadth  and  depth  differ  the  more  from  each  other. 
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EXAMPLES. 

Ex.  l — rI1ie  length  of  a  piece  of  timber  is  18  feet  6  inches,  the  breadths  at 
the  greater  and  less  end  1  foot  6  inches  and  1  foot  3  inches,  and  the  thickness 
at  the  greater  and  less  end  1  foot  3  inches  and  I  foot:  required  the  solid 
content  ?  Ans.  28  feet  7  inches. 

Ex.  ii. — What  is  the  content  of  the  piece  of  timber  whose  length  is  24$  feet, 
and  the  mean  breadth  and  thickness  each  1*04  feet  ?  Ans.  26£  feet. 

Ex.  in. — Required  the  content  of  a  piece  of  timber,  whose  length  is  20*38    # 
feet,  and  its  ends  unequal  squares,  the  side  of  the  greater  being  19£,  and  the 
side  of  the  less  9{  ?  Ans.  29*7562  feet 

Ex.  iv. — Required  the  content  of  the  piece  of  timber  whose  length  is  27*36 
feet, — at  the  greater  end  the  breadth  is  1*78,  and  thickness  1*23;  and  at  the 
less  end  the  breadth  is  1*04,  and  thickness  0*91  ?  Ans.  41*278  feet. 


problem  in. 

To  find  the  solidity  of  round  or  wuquared  timber. 

Multiply  the  square  of  the  quarter  girt,  or  of  }  of  the  mean  circumference,  by 
the  length,  for  the  content 

BY  THE   SLIDING  RULE. 

As  the  length  upon  C  :    12  or  10  upon  D  : : 
quarter  girt,  in  12ths  or  lOths  on  D  :  content  on  C 

Note  1. — When  the  tree  is  tapering,  take  the  mean  dimensions  as  in  the 
former  problems,  either  by  girting  it  in  the  middle,  for  the  mean  girt,  or  at  the 
two  ends,  and  take  half  the  sum  of  the  two.  But  when  the  tree  is  very  irregular, 
divide  it  into  several  lengths,  and  find  the  content  of  each  part  separately. 

Note  2 This  rule,  which  is  commonly  used,  gives  the  answer  about  ±  less 

than  the  true  quantity  in  the  tree,  or  nearly  what  the  quantity  would  be  after 
the  tree  is  hewed  square  in  the  usual  way ;  so  that  it  seems  intended  to  make 
an  allowance  for  the  squaring  of  the  tree. 

EXAMPLES. 

Ex.  i. A  piece  of  round  timber  being  9  feet  6  inches  long,  and  Its  mean 

quarter  girt  42  inches ;  what  is  the  content  ?  Ans.   1 I6£  feet. 

Ex.  il— The  length  of  a  tree  is  24  feet,  its  girt  at  the  thicker  end  14  feet,  and 
nt  the  smaller  end  2  feet    required  the  content  ?  Ans.  96  feet 

Ex.  in.— What  is  th<  content  of  a  tree,  whose  mean  girt  is  3*15  feet,  and 
length  14  feet  6  inches  t  Ans.  8*9922  feet 

Ex.  iv Required  the  content  of  a  tree,  whose  length  is  17*  feet,  which  girls 

in  five  different  place*  as  follows ;  namely,  in  the  first  place  9-43  feet,  in  the 
second  792,  in  the  third  6*15,  in  the  fourth  4*74,  and  in  the  fifth  3-16? 

Aim.  42*519525 


PRACTICAL  QUESTIONS   IN 
MENSURATION 


1.  A  plank  is  14  feet  8  inches  long,  and  I  would  have  just  a  square  yard 
slit  off  it;  at  what  distance  from  the  edge  must  the  line  be  struck  ? 

Ans.  744.  inches. 

2.  A  wooden  trough  cost  3$.  2d.  painting  within,  at  6d.  per  yard;  the 
length  of  it  is  102  inches,  and  the  depth  21  inches;  what  is  the  width  ? 

Ans.  27£  inches. 

3.  The  paving  of  a  triangular  court,  at  l&d.  per  foot,  came  to  £100;  the 
longest  of  the  three  sides  is  88  feet;  required  the  sum  of  the  other  two  equal 
sides?  Ans.  106*85  feet 

4.  What  is  the  side  of  that  equilateral  triangle  whose  area  cost  as  much 
paving  at  8d,  a  foot,  as  the  palisading  the  three  sides  did  at  a  guinea  a  yard  ? 

Ans.  72-746  feet 

5.  Let  a,  b,  c  be  the  sides  of  a  triangle  respectively  opposite  to  the  angles 
A,  B,  C;  then  will  the  area  of  the  triangle  ABC  be 

=  +  a*  sin.  B  sin.  C  cosec.  A. 

6.  Let  a,  b,  e  be  the  three  sides  of  a  triangle;  put  A=5-fc  and  A=5— c; 
theu  will  the  area  of  the  triangle  be=4  V(A* — «*)  («* — **)• 

7.  Let  the  three  sides  be  */a%  ^/bf  a/c;  then  prove  that  the  area  of  the 
triangle  is  =±<s/2{ab+bc+ca)— (a^+^+c*). 

8.  A  beam  is  84  inches  deep  and  84  inches  broad;  what  is  the  depth  of 
another  twice  as  large,  which  is  4$  inches  broad  ?  Ans.  12*5263  inches. 

9.  Supposing  the  expense  of  paving  a  semicircular  plot,  at  2s.  4d.  per  foot, 
come  to  £10;  what  is  its  diameter  ?  Am.  1 4*7737  feet 

10.  Two  sides  of  an  obtuse  angled  triangle  are  20  and  40  poles;  required 
the  third  side,  that  the  triangle  may  contain  just  an  acre  of  land  ? 

Ans.  58*876,  or  23*099. 

11.  A  circular  fish-pond  is  to  be  made  in  a  garden  that  shall  enclose  just 
half  an  acre;  what  must  be  the  length  of  the  chord  that  strikes  the  circle  ? 

Ans.  274  yards. 

12.  Having  a  rectangular  marble  slab,  58  inches  by  27, 1  would  have  a  square 
foot  cut  off  parallel  to  the  shorter  edge;  I  would  then  have  the  like  quantity 
divided  from  the  remainder,  parallel  to  the  longer  side;  and  this  alternately 
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repeated  till  there  shall  not  be  the  quantity  of  a  foot  left;  what  will  be  the 
dimensions  of  the  remaining  piece  ?  *        An*.  20-702  inches  by  6-086. 

13.  If  a  round  pillar,  7  inches  across,  hare  4  feet  of  stone  in  it,  what  is  the 
diameter  of  a  column  of  equal  length,  that  contains  10  times  as  much  ? 

Ana.  22-136  inches. 

14.  Find  the  thickness  of  the  lead  in  a  pipe  of  an  inch  and  a  quarter  bore, 
which  weighs  141b.  per  yard  in  length,  the  cubic  foot  of  lead  weighing  1 1325 
ounces.  Ana.  -20737  incites. 

15.  Let  C  =  outer  circumference  of  a  circular  ring,  b  =  its  breadth,  and 
v  =  3*141 6;  then  the  area  of  the  ring  will  be  =  b(C — *6). 

16.  What  will  be  the  expense  of  a  curb  to  a  round  well,  at  &d.  per  foot 
square,  the  breadth  of  the  curb  being  8  inches,  and  the  interior  diameter  3+ 
feet.  Ana.  5s.  9|dL 

17.  A  garden  is  100  feet  long  and  80  feet  broad,  and  a  gravel  walk  is  to  be 
made  of  an  equal  width  half  round  it,  so  as  to  occupy  half  the  garden;  find 
both  by  construction  and  calculation*  the  breadth  of  the  walk. 

Ana.  25*968. 

18.  If  the  sides  of  a  triangle  are  28,  25,  and  17,  what  is  the  area  of  its 
greatest  inscribed  square  ?  Ans.  101*67124. 

1 9.  Let  a,  b,  c  be  the  distances  between  a  tree  and  three  corners  of  a 
square  field  in  a  successive  order;  then  will  the  area  of  the  field  be 

=a*+b*— ab^/2  (cos.  •>— sin  e>),  where  cos.  v»=    j^f  yT^« 

20.  The  four  sides  of  a  field,  whose  diagonals  are  equal  to  each  other,  are 
known  to  be  25,  35,  31,  and  19  poles,  in  a  successive  order;  required  the  con- 
tent of  the  field.  a.  au   p. 

Ans.  i(79S-f  7  a/8449)  sq.  poles,  or  4    1    38. 

21.  The  length  and  breadth  of  a  vessel  in  the  form  of  a  rectangular  paral- 
Iclopepid  are  respectively  6  and  3  feet;  what  must  be  its  depth,  to  contain 
exactly  200  imperial  gallons  ?  Ans.  1  foot  9*4  inches. 

22.  Seven  men  bought  a  grinding  stone  of  60  inches  diameter,  each  paying 
f  part  of  the  expense;  what  part  of  the  diameter  must  each  grind  down  for  his 
share  ? 

Ans.  The  1st,  44508;  2d,  48400;  3d,  5*3535;  4th,  6*0765;  5lh,  7*2079; 

Gth,  9-3935;  7th,  22*6778  inches. 

23.  Divide  a  cone  into  three  equal  parts  by  sections  parallel  to  the  base, 
and  find  the  altitudes  of  the  three  parts,  the  height  of  the  cone  being  20 

incites. 

Ans.  The  upper  part,  13*8672;  the  middle,  3*6044;  the  lower,  2*5284. 

24.  What  quantity  of  canvass  is  necessary  for  a  conical  tent  whose  perpen- 
dicular height  is  8  feet,  and  the  radius  at  bottom  6+  feet  ? 

Ans.  210|.  aq.  feet. 

•  This  question  admlu  of  an  elegant  general  solution,  as  may  be  teen  in  the  **  Ladies'  Diary  "  for 
.K'2.1.  In  this  example,  the  student  will  find  that  the  slab  contains  more  than  10,  but  leas  than  1 1 
foci ;  hence  the  operation  must  be  performed  10  tutet,  and  the  dimensions  of  the  remaining  part  of 
a  foot  will  bo  the  answer. 
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25.  A  cable  3  feet  long,  and  9  inches  in  compass,  weighs  221b.;  what  will 
be  the  weight  of  a  fathom  of  that  cable  whose  circumference  is  a  foot  ? 

Ans.  78|lb. 

26.  If  R  and  r  be  the  radii  of  two  spheres  inscribed  in  a  cone,  so  that  the 
greater  may  touch  the  less,  and  also  the  base  of  the  cone;  then  will  the  capa- 

2irR* 

city  of  the  cone  be  =  — — -. 

J  3r(R— r) 

27.  If  a  heavy  sphere  whose  diameter  is  4  inches  be  let  fall  into  a  conical 
glass  full  of  water,  whose  diameter  is  5,  and  altitude  6  inches;  it  is  required 
to  determine  how  much  water  will  run  over.  Ans.  26*272  cubic  inches. 

28.  The  dimensions  of  a  sphere  and  cone  being  as  in  last  question,  and  the 
tone  only  -J-  full  of  water;  what  part  of  the  axis  of  the  sphere  is  immersed  in 
the  water  ?*  Ans.  -5459  inches. 

29.  Let  A°  represent  the  number  of  degrees  in  the  arc  of  a  segment  of  a 
circle  whose  radius  is  r;  it  is  required  to  prove  that 

area  of  segment  =  ^r3  j[aic  A°  (radius  1)  —  sin  A°}. 

30.  What  is  the  length  of  a  chord  which  cuts  off  |  of  the  area  from  a 
circle  of  which  the  diameter  is  289  ?  Ans.  278-6716. 

31.  How  high  above  the  surface  of  the  earth  must  a  person  be  raised  to 
see  4  of  its  surface  ?  Ans.  The  height  of  its  diameter. 

32.  If  a  cubic  foot  of  brass  be  drawn  into  wire  of  V*  inch  diameter,  what 
will  be  the  length  of  the  wire,  supposing  no  loss  of  metal  in  working  ? 

Ans.  97784*5684  yards,  or  55  miles  984*5684  yards. 

33.  Supposing  the  diameter  of  an  iron  9lb.  ball  to  be  4  inches,  as  it  is 
very  nearly;  it  is  required  to  find  the  diameters  of  the  several  balls  weighing 
12,  18,  24,  32,  and  36lb.,  and  the  calibre  of  their  guns,  allowing  ^  of  the 
calibre,  or  ^  of  the  ball's  diameter  for  windage. 

Answer. 


Weight. 

12 

18 

24 

32 

86 

Diameter. 

4*4026 

5.0397 

5*5469 

6*1051 

6*3496 

Calibre. 

4*4924 

51425 

5*6601 

6*2297 

6-4792 

•  This  question  admits  of  a  beautiful  algebraical  solution,  by  puUing  x  =  the  part  of  the  axis 
Immersed.  The  resulting  cubic  equation  is  easily  rendered  a  complete  power,  and  then  the  cub* 
nrat  being  taken,  gives  Anally  a  simple  equation  for  the  determination  of  *  the  part  immersed. 
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ItfTUODUCTION  AND  DEFINITIONS. 

Plane  Trigonometry,  as  the  name  imports,  was  originally  employed  solely  ia 
determining,  from  certain  data,  the  sides  and  angles  of  plane  triangles.  In 
modern  analysis,  however,  its  objects  have  been  much  extended,  and  the  for- 
mulas of  this  branch  of  Mathematics  are  extensively  employed  as  instruments 
of  calculation  iu  almost  every  department  of  scientific  investigation.  From 
this  circumstance,  some  writers  wishing  to  change  its  designation  to  one  which 
might  more  fully  express  its  nature  and  applications,  have  proposed  to  term  it 
the  Arithmetic  of  Sines,  others,  the  Calcuhu  of  Angular  Functions,  but  the  ori- 
ginal appellation  is  still  retained  by  the  great  majority  of  authors  upon  these 
subjects. 

In  treating  of  angular  magnitude,  we  liave  hitherto  confined  ourselves  to  the 
consideration  of  angles  less  than  two  right  angles,  but  in  trigonometry  it  is 
frequently  necessary  to  introduce  angles  which  are  greater  than  two,  than  three, 
or  even  than  four  right  angles.  We  may  take  the  following;  method  of  illus- 
trating the  generation  of  angular  magnitude. 

Let  \a  be  a  fixed  straight  line,  and  let  a  line  CP  be 
supposed  to  revolve  round  the  point  C  in  Ao,  and  to 
assume  in  succession  the  different  positions  CPi,  CPt, 

CP3,  

When  CP  coincides  with  CA,  there  is  no  angle  con- 
tain e<l  between  CP  and  CA,  or  the  angle  CAP  is  0. 

When  CP  begins  to  revolve  round  C,  and  comes  into 
tli<>  position  CPi,  it  forms  with  CA  an  angle  PiCA  less 
lli.it i  a  right  angle. 

\V  lien  CP  has  performed  one-fourth  part  of  an  entire  revolution,  and  has 
thus  reached  the  position  CPS,  where  CPS  is*  perpendicular  to  CA,  it  forms 
with  CA  the  angle  P*CA,  which  is  a  right  angle. 

As  CP  continues  its  revolutions,  it  will  assume  the  position  CP,,  forming  with 
CA  the  angle  P  j  CA,  greater  than  one,  and  less  than  two  right  angles, 

When  CP  coincides  with  Ca,  it  has  performed  one- 
half  of  an  entire  revolution,  and  forms  with  CA  the 
angle  aCA,  equal  to  two  right  angles.  « <3  £ 

CP  having  passed  Ca,  will  assume  the  position  CP41 
forming  with  CA  the  angle  P4CA,  greater  than  two, 
an<l  le>s  than  three,  right  angles. 

'lite  dotted  sjmce  indicates  the  angle  wuich  we 

Considering. 
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When  CP  has  performed  three- fourths  of  a*»  entire 
revolution,  it  assumes  the  position  CP5,  where  CP§  is 
perpendicular  to  Aa,  forming  with  CA  the  angle  P$CA, 
equal  to  three  right  angles. 


Q- 


Passing  beyond  CP»,  the  revolving  line  assumes 
the  position  CP6,  forming  with  CA  the  angle  PeCA, 
greater  than  three,  and  less  than  four,  right  angles. 

Finally,  when  the  line  CP  has  completed  an  entire 
revolution,  it  will  return  to  its  original  position  ('A,  having  formed  with  CA 
an  angle  equal  to  four  right  angles. 

If  we  suppose  the  revolution  to  recommence,  it  is  manifest  that  CP  may  be 
conceived  to  form  with  CA  angles  greater  than  lour,  than  five,  or  than  any 
given  number  of  right  angles. 

It  is  convenient  in  trigonometrical  investigations,  to 
draw  two  straight  lines  at  right  angles  to  each  other, 
and  from  their  point  of  intersection  to  describe  a  cir- 
cle, with  any  radius  cutting  these  lines  in  any  points 
A,  B,  a,  b. 

The  circumference  of  the  circle  will  thus  be  divided 
into  four  equal  arcs  AB,  Ba,  ab,  &  A,  each  of  which,  be- 
ing a  fourth  part  of  the  whole  circumference,  is  called 
a  quadrant,  and  subtends  a  right  angle  at  the  centre  of  the  circle. 

AB  is  called  the  first  quadrant,  Ba  the  second  quadrant,  ub  the  third  quad* 
rant,  and  b  A  the  fourth  quadrant. 

If  each  of  these  right  angles  be  divided  by  straight 

lines  CPi,  CP», into  90  equal  angles,  the 

whole  circumference  will  be  divided  into  a  eorrespond 
ing  number  of  equal  parts,  each  of  which  is  called  a  dc- 
gree.     The  whole  circumference  will  thus  contain  360 
degrees,  and  each  quadrant  will  contain  00  degrees. 

The  angles  themselves,  and  the  srea  which  subtend 
them,  are  called  degrees  indifferently. 

Angles  are  usually  designated  by  the  number  of  degrees  which  they  contain ; 
thus,  a  right  angle  is  called  an  angle  of  !>0  degrees;  two  right  angled,  rr  angle 
of  1 80  degrees,  &c 

If  each  degree  be  divided  into  GO  equal  parl\  each  of  these  smaller  angles  is 
called  a  minute. 

If  each  minute  be  divided  into  60  equal  parts,  each  of  these  smaller  angles  is 
called  a  second. 

Ihus,  four  right  angles,  or  the  entire  circumference  of  a  circle,  contains  560 
degrees;  360  X  60,  or  21,600  minutes;  360  X  60  X  60,  or  1,296,000  seconds. 

Degrees  are  expressed  in  writing  by  placing  a  small  cypher  immediately 
above  the  number  to  the  right;  thus  90*,  45°,  63°,  signify  90  degrees,  45  de- 
grees, 63  degrees,  &c 

Minutes  are  expressed  by  placing  one  accent  in  the  same  manner  above  lire 
number,  and  seconds  by  placing  two  accents:  thus,  35\  40',  &c.  signify  35  mi- 
nutes, 40  minutes,  &c  ;  and  35".  40",  signify  35  seconds,  40  seconds,  6tc. 

Any  lower  subdivision  of  a  degree  U  usually  expressed  in  decimal  parts  of  a 
second. 
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Another  division  of  the  circle  has  been  introduced  by  some  modern  authors, 
especially  the  French.  They  divide  the  whole  circumference  of  the  circle  into 
four  hundred  equal  parts  or  degrees,  each  degree  into  one  hundred  minutes,  and 
each  minute  into  one  hundred  seconds.  'Ihis  method  possesses  many  practical 
jidtantages  over  the  former;  but  the  number  of  valuable  tables  calculated  ac- 
cording to  the  former  system,  will  in  all  probability  prevent  it  from  being  ge- 
nerally adopted.  It  is  called  the  decimal  division  of  the  circle,  in  contradistinc- 
tion to  the  former  which  is  called  the  sexagesimal  division. 

This  being  premised,  we  sliall  proceed  to  define  the  more  important  trigono- 
metrical terms. 

1.  The  complement  of  an  an<r]e  is  the  defect  of  an  angle  from  ninety  degrees. 
Thus,  if  0  be  any  angle,  the  complement  of  0  is  (90°  —  ffy 

2.  The  supplement  of  an  angle  is  the  defect  of  an  angle  from  one  hundred 
and  eighty  degrees.    Thus,  if  0  be  any  angle,  the  supplement  of  4  is  (180*  —  fy 

Draw  two  straight  lines  .An,  Bb,  at  right  angles  to 
each  other,  intersecting  in  the  point  C.     With  centre  .,     P     M 

C  and  any  distance  as  radius,  describe  a  circle,  cutting 
the  straight  lines  in  the  points  A,  B,  a,  b. 

Draw  the  radius  CPi,  forming  with  CA  any  angle 
ACPi  =  0. 

From  Pi  draw  Pi  Mi  perpendicular  on  Ao, 

From  A  draw  ATi  a  tangent  to  the  chde  at  A. 

Produce  CPi  to  meet  ATi  in  TL 


3.  Then  the  ratio  of  PiMj  to  the  radius  of  the  circle,  ia  called  the  sot*  of  tot 
angle  PiCA. 

Or,  ■  A  a       ==     sin.  & 

4.  The  ratio  of  ATi  to  the  radius  of  the  circle  is  called  the  tangent  of  the 

angle  Pi  CA. 

AT,  A       A 

Or,  -jrj-    =    tan.  9 

5.  The  ratio  of  CTi  to  the  radius  of  the  circle  is  called  the  secant  of  the 

angle  PiCA. 

CT!   _ 

ur,  y-i »     "^    sec  9 

6.  The  ratio  of  AMt  to  the  radius  of  the  circle,  is  called  the  versed  sine  of  the 
angle  P  i  CA. 

Or,  -|Tjr-     =     r.  sin.  $ 

7.  The  sine  of  the  complement  of  any  given  angle  is  called  the  cosine  of  that 
angle. 

Or,  sin.  (90°  —  9)    =    cos.  0  and  .\  cos.  (90°  —  #)    =    sin.  J. 

8.  The  tangent  of  the  complement  of  any  given  angle  is  called  the  cotangent 
of  that  angle. 

Or,  tan.  (00°  —  6)    =    cot  9.         and  .\  cot  (90°  —  1)     =    tan.  A 

9.  The  secant  of  the  complement  of  any  given  angle  is  called  the    osecant  of 
that  angle. 

Or,  see.  (90° — 9)    s=   cosed       and.-. cosec(90°  —  I)    s=    seal 


ANALYTICAL  PLANE  1EIQ0N0METRY. 


10.  The  versed  sine  of  the  complement  of  any  angle  is  called  the  co-verted 
tine  of  that  angle. 

Or,      r.  sin.  (90*  —  0)    =    eo-y.sfn.  4 and  .-.  co-r.sin.  (90°— f)  =  v.  sin.# 

We  shall  now  prore  that  the  ratio  of  CM!  to  the  radius  of  the  circle,  in  the 
last  figure,  is  the  cosine  of  the  angle  P  i  CA,  that  is,  the  sine  of  its  complement 

Or  that,  -gg     zz    cos.  A. 

Draw  a  circle  A'BVy,  equal  to  the  circle  ABab,  and 
from  C  the  centre  drawCP  making  with  CA'  the  angle 
PC  A'  equal  to  the  angle  PiCB,  ue,  to  the  comple- 
ment of  Pi  CA,  or  to  (90°  —  *> 

Then  since  CPi  is  equal  to  CP,  and  the  angles  at 

Mi  and  M'  right  angles,  and  the  angle  CPiM,  equal  to 

the  angle  PCM',  the  two  triangles  P, CM,,  POM', are 

equal  in  every  respect,  PiM,  =  CM",    CM,  =r  P'M'. 

CM,     _    FM' 

•"•    ~CT    -     CA 

=    sin.  PC  A'  by  De€ 

=    sin.  (90°  —  6)  by  construct 

=    cos.  i  by  Del 

We  have  hitherto  considered  an  angle  P, CA  less  than  a  right  angle,  but  the 
same  definitions  are  applied  whatever  may  be  the  magnitude  of  the  angle 

Thus,  for  example,  let  us  take  an  angle  PtCA  situated  in  the  second  quadrant, 
that  is,  an  angle  greater  than  one  right  angle  and  less  than  two. 

From  Ptlet  fall  PtMt  perpendicular  on  Aa,  from  a 
draw  aT,  a  tangent  to  the  circle  at  a  meeting  CP  pro- 
duced in  T« ;  then  as  before, 


P.M.  _ 
T5A"  " 
CM, 

m  = 
mr  = 

CT, 

cr  = 

AM,  = 


sin.  PtCA 

cos.P,CA 

tan.P,CA 

secFiCA 
t  sin.  Pi  CA, 


Again,  let  the  angle  in  question  be  situated  in  the  third  quadrant,  that  is,  let 
it  be  an  angle  greater  than  two  and  less  than  three  right  angles. 

Making  a  construction  analogous  to  that  in  the  two 
former  cases,  we  shall  hare 


PtMt 

~CA~ 
CM, 
CA 
*T, 
XA 


sin.  PtCA 

cos.  PtCA 

tan.  P9CA 
m  n  8 
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CT 

jrr-     S     86C  PiCA. 

•^t-r     =:    r.  sin.  PfCA 

Lastly,  let  the  angle  be  situated  in  the  fourth  quadrant ;  thai  is,  let  it  be  an 
Bngle  greater  than  three  and  less  than  four  right  angles,  then  as  befoie 

=    sin.  P4CA 


CA 

CM4 

CA 

AT4 
CA 
CT4 

AM« 
CA 


=  COS.P4GA 

=  tan.  P4CA 

=r  secPiCA 

-w-r-       =  T.  Sin.  P4CA 


We  shall  now  proceed  to  establish  some  important  general  relations  between 
the  trigonometrical  quantities  which  are  immediately  dedudble  from  the  above 
definitions,  and  from  the  principles  of  Geometry.  ,T 

Resuming  the  figure  of  De&  (2) : 
Since  CMP  is  a  right-angled  triangle  and  CP  the 
hypotenuse, 

PM*  +  CM»     s    CP* 

Dividing  by  CP  \ 

PM*   ,   CM»  m 

+  UP"»     =    * 


CP1 
t.  e.  sin.1  0  +  co***  **    =    1   •• 
The  triangles  PMC,  TAC,  are  equlaugmlar  and  similar ;  hence 

PM  _  AT 
CM  -  Cl 
PM 
.  CA     AT 

'•  CM  -  CA 
CA 
sin.  4 


Cj 


t.  e.  A    —  tan.  #. 

cos.  8 


1*) 


In  last  case,  for  4  substitute  (90°  —  f) ;  then 

sin.  (90°  —  6)  ,     . 

a*.  (90"-*)    =    tan.(90--tf) 

cos.  4 


Cr,  A 

'     sin.  6 

From  (2)  and  (3)  we  have 


=    cot  8. 


-(* 


sin.  6 


cos.  6 


Hence, 


cos. 

tan.  4    = 


,    =    tan.  >,   and,   ^  $ 
1 


=    coil. 


cot.  0 


•  or,tan.4cot.4  =     1.-. 


•Oi 


•  The  symbol*  sin.*  0,  cm.*  0,  tan.*  0,  Sec,  signify  th§  square  */ jf*.  f,  the 
fate  is  the  common  notation ; — tuiotuer,  more  strictly  in  accordance  with 
•employed  to  express  the  same  thing,  via.  (sin.  |>,  (oos.|)*«  (t»n.  #*f  fte. 
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By  similar  triangle*  CTA9  CPM. 

CT  CP 

CX  =   CH 

1 


=     (5M 
CP 

Or,  mc.  6    sr    jjj^.  or,  etc.  6  out.  #  =  1 (5) 

By  Definition, 

cosea  $    :=    tec  (90°  —  i) 

1 

=       iST*  •*  •"•*  *  ■*■■  #s  *•••(•) 

Since  GAT  ii  a  right-angled  triangle  and  CT  the  hypotenuse, 

CA»+AT»    =    CT» 

Dividing  by  CAf, 

,    ,    AT»  CT» 

l  +  cr»  =  ex* 

u  €•  1  -f-tan.*#    £5    sec**^... «m ••••.*..•.••,•.  4^ 

By  (3)  we  have 


.-.  cat9  4    = 

Adding  1  to  each  side  of  the  equation, 


cm.** 

ain»*  4 


COS.1* 

sin.  *  I  +  cos.  *  0 
C  sTST? 

=    -^Vii»y(l) 
am.*  0    J  v  ' 

=    cosec'l  by  (6). ^8J 

By  Definition, 

;      *    -     MA 
renin.  I    =     ^r 

CA  — CM 
=    — CA~ 

.       CM 

=   x"Ca 

=     1  — cos.  4 4,9) 

By  Definition, 

ooversin.  $    =  Tersin.  (00s  —  f) 

=  1 — cos.  (90°  —  6),  by  lost  case. 

=  1  —  sin.  6 (10) 

The  above  results,  which  are  of  the  highest  importance  in  all  trigonometrical 
investigations,  may  be  collected  and  arranged  in  the  following  Table,  which 
ought  to  be  committed  to  memory :— 
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TABLE  I. 

L 

Sin.M  +  cos.1* 

rr 

1 

2. 

sin.  0 

008.  0 

= 

tan»# 

3. 

006.  0 

sin.  0 

= 

cot* 

4. 

tan.  4  cot  0 

— 

I 

5. 

sec  loos.  0 

=s 

I 

6. 

cosec  I  sin.  $ 

:= 

1 

7. 

1  +  tan.  ■  6 

^ 

sec*  6 

8. 

l  +  cot** 

:z 

cosec*/ 

9. 

r.  sin.  4 

=: 

I—  COS.* 

10. 

coversin.  # 

= 

1  —  sin.  4. 

11.  The  chord  of  an  arc  is  the  ratio  of  the  straight  line  joining  thttvoetin) 
mities  of  the  arc  to  the  radius  of  the  circle. 


proposition; 
The  chord  of  any  arc  is  equal  to  twice  the  erne  of  helfthe  en. 

Take  any  arc  AQt  subtending  at  the  centre  of  the 
circle  the  angle  ACQ  =r  i. 

Draw  the  straight  line  CP  bisecting  the  angle 
ACQ. 

Join  A,  Q;  from  P  let  fall  PM  perpendicular  on 
CA. 

Since  CP  bisects  ACQ,  the  vertical  angle  of  the 

Isosceles  triangle  ACQ,  it  bisects  the  base  AQ  at 

right  angles. 

•v  AO  =  OQ,  and  the  angles  at  0  are  right  angles. 

Again,  since  the  triangles  AOC,  PMC,  have  the  angles  CMP,  COA,  ngU 
angles,  and  the  angle  PCM  common  to  the  two  triangles,  and  also  the  net  CP  e* 
the  one  equal  to  the  side  C A  of  the  other,  these  triangles  are  in  every  rapci 
equal. 


or. 


.-.    PM 

.-.    AQ 

.     AQ 

"     CA 
chord  / 


=      AO     = 
=   2PM 

~"      CA 

=   2  sin.  PCA 

=   2  sin.  £ 


OQ 


We  shall  now  proceed  to  explain  the  principle  by 
trigonometrical  quantities  are  regulated. 

All  lines  measured  from  the  point  C  along  CA, 
that  is,  to  the  right,  are  considered  positive,  or  hare 
the  sign  -f-  • 

All  lines  measured  from  the  point  C  along  Co,  that 
Is,  in  the  opposite  direction,  to  the  left,  are  considered 
negative,  or  have  the  sign  — . 

AH  lines  measured  from  the  point  C  along  CB,  that 
is,  inward*,  are  considered  positive,  or  have  the  sign -f-w 


the 


•f* 
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All  lines  measured  from  the  point  C  along  Cb,  that  is,  in  the  opposite  direc- 
tion downwards,  are  considered  negative,  or  have  the  sign  -w- . 

Lot  us  determine  according  to  this  principle,  the  signs  of  the  sines  and  os> 
sines  of  angles  in  the  different  quadrants. 

In  the  first  quadrant,  sin.  /  =  ~frr  ,  cos.  t  =z  yrr-1 

Here  Viy\x  =  Cmx  is  rcrkoned  from  Calon^  CB  up- 
wards, and  is  .".  positive. 

CM,  is  reckoned  from  C  along  CA,  to  the  right, 
nn«l  is  .a.   positive. 

Li  the  first  quadrant,  therefore,  the  sine  and  cosine 
are  both  positive. 

In  the  second  quadrant,  sin.  $  =z  -^Vr-* ,  cos.  i  =r  jf^ 

Here  PaMa  =  Cmt  is  reckoned  from  C  along  CB  up- 
wards, and  is  .".  positive. 

CMa  is  reckoned  from  C  along  Co,  to  the  left,  and 
is  .'.  negative. 

In  the  second  quadrant,  therefore,  t/ie  sine  is  posu 
tive,  and  the  cosine  is  negative. 

Lithe  third  quadrant,  sin.  i=z?£^.  cos./  =  ^» 

KjA  '  t»A 

Here  P§Mt  =  Cm,  is  reckoned  from  C  along  Cb,  down- 
wards, and  is  .*.  negative. 

CM,  is  reckoned  from  C  along  Ca,  to  the  left,  and 
is  .*.  negative. 

In  the  third  quadrant,  therefore,  the  tine  and  cosine 
are  both  negative. 

In  the  fourth  quadrant,  sin.  /  =  5?k    cos./  =S~* 

Here  P4M4  =  Cm4  is  reckoned  from  C  along  Cb,  down- 
wards,  and  is  .*.  negative. 

CM4  is  reckoned  from  C  along  C  A,  to  the  right,  and 
is  .*.  positive. 

In  the  fourth  quadrant,  therefore,  the  sine  is  negative 
and  the  cosine  positive. 

Hence  we  conclude,  that,  the  sine  is  positive  in  the  first  and  second  quadrants 
and  negative  in  the  third  and  fourth  ;   and  the  cosine  is  positive  in  the  first  and 
fourth,  and  negative  in  the  second  and  third ;  or,  in  other  words, 

The  sine  of  an  angle  less  than  180°  is  positive,  and  the  sine  of  an  angle 
greater  than  I  S0°  and  less  than  360°  is  negative. 

The  cosine  of  an  angle  less  than  90°  is  positive,  the  cosine  of  an  angle  greater 
than  90°  and  lets  than  270°  is  negative,  and  the  cosine  of  an  angle  greater  than 
270*  and  less  than  360°  is  positive. 

The  signs  of  the  sine  and  cosine  being  determined,  the  signs  of  all  the  other 
tiigonometrical  quantities  may  be  at  once  established  by  referring  to  thsj 
relations  in  Table  I. 

Thus,  for  the  tangent, 

.  sin.  / 

tan.  /    =     - — y 
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Hence,  it  appears  that  when  the  sine  and  cosine  hare  the  same  sign,  the  Ui 
will  he  positive,  and  when  they  have  different  signs  it  will  be  negatite. 

Therefore,  the  tangent  is  positive  in  the  first  and  third  quadrants,  and  *y 
m  the  second  and  fourth. 

The  «*ine  holds  good  tor  the  colaugenl ;  for 

cos.  / 


coL/     = 


sin.  $ 


A  pain,  since  M  1 

6      '  sec/    = 

cos.  # 

the  sign  of  the  secant  is  always  the  same  with  that  of  the  cosine  ;  and,  »I  o 

1 


cosec.  6     ■=. 


sin.  $ 


in  like  manner,  the  sign  of  the  cosecant  is  always  the  same  with  that  of  the  * 
The  versed  sine  is  always  positive,  being  reckoned  from  A  alaay»  in 

same  direction. 

It  is  sometimes  convenient  to  give  different  signs  to  angles  tbemfehei 

have  hitherto  supposed  angles  of  different  magni- 
tudes to  he  generated  by  the  revolution  of  the  move-  p 

able  radius  CP  round  C  in  a  direction  from  right  to 

left ;  ana  the  angles  so  formed  have  been  considered 

positive,  or  affected  with  the  sign  -f- .     If  we  now 

suppose  an  angle  i1  •=.  6  to  be  generated  by  the 

revolution  of  the  radius  CP'  in  the  opposite  direction, 

we  may,  upon  a  principle  analogous  to  the  former. 

consider  the  angle  /  as  negative,  and  affect  it  with 

the  sign  — . 

We  staX  now  determine  the  variations  ill  tie  magnitude  of  ts»  sbc  i 

cosine  for  angles  of  different  magnitudes. 

In  the  first  quadrant: 

Let  CP„  CP„  CP„ be  different  positions 

of  the  revolving  radius  in  the  first  quadrant;  and 

from  P„  P„  P, draw  P,M„  PfM„  PfM* - 

perpendiculars  on  CA. 

It  is  manifest*  that  as  the  angle  increases  the  sine 
increases;  for 

P.M.        P.M.  P.M,        P.M, 

CA    ^    CA     and     CA    "^    CA~ 

When  the  angle  becomes  very  small,  PM  becomes  very  small  slso*  Bsd*" 
lie  revolving  radius  coincides  with  CA,  t.  e.  when  the  angle  becosMS  0,  tk 
PM  disappears  altogether,  and  is  =  0. 

Hence  since,  generally,  sin.  /  =  p-r-   and  since,  when  #=s  0,  PM  s9f 

,\     Kin.  0  =   rrj 

=    0 

On  the  other  nand,  when  the  angle  becomes  equal  to  90*,  PM  eoineiesf ' 

CB,  and  is  equal  to  it, 

PM 
Hence  airce,  generally   sin.  /  =r  jrr,  nod  since,  when  I  —  90*.  F>1  =  < 
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CA 

=   1 ;     v    CB  =  CA. 

Again,  it  is  manifest,  that  as  the  angle  increases  the  cosine  diminishes;  for 

CM,  __  CM,     _J    CM,        CM, 

"^  CA" 


CA 


CA     and    CA 


When  the  angle  is  very  small,  CM  is  very  nearly  equal  to  CA;  and  when 

the  revolving  radius  coincides  with  CA,  t.  e.  when  the  angle  is  0,  then  CM 

coincides  with  CA  and  is  equal  to  it. 

CM 
Hence  since,  generally,  cos.  /  =  ^- ,  and  since,  when  /  =  0,  CM  =  CA; 


cos.  0  = 


CA 


CA 
=    1 

On  the  other  hand,  as  the  angle  increases,  CM  diminishes,  and  when  the 
angle  becomes  equal  to  90,  CM  disappears  altogether,  and  is  =  0. 

Hence  since,  generally,  cos.  /  =  — -,  and  since,  when  /  =  90*,  CM  =  0; 


cos.  90*  = 


0 


CA 

=  0 

Let  us  now  take  different  positions  of  the  revolving  radios  in  the  second 
quadrant. 

It  is  manifest,  that  as  the  angle  increases  the  sine 

diminishes;  for 


P*JL 


P4M« 
CA 


P.M, 
"CA 


-    and  - 


P.M. 


CT 


P.M. 


As  the  angle  goes  on  increasing,  PM  goes  on  dimi- 
nishing; and  when  CP  coincides  with  Ca,  i.  e.  when 
the  angle  becomes  equal  to  180*,  PM  disappears 

n (together,  and  is  equal  0. 

PM 
Hence  since  generally,  sin.  /  =  —  ,  and  since,  when  /  =  180*  PM  =  0; 

CA 

.\  sin.  180«    =     0. 
On  the  other  hand,  as  the  angle  increases  the  cosine  increases ;   for 

CM«  CM,       ,    CM,      ^     CM, 


CA 


CM,        _    CM, 
CA"    and   CA" 


CA 


and  when  the  revolving  radius  coincides  with  Ca  and  the  angle  becomes  180% 

CP  coincides  with  Ca  and  is  equal  to  it. 

CM 
Hence  since,  generally,  cos.  i  =  «1-    and  since,  when  /=  180*,  CM  =  Ca; 

CA 

.-.    cos.  160*  =  £? 

CA 

=:  _  i  ;     v  Ca  =  CA, 

The  negative  sign  is  here  employed,  because  the  cosine  is  reckoned  to  the  left 
slong  Co, 

Pft.-iHining  in  the  same  manner  for  the  third  and  fourth  quadrants,  we  shall 


Ji't 
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bb.  270" 
cos.  270* 
sin.  3GO* 
cos.  3t»r 


0 
0 

1. 


Thus,  it  appears, 

oat,  a»  the  angle  increases  in  the  first  quadrant,  from  0  np  to  SO* 
The  bine,  being  positive,  increase*  front  0  np  to  1, 
r11ie  co»ine,  being-  positive,  decreases  from  I  down  to  OL 

'hat.  as  the  angle  increases  in  the  second  ouadrant,  from  90*  np  to  l*K\ 
'i  he  sine,  being  positive,  decreases)  from  1  down  to  0, 
The  cu»iue,  being  negative,  increases  •  from  0  np  to  —  1. 

!*hat,  a*  tlte  angle  increases  in  the  third  quadrant,  from  180^  op  to  S7tf 
r11ie  sine,  being  negative,  increases*  from  0  np  to  —  1, 
The  cusine,  being  negative,  decreases  *  from  —  1  down  to  OL 

t'hal,  as  the  angle  increases  in  the  fourth  quadrant,  from  270* *op  to  3G(PV 
The  sine,  being  negative,  decreases  *  from  —  1  down  to  0, 
The  cosine,  being  positive,  increases  from  0  up  to  L 

1  he  variations  in  the  magnitude  of  the  sine  and  cosine  being  known,  no*) 
•w*  the  other  trigonometrical  quantities  may  be  determined  bj  means  of  im 
eolations  in  Table  I. 

sin.  $ 

cos.  / 


Thus,  since 


tan.  /    = 


tan.  0    = 


tan.  90«  = 


0 


0 

sin.  90* 
cos.  DO0 


=  »r=. 

i 

=     0  =  * 


The  truth  of  this  last  relation  may  be  readily  illustrated,  by  referring  to  tat 
geometrical  construction ;  when  it  will  be  seen,  that  for  an  angle  of  98',  AT 
becomes  parallel  to  CP ;   and  therefore,  the  point  T,  in  which  the  two  Hast 

meet,  is  at  an  infinite  distance. 

fc'o,  also,  cot.    0     =     or 

cot  90*    =     0 
and  so  for  all  the  rest. 

We  shall  next  proceed  to  point  out  some  important  general  relations,  which 
exist  between  the  trigonometrical  functions  of  angles  leas  than  90*  and  those 

of  angles  greater  than  90*. 

Draw  CP,  making  with  CAany  angle  PC  A,  which 

we  may  call  t ;  let  full  P  M  perpendicular  from  P  on 

CA.     Draw  CP',  making  with  BC  the  angle  BCP 

=  PC  A  =  6 ;  and  from  P  let  fallP  M'  perpendicular 

on  Co. 

Then  the  angle  PCA  =  90*  +  K 

The  two  triangles  PCM,  PCM',  have  the  side  PC 
of  the  one  equal  to  the  side  PC  of  the  other,  also 
the  angles  at  31  and  M'  right  angles,  and  the  angle 

CPM  of  the  one  equal  to  the  angle  PCM'  of  the  other;  .'.  the  two  triangles 
are  In  every  respect  equal ;  and 


*  That  U,  cou*idered  ab»oiutekl  or  independently  of  Its  »ifm. 
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Again, 


PM  =  CM, 

.  FM' 

"•  "CA 

Or,  sin.  FCA 

i.  e.    sin.  (90*  +  0) 

CM  =  FM'. 
CM 
-  CA 
=  oos.PCA, 

=   COS.  /. 

CM' 
CA 
Or,  —cos.  FCA 
ie.    cos.  (9CP  + /) 

PM 
=  CA 
=  sin.  PC  A 
=  —  sin.  1 

As  before,  draw  CP,  making  any  angle  0  with 
CA,  and  draw  CF,  making  with  Ca  the  angle 
FCs,  equal  to  0. 

Then  the  angle  FCA  =  180*  —  0. 
The  two  triangles  PCM.  FCM',  are  manifestly  in 
all  respects  equal;  and 

PM  =  FM',        CM  =  CM' 
PM    _    FM' 
•'•     CA     —      CA 
Ie.    sin.'    =    sin.  (180*— /), 

an  important  proposition,  which  enunciated  in  words  is,  The  sine  of  an  angle  i§ 
equal  to  the  sine  of  its  supplement. 

Again,  CM  CM' 

cos.'    =    —oo*(18<r--') 

that  is,  The  cosine  of  an  angle  and  the  cosine  of  Us  supplement  are  equal  in 
absolute  magnitude,  but  have  opposite  signs. 


If,  as  in  the  annexed  figure,  we  draw  CF,  «Afiy 
with  Ca  an  angle  aCF  equal  to  the  angle  /,  we  shall 
find,  in  like  manner, 

sin.  (180*  +  /)     =    —sin./ 

oos.(180i  +  0    =    cos.(l8(f—  $) 

=r     —  cos.  i. 


If  we  draw  CF,  making  with  Cb  an  angle  6CF  =  ',  then 
sin.  (270i  —  /)    =    —  cos.  ' 
cos.(270i— /)     =    —sin./ 
as  is  evident  from  the  Def.  7,  and  the  rule  for  signs; 
and,  in  like  manner,  we  may  proceed  for  angles  in 
the  fourth  quadrant 

These  relations  being  established  between  the  sines 
and  cosines,  the  corresponding  relations  between  the 
other  trigonometrical  functions,  may  be  deduced  im- 
mediately from  Table  I. 

Thaf»  tan.  (90*+/)    = 


sin.  (90*  +  A 
cos.{9(f+0) 

cos.  1 
—sin.  0 

— aet.' 


•J  I  mm 
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180* 
an.  9 


— oos./ 
—  tan.  # 


and  to  for  all  the  rest 

The  student  may  exercise  himself,  by  verifying  such  of  the 
following  table  as  hare  not  been  formally  demonstrated. 


ranks  it  Iht 


TABLE  II. 


•sin.0  = 

•  cos.0  = 

•  tan.  0  = 

•  cot  0  = 
sec  0  = 
cosec  0             = 

•sin.  (90»— *)  = 
•cos.  (90*  —  9)  = 

•  tan.  (<**•  —  9)  = 
•cot  (90- —  9)  = 

sec.  (90*  —  9)  = 

cosec  (90*—  9)  = 

♦sin.  90«  = 

•  cos.  90#  = 

•  tan.  90*  = 

•  cot.  90#  = 
see,  90o  = 
c>sec  90«         =: 

•sin.  (90«+tf)  = 
•cos.  (90°+  6)  = 

•  tan.  (90°  +  i)  = 

•  cot.  (90°  +0  = 
sec  (90^-f^)  = 
cosec(90o+tf)  = 

•sin.  (180*—  9)  = 
•cos.  (180°—  9)  = 
•tan.  (180°— 9)  = 

•cot-Oso0— 9)  = 

gee.  (Ih0°— 9)  = 
cosec(l80°— 0)  = 

•  sin.  180*  = 

•  cos.  180*  = 

•  tan.  180#  = 

•  cot  180*  = 
sec  180°  = 
cosec  180*       = 


0 
1 
0 

OD 
I 

0D 
COS.  9 

sin.  # 

cot  9 

Ian.  6 
cosec  9 

sec  V 

1 

0 

QC 
0 

QC 
I 
COS.  9 

—  sin.  9 

—  cot  9 

—  tan.  9 

—  cosec  9 
sec  9 

sin.  4 

—  cos.  9 

—  tan.  9 

—  cot  9 
^™"  sec  9 
cosec  9 
0 

—  1 
0 

QC 

—  1 

oc 


•sin.  (180»  +  0) 
•  cos.  (180*  +  9) 
tan.  (180*4-  0) 
cot  ( 180*  +  $) 
sec  (180*  +  0) 
cosec(  180«+ 9) 
sin.  (270.  —  9) 
cos.  (270«  —  #> 
tan.  (270»  —  9) 
cot  (270*  —  0) 
tec  (270»  —  #) 
(27(H— #) 


sin.  270* 
cos.  270* 
tan.  270* 
cot  270* 
sec  970* 
cosec  270 
sin.  (270»  +  9) 
cos.  (270°  +  9) 
tan.  (270»  +  9) 
cot  (270*  +  9) 
sec  (270»  4-  #) 
cosec  (270*+ 1) 
sin.  (360*  —  #) 
cos.  (360*—  9) 
tan.  (360'  —  9) 
cot  (360C  —  #) 
sec  (360*  —  6) 
cosec  (360*—/) 
sin.  360* 
cos.  360" 
tan.  300* 
cot  360* 
sec  360* 
cosec  360 


—  sin.  9 

—  cos.1 
tan.  9 
cot  9 

—  seel 

—  cosec  I 

—  cos.1 

—  sin.  9 
cot  9 
tan.  9 

— cosec I 

—  sec  9 

—  1 
0 


=  0 

=  or 

=  —cos.  9 

=  sin.  9 

=  — cot  I 

=  —  tan.  I 

=  cosec  9 

=  -.sec  9 

=  — sin.  9 

=  oos.  9 

=  —  tan.  # 

=  —cot! 

=  sec  9 

=  —cosec  I 

=  0 

=  0 

=  a 

=  1 


The  results  in  the  above  table  which  are  most  frequently  used,  are  marks4 
with  an  asterisk,  and  ought  tc  be  committed  to  memory. 
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We  have  in  the  preceding  pages  confined  ourselves  to  the  consideration  <>i 
angles  not  greater  than  360*,  but  the  student  can  find  no  difficulty  in  applying 
the  above  principles  to  angles  of  any  magnitude  whatsoever. 

We  shall  conclude  this  introductory  chapter,  by  demonstrating  two  proposi- 
tions which  are  of  the  highest  importance  in  our  subsequent  investigations. 
The  first  is, 

In  any  right-angled  triangle,  the  ratio  which  the  side  opposite  to  one  of  the 
acute  angles  hears  to  the  hypotenuse,  is  the  sine  of  that  angle  ;  the  ratio  which 
the  side  adjacent  to  one  of  the  acute  angles  hears  to  the  hypotenuse,  is  the  cosine 
of  that  angle  ;  and  the  ratio  which  the  side  opposite  to  one  of  the  acute  angles 
bears  to  the  side  adjacent  to  that  angle,  is  the  tangent  of  that  angle. 

Let  CMP  be  any  plane  triangle,  right-angled 
atM. 
Then, 


I'M  .     n        CM 

CP  =  Sin#  °'      CF 


PM 
CM 


=  cos.  C,      £vtt  =  tan.  C. 


or, 
M 
CF 


CM    _  -5„    P  MP  -  «n^  P  MC   -  tun    P 

to  =  ain.  r,       mi   =  cos.  rt      m  =  tan.  r. 


CP 


HP 


From  C,  as  centre,  with  radius  CP,  describe  a 
circle. 
Produce  CM  to  meet  the  circumference  in  A* 
From  A  draw  AT  a  tangent  to  the  cucle  at  A. 
Produce  CP  to  meet  AT  in  T. 
Then,  from  Definitions  (1),  (2),  (3), 

Cp  =  «n«  L,     -gp  =  cos.  U,    jrp  rs  tan.  |^ 

for  CP  s  CA. 
But  the  triangles  TAG,  PMG,  are  similar ; 

AT    _    PM     _ 
•"•        CP    ~    CM 


=    tan.  C. 


Corol» 


PM 
CM 
PM 


CP  sin.  C  =  CP  cos.  P 
CP  cos.  C  =  CP  sin.  P 
CM  tan.  C    =    CM  cot  P. 


The  second  proposition  is, 

In  any  plane  triangle,  the  ratio  of  any  two  of  the  sides,  is  equal  to  the  ratio 
of  the  sines  of  the  angles  opposite  to  them. 

Let  ABC  be  a  plane  triangle ;  it  is  required  to  prove, 
that 

CB        sin.  A      CB        sin.  A      CA  _  sin^B 
CA  =  sin7B,     BX-sTn7T3,    BA  -  sin.  C- 


From  C  let  fall  CD  perpendicular  on  AB. 
Then,  since  CDB  is  a  plane  triangle  right-angled  at  D, 
by  last  proposition, 

CD    =     CB  sin.  B (1) 

Again,  since  CD  A  is  a  plane  triangle  right-angled  at  A, 

CD    s    CA  sin.  A — (8) 
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Equating  these  two  equal  nines  of  CD, 

CBauB    =    CABD.A; 
CB  an.  A 

Ca   - 


In  like  manner,  by  dropping  perpendiculars  from  B  and  A  upon  the 
AC,  CB,  we  can  prore, 

CB     _    sin.  A  CA     _    sin.  B 

BA    —    STC'  fiA     —    5n7TT 

In  treating  of  plane  triangles,  it  is  convenient  to  designate  the  three  anglej 
by  the  capital  letters  A,  B,  C,  and  the  sides  opposite  to  these  angles  by  tat 
corresponding  small  letters,  a,  ft,  a  According  to  this  notation,  the  last  propo- 
sition will  be, 

a  sin.  A  a  sin,  A  ft  sin.  B 

~&  "~  sin.  B  '  c  "~  sin.  C  c  "~  sin.  C" 


CHAPTER  IL 
GENERAL    FORMULA 

Let  ABC  be  a  plane  triangle ;  from  C  let  fall  CD  per- 
pendicular on  AB, 

Let  angle  CAB  =  ', 
and    angle   CBA  =  8, 

Then,    AB    =    BD  +  DA 

=    BC  cos.  8  +   AC  cos.  4,  f*    J 

because  BDC  and  ADC  are  right-angled  triangles. 

Dividing  each  member  of  the  equation  by  AB, 

BC         *.    AC         A 
1    =     AB^'  +  AB008' 

.*.   sin.  C     =     sin.  4  cos.  8  +  sin.  8  cos.  4- 

But,  since  ABC  is  a  plane  triangle,  4  +  8  +  C    =     180* 
.-.  C     =     180- —  (t+8) 
sin.C    =     sin.  J180«  —  (4+0} 

=     sin  (4  +  8),  because  180»—  (4  +  #}  is  the  supplement  ot 

('  +  *)• 

Hence,  sin.  (4  +  4^    =     sin.  4  cos.  8  +  sin.  4>  cos.  4 (a) 

This  expression,  from  its  great  importance,  is  called  the  fundamental foi-mwl* 
of  Plane  Trigonometry,  and  nearlv  the  whole  science  may  be  derived  from  it 
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Given  the  tine*  and  cosines  of  two  angle*,  to  find  the  sine  of  their  difference. 

By  formula  (a). 

gin,  (0  -f-  ff)    =:     gin.  I  cos.  9  +  sin.  f  cos.  A 

For  6  substitute  180°  —  6,  the  above  will  become 

sin.  {l80»  — (0  — *)J  =  8in.(180*  —  0)cos.  9  +  sin.  f  cos.  (180*-- 4) 
But,  sin.  { 180°  —  (*  —  /)]  =  »in.(*  —  9)  v  180»  —  (*  —  f) is  the  supple- 
ment of  (0  —  9). 

And,       sin.  (180° — 0)    =     sin.  4, 
And,       cos.  (180* — 9)    =     — cos.  * 

Substitute,  therefore,  these  values  in  the  abore  expression,  it  becomes 

sin.  (0  —  0   =    **n*  *  cos*  *  —  8in*  *  C08,  *  *****  (*) 


Gitvn  M*  sines  and  cosines  of  two  angles,  to  find  the  cosine  of  their  sum. 

By  formula  (a) 

sin.  (8+  f)   =    sin.  4  cos.  f  +  sin*  9  cos.  4. 

For  4  substitute  90°  +  4,  the  above  will  become 
sin.  [90«  +  (*  +  *)}    =    sin.  (90-  +  t)  cos.  f  +  sin.  9  cos.  (W  +*)fc 

But,  sin. {90*  +  (0  +  9)}  =    cos.  (0+  9),  by  Table  IL 

And,  sin.  (90°  +  f)  =    cos.   4. 

And,  cos.  (90°  +  0)  =   —  sin.  A 

Substituting,  therefore,  these  values  in  the  above  expression,  it  becomes 
cos.  (4  + 4*)  =    cos.  4  cos.  9 — sin.  4  sin.  9  ..- (e) 


Gtittji  M<r  sines  and  cosines  of  two  angles,  to  find  the  cosine  of  their  difference. 

By  formula  (a) : 

sin.  (4+40  =     sin.  4  cos.  9  +  sin.  J  cos.  0, 

For  0  substitute  90°  —  0,  the  above  will  become 

sin.  {90»  —  (4—  *)}  =     sin.  (90*  —  0)  cos.  9  +  sin.  •  cos.  (90-  —  4) 

But,  sin.  {90*—  (0—  *)}  =     cos.  (0— 0»  by  TaM«  **• 
sin.  (90° — 4)  rr     cos.  0  ...... 

cos.  (90°  —  4)  =     sin.  4  ...... 

Substituting,  therefore,  these  values  in  the  above  expression,  it  becomes 
cos.  (I  —  9)  =     cos.  0  cos.  9  +  sin.  0  sin.  9 (<Z) 


tf*  tangents  of  two  angles,  to  find  the  tangent  of  their  sum. 
By  Table  L : 

'r    '  cos.  (0  +  O    •" 


;in.0co^+^c^  ^(     — 
cos.  4  cos.  4^ —  sin.  4  sin.  #     *w         w 
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Dividing  both  numerator  and  denominator  of  fraction  by  cos.  I  ens.  /: 

gin.  4  cos.  /  ,  sin.  /  cos.  4 
__  cos.  4  cos.  /  cos,  /  cos.  4 
""""  .         sin.  4  sin.  / 

cos.  4  cos.  / 
Simplifying,  _    tan.  4  +  tan.  9 

1  — tan.  4  tan.  / 


Crttvii  the  tangent*  of  two  angles,  to  find  the  tangent  of  their  diffract 
By  Table  L : 

tan.    ($-9)  =    *"-  < '  ^  0 

'  COS.  (4 /) 

sin.  4  cos.  9  —  sin.  9  cos.  4  .      ,  ,* 

"      cos.*cos./  +  sin.#sinA'    *f  (•)"*» 

Dividing  both  nnmerator  and  denominator  by  cos.  I  cos.  9 : 

sin.  0  cos.  9  sin.  /  cos.  4 
_  cos.  4  cos.  /  cos.#cos./ 
""  •     .    sin.  4  sin.  / 

cos.*  cos./ 

Simplifying,        _     tan.  4 —  tan.  9  it 

I  +  tan,  4  tan.  9 

The  student  will  haye  no  difficulty  in  deducing  the  following: 

cot     (#+/)    =     Cot'cot'-1 
VT    '  cot  9  +  cot.  * 

cot      (#_/)    =      «*'«*'+' 
v  '  cot/  — -cotef 

lee      ($4-9)    =      _uec#_sec  /  «rser.  4  cosec  / 

cosec  4  cosec  9  —  sec  4  sec/ 

(g__g\    sec  #  sec.  /  cosec  4  cosec  / 

cosec  4  cosec  9  +  sec  tf  sec  / 

cosec  f  4  4-  /)  *  =       sec  4 sec  /  cosec  4  cosec/ 

eec  6 cosec /  +  see/  cosec  6 


cosec  (4  —  9)    ss       aec'  *  "^  ^  co^fC^  *  cosec  / 

sec  4  cosec  /  —  sec  /  cosec  4 


To  determine  the  Mine  of  twice  a  given  angle* 

By  formula  (a): 

•in.  (4  +  /)      =     sin.  4  cos./ +  sin./ cos./ 

Let  #  sc  /,  then  the  aboye  becomes 

idtt.24  =     sin.  4  cos.  4  + sin.  4  cos./ 

=      2  sin.  I  coa.  4 
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Id  the  last  formula,  for  4  substitute  —  ; '  then, 

dn.  9  X  4  =     2  sin.  i.  cos,  4 

2  2  2 

4            4 
Or,    fin.!  =     2  sin.  —  cos.— „. (^2) 


To  determine  the  cosine  of  twice  a  given  angle. 

By  formula  (c) : 

cos.  (4  +  0)     =     cos.  0  cos.  /  —  sin.  4  sin.  0 

Let   0  =  9  then  the  above  becomes 

cos.  2  4     =      cos.»  4  —  sin.*  4  {h  1) 

By  table  I.  sin.*  4  =   I  — cos.*  0;  substituting  this  for  sin.9  4: 

cos.  2  4     =      2  cos.*  4  —  1  , (A  2) 

Again,  since  cos.*  4=1  —sin.*  4,  substitute  this  for  cos.*  4: 

eos.  2  4     =      1  —  2  sin.*  4 (AS) 


7\>  determine  the  tangent  of  twice  a  given  angle. 

By  formula  (e): 

.      ,A  t    m\               tan.  4  +  tan.  4f 
tan.  (4  +  4^      =      , ^    -. 

1  —  tan.  4tan.4r 

Let  4  =  0,  the  above  becomes 

«■**'     =     1=^77 —  (O 

The  student  will  easily  deduce  the  following : 

cot24     =     cotM"-1    «    «*-'-tan.g 

2oot  4  2 

B4M*    *    U      AABAi*    V    3 

sec  2  4      =        qci»    »  coaec   y 

cosec8  4  —  sec"  4 

cosec  2  4=       sec*  4  cosec*  4   _  sec.  4  cosec  0 

2  sec  4  cosec  4  2 


7V>  determine  the  tine  of  half  a  given  angle* 

By  formula  (A  3) : 

cos.  2  4     =      1—2  sin.*  4 

For  4  substitute  — ;  the  above  becomes, 

cos.  2  j     =      1  —  2  sin*  A 

Or,  cos.  4     =      1  —  2  sin.1  L 

.\      2«n.*iL     =     1— cos.4  -4 

oo 
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To  determine  the  conmtofhmfm 
By  formula  (//2): 

ma.  2  #      =•      9  rm*  $  —  : 

For  I  substitute  —  ;   die  n!^>\?  ktume^ 

o*.  a  —       =r      2  com.1  4  —  ! 
2  2 

Or,  ms.  4      rs   '  *  "**4  —  * 

.-.       8  rW  4       =       1  +  cot.  # 


2  /  2 


To  (Lit:  i  mine  the  iaagent  of  half  a  g'*rct:  au^/e- 
Hi  vide  formula  (j)  by  (A): 

sin.  — 


COS. 


Oi, 


tan.-     =    V  p-r- ..  (/I 

Multiply  both  numerator  and  denominator  by^l— cot.  $ ;  tht,  above  berontq 

tan.  ^      =         L=^±J  (|S 

2  sin.*  l 

Multiply  both  numerator  and  denominator  of  (/ 1)  byVl-fxos.  4;  **  hai% 

tan.  4      =  ,*»'    j f,J 

I  lie  student  will  easily  deduce  the  following: 

.    $       _       /1  +  cos.tf 
2  V    1  — cos.  6 

1  -J-  cos.  0 

~~  sin.  4 

sin.  6 

~~  i  —  cos.  6 


2  V   secj  +  l 

.  _£      =       /  2  sec  0 

2  V  sec^-1 


COSW 


7  o  determine  the  fine  <f(n  -f-  1)  4,  in  /ff»»  ofn$9(n  —  1)  4  and  4. 

llv  formula  (a)  and  (A): 

sin.  (#  +  6)      =      '   sin.  /  cos.  4  +  »in.  4  cos.  9 
sin.  (/  —  &)      =         sin.  *  cos.  i  —  sin.  4  cos*  0 

Add  these  two  equations, 
•in.  (0'  +  0)  +  sin.  (J  —  4)    =      2  tin.  •  cos.  f 
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Subtract  sin  (9  —  0)  from  each  member, 

sin.  (0*  +  0)      =      2  sin.  9  cos.  $  —  sin.  [?  —  0 

Let  0*  =  ft  0,  the  above  becomes 

sin.  (n  +1)0    =      2  sin.  n  0  cos.  I  —  sin.  (it—  1)0 (m) 

In  the  abore  formula,  let  n  =  1 ;     .\  n  +  1  =  2,     n  — •  1  =  0 

sin.  2  0=      2  sin.  0  cos.  0  —  sin.  0 


•  • 


=  2  sin.  0  cos.  0,  the  same  result  as  in  (g). 

Let  »  =  2 ;     .-.    n  +  I  =  3,  n —  1=1; 

sin.  3  0=  2  sin.  2  0  cos.  0  —  sin.  0 

=  2X2  sin.  0  cos.  0  X  cos.  0  —  sin.  0 

=  4  sin.  0  cos.2  0  —  sin.  0 

=  4  sin.  0(1  —  sin.'  /)  —  sin.  * 

=       3  sin.  0 —  4  sin.*  0 (n) 

Let  n  =  3 ;     .\  n  +  1  =  4^  n  —  1  =  2; 
,\  By  formula  (in): 

sin.  4  0      =  2  X  si".  3  0  X  cos.  0  —  sin.  2  # 

=  2  (3 sin.  0  —  4 sin.8  0)cos.  0  —  2sin.0cos.  0 

=  (8  cos.*  0—4  cos.  0)siiu  0 

It  is  manifest  that,  by  continuing  the  same  process,  we  may  find  in  suooeaio% 

sin.  5  0,    sin.  6  0, &a 


7b  determine  the  cosine  o/(n  +  1)  0,  m  terns  cf  n  0,  (*  —  1)  4  and  01 

By  formula  (c)  and  (d): 

cos.  (9  +  0)     =      cos.  0"  cos.  0  —  sin.  9  sin.  I 
cos.  (0f  —  0)     =      cos.  0'  cos.  0  +  sin.  0r  sin.  I 

Add  these  two  equations, 
cos.  (9+0)  +  cos.  (/ —  0)      =      2  cos. /cos.  0 

Subtract  cos.  (9  —  0)  from  each  member, 

cos.  (9  +  0)     =      2  cos.  f  cos.  0  —  cos.  (0r  —  0) 

Let  /  =  n  0,  the  above  becomes 

cos.  (n  -f-  1)  0     =      2  cos.  n  0  cos.  0  —  cos.  (n  —  1}  0  ...#M...(o) 

In  the  above  formula,  let  n  =  1 ;    .*.  n  -f-  1  =  2,    n—  1  =  0; 
Then,  cos.  2  0=       2  cos.  0  cos.  0  —  cos.  0 

=      2  cos.1  0  —  lv  the  same  result  as  in  (A  2). 

Let  n  =  2,     .•.  n  +  .1  =  3,  n  —  1  =  1; 

cos.  3  0=  2  cos.  2  0  cos.  0  —  cos.  0 

—  2(2<Jos.«S— l)cos.  0  — cos.0 

=  4  cos.*  0  —  3  cos.  0 (p) 

Let  a  =  3 ;    .%  n  +  1  =  4,     n  —  1  =  2 ; 

•*•      cos.  4  0=      2  cos.  3  0  cos.  0  —  cos.  2  0 

=      2(4cos.a0-.3cos.0)oos.0~(2oof.t#--l) 
=      8cos.«0  —  8ooe.«0+l 

Ti  is  manifest  that,  by  continuing  the  same  process,  we  M|  find,  In 
tion,  coo.  5  0f  cos.  6  0. to 


009 
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By  adding  and  subtracting  (a)  and  (b)t  and  by  adding  and  subtncti 
ind  (d),  we  obtain  the  following  formulas,  which  are  of  considerable  milii 

sin.  (0  +  tf)  +  sin.  (4  —  40     :=         2  sin.  4  cos.  f\ 
sin.  (4  +  f)  —  sin.  (4  —  f)     =         S  sin.  /  cos.  4  t 


(^  +  ^)  +  cos.(4  —  O     =         2cos.4cos.Jf 
(4  +  J)  —  cos.  (4  —  0    =    —  2  an.  4  sin.  0  J 


•  ■•M 


a     +     g 


—   '  +  '  —  §~g 


Any  angle  4  may,  by  a  simple  artiBce,  be  put  under  the  form, 

And,  in  like  manner, 

r     —         2  2 

.•  sin.  4    =     sin.  <  — | —  -f-  —g —  * 

=    sin.  —g—  cos.  — = —  +  sin.  — - —  cos.  — £—  ....—....(l 
•in.  9   =    am.  |-X __J 

=    sin.     -g—  cos.  — g-   —  sin.  — ^—  cos.     '   ■ .....— -»i 
i+l  co*  «=£  -  rfn.  i±£  sin,  9~1 P 

gwi..a  Bin.       ^       sin.       ^    «...    ~i 


COS.  #     =      COS. 


5      2  2      J 


=    cos.  §±f  cos.  *=*  +  .in.  1±/  am.  i=-' « 

Add  together  ( 1 )  and  (2)  : 

sin.  4  +  sin.  4'    =    2  sin.  ^t/  cos.  L=-f. V 

Subtract  (2)  from  (1), 

sin.' 4  —  sin.  0    =    2  sin.  i=^  cos.  ^4r^- -1' 

Add  together  (3)  and  (4), 

cofc  4  +  cos.  J    sr    2  cos.     *L  -  cos.  ■  ~"?    — I 

SB  X 

Subtract  (4)  from  (3), 

cos.  4  —  cos.  J    =    —  2  sin.  ^?  rfn-  L^f J 

These  formulas,  which  are  of  the  greatest  Importance,  might  have  to* 
mediately  deduced  from  the  group  (  q  \  by  changing    4  -f  f  inte  4  ' " 

h*»f,    |  into  i±f,  J  into  iyl 
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DMdo  (r)  Uy  « : 

.     $+0         0-0 
sin,  i  +  sin.  §>     _     g  sin.  ?  cos.  -3— 

.*,,,.- sin.,    -   ^.w^q^ 

-  »        (w) 

tan.  — ; — 

2 

Multiply  (a)  by  (6);  then, 

sin.  (0  -f-  0)  sin.  (0  —  0)      =      sin.1  0  cos.*  0  —  sin.*  0  cos.5  4 

=z      sin.8  4  —  sin.1  0 (r) 

Multiply  (c)  by  (</)  ;   then, 

cos.  (0  +  ,)  cos.  {d  —  ff)     =      cos.1  f 'cos.8  0  —  sin.*  4  sin.8  0 

=z      cos.2  4  —  sin.8  0 £y) 


To  find  the  numerical  value  of  the  sine,  cosine,  j-c.  o/"  45*. 

In   the  circle  ABa,   draw  CA,  CD,  radii  at  right 
angles;  join  AB. 

Then  by  DeSnition  (11), 

AB 

AC 

AB* 


Chord   ACB  (  909  )      = 
Chord*  90*  = 


Atf       • 
_       AC8  +  BO1 
-       —Al7 

""  AC* 

=  2     ... 


.•  BO  r-  AC 


n> 


Now,  the  chord   of  an   arc  is  equal  to  twice  tlie  sine  of  half  the  arc 

therefore, 

=       chord   90* 

=       chord2  90° 

=       2,    by  Equation  ( I ) ; 

1 


2  sin.  45* 
4  sin.*  45« 


sin.  45*        = 


Again,  by  table  I.: 
sin.*  I  -f-  cos.8  6 
cos.1  45* 


v/* 


•  • 


Abo, 


cos.   45*        =: 


tan.  4V        = 


1- 

-sin 

8  45* 

1- 

1 
"  2 

1 

• 

T 

i 

m  ^ 

nn.  15* 

sin. 

45» 

cos. 

45' 

1 

=  cot  45* . 
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To  find  the  numerical  value  of  the  tine,  cosine,  $c  of  JO*, 

In  the  circle  ABo,  draw  CP,  making  with  CA  the 
angle  ACP  =  60* ;  join  A,  P. 

Now, 

2  sin.  30*       =       chord  GO0 

—       AP 

-     aO 

=a        j£  V  AP=  AQ,  v  the  Irian.  APC 

angular,  and  therefore  ep 
=         1 


Again, 


•hi.  30»       =       1. 

2 

cos.  30*        =r     y/\  — sin.-  jo* 


=    v/l  — i 

2 
Ab*  tan.  30-        =        ***** 


cos.  30" 

1 

V/3 


cot  30°        = 


Again, 


Also 


tat i.  .*)* 
=     v/3 

To  find  the  numerical  value  of  the  tine,  c**l*e*irc*  %»♦  '"A*. 

sin.  C(V        =         cos.  (5KT  —  <iO*  ) 
=        cos.  80* 

=     VL*_,  by  last  art 

cos.  60»        =        sin.  (!XV»  —  (*>•) 
=        sin.   30* 

tin.  60°        =r      ^3 

1 
cot  GO*        = 


It  mny  be  useful  to  exhibit  the  most  useful  results  in  this  ctofi* 
following 

TABLE    III. 

(1.)    sin.  <6±P)  =    sin.  4oos.S±  «n.  ?cos.# 

(2.)     cos.(J±f)  =     cos.#coa.**  sin.  *«in  # 

ti\    *       /^j.^%  tin.  J  ±  tan.  # 

(3.)    tan.f>+/)  =      ,  ^^j^, 


i 
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<*.)    sin.  20  =    2sin.  0coa.  # 

(5.)    cos.  20  =    cos.**  — sin.«0  =  2  cos.*  0  —  1  =r  J—  Srin.*4 

Stan.  0 


(6.)    tan.  2  0 


i  —  tan."  0 
6  /I  —  cos.  0 


8 


(7.)  sin.  T  =  / 

<8.)  cos.{  =  /LEpJ 

/9>  tanl  =     /i  —cos,  0  __  1  —  cos.  0  __      rin.  J 
V  *;         "2  v   j+cwj-       sin.  *       —  r-f  cot* 

0  0 

.(10.)  sin.  0  =     2  sin.  ~  cos.  — 

(11.)  sin.  3  *  =3  sin.  0  —  4  sin.8  0 

(12.)  cos.  30  =     4  cos.8  0  —  3  cos.  0 

(13.)  sin.  (n+\)3  =     2  sin.  w 0  cos.  0  —  sin.  (» — I)  #. 

(14.)  cos.  («  +  1)  0  =    2  cos.  n0  cos.  0  — -  cos.  (n  —  ]}  4 

(15.)  sin.  0  +  sin.  0'  =r     2  sin.     "V      cos.     "7 

0 ^         /*  4-  * 

(16.)  sin.  0  —  sin.  0  =     2  sin. — —  cos.--—— 

(170  cos.  0+ cos.  ^  =    2  cos. —~-  cos. -™- 

(18.)  cos.  0 —  cos.  0  zz    — 2  sin. —~- sin. 


(19.)     -: — r-1 -=r     = 


tan.  — ^— 


sin.  0  —  sin.  0  0  —  0 

tin.  — — 

(20.)  sin.  (0+  0)  +  sin.  (0—09  =  2  sin.  0  cos.  * 

(21.)  sin.  (0+09 — sin.  (0 — 09  =  2  sin.  <?  cos.  0 

(22.)  cos.  (0  +  09  -J-  cos.  (0  —  0r)  rr  2  cos.  0  cos.  0f 

(23.)  cos.  (0+09  —  cos.  (0  —  09  =  —  2  sin.  0  sin.  0 

(24.)  sin.  (0+0*)  cos.  (0  —  09  =  sin.*  0  —  sin.8  0  =  cos.1  0  —  «•.'  rf 

(25.)  cos.  (0+09  cos.  (0  —  0')  =  cos.*  0  — sin.1  0f=cos.t0+ons.»#-l 

(20.)                        sin.  45°  =  cos.  45°    =  —~ 

(27.)                        tan.  45°  =  cot  45"    =    1 

(28.)                        sin.  30°  =  cos.  60»    =   — 

(29.)                        cos.  30°  =  sin.  6<T    =   *£- 

(30.)                        tan.  .TO"  =  cot  6U»    =  -^ 

(31.)                        cot  30*  =  tin.  60#=/S 
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The  formulas  of  Trigonometry  may  be  multiplied  to  almost  any  extent,  ai 
the  same  quantity  may  be  expressed  in  a  vast  number  of  different  ways.  An  ii 
timate  acquaintance  with  those  given  in  the  above  table  is  essential  to  the  pre 
gress  of  the  student 


The  following,  although  of  less  frequent  occurrence,   may  occasionally  fo 
found  useful,  and  can  be  readily  deduced  from  the  above. 


V*'      (cos.  (45' J*)  5     = 
(33.)    tan,  (45°  ±6)  = 

(34.)    tan.«(45'  +  5)        =      {-| 


(35. 
(36. 
(37. 
(38. 
(39. 
(40. 
(41. 
(42. 
(43. 
(44. 
(45. 
(46. 
C47. 
(48. 


COS.   $  ± 

sin. 

0 

v/sT 

1  ±tan. 

i 

1  Ttan. 

1  i  sin. 

6 
0 

1  +  sin. 

1  +  sin. 

0 

cos.  6 

tan.  4  -f- 

tan 

.0 

I  +  sin.  0 

cot  0  +  out  0 

cot  0  —  cot. 
cot  I  —  tan. 

* 
9 

tan.  (45»±|)         = 

sin.  (0  +  0*)  __  

sin.  (0  —  /)  ~~      tan.  0  —  tan.  0 

cos,  y0  +  <0  __      cot  0r  —  tan.  0 

cos.  (0  —  0^  """      cot  9  +  tan.  0       ""      cot.  0  +  tan.  # 

sin.  0  +  sin.  &  1+0 

cos.  0  +  cos.  0         ■"  8 

sin.  0  +  8*»«  ^         _       -„*  f —  ^ 
cos.  0  —  cos.  ^  2 

sin.  0  —  sin.  0*         _      t       # -^ # 
cos.  0  +  cos.  ^         —  2 

sin.  0  —  sin.  £  A  0  +  0 

- — ^ m         =— cot — 5— 

cos.  0  —  cos.  0  * 

cos.  0  +  cos.  0  A  0  +  0*  _  .   6—  t 

. -J- =      —  cot  —5—   cot  —5 — 

cos.  0  —  cos.  0  *  • 

sin.  (0  +  0^ 
tan.  0  +  tan  *        =      ^  #  ^jr 

.   >.  1       *  *         -      sin.  (0  +  f ) 
cot  0+  cot  #         =      sin  §  sin,  , 

sin.  (0  —  0) 
tan.0-tan.  0>        =      ^  §  ^  0 

sin.  (0  —  0) 
cot0  —  cot^         =  —  6in.  0  sin.  ^ 

sin.  (0  +  /)  sin.  (0  —  0) 
tan.'*  —  tan.  *      =  cos.»  0  cos.1  J 

sin.  (0  4-0^  sin.  (0  —  #) 
cot1  0  _  cot*  0f      =  —  sISTTrinTT 


In  order  to  become  familiar  with  the  various  combinations,  and 
the  application  of  these  expressions,  the  student  will  do  well  to  exercise  hum*) 
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by  verifying  the  following  values  of  Sin.  4,  Cos.  4,  Tan.  4,  which  are  extracted 
from  the  large  work  of  Cagnoli. 


TABLE  OF  THE  MOST  USEFUL  ANALYTICAL  VALUES 

OF  SIN.  6,  COS.  0,  TAN.  1 


VALUES  OP  SIN.  4. 


L  cos.  4  tan.  4 
_  cos.  4 

col  e 

3-  \/  I  —  cos."  4 
1 


Vl+cot*4 

tan.  4 

y/  I  +  tan.*  4 

6.  2  sin.  •=■  cos.  -j- 


VALUES  OF  COS.  4. 


16. 


sin.  4 


tan.  4 
17.  sin.  4  cot.  4 

l®«  y/i  — sin.*  4 
1 


19.      — 

2a 


v/l+tan.*4 
cot.  4 


7. 


v/l  —cos.  2  4 
2 

0 
2  tan.  -y 

l+tan.«¥ 


9. 


v/l+cot*4 

21.  cos.»i.— sin.«i- 

22.  l_2iln.«  *- 

23.  2  cos.«  4  —  1 


24. 


/T+ cos.  2  4 


10 


4  4 

cot  —  +  tan.  — 

sin.(:K>°-|-4)-sin.(300-4) 


V/3 


4 


25. 


l-ta».«4 


II.  2sin.2(45»+2)  — 1 

12    I— 2  sin.*  (45— -g-) 

I  —  tan.2(45«—  —) 
13 L_ 

1  +  taiu*  (4oo_  6  ) 
t«n(4id  +  *)-tan.(l5°-|) 

14 


26. 


27. 


28. 


VALUES  OF  TAN.  4. 


31. 
32. 


sin.  4 
cos.  4 

1 
cot.  4 


33.  V-^rj-  -TT 

v   cos.11  4 


34. 


sin.  4 


^/ 1  —  sin.*  4 


36. 


37 


cos.  4 

2tan.| 

l  —  tan.*  — 
2 

cot.«-|_. 


l  +  Un.»|-. 

4 

cot  -—  —  tan. 
2 

4 
2 

cot.  —  +  tan. 

4 
2 

1 

1  -f-  tan.  4  tan. 

4 
2 

2 

...«,.     . 

,-      .    *x 

38.  ^  a 
cot tan.  -— 

2  2 

39.  cot  4  —  2  cot  2  4 
I  —cos.  24 


40. 
41. 


42 


sin.  2  4 

sin.  2  4 
F+  cos.  2  4 

V    1  + 


—  cos.  24 
cos-  £4 


f  . 


tan.(468+  g  )+cot.(4o°+  ^) 


15.  sin^60-f4V-«in/60*-4^  30  cos.(60e+4Hcos.(6Dd-4) 


43.  ta«(4d°+g>-tan.(45»-£^ 


\ 
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To  develop  sin.  x  and  cos.  x  in  a  series  ascending  by  the  powers  qfx. 

The  scries  for  sin.  x  must  vanish  when  x=0,  and  therefore  no  term  in  the 
scries  can  be  independent  of  x,  nor  can  the  even  powers  of  or  occur  in  the 
series;  for  if  we  suppose 

sin.  x  =      a,x  +  a,**  +  a*x*  +  a4x*  +  a*x*  -f-  .  .  .  . 
then  sin.  (— *)  =  —  axx  -f  a^x*  —  o^  +  a^jc4 — a*x*  +  .... 
but  sin.  ( — *)  =  —  sin.  * 

=  —  axx — a^r2  —  a,*3  —  a<x<- — a+x* —  .... 

,\     a,  =  —  a„aA  =  —  a«, ;  hence  a,  =  0,  a4  =  0, 

.\  sin.  x    =      axx  -f  as*3  +  <****  +  ff;*7  + (1) 

Again,  the  series  for  cos.  x  must  =  1  when  x  =  0,  and  therefore  the  series 
must  contain  a  term  independent  ofx,  and  it  must  be  1;  also,  the  series  can 
contain  no  odd  powers  of  x,  for  if  we  suppose 

cos.  x  =  1  -f  <*i*  +  A**2  +  fib*8  +  *****  + 

then  cos.  (—  x)  =  1  —  axx  4-  a***  —  0s*3  4-  a**4  —    

but  cos.  ( —  x)  =  cos.  x 

=  1  +  axx  4-  a,*2  +  a**3  4-  a**4  4*     

.*.       a,  r=  —  a,f  a3  =  —  03, .....    .*.  a,  =.  0,  a3  =  0  ..... 

.*.  cos.  x  =  1  -f-  a^x*  +  «<**  +  ae**  +  •  (2) 

I  h'licc  cos.  x  -f  sin.  x  =  1  +  a,x  +  art8  4*  As*3  +  a«x*  4*  <*s**  4- (3) 

cos.  x  —  sin.  x  =  1  — a,x  4-  a,x2  —  fib*8  4-  aAx*  —  <?j**  4- (4) 

Now  in  equation  (3)  write  r  +  Hor  x,  and  wo  have 

ros.(x+A)+sin.(x+A)==14-o»(*+/0+^(^+A)2+fla(^4-A)34- (5) 

ou!  vOs.(x4-A)4-8in.(x4-A)=cos.xcos.A — si n. x sin. A -f- sin. ar cos. 7*4- cos.* sin J^ 

=cos.  h  (cos.  x4-sin.  x)4-wn.  A  (cos.  x — sin.  a?) 
=(1 +aji*+aji*+ . . . .) .  (1 4-fli*4-oa*t4-«»*34-...) 

4-     (a,/*4-08A,4-fl»A,4-...)(l-«i*4-avr*--aa*»4--) 
=  14-a,x4-  a^z*  4-  as*3      4-«««-« 

4-«,A— a,*xA4-  atajX*h  4- 

4-  ajt*  4-  «,««xAt4- ^> (6) 

4-flaA3      4- 

4- 

Comparing  equations  (5  )  and  (6)  we  have 

J  +fl,x-|-  fl/X2  4-  a^r3   4- ....  "\      1  4-  a,x  +  ajr*      4-  «3**        4- 

H-rt,A4-2rt3xA+3fl3x?A-h  . . . .  /        4-  <*»A  —  axaxxh  4-  ai<itX*A — 

4-  ajA2  4-3ai*A8  4*  •  •  •  •  V  =  4-  <*Ji2     4-  fliO^rA1  4- 

4-  a^3   4- ....  \  +  <h¥       — 

4-....  3  + 

ami  equating  the  coefficients  of  the  terms  involving  the  same  powers  of  *  and 

A,  we  have 


<7,n, 


2<i*=  — <?,a,;  therefore  a.  = -'  =  —  — - 

2  1.2 

3«j=      a,««    *,=       ^*  =  - 

3 


4«4  = —  a,a3 
5a,  =      a,a4 


4 


2 

]  .2.* 
„4 


J.2..S.4 


a-=       £•!'  =  -,- 

5  1.2.3.4.5 
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hence  .in.  ,  =  «,«_  ^^+ _^_^_ -^1-^ +.. . 

and  wc  have  only  to  determine  the  value  of  a,.     To  effect  this  we  have 

sin.  x  =  atx —  J?i--  x*  +   ,    *'       ar5  —  . . . . 

1.2.3  1.2.3.4.5 

=  0,1:  (l  -  -f£.**f  — ^--  *«-... .) 
\  1.2.3  1 .2.8.4.5  / 

Now  the  value  of*  may  be  assumed  so  small  that  the  series  in  the  paren- 
thesis, and  sin.  xt  shall  differ  from  1  and  x  respectively,  by  less  than  any 
assignable  quantities;  hence  ultimately 

x  =  a,x,  and  therefore  a,  =  1 ;  whence 

jr»      .  «»  x7 


sin.  x  —  x  — 


+ 


1  .-2.3  1 .2.3.4.5 

x2  x4 

cos.  X  =  1  —     —      +     

1.2  1.2.3.4 


1.2.3.4.5.6.7 

*» 
1.2.3.4.5.6 


+     .    . 


mjm  .  .  •  • 


To  develop  tan.  x  and  cot.  x  in  a  series  ascending  by  the  powers  ofx. 

The  development  may  be  obtained  from  those  of  sin.  x  and  cos.  x,  already 
found. 


tan.  x  = 


sin.  x 
cos.  x 


X —  +     — Z &c. 

1.2.3         1.2.3.4.5 

X*  2*  I 

1.2 


1.2.-3.4 

and  the  series  will  therefore  be  of  the  form  or-f  a9xs-{-aix*^ra7x7-f-  .  . .  . 

Xs      ,         x* 


x  — 


Hence,  let  x  -f  rijX*  +  «sx*  -f  .  .  .  = 


1.2.3 


+ 


1 .2.3.4.5 


.... 


1   -     —    + 
1.2    T 


1.2.3.4 


••'-A+.-TO-"=(,-S+nSr4-"-)('+a^+<,1*,+  ') 


=    x+    a3>*,+     a» 


1-2 


o3 


+ 


1-2 
1 


1.2.3.4 


**+ 


Hence,  equating'  the  coefficients  of  the  like  terms,  we  have 


__1^  __ 1_ 

"'       1.2  1.2.3 

1.2  1.2.3.4 

•\  tan.  x     =     x     -f* 


.".  a3      = 


1 


J. 2.3 

.•.  as     = t\c. 

1.2.3.4.5  1.2.3.4.5 

9x*  S'x* 


2ZL.     ^-     — -_  ._     + 
1.2.3  1.2.3.4.5 


«•  —      1  *r 

Dim.  ctV..  x    =    —     —     - 

*  I.2.J 


2V 


1.2.3.4.5 
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CHAPTER   I1L 


FORMULJE  FOR  THE  SOLUTION  OF  TRIANGLK& 


We  shall  here  repeat  the  enunciations  of  the  two  propositions  established  is 
Chapter  L 

PROP.    I. 

In  any  right-angled  plane  triangle, 

1° .   The  ratio  which  the  side  opposite  to  one  of  tlie  acute  angle*  has  to  tie 
hypothenuse,  is  the  sine  of  that  angle, 

9° .  The  ratio  which  the  side  adjacent  to  one  of  the  acute  angles  has  to  the 
hypothenuse,  is  the  cosine  of  that  angle* 

3°  .   The  ratio  which  the  side  opposite  to  one  of  the  acute  angles  has  to  the 
side  adjacent  to  that  angle,  is  the  tangent  of  that  angle. 


Thus,  in  any  right-angled  triangle  ABC, 

CB         .  BA  CB 

^  =  sin.  A,   ic  =  cos.  A,    BA  =  tan.  A 

=  cos.  C,  =  sin.  C,  =  cot  C 

Or,       CB  =  AC  sin.  A  )    ^ 


=  AC  cos.  C 
BA  =  AC  cos.  A 


=  AC  cos.  A  >      I  (   „ 

=  AC  sin.  C    J     /  — •"•- l" 


CB  =  BA  tan.  A 
=  BA  cot  C 


} 


PROP.    II. 

Iii  any  plane  triangle%  the  sides  are  to  each  other  as  the  sines  of  the  angles 

opposite  to  them* 

We  shall,  henceforth,  in  treating  of  triangles,  make  use  of  the  following  no- 
tation. We  shall  denote  the  angles  of  the  triangle  by  the  large  letters  at  the 
angular  points,  and  the  sidvs  of  the  triangle  opposite  to  these  angles,  by  tlis 
corresponding  small  letters. 

Thus,  in  the  triangle  ABC,  we  shall  denote  the 
angles  BAC,  CBA,  BCA,  by  the  letters  A,  B,  C,  re- 
spective'y,  and  the  sides  BC,  AC,  AB,  by  the  letters 
a,  A,  c,  respectively. 

According  to  litis,  we  shall  have,  by  the  proposition, 

a  sin.  A 


b      - 

a 

r. 


sin.  B 

sin.  A 
sin.  C 


(A 


•      "~     sin.  C     J 
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PROP.  IIL 

In  any  plane  triangle,  the  sum  of  any  two  sides,  is  to  their  difference,  as  th* 
tangent  of  half  the  sum  of  the  angles  opposite  to  them,  is  to  the  tangent  of  half 
their  difference. 

Let  ABC  bo  any  plane  triangle,   then,  by  propo- 
sition, II 

a  __    sin.  A 
~F  sin.  B 

a  +  b  sin.  A  +  sin.  B 


a  —  b            sin.  A  - 

—  sir 

i.B                                        A      " 

B 

But,  by  Trigonometry,  Chap.  11 

L  (r% 

sin.  A  +  sin.  B 

— : 

„   .     A  +  B          A  — B 
2  sin.       £       cos.       g 

sin.  A  —  sin.  B 

= 

A  +  B    .     A  — B 
2  cos.  —3 —  sin.  — 5 — 

a  +  b 

= 

„  .     A+B         A  — B 
2  sin.  — g —  cos.  — 5 

••       «-6 

A  +  B    .     A  — B 
2  cos.  — ^ —  sin.  — g- 

ss 

.       A+B     A A— B 
tan.      J      cot       9 

Ian.  — |— 

.       A  — B 
tan.— g— 

And,  in  like  manner, 

a  +  c 

= 

.       A  +  C 
tan.  —J— 

a  —  c 

A  — C 
tan.       £ 



b  +  c 

= 

#       B  +  C 
tan.       2 

b  —  c 

B  —  C 
tan.       2      J 

PROP.  IT. 

(y) 


To  express  the  cosine  of  an  angle  of  a  plane  triangle  in  terms  of  the  sides  of 

the  triangle. 

Let  ABC  be  a  triangle;  A,  B,  C,  the  three  angles; 
m,  b,  c,  the  corresponding  sides. 

1.  Let  the  proposed  angle  (A)  be  acute. 

From  C  draw  "JD  perpendicular  to  AB,  the  base  of 
the  triangle. 

Then,  . 

B(?  =  A(7  +  AF  —  2AB.  AD  (Geom,)  AD 

Or. 

d*  =  P    +    c"   —  8c  .  AD 
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Bat,  since  CDA  is  a  right-angled  triangle, 

AD  =  AC  cos.  CAD  =  b  cos.  A 

.-.    a*    =   b*  +  t?  —  S&c  cos.  A 

b*  4-  c* a* 

•••   cos.  A    =    ^7Z which  is  the  expression  required. 


20c 

2.  Ijct  the  proposed  angle  (A)  be  obtuse. 
From  C,  draw  CD  perpendicular  to  AB  produced. 
Then, 

BC»  =  AC*  +  ABf  +  2AB.  AD 
Or, 

a*     =   b*     +  <«     +  2c    .  AD 
But,  since  CDA  is  a  right-angled  triangle, 
AD  =  AC  cos.  CAD 

=  AC  X  —  cos.  CAB        v  CAB  is  the  supplement  of  CAD. 
r=  —  b  cos.  A 
.%     a*  =z  b*  -f-  c*  —  2bc  cos.  A 
b'  +  c*  —  cfi 


D      AB 


cos.  A  = 


°bc 


Tt  will  be  seen  that  this  result  is  identical  with  that  which  wo  deduced  in  the 
last  case,  so  that,  whether  A  be  acute  or  obtuse,  we  shall  hare, 

tV  +  c«  —  ff«-i 

CM-A  =  — m — 

Proceeding  in  the  same  manner  for 

the  other  angles,  we  shall  find, 

a«+c*-_  P 
cos.  B     :=     » 

2<IC 

cos.0     =   gjj— 


CO 


pkop.  r. 

7^  express  the  sine  of  an  angle  of  a  plane  triangle  in  terms  of  the  sides  of 

the  triangle. 

Let  A  be  the  proposed  angle ;  then  by  last  prop., 

_  6»  +  c*  —  g» 
2bc 


cos.  A  = 


Adding  unity  to  each  member  of  the  equation, 

1  +  cos.  A    =  1  +       ^2bc 

_ m  b*  +  2bc  +  c*  —  a* 

_  (b  +  c)*  —  a* 

_  (6  +  c  +  g)  (b  +  e 

""  2&C 


=±» 


Again, 


C0*A=   8^— 


CI) 
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Subtracting  each  member  of  the  equation  from  unity, 
l_cos.A  =  1-      "^ 


501 


2£c 
_  a*—(b*  —  2bc  +  c-) 

_  q«  — (S  — c)» 

""  26c 

—   (fl  +  b  —  c)  (fl  +  c  —  *) 

~  2bc 


•(*) 


Multiplying  together  equations  (1)  and  (2), 

Eutfl+coiAX1— <3oe.A)=  1  —  cos.*  A 

=  sin.*  A    (Table  I.) 

.   ,  A  _  (a+t+c)  (M-M  (g+o-6)  (g+&-c) 
•*•  Mn#  A  —  4b*c* 

Extracting  the  root  on  both  sides, 

«**•  A  =  ggj  *y/ifi+b+cyj>+c— aXa+c-b){a+b-c)...{?) 


The  above  expression,  for  the  sine  of  an  angle  of  a  triangle  in  terms  of  the 
sides,  is  sometimes  exhibited  under  a  form  tome* hat  different 

Let  s  denote  the  semiperimeter,  that  is  to  say,  half  the  sum  of  the  sides  of  the 

triangle;  then 

a  +  b  +  c        .  a  .   ,    , 

s    =  g  ' — ,  and,  2*    =    a  +  b  +  c 

&  +  c  —  a  .  ,  v  ,. 

s  —  a    =     — —$ ...    2  (8  —  a)    =    b  +  c  —  a 

,           a  +  c  —  b  ^  ,        _  v 

j__  b    =    — —g ...    2(s  —  5)    =    <z-fc— .6 


8  —  c    = 


...     2  (s  —  c)    ==    a -f- o — c 


Substituting  2  *,  2  (*  —  a), for  a  +  6  +  c,  6+c  —  a,. 

pression  for  sin.'  A,  it  becomes 

sin.  A    —  ^■"c1 


in  the  ex- 


And  extracting  the  root  on  both  sides, 

2 

■I,lA    =    Jl  '  V^*  («  —  «)(*  — ^(*—c) 

Proceeding  in  the  same  manner  for  the  other  angles,  we  shall 
Ind 

sin.B    =    ^.t/a(#  — «)(*— 6}(*  — 3 

2  , 

in.  C    =     -j  .  y/8  (#  —  a)  (s  —  *)  ft  —  c) 


r- 


sin. 


~..-ff) 
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By  equation  ( I)  we  have 
1  +  cos.  A 


_    (a  +  b  +  c)jb  +  c  —  «) 


2bc 


But,  by  Chap.  II, 

1  +  cos.  A 


••.     2  Cos"  -g 


4  i  (t  —  a) 
26c 


A 

2cos.'-g- 

2  6c 


Extracting  the  root  on  both  sides, 

A  /*(*  —  a)  m 

And  in  like  manner, 

COS.  «3-      ss     /  -i ' 

2  v        ae 

_    C  ATT^cf 

^  2    =/-i73^ 

By  equation  (2)  we  have 

1—  cos.A    =    ■ jfj^ 

_    i(s  —  b)(s  —  c) 
—  86c 

But,  by  Chap.  II, 

1  —  cos.  A    =:    2  rfn."  -g- 

..     Ssin.   «g-    —  8^. 

Extracting  the  root  on  both  sides, 

-4  =  yE=5E=?n 


»*•«••«•• 


— »C] 


And  in  like  manner, 


„B    =    /(.-„){, -c) 


>m 


Dividing  the  formulae  marked  (£)  by  those  marked  (#),  we 

*  v        *  (#  —  a) 


*  V        s(s — b) 

»  -J        •(•  —  «)        J 
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CHAPTER   IV. 

ON  THE  CONSTRUCTION  OF  TRIGONOMETRICAL  TABLES. 

Before  proceeding  to  apply  the  formula  deduced  in  the  last  chapter  to  the 
solution  of  triangles,  we  shall  make  a  few  remarks  upon  the  construction  of 
those  tables,  by  means  of  which  we  are  enabled  to  reduce  our  trigonometrical 
calculations  to  numerical  results. 

It  is  manifest,  from  definitions  1°,  2°,  3°,  &c  that  the  various  trigonometrical 
quantities,  the  sine,  the  cosine,  the  tangent,  &c.  are  abstract  numbers  repre- 
senting the  comparative  length  of  certain  lines.  We  have  already  obtained  the 
numerical  value  of  these  quantities  in  a  few  particular  cases,  and  we  shall  now 
show  how  the  numbers,  corresponding  to  angles  of  every  degree  of  magnitude, 
may  be  obtained  by  the  application  of  the  most  simple  principles. 

The  numbers  corresponding  to  the  sine,  cosine,  &c  of  all  angles  from  1'  up 
to  90°,  when  arranged  in  a  table,  form  what  is  called  the  Trigonometrical 
Canon. 

The  first  operation  to  be  performed  is 

To  compute  the  numerical  value  of  the  tine  and  cosine  of  1'. 
We  have  seen,  Chap.  II.  formula  (J)  that 

0_    __     /l cos.  & 

•  S     ""  V  8 

=  v/j  —  iv'l  —  si".  ** 

By  which  formula  the  sine  of  any  angle  is  given  in  terms  of  the  sine  0/ twice 
i.  at  angle. 

Now  substitute  -tt  for  $  and  it  becomes 

Sin.Jorsin.gr    =  J  J  _  j  Jx  _  ^  t    *_ 

In  like  manner,  sin.  gr    =  ^/i  —  J  ^/l  _ sin. •  g- 

nn-jr    =  v/i  — iyi— sin.1^ 
&&   =   &c 
And  generally,    sin.  ^    =  y/k  —  i  J\  —  sin.*  g^- 


Nowlet  *   =    30*         .".        -j    =    & 


and  applying  the  above  formula,  we  have 
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Brt  by  Cliap.  U.  sin.  M>*  =  j       .*.  sin,  •  S0»  =z  j 

.\     tin.  15°     =  V'i— i^/riTj 
=  4^/2—^3 
=  -2588190 

Stailarly,        tin.  7*  W  =  Vj  —  *  ^/l— tin.1  !*• 

=  \/i  —  *  vM  —  (-3588190)* 
=  -1305268    .... 

It  it  manifest*  that,  by  continuing  the  promt,  we  tball  obtain  in  ami 
the  tines  of  «•  45*,  of  l°W  30*,  && 

In  this  way  we  find 

Siiu  ^  or  sin.  1'  4S»  23"  7*  30*   =  -00051 13269,  ex. 

8in.  ^  or  sin.  52"  44'"  3W  45*   =  "0002556634,  Ac, 


From  which  it  appears,  that,  when  the  operation  abuts  saenlieeei  hi 
repeated  so  many  times,  the  sine  of  the  are  is  hal?ed  at  the  asset  tJaeetl 
arc  itself  is  bisected :  that  is, 

The  sines  of  very  small  arcs  are  proportioned  to  tkg  est* 

Hence  we  shall  hare 

Sin.  52"  44"  3*  45*   :  sin.  V  ::  52*44*  3*  45*   :  I' 

60  fit 

S:  2s  6OX«0 

: :  3600  :  4096 

sin.  52"  44"  3*  45*   x  4096 


tin.  1'  = 


3600 
-0002556634  X  4096 


""  3600 

=  •000290888204 =  cos.  89*  59>  v  tin.  *=o*(ir- 

Again,  •.•  cot.  $  =  \/ 1  —  tin. s  0 

cos.  1'  =  t/ 1  —  (.000290888204  ...  )» 
sr  -999999915384  ......... 

The  sine  and  cosine  of  1'  being  that  determined,  we  shall  fnowitsi 
in  what  manner  we  shall  now  be  enabled  to  compote  the  sines  ted  ceased 
superior  angles. 

By  formula  (m)  Chap.  IL 

Sin.  (n+  1)  J  =  2cos.  Jsin.ft#.--tin.(*_  I)* 
If  we  suppose  6  =  1'  and  n  to  be  taken  =  to  the  numbers  1,  fc  J*-— » 
succession,  we  find 

Sin.  2'  =  2  cos.  1'  tin.  1'  — -  tin.  0  =  -0005817764  ...  =  em*  * 
Sin.  y  =  2  cos.  I'  tin.  2  —  tin.  1'  =  -0008726645  ...  =  emeT  * 
Sin.  V  =  2  cos.  1'  sin.  y  _-  sin.  2  =  -0011635526  ...  =  em*  • 


«  This  proportion  la  m*  mmmwmb  treo,  bat  m  ipprinhMi  tmrvlll 
e^cuUtloo,  by  omptoyiog  It,  for  it  hoi*  fowl  m  far  m  too  placo*  «f  < 
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Again,  by  employing  formula  (o),  Chap.  II. 

Cos.  (n+  1)0  =  Sens.  6  cos.  nt--coa.(n —  ])  # 

li,  -is  before,  ne  suppose  0=1'  and  n  =  1,  2,  3, in  succession, 

Cot.  >/  =  2  cos.*  1'  —  cos.  0  =i  '999999830  z=  sin.  89>  69 

Cos.  9  =  2  cos.  1'  cos.  *  —  cos.  1'  =  -999999619  =  sin.  89*  57* 

Cos.  4'  =  2  co*.  1'  cos.  3'  —  cos.  V  =  *U99999323  =  sin.  89*  56* 

&c  =  &c 

It  is  manifest,  that,  by  continuing  the  above  processes,  we  shall  obtain  the) 
numerical  values  of  the  sines  and  cosines  of  all  angles  from  1'  up  to  90*.  Hiese 
being  determined,  the  tangents,  cotangents,  &c  may  be  calculated  by  means  of 
the  relations  established  in  table  I. 

The  above  operations  are  exceedingly  laborious,  but  require  a  knowledge  of 
the  fundamental  rules  of  arithmetic  alone.  It  is  manifest  that,  in  employing  this 
method,  an  error  committed  in  the  sine  or  cosine  of  an  inferior  are,  will  entail 
errors  on  the  sines  or  cosines  of  all  succeeding  arcs.  Hence  is  created  tlie 
necessity  of  some  check  on  the  cotnputist,  and  of  some  independent  mode  of 
examining  the  accuracy  of  the  computation.  For  this  purpose,  formulae, 
derived  immediately  from  established  properties,  are  employed;  if  the  numeri- 
cal results  from  these  formulas  agree  with  the  results  obtained  by  a  regular 
process  of  computation,  then  it  is  almost  a  certain  conclusion  that  the  latter 
process  has  been  rightly  conducted. 

Formulas  employed  for  this  purpose  are  called  formula  of  verification,  and 
of  these  any  number  may  be  obtained ;  it  Hill  be  sufficient  for  our  present  pur- 
poie  to  give  one. 

Sin.1.  0  +  cos.".  *  =  1  tab.  I. 

And  2  sin.  $  cos  $  =  sin.  2  0 

Hence  sin.  $  =  4  \f  1  +  sin.  t  0  +  $  \/\  — sin.  2  $ 

cos.  0  =  i  y/\  +suu20^i  y/l  —  sinT  2  $ 
Now  we  if  suppose        4  =  Mf  3<T 

sin.  12*  3P  =  4  vT+  sin.  25'  ±  i  \/l  —  sin.  2? 

cos.  \ST  30*  =  4  \/\  +mtL  2tr  T  4  \/l  —  sin.  25° 

Hence,  if  the  values  of  the  sine  and  cosine  of  12*  SC,  and  of  the  sine  of  £5 
obtained  by  the  method  already  explained,  when  substituted  in  these  equations, 
render  the  two  members  identical,  we  conclude  that  our  operations  are  correct. 

The  values  of  the  sine  and  cosine  of  30",  45*,  60*,  &c.  which  were  obtained  iu 
Chap.  II.,  may  be  employed  as  formulas  of  verification.* 

Such  is  the  formation  of  the  trigonometrical  canon. 


*  We  cub  obtain  finite  expressions,  although  under  an  incommensurable  form,  for  the  sham  of  am 
of  3%  and  ail  the  multiple*  of  3*,  i.  e.  for 

a*.  •%  »,  18%  w,  u>,2i*.  w, »,  ao».  as*,  as*. »,  «*,  45% is*,  ai*,  w,  a?%  00%  oa*.  ea*.  a>, 

W*.  75*,  78*,  81*.  84*,  87*,  00*. 

We  first  obtain  the  values  of  the  sines  30*  ,  45«,  00«,  18*,  aadfiw  tl»esew«  obtain  aUtl*  others, 
hy  means  of  the  furaunes,  fur 

Sin.  (#  +  r),   »lu.  (•  — r),  «cc. 

The  numerical  ralne  of  the  trigonometrical  functions  have  been  calculated  by  some  to  ten  places  ei 
figure*,  by  others  as  far  as  twelve.  We  must  have  table*  calculated  to  ten  places  to  have  the  s*-r»iM» 
and  tenths  of  a  second  with  precision,  when  we  make  use  of  the  sines  of  angles  which  differ  ha*  1'ttie 
from  90*,  or  of  the  cosines  of  angiea  of  a  few  second*  only.  Tables  in  general,  however,  are  calculated 
as  far  as  seven  places  only,  and  these  give  results  miffietentlj  accurate  for  all  ordinary  purposes. 

PP2 
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Since  the  properties  of  Logarithms  afford  great  facilities  in  performing  com 
plicated  arithmetical  operations  upon  large  numbers,  it  becomes  desirable  to 
have  the  Logarithms  of  sines,  cosines,  tangents,  &c.  computed  and  arravged  in 
tables;  but  most  of  these  numbers  being  less  than  unity,  their  Logarithm! 
would,  of  course,  be  negative.  To  avoid  this  inconvenience,  all  the  trigonome- 
trical functions  calculated  in  the  manner  above  explained  are  multiplied  by  • 
large  number,  and,  the  operation  being  performed  upon  all,  their  relative  value 
is  not  altered.  This  number  may,  of  course,  be  any  whatever,  provided  it  be  so 
large,  that,  when  the  numerical  values  of  trigonometrical  quantities  are  multi- 
plied by  it,  their  logarithms  may  be  positive  numbers. 

The  number  employed  for  this  purpose  in  the  common  tables  is  10000000000 
or  10",  which  is  usually  represented  by  the  symbol  R. 

The  sine  of  1',  as  computed  above,  is 

Sin.  V  =  •0002908882  

a  number  much  smaller  than  unity,  and  whose  logarithm  would  consequently 

be  negative. 

When  multiplied  by  1 010  it  becomes 

=  2908882  ~ 

a  number  whose  logarithm  is  6*4637261,  and  consequently  we  find  in  our  tablet 

log.  sin.  1'  =  64637261 

A  table  constituted  upon  this  principle  is  called  a  Table  of  Logarithnac 
Sines,  Cosines,  Tangents,  &c  and  by  this  nearly  all  the  practical  operations  of 
trigonometry  are  usually  performed. 

It  is  manifest,  from  these  remarks,  that,  before  we  can  apply  formula  deduced 
in  the  preceding  chapters  to  practical  purposes,  we  must  transform  them  ia 
such  a  manner  as  to  render  the  several  trigonometrical  quantities  identical 
with  those  registered  in  our  tables,  The  sines,  cosines,  &c  we  have  hitherto 
employed,  are  called  Trigonometrical  quantities  calculated  to  a  radius  unity ; 
those  registered  in  the  tables,  Trigonometrical  quantities  calculated  to  radius  B. 

The  problem  to  be  solved  therefore  is 

To  transform  an  expression  calculated  to  a  radius  unity,  to  another  nrkvfatri 
to  a  radius  R. 

Let  us  represent  sin.  $  to  radius  unity  by  m. 

••  R  by  n> 

Then  the  relation  between  them  is 

n    z=     R  wt 

n 
m    =    IT 
and  so  for  all  the  other  trigonometrical  quantities. 

Hence,  in  order  to  transform  an  expression  calculated  to  radius  unity,  to  «*> 
other  calculated  to  radius  R,  we  must  divide  each  of  the  trigonometrical  quanti- 
ties by  R. 

If  any  of  the  trigonometrical  quantities  enter  in  the  square,  cube,  &c  the* 

must  of  course  be  divided  by  R",  R\  &c 

As  observed  above,   R  may  be  any  given  number  whatever,  the  »"mlnr  as* 
ally  employed  in  the  ordinary  tobies  being  1010,  and  therefore 

log.  R        =         10 
Take  as  nn  example  such  an  expression  as 

a  sin.  B    =    b  tan.  \  <p 
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in  order  to  reduce  this  to  an  expression  which  we  can  compute  by  our  tables 
we  must,  according  to  the  above  rule,  divide  each  of  the  trigonometrical  quan- 
tities by  the  proper  power  of  R:  the  expression  then  becomes 

sin.  &  tnn.t.  0 

air  =  b— ht" 

Or,  clearing  of  fractions, 

a  R  sin.  $    =   b  tan.*.  <p 
Of, 
log.  a  +  log.  R  +  log.  sin.  $   =    log.  b  +  2  log.  tan.  6 
on  expression  which  may  be  calculated  by  the  tables. 

If  the  expression  calculated  to  radios  unity  be  of  the  form 

sin.  4 

m    zs     -r— - 
sin.  <p 

it  requires  no  modification,  for  if  we  divide  both  terms  of  the  fraction  -r- — 
1  sin.  <p 

by  R,  we  shall  not  alter  its  value. 

We  need  not  prosecute  this  subject  farther,  as  numerous  examples  of  these 
transformations  will  occur  at  every  step  in  the  succeeding  chapters, 


CHAPTER  V. 

ON   THE  SOLUTION  OF  RIGHT  ANGLED  TRIANGLES. 

Evt-ky  plane  triangle  being  considered  to  consist  of  6  parts,  the  three  sides,  and 
the  three  angles,  if  any  three  of  these  parts  be  given,  we  can,  in  general,  deter- 
mine the  remaining  parts  by  trigonometry. 

In  right  angled  triangles,  the  right  angle  is  always  known,  and  therefore  any 
two  other  parts  being  given,  we  can,  in  general,  determine  the  rest  We  shall 
thus  have  five  different  cases. 

1.  When  one  of  the  acute  angles  and  the  hypotenuse  is  given* 

2.  When  one  of  the  acute  angles  and  a  side  is  given. 

3.  When  the  hypotenuse  and  one  side  is  given. 

4.  When  the  two  sides  are  given. 

5.  When  the  two  acute  angles  are  given. 

Let  A,  B,  C,  be  a  right  angled  triangle,  C  the  right 
angle. 

Let  the  sides  opposite  'to  the  angles  A  and  B  be 
denoted  respectively  by  a,  b9  and  let  the  hypotenuse 
be  called  c. 

Case  1,    (iiven  A,  c,  required  B,  a,  6. 
8'w#  C  is  a  right  angle 

A+B    =    90* 

B    =    90°  —  A      whence  B  is  known  (1) 

By  Chap.  HI.  prop.  1, 

a    =    c.  sin.  /, 
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A.!  \\  ting  this  expression  to  computation  by  the  tables. 

_  sin.  A 

log.  a  =  e  — jj— 

.-.     log.  a  =  log.  e  +  log.  sin.  A  —  log.  R,  whence  a  is  known (2) 

In  like  manner, 

cos.  A 

o  =  c-TT 

.*.    log.  b  =  log.  c  +  log.  00s.  A  —  leg.  R,  whence  b  ie  known (3) 

If  B,  c,  are  given,  and  A,  a,  $  required,  we  shell  hare  precisely  in  the  sans 
manner. 

A  =  90*  — B  (4) 

log.  a  =  log.  e  +  log.  cos.  B  —  log.  R (8) 

log.  b  =  log.  c  +  log.  sin.  B  —  log .  R  ..  (6) 

Cut  2.  Given  A,  a,  reqsured  B.  b,  c 

B  =  90*  —  A,  whence  B  is  known  ••••• •«••••••••..••••••.•*•  (7) 

b  =:  a  cot.  A 

Adapting  tlie  expression  to  computation  by  the  tables. 

.  cot.  A 

b=  a-^- 

log.  b  =  log.  a  +  log.  cot  A  —  log.  R,  whence  b  hi  known, (8) 

Again, 

a  =.  c  sin.  A 

—  a 

•'•     c  ~"      sin.  A 

Adapting  it  to  computation, 

c  ~     R    •  * 

sin.  A 

•*.     log.  c  =  log.  R  +  log.  a  —  log.  sin.  A,  whence  e  Is  known,  ••....••.  (9) 

If  A,  bt  be  given,  and  B,  a,  c,  we  shall  have  in  like  manner, 

B  =  90*  —  A    (10/ 

log.  a  =  log.  b  +  log.  tan.  A  —  log.  R (11) 

log.  c  =  log.  R  -f"  l°g*  6  —  log.  cos.  A  (IS) 

If  B,  b  be  given,  and  A,  a,  c  required. 

A  =  90s—  B  (13) 

log.  a  =  log.  b  -f-  log.  cot  B  —  log.  R (14) 

log.  c  =  log.  R  4-  log.  b  —  log.  sin.  B (15) 

If  B,  a  be  given,  and  A,  b,  c,  required. 

A  =  90°  —  B  (16) 

log.  b  =  log.  a  -f"  log.  tan.  B  —  log.  R (If; 

log.  c  =  log.  R  4-  log.  a  —  log.  cos.  B  ••• (18) 

Case  8.  Let  a,  e  be  given,  required  bt  A,  B. 

V  =  £  —  a1 

=  (c  4-  a)  (c  —  fl) 

•*.   2  log.  o  —  log.  (c  +-  a)  4"  l°g»  (<*  —  a)  whence  b  Is  known (19) 

oin.  A  —  • 
c 
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Adapting  the  expression  to  computation. 

sin.  A  a 

~~R~~  -   e 

.-.     log.  sin.  A  =  log.  R  +  log.  a  -   log.  c,  whence  A  is  known (20) 

So  also, 

cos.  B         a 

T  =  7 

.*.     log.  cos.  B  =  log.  R  +  log.  a  —  log.  c,  whence  B  is  known, (f  I) 

If  5,  c  be  given,  and  a,  A,  B  required,  we  shall  hare 

2  log.  a  =  log.  (c  +  b)  +  log.  (c  —  b)  .. (22) 

log.  cos.  A  =  log.  R  -f-  log.  b  —  log.  c  (23) 

log.  sin.  B  =  log.  R  +  l°g-  o  — log.c  (24) 

Case  4.  Let  a,  b  be  given,  required  A,  B,  c. 

*  a 

tan.  A  =  -r 

Adapting  the  expression  to  computation, 
tan.  A         a 

IT  =  T 

log.  tan.  A  =r  log.  R  +  log.  a  — *  log.  5,  whence  A  is  known, (25) 

So  also, 

tan.  B  b 


a 
.*.     log.  tan.  B  =  log.  R  +  log;  b  —  log.  s,  whence  B  is  known,  (26) 

c  =  y/a*  -f-  ^,  whence  c  is  known,  ..„..., (27) 

Owe  5.  Given  A,  B,  required  a,  5,  & 

It  is  manifest  thai  .this  case  does  not  admit  of  solution,  for  any  number  of 
unequal  similar  triangles  may  be  constructed,  having  their  angles  equal  to  the 
angles  A,  B,  C. 

We  shall  conclude  this  chapter  by  giving  one  or  two  numerical  examples. 

Example  1.  Given  A  =  26°  41'  G",  c  =  6539-76  yards,  required  m 

Then  by  (2> 

log.  a  =  log.  c.  +  log.  sin.  A  — -  log.  II 

By  the  tables,  log.  c  =     3*8155618 

log.  sin.  A  =     9-6523286 

13-4678904 
log.  R  =  10- 


•  • 


log.  a  =     3*4678904 
'Hie  number  in  the  tables  corresponding  to  the  logarithm  3*4678904  h  found 
to  be  2936-91 

a  =  2936*91  yards. 

In  like  manner,  the  side  b  may  be  determined,  if  required. 

Example  2.  Given  c= 6539*76  yards,  a  =  2936-91  yards,  required  5,  A,  & 
B</fl9). 

eg.)  =  fog.  <c  +  a)  + log.  (c_a)  ^SKS! 
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By  the  tablet, 

log.  (e+a)  =  3*9766557 
log.  (c  —  a)  =  3*5566462 

S  log.  b  =  7-5333019 
log.  b  =  3-7666509 
The  number  in  the  tables  corresponding  to  the  logarithm  3*7666509  is5643f 

b  =  5343*2  yards. 
To  determine  A  we  have  (90). 

log.  sin,  A  =  log.  R  +  log;  a  —  log;  c 
By  the  tables,  log.  a  =    3-4678904 

log.  R  =  10. 

13-4678904 
log.  c  =     3-6155618 


.".     log.  sin.  A  =     9*6523386 
On  referring  to  our  tables,  we  shall  find  that  the  angle  whose  logarithnic 
sine  is  9.6523286  is  26°  41'  6",  which  is  consequently  the  T/alae  of  A. 

A  being  known,  B  is  determined  at  once  by  subtracting  the  ralne  of  A  frost 
90*,  or  B  may  be  determined  independently  of  A  by  (21). 

log.  cos.  B  =  log.  R  -f-  log.  a  —  log.  e 

Example  3.  Let  a,  5,  in  the  last  example,  be  given,  and  e  required* 
Then  by  (27).  

The  calculation  in  this  case  is  not  so  simple,  fur  the  quantity  under  the  radi- 
cal cannot  be  easily  adapted  to  logarithmic  calculation. 
We  have,  log.  a"  =  6-9357808        .*.        av  =    8625400 

log.  5*  =  7-5333019        .-.        M  =  84143000 


log.  C  =r  7-6311230 
log.  c    =  3-8155615 
c  =  6539-76 


c*  =  42768400 


Example  4  Given  c  =  6512.4  yards,  b  =  6510.6,  to  find  A. 

By  (23). 

log.  cos.  A  =  log.  R  +  log.  5  —  log.  c 

Now,  log.  R  =  10. 

log.  b    =    3*8136210 

13-8136210 
log.  c    =     3.8137411 

log.  cos.  A  =     9-9998799 
A  =     1°  2W  50* 

Upon  inspecting  the  tables  thnt  are  calculated  to  seven  places  of  decimals 
only,  it  will  be  scon  thnt,  when  the  angles  become  very  small,  the  cosines  differ 
very  little  from  each  other.  The  same  remark  applies,  of  course,  to  the  sines 
of  angles  nearly  iX)9 .  In  cases,  therefore,  where  great  accuracy  is  required, 
ne  mny  commit  an  important  error  by  calculating  a  small  angle  from  its  cosine, 
or  a  large  one  from  its  sine.     We  must  consequently  endeavour  to  avoid  this* 
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by  transforming  our  expression  by  belp  of  the  relations  established  in  chapter 
first  and  second. 

In  the  example  before  us,  A  is  a  small  angle  which  has  been  calculated  from 
its  cosine ;  we  must  therefore,  if  possible,  calculate  this  angle  by  means  of  its 
line,  or  some  other  trigonometrical  function. 

Now,  by  formula  (j),  chap.  IL  we  have  generally 


cos.  A 
81H.-J 


In  the  present  case,  cos.  A  =  — ,  substituting  this  in  the  above  equation,      \ 

c  I 


sin. 


A    —     A 

T    —  V 


log.  sin.  -g-    =    £  log.  (c  —  a)  —  J  log.  2  a  +  log.  R» 

From  which  we  find, 

-^     =    4ffW 

And  .-.  A    =    !•  W  48* 

Instead  of  1°  207  50*  as  obtained  by  the  former  process. 

No  angle  which  is  nearly  00*  ought  to  be  calculated  from  its  tangent,  for 
the  tangents  of  large  angles  increase  with  so  much  rapidity,  that  the  results 
rleri  red  from  the  column  of  proportional  parts  found  in  the  tables  cannot  be 
depended  on  as  accurate* 


CHAPTER  VL 
(  N  THE  SOLUTION  OP  OBLIQUE  ANGLED  TRIANGLES 

Six  different  cases  present  themselves, 

1.  When  two  angles  and  the  side  between  them  are  given. 

2.  When  two  angles  and  the  side  opposite  to  one  of  them  are  given. 

5.  When  two  sides  and  the  included  angle  are  given. 

4.  When  two  sides  and  the  angle  opposite  to  one  of  them  are  given, 
&  When  the  three  sides  are  given. 

6.  When  the  three  angles  are  given. 

Let  A,  B,  C  be  a  plane  triangle. 

Let  the  angles  be  denoted  by  the  large  letters 
A,  B,  G,  and  the  sides  opposite  to  these  angles  by 
she  corresponding  small  letters  a,  b9  c. 

Cat*  1.  Given  A,  B,  c,  required  C,  a,  b. 

Since  A+B  +  C=  180* 

C  =  180«— .  (A  +  B),  whence 
C  is  known. 


G02  ANALYTICAL  PLANE  TRIGONOHETBl 


C  being  ties  dcfinJ  we  bate,  by  chap*  ILL 

a     sin.  A 

T    ""    sinTC 

fin.  A 
nn.  C 


As  expression  which  n  in  a  font  adapted  to  mwKfmmMm  by  Ike  tables. 

log.  a    =    lo^  c  +  log.  on.  A  —  lag.  fin,  G.  wboiiuo  m  if  keoi 

Again, 

6  tin.  B 


a  "ilB 

6     =    C'fin7C 

.*.     log.  6    =    log.  c  -f-  log .  tin.  B  —  log.  sin.  C,  wheooo  6  hi  knoi 

If  any  other  two  angles  and  the  fide  between  them  be  given,  we  may  deft 
mine  the  remaining  angle  and  sides  in  a  manner  precisely  similar* 

Case  2.  Giren  A,  B,  a,  required  C,  bt  & 

Since  A+B  4- C  =    180* 

.-.      G  =    180*  —  (A  +  B),  whence  C  fa  known. 
.     .  b  sin.  B 

sin.  B 
••  sin.  A 

.•.  log.  b  =  log.  a  +  log.  dm  B  — -  log;  sin,  Ay  whence  5  fa  knowi 

Also,  G  being  known, 

c    sin.  C 

a         sin.  A 
sin.  C 
sin.  A 
log.  e    =   log.  a  +  log.  sin.  G  <—  log;  sin.  A,  whence  c  is  knowi 

If  any  two  other  angles  and  the  side  opposite  to  one  of  them  are  giren,  th 
remaining  angle  and  sides  may  be  determined  in  a  manner  precisely 

Case  3.  Given  a,  bt  C,  required  A,  U,  *, 

By  prop.  3,  chap.  III. 

A+B 
tan.        * 


tan. 


. 8     -•+*  n 


•  • 


2 
Now,  A  +  B  +  C  =  180* 

A+B        M         C 

— —   00°  _ 

A  +  B  _        C% 

tan.  — jp     =  tan.  (00—    g) 

C 

=  cot  T 
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A  +  B 
Substituting  tins  value  of  tan.  — j —  in  (1). 

"*  1  a+b 

A  —  B  ~  a  — 6 
tan.  -g- 

A  — B        a  — ft      4    C 
.-.         tan.  —j—  =  j-^-j  cot   8 

A  —  B  C 

log.  tan.  — g —  ss  log.  (a  —  ft)  +  log.  cot.  -j  —  log;  (a  +  6) 

A B  " 

And  we  can  thus  calculate  the  value  of  the  angle  — g —  from  our  tables ;  let 

the  angle  thus  found  be  called  $  .•.  A  — B  =  2^, 

Now  A  +  B  =  180*  —  C 

And  A  —  B  =    9  <p 


C 

•*.     adding  and  subtracting  A  =     90*  -f-  $  —  «y 

B=    90-  —  (*  +  -y) 

The  angles  A  and  B  will  thus  become  known,  and,  these  being  determined, 
we  can  find  the  side  c  from  the  relation, 

e         sin.  C 
a   """  sin.  A 

sin.  C 

c    =  a  .  - — i 
sin.  A 

.*.  log.  e   =  log.  a  +  log.  sin.  C  —  log.  tin.  A 

If  a,  c,  B,  or  ft,  c,  A  be  given,  the  remaining  angle  and  sides  may  be  detat* 
mined  in  a  similar  manner  by  aid  of  the  formula  (j)  in  chap.  III. 

Cast  4.  Given  a,  ft,  A  to  determine  B,  C,  c 

sin.  B         ft 
sin.  A  —   a 

••  sin.  B  =  sin.  A  .  — 

a 

.*.     log.  sin.  B  =  log.  sin,  A  -f-  log.  ft  —  log.  a,  whence  c  is  known. 

B  being  known,        C  =  1809  —  (A  +  B),  whence  C  is  known. 

C.   •      •  c         sin.  C 

being  known.        —   =  -. — r 
^  '        m  ■      sin.  A 

sin.  G 

Sin.  A 

log.  c  =  log:  a + log.  sin.  G — log.sin.  A,  whence  ft  is  known. 

If  any  two  other  aides  and  the  angle  opposite  to  one  of  them  be  given,  the 
remaining  angles  and  side  may  be  determined  in  a  manner  precisely  similat 

It  must  be  remarked,  that,  in  the  above  case,  we  determine  the  angle  B  from 
the  logarithm  of  its  sine ;  but  since  the  sine  of  any  angle,  and  the  sine  of  its  sup* 
plement  are  equal  to  one  another,  and  since  it  is  not  always  possible  for  ns  to 
asorrtaJn  a  priori  whether  the  angle  B  Is  acute  or  obtuse,  the  solution  will  be 
•ostet'mes  ambigmoes* 
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Id  fret,  two  different  mud  unequal  triangles 
smsy  be  rmutructed,  having  two  sides  and  the 
angle  opposite  to  one  of  those  sidee  in  one  tri- 
iingl*.  r*\ni\  to  I  lie  corresponding  sides  and 
■male  «tf  the  other;  one  of  these  triangle*  will 
be  obtuse-angled,  and  the  other  acute-angled, 
and  tike  angles  opposite  the  remaining  given 
aides  in  each  will  be  supplemental. 

Thn«  let  A,  B,  C,  be  a  plane  triangle. 

With  centre  C  and  radius  equal  to  CB  describe  a  circle  cutting  AB  in  IK 

Join  CB. 

Then  it  is  manifest  that  the  two  unequal  triangles  CBA,  CB' A,  have  the  tw« 
■ides  CB,  CA  of  the  one,  equal  to  the  two  sides  CfcV,  CA  of  the  other,  and  tat 
angle  A,  opposite  the  equal  sides  CB,  CB7,  in  earh,  common. 

It  is  manifest  from  this,  that  it  is  impossible  to  determine  generally,  from  tin 
data  of  this  case,  which  of  the  two  triangles  in  the  solution  of  the  problen. 
There  are  certain  considerations,  however,  by  which  the  ambiguity  may  some- 
times be  removed. 

1.  If  the  given  angle  be  obtuse,  then  both  of  the  remaining  angles  most 
be  acute,  and  the  species  of  B  will  be  determined. 

S.  If  the  giren  angle  be  acute,  but  the  side  opposite  the  given  angle  greater 
than  the  given  side  opposite  the  required  angle,  then  the  required  angle 
acute.     For  since  in  every  triangle  the  greater  side  has  the   greater  angfc 
opposite  to  it,  and  since  the  side  opposite  to  the  given  angle,  which  Is  acuta,  a 
greater  than  the  side  opposite  to  the  required  angle,  it  follows,  m  fortiori,  that 
the  required  angle  is  acute. 

But  if  the  given  angle  be  acute,  and  the  side  opposite  to  die  given  angle  km 
than  the  side  opposite  to  in*  required  angie,  then  we  have  no  meana  of  ascertain- 
ing the  species  of  the  required  angle,  and  the  solution  in  this  ease  b  ambiguous. 

Case  5.  Given  the  three  sides  a,  bt  c,  required  the  three  angles  A,  B,  CL 

By  formula  («)  chap,  II L 

sin.  A  =  £  t/«  («-<•)  (*— *R5=^> 
sin.  B  =  ^  y/t  («-<j)  (*-*)  (*_*) 

8in*  C  =  ab  v/*  (*— «)  («— b)  (*— «) 
Adapting  these  expressions  to  computation  by  the  tables,  and  taking  the  logs. 
lo<r.  sin.  A 
=  log.  H+  log.2+i  ( log.H-log.(«--o)+log.(»-^)+loa>(«-€)}— log ;*— log.c 

log-,  sin.  B 
=  log.  R+log.2+|  {log.*+log.(«— fl)+log.(»-^>flog.(#— C)}— log.O— log.c 

log.  sin.  C 

=  log.R-f  log.2+£  pojr.H-log.Or—  «)+log.(*-^)+log.(s-^)J-4o«>«-log.o 

Whence  the  three  angles  are  known. 

The  threo  angles  may  also  be  obtained  from  any  of  the  groups  of  formula 

i"),  (Of  (*0» in  chaP»  IIL 

It  is  manifest,  from  the  remarks  made  at  the  conclusion  of  the  last  chapter, 
tli.it,  \i  lion  one  or  more  of  the  required  angles  is  very  small,  the  group  («)  may 
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be  used  with  greatest  advantage,  and  when  one  or  more  of  the  angles  ii 
nearly  90* ,  we  ought  to  employ  the  group  (£).  The  group  (u)  may  be  made 
use  of  in  any  case. 

Case  6.  Giren  the  three  angles  A,  B,  C,  required  the  three  sides  a,  6»  & 

It  is  manifest  that  this  case  does  not  admit  of  solution,  for  any  number  of 

unequal  similar  triangles  may  be  constructed,  having  their  angles  equal  to  the 

angles  A,  B,  C. 

We  shall  conclude  this  chapter  by  giving  one  or  two  numerical  examples* 

Example  L  Given  A  =  68*  V  24",  B  =  57°  53*  16" -8,  a  =  3754  feet,  re* 

quired  C,  b,  C 

Then  b>  case  2. 

C  =   180»  —  (A  +  B) 

=  180°  —  125*  55'  40*8 

=  54T4/  IV-2 

_                sin.  B 
6   =  a  •    - r 

sin.  A 
log.  b  =  log.  a  +  log.  sin.  B  —  log.  sin.  A 
Now  log.  a  =    3-5744943 

log.  sin.  B  =     9-9278888 

13*5023831 
log.  sin.  A  =     9-9672882 

log.  b  =s    3-5360949  =  log.  342843 
.\  5  ss  3428*43 

Similarly. 

log.  e  =  log.  m  +  log.  sin.  0  —  log.  fin.  A 
log.  a  s    3-5744943 
log.  tin.  C  =     9-9083536 

13*4828479 
log.  sin.  A  =    9-9672882 

log.  o  =    3*5155597  s  log.  3277-628 
e  =    3277*628    feet. 

J£xample  2.  Given  a  =  145, 6  =  178-3,  A  =  41*  Wt  required  B,  C. 
This  example  belongs  to  case  4,  and  since  the  given  angle  A  k  acute,  anal 
the  aide  b  opposite  to  the  required  angle  B  greater  than  the  aide  a,  the  solution 
will  be  ambiguous. 
We  have        log.  sin.  B  =  log.  sin.  A  +  log.  b  —  log.  a 
log.  sin.  A  =    9*8183919 
log.  5  =    2-2511513 

12-0695432 
log;  a  =    2-1613680 


log.  sin.  B  =    9-9081752 
The  angle  in  the  tables  corresponding  to  this  logarithm  is  54#  2'  22",  but  we 
cannot  determine  a  priori  whether  the  angle  sought  be  this  angle,  or  its  sup- 
plement 125*  57'  38*. 

.*.     B  =  54°  2'  22* 
Or  B  =  125-  57  38* 
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I- 


If  we  take  the  let  value, 

C  =1  84*  47  38*  and  the  triangle  required  ia  ABC 
If  we  take  the  second  value,  }  tea  last 

C  =  12*  52*  33"  and  the  triangle  required  is  AWC 

Example  9.  Given  a  =  178-9,  b  =  145,  A  =  41*  1(K,  required  R 

This  example  also  belongs  to  case  4,  but  since  die  given  angle  A  ban 
the  side  b  opposite  the  required  angle  B  less  than  the  side  a,  H  follows  t 
angle  B  must  be  an  acute  angle,  and  the  solution  will  not  be  ambigiom 

We  have  log.  sin.  B  =  log.  sin.  A  -f-  log.  b  —  log.  a 

But  log.  sin.  A  =    9*8183919 

log.  b  =    S-1613o80 

11-9797599 
log.  a  =    2-3511513 

log.  sin.  B  =     9*7386066 
The  angle  in  the  tables  corresponding  to  this  logarithm  is  3?  21'  54 
since,  in  the  present  instance,  the  supplement  of  32*  21'  SfcaanolW 
the  case  proposed,  the  solution  is  not  ambiguous. 

Example  4.  Given  a=3754, 6=3277*628,  and  the  included  angle  57*  St 
required  A,  C,  b. 
by  case  3  we  have 

a B  C 

log. tan.  — —  =  log.  (a—b)+ktg.  cot  -^  —lor. («+ 

a -5=  476-372,  .-.  log.  (a— b)  =     2*6779444 

log.  col£  ==  10  2572497 
^  2 

12-9351941 

a+5=7031G28,  log.  (a+b)       =     3-8470543 

.*.     log.  tan.  ^=5  =    9-0881398 

2 

Whence  4~J  =      6°  59*  *H 

2 

And  since  A+B  =  122°  #  48"-2 

And  A— B  =     13°  58*  «*-6 

2  A  =  136°  4f  48" 

2  B  ss  10*°  8*  38"-4 

A;=  68°  2  S4f,  B  =  54?  4'  19** 

The  angles  A  wbA  B  being  determined,  the  aide  e  may  be  leelflyfcsfll 

the  equation. 

e   __  sin.  C 

a  ~~  sin.  A 

log  c  =  log.  a  +  log.  sin.  C  —  log.  sin.  A 

Example  5.  Given  a  =  33,  6  =  4&6,  c  =  53-6,  required  A,  6\  C 

Taking  the  formula  marked  («)  in  chap.  III.  we  have 
log.  sin.  A 

=log.R+log.3+l  {log.#+log.(t^a)+log.(#-e>f  log .(*-<)] -[Mf1* 

log.  sin.  B 
=log.H+log.8+*  [log  .+log.(«-«)+log.(#-*)+log.(«-«j3  -$**** 

kg.  sin.  C 
a:lof.R+Iog.S+j[log^+log.(#-<i>flog^^-»)+log4^-cj3— JhKt*!1 
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Now  logJR  =  10. 

log.2  =  0-3010300 
«=3S     ••.  log.a        =  1-5185139  ^      log.5+log.<r=9  96*5714 
b  =  42-6  •%  log.b        =  16294096  Jv.  log.a+log.c=3-2476787 
c=  63-6  .-.  \og.c        =  1-729 1648  J     log.a+log.6=3'l479235 
$  s=  64*6  .-.  log.*         =  1-6102325 
•—a  =  31*6  .-.  log.*— a  =  1 -4996871 
•— 5  =  22     .'.  log.s-4  =  1-3424227 
•— c  =  11      .-.  log.*— c  =  10413927 
•••  log -*+log<#-a)4log.(#-^)f log.(#-c)=  5-6937350 

And 

i  {Jog.#+log.(j-<i>f.log.(#-^)+log.(#-c)}    =  2*468675 

•%  log.R+log^+jUog^+log^j— «)+log.(#-^H-log.(«— c)}  =13-1478975 


Subtracting  from  this  number  the  rallies  log.  5  -f-  log.  c;  log.  a  +  log.  C| 
log.  a  -f-  log.  6 ;  in  succession  we  find,  m 

log.  sin.  A  =  9-7893231     .-.     A  =  37»  59*  53* 
kg.  sin.  B  =  9-9002188    .-.     B  =  52»  37*  46*^ 
log.  sin.  C  =  9-9999740    .-.     C  =  89-  22*  20V« 

Having  determined  A  and  B  by  the  above  method,  we  find  the  above  accu- 
rate value  of  C,  by  subtracting  the  sum  of  A  and  B  from  180*.  If,  however, 
it  had  been  required  to  determine  C  alone  (being  an  angle  nearly  equal  to  90*) 
we  could  not  have  found  its  value  with  sufficient  accuracy  from  the  common 
tables,  for  it  will  be  seen,  upon  referring  to  them,  that  the  number  9.9999740 
may  be  the  logarithm  of  the  sine  of  any  angle  from  89°  22*20"  up  to  89*  2*  25*, 
consequently  the  above  method  cannot  be  applied  with  propriety  to  determine 
the  exact  value  of  C,  unless  we  previously  determine  A  and  B. 

The  angle  C  may  however  be  determined  directly,  and  with  great  accuracy, 
from  any  of  the  three  formulas  (a),  (£),  («),  in  Chap.  III. 

Let  us  take  these  in  succession,  by  («). 
log. cos.—   =log.B  +  l  \log.*  +  log.(#  — c)J— i(log.a  +  log.^) 


log. 


2-8516252 
log.  a+  log.  b  =  31479235 


•  • 


a  • 

u 

log. «  +  1 

log.(< 

i«*-R 

=  1-4253 1£0 
=  10 

11-4258  ISA 

■ 

« 

1  • 

i  (log. 

«  + 

l«g.  b) 

=  J 16739617 

• 
•  • 

log. 

C 
cos.  *s- 

=  94018IM 

j 

u 

2 

= 

44-  41'  10"/. 

t 

.4 

r. 

^^^ 

AQ«9Q'  on 

\nlZ 

■  ,-  1 

J  I- 
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log.  (*-«)  =  1-4996871 1   ...  J  {log<*-a)+log.(*-^)}  =   1 
log.  (#-«  =  13484227  J  log.  R  =  10. 

^•8421098  lb 

log.  a  +  log.  *  =  31479235      .\  J     [log.  a  +  log.  o}  =   H 

•\  log.  SID.  7  =    9t 

G 

Y  =  44*  4i*  i<r  t\ 

C  =89*22T2(rj: 


f(«> 

c 

log.  tan.  y 

=  ^•B+*&og<^^)+log.(#-^)}-i{kig^kf 

log.  <t-a) 
log.(s-J) 

=  J -4996871 ) 

=  13424227  S 

2*8421098) 

■•••*{*-(~)+^«S; 

=  1421 

log.s  : 
log.*-*: 

=  1*8102325 1 
=  1*0413927) 

.%  i  {log. #  +  log.  (*-c)|    =r 

1W9H 
1-42S 

94510252 

log.  tan.  -g-  = 

WIS 

••. 

y  =  44Ml'lOSy 
0  =  69»2*»>ii 

CHAPTER  VIL 

ON  THE  USE  OF  SUBSIDIARY  ANGLES. 

Subsidiary  Angles  are  angles  which,  although  not  immediately 
a  given  problem,  are  introduced  by  the  compatist  in  order  to  uMfBtj  B 
dilations.  Their  use,  and  the  method  in  which  they  are  emplsyei* 
understood  from  what  follows. 

When  two  sides  of  a  triangle,  and  the  included  angle,  are  given,  sntfi 
the  method  pursued  in  the  last  chapter,  we  must  determine  the  t«*  ■*•* 
angles  before  we  can  compute  the  third  side.  It  frequently  nippf,  a* 
In  practice,  that  the  side  only  is  required,  and  it  therefore  liuuai  on1 
to  hare  some  direct  method  of  computing  the  side  independently  «f* 
angles. 

8uppose  that  a,  bt  C  are  given,  and  e  is  required*    By  chap.  1IL  sna* 

she  side  cis  determined  theoretically  at  once  by  this  egression,  bet  tat  ai 
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•  not  adapted  to  logarithmic  computation,  and  would,  if  employed  practically 
lead  to  a  Tory  tedious  and  complicated  calculation.    We  can,  however,  pat  tide 
expression  under  a  form  adapted  to  logarithmic  calculation,  by  having  recourse 
to  on  algebraical  artifice,  and  introducing  a  subsidiary  angle. 

t  =  <f  +  &  —  2<zocos.C 
Adding  and  subtracting  8  ab  on  the  right  hand  side. 

c«  =  a«  +  p>  —  2ab+2ab  —  *abco+C 
=  (a  —  M"  +  8flD(l-_  COS.C) 

C 

=  (a  —  6)»  +  2adx8  sin.»  -g- 


Assume  8    =s  tan.** 

cP  =  Ca  —  6)'  (l  +  tan.»$) 

=  (a  —  &y"  seca0 
c  =  (a  —  6)  sec  $ 
•       kg.  c  =  log.  (a  —  6)  +  log.  see.  9  —  log.  K 
The  angle  <p  is  known  from  the  equation. 

tan.  Q  s  *  ^g '  d°-  « 

Whence, 

C 

log.  tan.  <p  =  log.  8  +  t  (log.  a  +  kg.  b)  +  log.  sin.  -j  —  kg.  (a  —  6) 

$  being  thus  determined,  log.  sec  $  can  be  found  from  the  tables,  and  the  vale* 
of  c  becomes  known. 

The  angle  ft  which  is  introduced  into  the  above  calculation,  in  order  to 
render  the  expression  convenient  for  logarithmic  computation,  is  called  a  jmo» 
sidiary  angle. 

The  above  transformation  may  be  effected  in  a  manner  somewhat  different* 
as  before. 

cP  =  o»  +  «y_  2  oft  cos.  C 
=  (?+?>* +  2ab  —  2ab  —  2  oft  cos,  C 
=  (a  +  by  —  8  ab  (1  +  cos.  C) 

=  (a+oy_8a&xScos.»  -£ 

«(.  +  V(l-l^-li) 

(a  +  »'       ' 

<«  +  «■ 
<*■  s  (a  +  ty  (1  —  sin.  *+) 

=  (a  +  by  cos.  ■  $ 
#  c  (a  -f-  6)  cos.  $ 
ley,  c  =  kg.  (a  +  6)  +  log.  cos.  0  —  kf.  h 
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ANALmCAl  FLAME 


4a  before  the  angle  9 


be  determined  from  the 

C 

_  3  ^/oi  .  cot.  -j 

~       PHP*)- 


In  otasr  to  prove  that  we  can  always  assume 

C 

2  ^ab  .  cos.  -j- 

— 5TFS)         =  ■** 

we  must  show  that S  ^     00S*  8  fa  alwayi  leaf  than  unity,  or,  in  eta*  Ma, 
that  2  t/o&  is  always  less  than  (a  +  &)»thls  is  easily  done. 


If 
Then 


Or 


a  +  b  "7  2  y/ab 

<t+%ab  +  V  -?>  tab 
<t  +  V  -riod 

rf  +  d'-r-ao*  -7  0 
'Ka  —  bY  TO 


Bat  since  (a — &)"  is  necessarily  a  positive  quantity,  it  must  alwsyi  n 
than  0  (except  in  the  particular  case  a  =  6,  where  it  is  =  OJ, 

2y/ab  cos,  -g-  ^  ^^^  lflS8  i^^  j^^  ^  eooMqaemij  aa  Mgb  sf 

(a +  6) 
always  be  found  whose  sine  is  equal  to  it. 

In  solving  the  same  case  of  oblique-angled  triangles,  we  detsnanwflril 
ference  of  the  angles  A,  B  from  the  equation. 

^     A— B      «— b        C 

**•—*-=  7+1"*- T 

•  A      B  C 

Whence    log.  tan.  — g — =log.  (a  —  6)  +  log.  cot -g-  —  ■*•(«+•; 

In  the  solution  of  certain  astronomical  problems,  the  logarkhssisfiaieil 

a,  b  are  given,  but  not  the  sides  themselves,  and  these  logarithms  baaj  ew}| 

A  — B 
we  can  very  easily  calculate  — 5 —  without  knowing  the  aides; 

A— B        a  —  b         C 


tan. 


a 


1+^ 


F00*-? 


—  =  tan.  9 


,       A  —  B        1  — Ua.0  C 

=  Un.  {ill'—  9)  crt.  £. 


I 


III 
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The  angle  $  is  known  from  the  equation. 


ea 


tan.  0  =r  — 
^         a 

Whence  log.  tan.  <p  =  log.  R  +  log.  b  —  log.  m 

A  —  B 
The  angle  — 3—  Una  becomes  known  from  the  logs,  of  a  and  b9  wilhea 

calculating  a  and  b.    In  the  same  way  we  may  hare, 

A       B  C 

cot  — g —  =  tan.  (46*  +  0)  tan.  -j 

And  .-.  log.  cot  — jjp~  =  log.  tan.  (46*  +  9)  +  kg.  tan.  ^  —  leg.  & 


CHAPTER  VIIL 


ON  THE 


SOLUTION  OF  GEOMETRICAL  PROBLEMS  BY  TRIGONOMETRY. 

A  great  variety  of  geometrical  problems  may  be  solved  with  much  elegance 
by  the  introduction  of  trigonometrical  formula).  We  shall  give  a  few  example* 

PROB.  I. 

To  express  the  area  of  a  plane  triangle  in  terms  of  the  sides  of  the  triangie*' 
Let  CD  be  a  perpendicular  from  C  upon  AB. 

Area  of  triangle  ABC  = g 

c 
=  — - .  AC  sin.  A 

be 
=  ■«  •  sin.  A 

=  T  *  3c  #  */*  («  —  a)  {s  —  b)  (#—  cj ...  Chap,  m 
=  >/*  («  -  a)  {s  —  6)  (s  —  c) 


PROB.  II. 

To  express  the  radius  of  a  circle  inscribed  in  a  given  trimtfe,  in  terms  of  the 

sides  of  the  triangle* 

Let  the  radius  required  be  called  r. 

rb 
AreaofAOC  =r  -j 

..      AOB  =  ~ 

..      COB=  j 
A  Whole  area  of  triangle  ABC  =2  j  (a+b  +  c)  =  r.« 

Q  Q  2 
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I  4,  /*{$— «)(t— «>(»— e)  =  r  .  «  by  bat  paoh. 


i  qf  o  circle  tmMMmW  ohotU  ■ 
of  the  tide*  of  the  triom/U. 


Let  AH  CD  perpendicular  on  AB 

Let  the  radius  be  called  R. 

By  a  well  known  geometrical  prop. 

CO. .  CD  =  AC  .  CB 
.-.  CQ .  CD .  AB  =  AC .  CB  .  AB 
SRXtana  -  obe 


3  ••Fx^syfc— «(•—•> 


Given  the  three  ought  of  a  plane  triangU,  end  the  rodnu  of  the  m 
to  find  the  tide*  of  A*  triemgk. 

Let  A,  B,  C,  be  the  three  pTen  angW,  r  the  radial 
AB  or  a  =  AP,  +  P,B 

=  r («*.-£-+ cot  £) 

*.<4  +  f> 


:8n  .       /A     .     C\ 

*■■  (x  +  t> 

BC.r<.  =  r. ^ ?=- 

•to,  -3-   Bin.     -ff 


Onm  dU  Arm  angle*  of  a  piamt  triangle,  and  At  rmdtme  af  l*f  • 

circle,  to  find  the  nice  of  the  b 


CQ.  CD  =  AC.  CB 

CQ.CBaiu.B  =  AC.CB 

/.  AC  =  S  R  aba,  B 

6a,  BCstBdaA 

All  =  «fl«n.C 
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CHAPTER  IX, 
PROBLEMS  IN  TRIGONOMETRICAL  SURVEYING. 

Problem  I. 

To  determine  the  height  of  an  inaccessible  object. 

Let  AB  be  the  object,  and  in  a  straight  line  towards  it  measure  any  distance 
DC,  and  observe  the  angles  of  elevation  ADB,  ACB  at 
the  stations  D,  C.     Put  CD  =  A,  Z  ACB  =  a,  /  ADB= A; 
then  Z  DAC  =  a — A;  hence  we  have 

AB— •-.«  „    AC_       sin  b 

XC~8m  °;  CD"  sin  (a-A); 

and  multiplying  these  two  equations,  we  have 

AB siu  a  sin  b        kT%       .    .         .    ,  ,       .  * 

3sr=  =  -; — 7 i-r-,  or  AB  =  h  sin  a  sin  b  cosec  (a — b) 

CD        sin  (a — b)  x 

.-.  log.  AB  =  log.  A -flog,  sin  a+log.  sin  A+log.  cosec  (a— 6)— 30 (I) 

Cor.  Since  DB  =  AB  cot  A,  and  CB  =  AB  cot  a;  therefore,  by  sub- 
traction, CD=  AB  (cot  b  —  cot  a),  or  AB  = 5-5 (2). 

v  '  cot  b  —  cot  a 

Ex.  Let  DC  =  A  =  200,  ZBDA  =  A  =  31°,  ZBCA  =  a=s46°5  to  find 
AB  and  CB. 

log.  A  ...  =  log.  200  =  2.3010300 
log.  sin  a  .  .  =  log.  sin  46°  =  9.8569341 
log.  sin  b  .  .  =  log.  sin  31°  =  9.7118393 
log.  cosec  (a— b)  =  log.  cosec  15°=  10.5870038 

log.  AB  .    .    .     =  log.  286.29     =   2.4568072  .\  AB  =  286.29 
'  Also  BC  =  AB  cot  a  .*.  log.  BC  =  log.  AB+log.  cot  a— 10. 

Problem  II. 

To  determine  the  height  of  an  inaccessible  object,  which  has  no  level  ground 
before  it. 

Let  AB  be  the  object,  and  CD  two  stations  in  a  vertical  plane  passing 
through  AB;  measure  the  distance  CD,  and  at  C  take  the  angles  of  elevation 
or  depression  of  the  station  D,  and  the  top  and  bottom  of  the  object.  Also 
at  D  take  the  elevation  or  depression  of  the  top  of  AB. 

Put  CD  =  A,  ZDCH  =  o,  ZBCK  =  A,  ZACK  =  c  ZADG  =  rf;  then 
Z  ACB  =  c  —  A,  Z  ADC  =  a  +  a\  and  Z  CAD  a. 

=  c  —  d.  ^ 

K       AB_sin  ACB _ sin  (c — A)_  sin(c — b) 
'  AC  ""sin  ABC       sin  ABK  cos  A       *  * 


^  =  !i£^=«L(?±^;  hence;  multi-   . 
CD      sin  CAD      sin  (o — d) 

plying  these  equations, 

w«  have  £B  =  !L"  (c-*)  »in  ("JT'O;  »„d.  therefore. 
CD  cos  b  sin  (c — a) 

AB  rr  A  sin  (c— b)  sin  (a+d)  sec  A  cosoc  (c — d) 
,\  log.  AB  =  log.  A+log.  sin  (c— A) -Hog.  sin  (a±d)  +  log. sec  A4 

log.  cosec  (c— d)— 40 (1) 

Cor.  Wnen  a  =  90°,  and  A  =  0°,  then  we  have 
l«ig.  AB  =  log. A+log.  sine-Hog. cos  rf+log.  cosec  (c—d)— 90.  .  .  .  .  (2) 
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Ex.  1.  Lot  A=18  feet;  c=40°;  rf=37°30\  a=90°  and  6=0°;  to  WAR 
log.  h    .     .     .     =  log.  18.     .     .   =    1.2552725 
log.  sine   .    .     =  log.  sin  40°     •   =    9.8080675 
log.  cos  d  .     .     =  log.  cos  87°  80'  =    9.8994667 
log.  cosec  (c—d)  =  log.  cosec  2°  9&  s=  1 1.3603204 

log.  AB  .    .    .=  log.  210-4394    =      2-8231271  .-.  AB=21(N»L 

Ex,  2.  The  angle  of  elevation  of  the  top  of  a  tower,  standing  on  a  m\ 
was  83°  45',  and,  measuring  on  level  ground  800  yards  directly  towtnk  tat 
tower,  the  angles  of  elevation  of  the  top  and  bottom  of  the  tower  wsrt  51° 
and  40°  respectively.     What  is  the  height  of  the  tower?  Ana.  140  rev 

Remark. — When  the  station  D  is  higher  than  A,  the  top  of  the  tDwa;taa 
the  angle  d  must  be  considered  negative,  and  therefore  we  shoald  have 
AB  =  A  sin  (c—b)  sin  (a — d)  sec  b  cosec  (c+d). 

Lkmma. 

If  straight  lines  be  drawn  from  any  point,  either  within,  er  oaf  tfi  t 
polygon*  to  all  the  angular  points,  the  continued  products  ef  tkesmesefu* 
alternate  angles,  made  by  the  sides  of  the  polygon,  and  the  Hues 
unM  be  equal. 

Let  angle  CDP=/,  and  PEA=i; 
t.  PA  _  sin  b  PB  __  sin  d 
***  PB  "  iW?  PC  "  SET  i 

PC       sin/  PD       sin  h 

FD      sine'  PE       kuTg9 

PE_sin  k 

PA      sin  t* 

ButPA.PB.PC.PD.PE=PB.PC.PD.PE.PA; 
that  is,  the  product  of  the  numerators  =  product  of  the  dee^ssiaettrt,  is  us 
first  members  of  these  equations;  hence,  this  being  true  in  the  second  ■sa- 
bers also,  sm  ft.  sin  d.  sin/  sin  h.  sin  *=s  ska.sinc.sin6.sia4t.tiat. 

PaosLSM  IIL 

Given  AB,  and  the  angles  a,  b,  c,  d,  to  find  *,  and 
thence  CD. 

Pot  BCD+ADC  =  £+c  =  2# 
BCD— ADC  =  . .  •      2* 

Then  BCD  =  *+#,  ADC  =**  —  «;  also,  sin  ADB  = 
sin  (b+c+d),  and  sin  ACB  =  sin  (a+b+c)t  hence,  by 
the  lemma,  we  have  . 

sin  a.  sin  c.  sm  (b+c+d)  sin  (s+a)  ==  tin  6.  sin  d\  sin  («+44«)  sia  {#-4 
or,  sin  a  sin  c  sin  (b+c+d)  {sin  #  cos  *-f  cos  s  sin  *}  ssiaiss'i 
sin  (a+b+c)  {sin  «  cos  x— cos  s  sin  *}.  | 
Then,  dividing  by  cos  s  cos  *,  we  have 
sin  a  sin  e  sin  (b  +  c  +  d)  (tan  s  +  tan  *)  =  sin  A  sin  sf  sia  (•+!+<] 
'tan  «—  tan  a), 

tan  r  =  *?"  *  nn  ^-g'.n  («+&  •t-c);-**11  «  sin  c  sm  (b+c+d)  ^  ^ 
1  tin  6  sin  tf  tin  (a+b+c)+m\n  m  An  c  sin  (*+c+4) 
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Dividing  numerator  mud  denominator  by  sin  a  sin  c  sai  (5+c+e!),  ami 

•in  a  tin  c  an  (6  +  c  +  a) 

5°) 

3K  to0  •« 


tan  3—tan  45° 
Unx  =  ^i-^ —        .  „ tan  t 


—  sin  (B 
•in  (3 


Un  3+Uo  45°  sin  (0+45°) 

hence  *,  *+*,  #— *  are  all  known,  and  thence  CD  b  known. 

•in  * 


For?P  = 


«n  </  .  BD  „Utf  .       - 

bt% *    /    i    i»  WMl  Tto  **  -« — 7ri — r^\  •  therefore, 

BD       sra(«+*)  AB       nn  (5+c+«/) 


CD  ss  AB  sin  b  tin  rf  eosec  (*+*)  eosec  (5+C:f<f). 
Cor.  When  CD  b  given,  and  the  same  angles,  to  find  AB,  we  have 
AB  =  CD  sin  (b+c+d)  an  (#+*)  come  b  cone*.  <L 

Example. 

Green  ABacOOO  yard*,  a  =  87°,  6  =  58°  20',  c=53°80\  <fss4*iy, 
to  find  CD. 

Here,  Un  6ss  eosec  a  sin 6  coeec  e  sin  e?  sfa  (m+b+c)  eosec  (ft+t+ef* 


lav. 


II  II   II  II  II  II 

« 

log. 

eosec 
sin    . 
eosec 
sin    • 
sin    . 
eosec 

58°  20*. . 

wkmd 

53  30.. 
45    15  • . 

an  («+5+c)  . . 
coeec  (5+c+d) 

148  50.. 
157     5  . . 

ss  10.2206870 

ss  9.9299691  0.9299891 

=  10.0948913 

=  9.8513717  9.8513717 

=  9.7139349 

s=  10.4096131  10.4096131 


tan /I =s    tan.  .  58°  56*  89"  ss  10.2202671 


mm  (#-46°) .... 
<*+45°).. 

9 . 


tin  .  18  63  39  ss  94819749 
coeec  103  56  39  ss  104199306 
tan    .    55  55  ...  ss  10.169650* 


(#+#) ss 

AB ss 


eosec    76 
660 


90    9     8  ss    9.5646156 
4     3   ss 


10.0199687 
9.7781519 


.\  CD 


Great  AB,  a,  b,  and  ike  angles  c,  d,  taken  at 
ABC,  to  find  ii  and  theme*  PA,  PB,  PC. 

Pat  PAC+PBC=  180°— (a+e+c+rf)  =  *s 
PAC— PBC  = s=Ojr5 

TWo,  PAC=#+x.  PBC  ss  ♦— *,  and,  by  the  lemma, 

sb  m  eia  e  sin  (#— *)  ss  tin  6  sin  d  sin  («+*) 
#%  wn  6  wn  </_  rin  (»—s)  _  tan  # — tan  m 
•wo  sine      sin  (*+*)      tan  *+ tan"? 

Pnt  tan  $  ss  _ — __ _  ss  coaec  a  sin  b  eosec  c 
'm  •?«  then  we  have 


959.608...  ss    9.9890939 

PaovxiM  IV. 

point  P  In  the 


'an  j-tan  r  _  ^        .  tan  ar  _  1—  tan  3       tan  45°— Un  $ 
tan  «+tan  x  *  *  tan  §       f+tan  0       tan  45°+ tan  a' 

-'-^-^-^taii.,-! 


taa  45°+Us  $ 


•*  (**°+*> 


616  PLANE  TRIGONOMETRICAL  SURVEY.**! 

Hence  *  is  known,  and  thence  «+*  and  §—x  are  known. 

AC  sin  c      AB        sin  (a+o) 

PC  =  AB  cosec  (a+b)  sin  b  cosec  c  sin  (*+*)- 

PaOBLBM    V. 

When  ike  points  P  oju*  C  are  on  opposite  sides  of  AB. 

Put  PAB+PBA=180°— <c+<f)  =  2# 
PAB— PBA= =2*; 

then,  P  AB=*+x,  PBA  =  «— x%  and,  bj  the  lemma  *  (^J*  /  ^*^i 
sin  a  sin  c  sin  (a — x)  =  sin  6  sin  d  sin  (#4**); 

hence,  as  in  the  last  problem,  we  have 

sin  (45°+  *)  '  t 

where  tan  A  =  cosec  a  sin  6  cosec  ctond;  and  2*  =  180°— (c+d)> 

PaOBLIK  VI. 

Gfoe*  tfo  angles  of  elevation  of  any  distant  object,  taken  at  staff** 
on  a  level  plane,  no  two  of  which  are  in  the  same  vertical  pirn  win  * 
objects  to  find  the  height  of  the  object,  and  its  distance  from  tdfcrstosft 

Let  A,  B,  C,  be  the  three  stations,  K  the  object,  and 
KH  perpendicular  to  the  plane  of  the  triangle  ABC. 

Put  BC  =  a,  AC  =  6,  AB  =  c,  HAK  =  «,  ti 

HBK  =  &   HCK  =  %   and   HR  =  x;   then    the  * 
angles  AHK,  BHK,  CHK  being  right  angles,  we  have 
AH  =  x  cot «,  BH  =  x  cot  A  CH  =  x  cot  7;  hence, 

^  »P.  -  AP+BJg-Ag  ,  *+*  (coP  0-*V> 

2AB*BH  2excot* 

cos  HBC  =  BC>  +n ™-C*  =  *+*  t«*  *>-«  1* 

2BC-BH  2oxcot  f 

cos  ABC  .  ^fBC^-A^  =  oH^* 

2 AB  -  BC  2ac 

But  cot  ABC  =  cos  (ABH+CBH)  =  cot  ABH  cos  CBH -as  4* 
sin  CBH;  and  by  transposing  sin  ABH  sin  CBH  to  one  side  of  tkt  tqnm 
then  squaring  both  sides,  substituting  1— cos*  ABH,  and  I— co^CBHst 
sin*  ABH  and  sin*  CBH,  we  hare 

1— cos>  ABH— cos*  CBH-cos*  ABC+2  cos  ABH  cos  CBH  cot  ABU* 

Substituting  the  above  values  of  cos  ABH,  cos  CBH,  cos  ABO* 
aquation,  and  reducing  to  a  common  denominator,  we  get 
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GI7 


•** 

8 

• 

a 

3 

i  i  i 

1 

4 

•fa^g 

<*• 

l 

o 

l 

o 

3> 

©t 

*S 

1 

1 

% 

t> 

1 

1 

% 

% 

a 


+ 

H 
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Cor.  1.  When  the  three  places  are  in  the  same  straight  Hoc,  we  hns 
ft  =  a +c,  and  angle  C  =  0;  therefore  ft1— c1— a*  =  2ac;  c* — a* — 6*  =  —2a*; 
a* — ft*— c*  =  —  2bc;  and  hence  in  this  case  equation  (1)  becomes  a  complete 
square,  whose  root,  extracted,  gives 

{a  cot*  a  —  (a+c)cot8/B+ccot,7'}*,—  ac(a+c)  =  0 (£) 

_ »  _     ac  tan  3  /*\ 

ana x    =  i- ••••••••••••••••  \p») 

—       m 

where  cos  <p  =  UX  2JE_ — f  and  m  =  ±  vV-J-Af— 2  oAcoif 

Cor.  2.  When  ft  =  a+C  and  also  a  =  c;  then  we  hare 

(cot8o  —  2cott£+cotty)*t  —  2at  =  0 (7.) 

and*=  +  fl*  *"* (a) 

where  cos  <p  = Z^_ ,  and  m  =  +  vV+A*  — 2aA  oos*> 


Scholium, 

In  all  these  cases  the  computation  can  be  conducted  entirely  by  logarhhsu; 
for  <p  is  the  value  of  the  angle  opposite  to  the  side  k  of  the  triangle  who* 
three  sides  are  ft,  A,  A;  and  tn  is  the  third  side  of  the  triangle  whose  two  sides 
are  a,  A,  and  included  angle  C+^.  The  following  tahte  exhibits  the  several 
steps  of  the  computation  for  each  case,  and  though  tho  expressions  for  cos.  C, 
cos.  <pf  and  m  are  put  down  as  employed  in  the  investigation,  still  they  should 
be  calculated  by  the  usual  trigonometrical  rules  adapted  to  logarithmic  com- 
putation. 


Table  or  Formulae. 


(1.)  For  any  three  stations. 


A 
A 


(2)    cosC 


(3)  cos  <f> 

(4)  m 

(5)  * 


=  a  cot  a  tan  £ 

=  c  cot.  y  tan  £ 
__fl«4.ft*-.ct 

2  aft 
__  ft«+A«  -  *t 

2ftA~~ 


(2.)  In  the  same  straight  line.   | 


\ 


h         = 


C         =r 


cos  <p=z 


a  cot  a  tan  £ 
c  cot  7  tan  £ 

0 

(c+c)«+A«-A« 

2A(a+c) 


=  + 


+ */«*+#— 2aAcos(C+f) 
ac  tan.  £ 


m        = 


m 


-=± 


ac  tan  £ 


When  the  stations  are  at  equal  intervals  in  the  same  straight  line,  then  c  » 
equal  to  a,  and  the  necessary  modification  of  the  formula)  in  the  second 
column  of  the  table  is  obvious. 
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The  two  cases  in  which  the  three  stations  are  in  the  same  straight  line  way, 
however,  be  investigated  in  a  different  manner;  for,  resuming  equation  (5\ 
we  hare 

{a  (cot«a  —  cot*0)+c  (cotf  y— cot*0)  }**  =  «•  (a+c) (9.) 

But,  cot*a-  cot*0  =  (cot«+cot0)  (cot  a— oot0)  =    ,in  (*+«> 8in  (*""«* 

sin  *a  sin  *0 

cot«7-cot«0  =s  (cot7+cot0)  (cot  7  -  cot  0)  =  g-in  ft +?>  «n  (0-7) 

sin  *0  sin  *y. 

Hence  equation  (5)  becomes  \  I  +  a  T<f  +  «>  T  fr—**1  !*  * . 
n  C         c  am  (0  +  7)  sin  (0  —  7)  tin  fa  ) 

sin  (0  +  7)«jn  (0-7)  ,1  ^  g  («+<.) (10.) 

sin  s/9  sin  *7  v        '  v      ' 

,    .    x          sin  *0  sift  *7 
a(a+c)  *  \    . — £- r 

v  sin  0+t)  »n  O—7) 

.-.  **  =  —-—->———-————— (11.) 

I  .  a  sin  (0+ a)  sin  (0— «)  sin  *y 
c  sin  (0+7)  sin  (0— - 7)  sin 'a* 

Now,  when  0  exceeds  a,  as  well  as  yf  we  may  assume 

tan«g  —  a  Bin  (0+7)  sin  (0— a)  sin«7. 
c  sin  (0+7)  •>«  (0— T)  •»«**  «' 
and  when  0  is  less  than  a,  and  greater  than  7,  or  less  than  7  and  greater 
than  a,  then  the  fractions  in  the  numerator  and  denominator  of  equation  (1 1) 
are  negative,  and  we  must  assume 

BCC  sg  —  <»  »in  (0+q)  «fa  (*— «)  «n  V 
c  sin  (0+7)  sin  (0 — 7)  sin  *a 

and  therefore,  in  the  former  case,  we  hare 


lun#-  +  cowc«  »lny  a  /••!»  (/*+•)  tin  08— •)  cosws  (/9+y)  cbmc(0~?)  J 
J       #  =  +  tin  £  rin  y  cot  •  a/«  (a+c)  cowc  OS+y)  cowe  (0— y)  1 


.<m 


And,  in  the  latter. 


(we*«+cowc«tiny  A /"  ,to  °8+*)  "*■  °8~*)  co*ec  °8+y)  eoifc ^"^  \ 
£      #s  +iin  /S  tin  y  cot  I  ^/.  (a+e)  cowc  (/8+y)  cowc  (/9-r)  1 


(13.) 


When  a  =  c,  then  equations  (12)  and  (13)  become 

Un  #=  +  oomc  «  tin  y  V'»in  0*+«>  «l»  0*— •)  cowc  (£+y)  cowc  O— r)  ^ 
#= +_«  tin  /3  tin  y  cot  $  */l  cowc  (/B+y)  cowc  {fi—y)  f 

wc  #=s  j^eowc  •  sin  y  */**n  <£+•)  »'"  0&— «0  oomc  (/3+y)  cowc  09— y)  1 
#=  +  a  tin  /S  sin  y  cot  #  ^1  cowc  <0+y)  cowc  (£— y)  t 

Example. 


{ 
{ 


•••••• 


(lO 


(IB). 


Given  a  =  30°  4C,  0  =  40°  83',  y  =  50°  28';  find  «,  when  the  three  stations 
are  in  the  same  straight  line,  AB  being  =  50,  and  BC  =  60  yards. 
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This  example  corresponds  to  the  second  case  in  the  preceding  tab! 
formula*,  and  may  be  resolved  by  the  formate  there  given.  It  may  *1* 
resolved  by  the  equations  in  (13),  for  £  is  less  than  %  and  greater  tfasi 
hence,  employing  the  latter  of  these  methods,  we  have  the  subsequent  c 
putation. 

0+a  =  71°  13*  sin         =    9.9762821 
/9— a=    9053,sin         =    9.2346249 

0+7=9O°56'cosec     =10.0000576 10.0000576 

0—7  =    9°50'cosec     =10.7675560 10.7675560 

a  =  60  log.  =    1.7781513      log.  60       ss    1.7781513 

c  =  50ar.co.log.    =    8.8010300  50 

2)20.0576519    log.  110       =    £0413927 

10.0288259  2)4.587 157* 

a  =  30°  40r  eosee     =  10.2928986  249357K 

7  =50°  23*  sin         =918866756 9.96667* 

9  =  51°  42'  49V  sec  =  10.2078951         cote         =    9L8972767 
0  =  40°33r  sin =    94129678 

x=  77.7175  yards log.  =    1.890*1*9 

Whence  the  height  of  the  object  is  nearly  77.7175  yards,  aad  in  ttae 
from  the  three  stations  are  easily  found.  This  example  is  froa  Bs*j 
castle's  Trigonometry,  2nd  Edition,  p.  72,  where  the  height  is  stassi  Ilk 
79.029  yards,  which  differs  from  the  true  height  by  3  feet  1 1£  iacscs.or  4M 
nearly;  a  very  considerable  error,  arising  purely  from  the  iatiua  leaks*  wi 
of  solution  by  means  of  natural  cotangents. 

This  method  of  solution,  combining  great  accuracy  with  siawBqtj,»a> 
ferable  to  every  other  method  by  which  the  solution  has  beat  sttssjni 
Meyer  Hirsch,  one  of  the  ablest  of  the  Continental  mathisuiicissi,  sd< 
of  the  most  successful  teachers  of  our  time,  has  given  an 
this  problem  in  his  "  Geometry,"  p.  78,  somewhat  analogous  to  the  | 
but  altogether  different  in  the  resulting  equations,  arising  frost  a 
mode  of  substitution  in  the  investigation  of  equation  (2),  aad 
one  case  of  the  problem.  A  beautiful  and  simple  geometrical 
this  problem  may  be  seen  in  IngranCt  Comcim  9yUm  of 
page  269,  fifth  Edition. 


SPHERICAL  TRIGONOMETRY. 


Hating  demonstrated  in  the  treatise  on  Spherical  Geometry,  several  important 
properties  of  the  circle  of  the  sphere,  and  of  spherical  triangles,  we  shall  now 
proceed  to  deduce  various  relations  which  exist  between  the  several  parts  of  a 
spherical  triangle.  These  constitute  what  is  called  Spherical  Trigonometry; 
and  enable  us,  when  a  certain  number  of  the  parts  are  given,  to  determine  the 
rest.  The  first  formula  which  we  shall  establish,  serves  as  a  key  to  all  the  rest, 
and  is  to  spherical  trigonometry  what  the  expression  for  the  sine  of  the  sum  of 
two  angles  is  to  plane  trigonometry. 

CHAPTER  L 

1.  To  express  the  cosine  of  an  angle  of  a  spherical  triangle  m  terms  of  the 
sines  and  cosines  of  the  sides. 

Let  A  B  C  be  a  spherical  triangle,  O  the 
centre  of  the  sphere. 

J*et  the  angles  of  the  triangle  be  denoted  by 
the  large  letters  A,  B,  C,  and  the  sides  opposite 
to  them  by  the  corresponding  small  letters, 
«,o,c 

At  the  point  A,  draw  A  T  a  tangent  to  the 
arc  A  B,  and  A  t  a  tangent  to  the  arc  A  C 

Then  the  spherical  angle  A  is  equal  to  the 
angle  T  A  t  between  the  tangents  (Spher* 
Geom.  prop.  IV.). 

Join  O  B,  and  produce  it  to  meet  A  T  in  T. 

Join  O  C,  and  produce  it  to  meet  A  *  in  /. 

Join  T,  *; 


Then, 


OT 
OB 
Ot 

07J 

AT 
OU 

At 

JT5 


=  secAB  = 

=  sec  AC  =  see.* 

=  tan.  AB  =  tun.  c 

=  tan.  AC  =  tan.  6 


Thin  in  triangle  T  O  * 

T/1    =  OT"  +  Of"  —  20T.O*  cos.  T  Or 

T/"  OT1    .    Of  OT      Ot 

""•  07?    ""  OC1  +0T5*  """  8'0C  '  CT5  00i*1Uf 

s  aee.ac  -f  seca6  — 8seccsec6  000,4    -    -      -  (1) 
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Again,  in  triangle  T  A  t 


Tf     =    AT"  +  A/"  —  2  AT  .  A*  ooa.  1  A< 

T*1             AT"         At9             AT      Ac 

=    tan.*  c  + tan/ 6 —  2  tan.  c  tan.  b  cos.  A.    •  - 

Equating  (1)  and  (2) 

in.ac-ftan.a6  —  2  tan.  c  tan.  b  ooa.  A  ==  sec.ic+*ec.t& — 2accMii 

=r  I  -f  tan.V-f 1  4.  tarn**-! 

see  6  ooa.*; 

.%  —  %  tan.  e?  tan.  ft  cos  A  =  2  —  2  sec.  case,  free*  a 

ain.  c     sin.  b           .         _           1           1 

OK.  ■—  — —  •             .     COS.  A    SI  1  — »            '   *           ,  COIftii 

^       om.c     O08.6                          cos.  c   ceaTiV ~ 

• 

cos.  a  —  ooa.ftoss.c' 

..€OS.A_               BB.ftdn.c 

Siniilarly  we  shall  hare, 

_         ooa.  6  —  cot  a  cote 

>fs) 

^^                    aw.  a  tuuc 

c  ■                                                            • 

\mi 

ain.  oat*.  6 


2.  3Po  cxpran  the  cotim  qf  a  s&t  qf  a  spherical  trumgU,  mfcrnVf/Afl 
aW  costaat  o/ioe  ayfoa. 

Let  A,  B^  C,  a,  6,  c,  be  the  an^et  and  sides  of  a  spherical  triaoglr.A'.l 
•*, 4T,  c*f  ike  corresponding  qnsntttios  fa  the  Polar  triangle, 

Then,  by  (*)» 

co§mA  = — i&rri5n7c7 — 


Bui  (8pherical  Geometry,  prop.  VL),  A'=(180»  —  m\  d s  (MT 
*  S3>(180»_  B)>c'  =  (180»  —  C), 


•••  com,  (180»— a)  = 


cob.  (180*— A)  —  cog.(180»— B)emQgr-» 
ain.(l8Cr— B)bb.(]80»— C)     " 


•\  eoi,f  = 


Similarly, 


6s 


.c  ss 


com,  A  +  cos.  B  cos.  C 
sin.  B  sin.  C. 

ooa,  B  +  ooa.  A  osa,  C 
sin.  A  tin.  "G 


><*> 


ooa.  C  +  cos.  A  cue.  B 
ain.  A  sin.  B. 


8.  Wt>  exprt**  the  das  qfa*  amgU  qfa  tphencal  tHamyi**  61 
cfth*  sides  of  the  trmngU. 


By  («)  wo  hare, 
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A 
1+  co*.  A    = 


cos,  a  —  cob,  b,  cos,  c 

~~  sin.  b  sin.  c 

cos,  g  — cos.  &  cob,  c  -f»  *fa*  6*in»6 
sin.  6  sin.  c 
__    cos,  g  —  (cos,  b  cos,  c  —  sin,  b  sin,  c) 

sin.  osin.  c 

cos,  g  —  cos,  (b  +  c) 

"""  sin.  6  sin.  <? 

,_  g  +  6+c   .    6-f-g— a 

2         ^         8       (Plane  Trig.  Ch.  IL) 
aiii*  b  sin.  c  ~s 


2  sin. 


Lsi  $    = 

•*.     #  —  g    = 

t  —  b    s 

#—  c    = 

.'.  1-f-cos.  A    = 

Again,  resnmins;  the  e 

1— cos.  A    = 

g  -j*b  +  c 

2 
b  +  c  —  * 

a  +  c  —  b 

2 
a  +  b  —  e 

2 
2  sin.  $  sin.  (*— g) 
sin.  6  sin.  c 


expression  for  cos>  A, 

cos,  b  cos,  c  -f»  sin.  6  sin,  c— 


u 


sin.  6  sin.  c 
(o — c)— oo8.g 
sin.  6  sin.  c 


__    2  sin. 


+  b-e*,*±J. 


sin. 


—  6 


sin.  6  sin.  c 
2  sin,  (s  —  c)  sin.  (a  — fr) 
sin.  6sinTc 


w 


(a.) 


Multiplying  equations  (1)  and  (2) 

t  a  _  4s8n.*8in.  (s  —  g)sin.(s— fl)sin.(a 


sin.*  6  sin.8  & 


=£l 


.-.  sin.A  =  ^-^^^Mto{*-^)  **.{*-*)  *n.(*Z3i* 
Similarly, 

v/sin.*  sin.  (#— «)  sin.  (#—6)  sin.  (s— cj  K*  l> 


sin.B  = 


sin.  a  siiLc 


2 


sin.  C  ==  .  .     a\/»p»  *  <*n*  (*— <»J  pp*  (»■-*)  «p»  (*—*) 

sin. a  sin.  6 


K«w,  by  equation  (1)  wc  nave, 


2  sin.*  sin,  (a— g) 
1  +  oosA    =:  A^b^c 
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or. 


.A 


•  '.     006.   — 


2  sin.  $  sin,  (s  —  g) 
sin.  6  sin  c 


-/ 


Similarly, 


«■•  2 


-/ 


sin.  i  sin,  (* —  a) 
sin.  6  sin.  c. 

sin.  *  sin.  (* —  6) 


sin.  a  sin.  c 


5-/ 


sin.  *  sin.  O — c) 


sin.  a  sin.  b 


(y.«) 


Next,  by  equation  (2), 

1  — cos.  A 
or, 

2sin.'4 


2  sin.  (i—6)rin.(i— e) 
sin.  b  sin*  c 

2  sin,  (s  —  b)  8 in.  (g  —  c) 
sin.  6  sin.  c 


Similarly, 


«m7 


.     B 

■in. -j 


.     C 


sin,  {s  —  b)  sin.  (*— c) 
sin.  6  sin.  c 


8in7(*  —  a)  sin.  (*  — c) 
sis.  a  sin.  c 

■in.  (•— c)  sin.  (*  — ft) 
■in.  a  sin.  6 


c*» 


Finally,  dividing  the  expressions  (y.  3  by  those  y.  2),  we  obtain, 

A     __      /sin.  (t — b)  sin.  (t — c) 
2     —  V       sin.*  sin.  (* —  a) 


tan. 


f      B 
tan.r 


Umuj 


=  / 


sin,  (*  —  a)  sin.  (* — c) 
sin.  *  sin.  (*— ft) 


-/ 


sin,  (s  —  a)  sin.  (*  —ft) 
sin.  s  sin.  (*  —  c). 


(*4) 


4b  7b  express  the  sine  of  a  side  qf  a  spherical  triangle,  m  terms  of  ike  shut 

and  cosines  of  the  angles* 

By  (/3)  we  have, 

—    cos*  A  +  cos.  B  cos.  C 
sin.  B  sin.  C 


a    = 


.   .                      ros.  A  4-  cos.  B  cos.  C  -f>  sin.  B  sin.  C 
.-.   1  +  cos.a    =    T       .in.  B  sin.  C 


_    cos.  A  +  cos.  (B— C) 
""*  sin.  B  sin.  C 


2  cos. 


A+B— C        A+C— B 


COS. 


■in.  Bsin.  C 


8 (PlanfjTHg.Ck.lL 
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IM 


_     A+B+C     9  B+C-A  ,_B_A±C-B 


2 


and 

•  — C 
Hence, 

1  +  cos.a 


_    A  +  B— C 

""  2 

_     2  cos.  (s'  —  C)  cos.  (•-  B) 
sin.  B  sin.  C 


CO 


Resuming  expression  for  cos.  a, 

cos.  B  cos.  C  —  sin.  B  sin.  C  +  cos.  A 
sin.  B  sin.  C 


I  —  cos.  a    =    — 


_  cos.  (B  +  C)  +  cos.  A 

"""  sin.  B  sin.  C 


A  +  B+C         B+C  —  A 


2  cos. 

sin.  B  sin.  C 

2  cos,  tt  cos.  (/—  A) 
sin.  B  sin.  C 


l«.) 


Moltiplying  Equations  ( 1.)  and  (2.). 

sin.*  B  sin.*  C 

2 
.•.  sin.  a  =  - — ^-r-jnj \/ ^-cos. i  cos. (*'— A) cos.  (*' — B)  cos.  (/— C) 
sin.  d  suuis 

Similarly, 

8iIU  b  =  rinirc  ^-^  *  ^  {J-A>  •* (*-^  «"■  (I'-C) 


sin 


(11.) 


By  Equation  (1)  we  hare, 

,    .  2cos.(i  — B)  cos.(^— C) 

1  +  cos.  a        =r        ^ — -. — £— : — ^ *- 

sin.  B  sin.  U 

,  a                    2  cos.  (*' —  B)   cos.  (*' —  C) 
,\   2  cos.*—        =        - 

4b 


sin.  B  sin.  C 


a  / 

,\     cos.  —         =         /• 
2  V 

Similarly, 


cos.  (**—  B)  cos.  (S—  C)~ 
sin.  B  sin.  0 


b 
cos.   - 


sos.  (Y — A)  cos,  (jf (?) 

sin.  A  sin.  C 


cos.  (4 —  A)  cos.  (jt —  B) 
sii».  A  sin.  B 


(*.*.) 


By  Equation  (2.) 
1  —  cos.  a         =  — 


.    2 sin.*-        = 


2  cos.  /  cos,  (*' —  A) 
sin.  B  sin.  C 

2  cos,  f  cos,  (t  —  A) 

sin.  B  sin.  C 


G'2(j 
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.-.      8llU     -  =  /—  COS.!'     COS.  (I'—A)   "    ^ 


2 

b 
sin.  — 

2 


sin. 


-  / 

-  / 


V  sin.  B   »in,  C 

—  cos.  s*  cos-  (/ —  Bl" 


sin.  A  sin.  C 


—  COS.  8*    COS.  {8'  C) 

6in.  A  sin.  B 


(3.31) 


Finally,  dividing  the  expressions  (3.  3.)  by  the  expressions  (&  2.) 

lt   °_        =  /  —  cos.  /   cos.  (*'  —  A)* 

2  V   cos.  (s' — 


tin. 


tan.    - 
2 


c 
tan.  ^ 


cos.  (*'—  B)  cos.  (•  —  C) 
— -  /  —  cos.  *'  cos.  (/  —  B) 

V  cos.  <v — 


cos.  (^  —  A)  cos.  (**  —  C) 

COS.  8*   cos.  (/  —  C) 

A)  cos.C*'—  B) 


'    (*•  *•> 


__.  /  —  cosT* 

V  cos.  (*'  — 


It  is  to  be  remarked,  that  although  the  expressions  (3. 1.),  (£.  3L),  (3.  IX 
appear  under  an  impossible  form,  they  are  in  reality  always  possible. 

For  by  Prop.  IX.  of  Spherical  Geometry,  the  sum  of  the  angles  of  a  sphe  ka< 
triangle,  is  always  greater  than  two  right  angles,  and  less   than   six  right 

angles. 

A  +  B|C  ~7>     180°  and  -£.  5W 

.       A+BfC^  j  ^      90°  and  -*L  870° 

Hence,  cosine  a*  is  always  negative,  and  •*.  —  co?.  s*  is  always  positive. 


Again,  if  a*,  V,<ft  be  the  three  sides  of  the  polar  triangle,  since  the 
two  sides  of  a  spherical  triangle  is  greater  than  the  third  side : 


efta) 


180°— B  +  1800— C 

..,     B+    C    —  A 

M  +    C    —A 


180»— A 
180° 

90* 


..  cos.  (4  —  A)  Is  always  positive,  and  in  like  manner  cos.  (  — Bl 
cos.  (J  —  C),  are  always  positive ;  hence  the  above  expressions  are  in  ever) 
case  possible. 

5.  The  sines  of  the  angles  of  a  spherical  triangle  are  to  each  other  as  emu  c) 
the  two  sides  opposite  to  them. 

Taking  the  expressions  (y.  ].).  and  calling  the  common  radical  quantise 

for  the  sake  of  brevity : 

2N 
sin.  b  sin. 


sin.  A         = 
sin.  B         = 


2N 


sin.  a  *in>  < 


raiding  the  firs*  of  tli«»e  by  the  second: 
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Similarly, 


sin.  A 

= 

sin.  a  sin.  c 

:= 

sin.  a 

sin.  B 

sin.  ft  sin.  c 

Sill,  ft 

sin.  A 
sin.  C 

= 

sin.  a  sin.  ft 
sin.  c  sin.  6 

= 

sin.  a 
sin.  c 

sin.  B 

= 

sin.  b  sin.  a 

= 

sin.  b 

sin.  C 

sin.  c  sin.  a 

sin.  c 

(«•) 


6.  To  express  the  tangent  of  the  sum  and  difference  of  two  angles  of  a  spheri- 
cal triangle,  in  terms  of  the  sides  opposite  to  these  angles,  and  the  third  angle  of 
the  triangle. 


By  («)  we  have, 
oos.  A        = 

And, 

oos.  C        = 

.*•  cos.  c        = 


cos,  a  —  cos,  b  cos,  c 
sin.  b  sin.  c 

oos.  c  —  cos.  a  cos.  5 


<».) 


sin.  a  sin.  b 
cos.  a  cos  b  -f-  sin.  a  sin.  6  oos.  C  - •••...• (£.) 


Substituting  this  value  of  cos.  c  in  Equation  (I.).: 

cos.  a  —  oos.  a  cos.1  b — cos.  b  sin.  a  sin.  b  oos.  C 


cos.  A        = 


sin.  b  sin.  c 


cos.  a  f  1  —cos.'  6)  —  cos.  b  sin.  a  fin.  b  cos.  G 

sin.  6  sin.  c 


cos.  a  sin.  6  —  cos.  &  sin.  a  cos.  C 

IU.C 


(3.) 


In  like  manner,  substituting  the  value  of  cos.  c  in  Equation  (2),  in  the  expres- 
sion for  cos.  B,  we  shall  find, 

cos.  6  sin.  a  —  cos.  a  sin.  b  cos.  C 


cos.  B        = 


sin  c 


•••••••....••...... f  «W/ 


Adding  Equations  (3)  and  (4) : 

»    ,          n       sin.«  cos.  ft  4- sin.  ft  cos.  a — (sin.  a  cos.  ft + sin.  ft  cos. «)  cos. C 
cos.A+cos.B=  ^ _ X 

__        sin,  (a  +  b)  —  sin,  (a  +  b)  cos.  C 


suuc 


_        sin,  (a  +  b)  (1  —  cos.  C)  ,.  , 


Again,  by  Equation  (i) 

sin.  A  

sin.  B 

,\  sin.  A  +  gin*  B 
sin.  B 

Asin.A+tin.B        = 


sin.  c 

hare, 

sin,  a 
sin.  b 

sin,  a  +  sin,  ft 
sin.  ft 

(sin.  a  ±  sin.  ft)  ij-iy 


tew.  a  ±  sin.  ft) 


sin.0 
sine 


......  .*•..... 


•*••••«••  .  Vv*# 


a  t2 
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Dividing  Equation  (6)  by  Equation  (5),  and  taking  first  the  positive  dgt 
•In.  A  +  sin.  B  mmm     sin,  a  +  sin,  b  sin.  C 

sin.  (a  +  b)      "    1  — 


co*.  A+  cos.  B 

0  .     A+  B         A— B 
2  sin.  — -L —  cos.  — — — 
2                   2 

o         A+B         A  — B 
Scos.      J      cos.— - — 

...          tan.  A+_? 

IB 

— 

o   .     a  +  b  a  —  b 

2  sin.  — l —  cos.  — - — 

2  2 


2  sin. 


.     a  +  b a  +  b 
— k —  cos.     T 
2  2 


£ 
2 


cos. 


COS. 


g  —  b 

g~+J  '        "8 


2 


Again,  dividing  Equation  (6)  by  Equation  (5),  and  taking  the  negative  alga. 


sin.  A  —  sin.  B 
cos.  A  +  cos.  B 

0  .      A— B         A  +  B 
2  sin.  cos. — l — 

2  2 


0  A  — B         A  +  B 

2  cos.  cos.  — jr — 

2  2 


sin,  g  —  sin,  b 
sin.  (g  +  b) 

.     a  —  b  

2  sin.  — - —  cos. 
m 2   2 

7"!     a  +  b    _  a  +  b 
2  sm.  -X—  cos.  -i- 


aln.  C 


1  —  COS.C 
a  +  b 


tan. 


A-B     ., 


ain. 


COS, 


g-& 

a  +  b  2 


sin.  C 
1— cos.  C 


We  have  thus  obtained  the  required  expression,  via. 

a-ft 


8imilariy, 


tan. 


A  f  -  B    _ 
2         "" 


A-.  B 


cos. 


tan. 


tan. 


B+C 

2 


B-C 


tan. 


A+C     _ 

2  "" 


tan. 


2 


2 


cos, 

•in. 

a  +  b 

2 
2 

■in. 
cos. 

a+b 

2 

*-c 
2 

C/M 

6  +  c 

sin. 

2 
6-c 

2 

sin. 

COS. 

&  +  e 

2 

g  — c 

2 

fVM- 

a  +  c 

Hill- 

2 
fl  —  c 

D1U* 

2 

sin. 

a  +  c 

coL% 
2 


cot£ 
2 


ccV- 


*  A 

cot. 

2 


cot| 


cot" 
8 


2 


00 


•  Ifceso  Equations  when  eonrertod  Into  proportions,  form 
AJkpw'f  Jfrrt  and  $eeond  Analo<rt*t. 
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7.  To  express  the  tangent  of  the  sum  and  difference  of  two  sides  of  a  spheri- 
cal triangle,  in  terms  of  the  angles  opposite  to  them  and  the  third  side  of  the  tri- 
angle. 

Let  A,  B,  C,  a,  o,  c,  be  the  sides  and  angles  of  a  spherical  triangle,  A',  B',  C, 
a*t  b\  d,  the  corresponding  parts  of  the  polar  triangle;  then  by  expression  (j)t 

a'  +  b'  =  «*  ~*—  ^  2 

tMU 3~"  a~*+F        8 

cos.^— 


(180°— A)— (180°— B) 

180"  —  a  ■+  180°  —  b  ** 2  (180°— «Q 

•*•  **"'  9  —         ( 180°— A)+(  180°-B ) cot        tf 

cos.  a 

(    A~M 

it  008.1— « I 

taiu(l80°— -^     =       -f a+bV**90-") 

cos.f  180« ^-) 

A  — B 
a  +  b           «*— ST"         ft 
.•.Un.-g-      =    T+B^'T 

2 


Again, 

A  —  IT  "^  ~T"  C 

tan. 5 =     __«*._ 

sin.  — g— 


.     (ISO*— A)— (180*— B) 

(I80°  —  a)  —  (180»—  o)         8m'  "                2                        (igo^^j 
".  tan.  v *-5-* =    77^= — rrr77i^r-TfT  cot. ^— J 


'.      (180*—  A>f  (180«— B)  "^        2 


sin.   g 


A— B 


sin. 


a_0  -■-       2      4       e 

.-.tan.  -j-     ss  A  +  b**^ 

sin.-^- 

W«  shall  thus  obtain  another  group  of  formula  analogous  to  the  last. 


6«n 
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A  — B 

cos. s 

A+  B  WI1,  2 


tan. 


«  —  6 


cos.       a 
.     A-B 

.      A  +  B^g 
un.  — s — 


tan. 


b+  c     _ 


006. 


B  — C 


tan. 


6—  c 


COS. 


sin. 


2 


a 
-,  tan.  j 


2 
B  — C 


2  a 

.     B  +  CtmT 


sin. 


tin. 


q  +  c     __ 


cos. 


A--C 

~T~         b 

A  +  C^T 


Un. 


a 


cos. 


.     A-C 
Sin.  — g—         b 

.     A+Ctnn'2 


sin. 


2 


*a 


i 


8.  To  express  the  cotangent  of  an  angle  of  a  spherical  triangle,  in  terms  o, 
the  siae  opposite  one  of  the  other  sides  and  t/te  angle  contained  between  then  hu 

sides. 


By(«) 

cos.  A 
and, 

cos.  C 

Hence, 
cos.  c 


cos.  a  —  cos.  b  cos.  c 
sin.  b  sin.  c 

cos.  c  —  cos.  a  cos.  b 
sin.  a  sin.  b. 


=    cos.  a  cos.  b  4-  sin.  a  sin.  b  cos.  C 


—  0) 


Substituting  this  value  of  cos.  c  in  Equation  (I),  it  becomes 

cos.  a  —  cos.  a  cos.8  b  —  sin.  a  sin.  b  cos.  b  cos.  C 

cos.  A     :=    : — £—. 

sin.  b  sin.  c 

cos.  a  (1  —  cos.9  6)  —  sin.  a  sin.  b  or*,  &  cos.  C 

sin.  6  sin.  c 

A  cos,  q  (1  —  cos.  *  b)  —  sin,  a  sin,  b  cos.  5  cosw  C 

•  •  COS.  A      HZ  ,        .      .  ■• ■" ■■— .^»«» 

sin.  £  sin.  a 
• .  cos.  A  sin.  c  =    cos.  a  sin.  &  —  sin.  a  cos.  &  cos  C 
But, 
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sin.  C  . 

SID.  C     .  .  _  - 

•*.  cos.  A    . — i  sin.  a    =z    cos.  a  sin.  b  —  sin.  a  ros,  b  cos.  C. 
sin.  A 

.*.  cot  A     =    cot  a  sin.  6  cosec  C  —  cos.  o  cot.  (A 

In  which  the  cotangent  of  A  is  expressed  in  the  required  manner. 

If  in  Equation  (1),  instead  of  substituting  for  cos.  c,  we  had  substituted  let 
cos.  b,  the  value  derived  from  the  Equation 

_  cos.  b  —  cos.  a  cos.  c 

cos.  B    =    . •     • 

sin.  a  sin.  c         ' 

we  should  have  found  a  value  for  cot  A  in  terms  of,  a,  c,  B,  or 

cot.  A     =     cot  a  sin.  c  cosec.  B  —  cos.  c  cot  B. 

Proceeding  in  like  manner  for  the  other  angles,  we  shall  obtain  similar 
wilts,  and  presenting  them  at  one  view  we  have, 

cot  A     =    cot  a  sin.  b  cosec  C  —  cos.  b  cot  C)      -^ 


=  cot  a  sin.  c  cosec.  B  —  cos.  c  cot  B 

cot  B    =  cot  b  sin.  a  cosec  C  —  cos.  a  cot  C  > 

=  cot  b  sin.  c  cosec  A  —  cos.  c  cot  A  3 

cot  C    =  cot  c  sin.  a  cosec  B  —  cos.  a  cot  B  > 

=  cot  c  sin.  b  cosec  A  —  cos.  b  cot  A  ) 


(<) 


9.  To  express  the  cotangent  of  a  side  of  a  spherical  triangle,  in  terms  oj  the 
opposite  angle,  one  of  the  other  angles,  and  the  side  inter iicent  to  these  two 
angles. 

Let  A,  B,  C,  a,  b9  r,  be  the  angles  ar.d  sides  of  a  spheri-Hl  triangle, 
and  A',  W9  O,  at,  V,  d%  the  corresponding  parts  iu  the  polar  triangle. 
Then  by  (n) 

cot  A!    =    cot  a?  sin.  b*  cosec  C  —  cos.  U  cot  O 
••.cot  (180°—  a)     =    cot  (180°— A)  sin.  (180°  —  B)  cosec (18U«  —  c) 

—  cos.  (180°  — B)cot.  (180°  —  c) 
—  cot  a    =    —  cot  A  sin.  B  cosec  c  —  cos.  B  cot.  c 
.*.  cot  a    =    cot.  A  sin.  B  cosec  c  -f-  cos.  B  cot  c. 

Applying  the  same  process  to  each  of  the  expressions  in  (jjj,  we  shall  obtain 
analogous  results,  and  thus  have  a  new  set  of  formula : 

cot  a    =:    cot  A  sin.  B  cosec.  c  -f-  cos.  B  cot  c  > 


cot  A  sin.  O  cosec  b  ■+■  cos  C  cot  b 
cot  B  sin.  A  cosec  c  ■+■  cos.  A  cot  c 
cot  B  sin.  C  cosec  a  -f-  cos.  C  cot  a 
cot  C  sin.  A  cosec  b  +  cos.  A  cot  b 
cot  C  sin.  B  cosec  a  +  cos.  B  cot  a 


w 


By  aid  of  the  nine  groups  of  formulae  marked,  («),  (/3),  (y),  (3),  (i%  (r),  ({), 
(»)» (*0,  we  shall  be  enabled  to  solve  all  the  cases  of  spherical  triangles,  whether 
right-angled,  <n  oblique-angled ;  and  we  shall  proceed  in  the  next  ch.  pter  fca 
apply  them, 
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CHAPTER  II. 

ON  THE  SOLUTION  OF  RIGHT-ANGLED  SPHERICAL  TRIANGLES. 

Spherical  triangles,  that  hare  one  right  angle  only,  are  the  subject  of  u> 

vestigation  in  this  chapter ;  those  that  hare  two  or  three  right  angles  are  ei- 

eluded. 

A  spherical  triangle  consists  of  6  parts,  the  3  sides  and  3  angles,  and  any  3 

of  these  being  given,  the  rest  may  be  found.     In  the  present  case,  one  of 

the  angles  is  by  supposition  a  right  angle ;  if  any  other  two  parts  be  given,  the 

other  three  may  be  determined.     Now  the  combination  of  5  quantities  taken, 

5  4.3 
3  and  3  =  , '  r^  =  10 ;  therefore  ten  different  cases  present  themselves  is 

the  solution  of  right-angled  triangles. 

The  manner  in  ay  hi  eh  each  case  may  be  solved  individually,  by  applying  the 
formulae  already  deduced,  will  be  pointed  out  at  the  conclusion  of  this  chapter; 
but  we  shall  in  the  first  place  explain  two  rules,  by  aid  of  which  the  computet 
is  enabled  to  solve  every  case  of  right-angled  triangles.  These  are  known  by  the 
name  of  Napier's  Rules  for  Circular  Parts  ;  and  it  has  been  well  observed  by  the 
late  Professor  Woodhouse,  that,  in  the  whole  compass  of  mathematical  science, 
there  cannot  be  found  rules  which  more  completely  attain  that  which  is  the 
proper  object  of  all  rules,  namely,  facility  and  brevity  of  computation. 

The  rules  and  their  description  are  as  follows : 

Description  of  th*  Circular  Parts, 

The  right  angle  is  thrown  altogether  out  of  consideration.  The  two  sides,  the 
complements  of  the  two  angles,  and  the  complement  of  the  hypotenuse,  are 
railed  the  circular  parts.  Any  one  of  these  circular  parts  may  be  called  a 
middle  part  (M),  and  then  the  two  circular  parts  immediately  adjacent  to  the 
right  and  left  of  M  are  called  adjacent  parts  ;  the  other  two  remaining  circular 
parts,  each  separated  from  M  the  middle  p:urt  by  an  adjacent  part,  are  called 
ojtpusitc  parts,  or,  opposite  extremes. 

This  being  premised,  we  may  now  give 


Napier's  Mules. 

1.  The  product  of  sin.  M  and  tabular  radius  =  product  of  the  tangents  of  the 
adjacent  parts* 

2.  The  product  of  sin.  M  and  tabular  radius*  =r  product  of  the  cosines  of  the 
opposite  parts. 

These  rules  will  be  clearly  understood  if  we  show  the  manner  in  which  they 
are  applied  in  various  cases. 


•  See  Plane  Trigonometry,  Chap.  IV. 
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Let  A  B  C  be  a  spherical  triangle,  right-angled  at  C. 

Let  a  be  assumed  as  the  middle  part. 

Then  (90  °  —  B)  and  b  are  the  adjacent  parts, 

And  (90  °  —  c)  and  (90  °  —  A)  are  the  opposite 
parts. 
Then  by  rule  (1) 

RXsirua     =    tan.  (90  °  —  B)  tan.  b 

=    cot  B  tan.  b ..(1) 

By  Rule  (2) 

R.  sin.  a       =    cos.  (90  °  —  A)  cos.  (90  •  —  c) 
=  '  sin.  A  sin.  c, .....(2) 

2.  Let  b  be  the  middle  part, 

Then  (90  •  —  A)  and  a  are  adjacent  parts, 

And  90  •  —  c)  and  (90  °  —  B)  are  opposite  parts. 

Then  Rule  I. 

.*.  R  sin.  b    =    tan.  (90  •  —  A)  tan.  a 

=    cot.  A  ton.  a - .ai.tftt. 

And  Rule  II, 

and  R  sin  b     =    cos.  (90°  —  B)  cos.  (90*—  c) 

=     sin.  B  sin.  c .....(4). 

3.  Let  (90  °  —  c)  be  the  middle  part 

Then  (90  •  —  A),  and  (90  •  —  B)  are  adjacent  parte, 
And  b  and  a  are  opposite  parts. 
Then, 

R.  sin.  (90  •  —  c)  =  ton.  (90  •—  A)  tan.  (90  •  —  B) 

R.  cos.  c  =  cot  A  cot  B (5) 

And, 

R.  sin.  (90  *  —  c)  =  cos.  a  cos.  & 

R.COS.C  =  cos.  a  cos.  b. (6) 

• 

4.  Let  (90  •  —  A)  be  the  middle  part 

Then  (90  °  —  c)  and  b  are  adjacent  parts, 
And  (90  *  —  B)  and  a  are  opposite  parts. 
Then  Rule  L 

R.  sin.  (90  •—  A)  =  tan.  (90  •  —  c)  ton.  6, 

.*.  R  cos.  A  =  cot  c  tan.  b (7) 

And  Rule  II. 

R.  sin.  (90  •  —  A)  =  cos.  (90  •  —  B)  cos.  a, 

.-.    R  cos.  A  =  sin.  Bcos.a. (8) 

&  Let  (90  °  —  B)  be  the  middle  part. 

Then  (90  * —  c)  and  a  are  the  adjacent  parts, 
And  (90*— A)  and  b  are  the  opposite  parts. 
Then  Rule  I 

cos.  B  =  ton.  (90  °  —  c)  ton.  a, 

=  ton.  a  cot  c .• •••fH) 

cos.  B  =  cos.  (90  °  —  A)  cos.  b, 

=  sin.  A  cos.  b. ....•••(10) 

Collecting  the  above  results  we  shall  have 
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•  sin.  a  =  cot  B  tan.  6 —....— (1) 

sin.  a  =  sin.  A  sin.  c -..,•• (2) 

sin.  b  =  cot.  A  tan.  a ....,  -*.--•%.....  (3) 

sin.  b  =  sin.  Banc «*••-. (4) 

cos  c  =  cot.  A  cot  B (5) 

coi.  c  =  cos.  a  cos.  & fft^ 

cos.  A  =rz  tin  &  cot  c • «...^7) 

cos.  A  =  sin.  B  cos.  a • «....^j) 

cos.  B  =  tin.  a  cot  c (9) 

cos.  B  =  sin.  A  cos.  b • flO) 

It  now  remains  for  ns  to  show  that  these  conclusions  are  accurate,  and  ia 
eordance  with  the  formulae  already  deduced. 

Now  by  («). 

_        cos.  c  —  cos.  a  cos.  b 

cos.  O  =: —      .      |    - - 

sin.  a  sin.  b 

But  when  C  ==  OOVthen  cos.  G  =  0* 

cos.  c  —  cos.  a  cos.  b 

*  '%  —  __ 

sin.  a  sin.  b 
•\  cos.  c  =  cos.  a  cos.  b,  which  is  formula  (6)  in  the  abort  taMs 

Again  by  («) 

sin.  a  pin.  A 

sin.  c  sin.  • ! 

But  when  C  =  91/*  fin.  C  =  *. 

sin.  a  =  sin.  A  sin.  c  which  is  formula  ^)  above* 
Similarly, 

sin.  b  sin.  B 

sin.  c  sin.  C 

sin.  <!/  =    sin.  B  sin.  c,  which  is  formula  (4). 

Next  since  by  («) 

cos.  «  —  ros.  b  cos.  c       .     .  ... 

cos.  A  = ■. — j— . ,  substitute  for  cos.  c  its  value  m  (bL 

sin.  b  sin.  c         '  v  r 

cos.  a  —  cos.  a  cos.  f  ft 

sin.  b  sin.  c 

cos.  a  sin  b       .     .  _  .         ,  •        •  .     ,   . 

= : .  substitute  for  sin.  c,  its  value  as  ftotuiu  in  (2V. 

sin.  c      '  v  r 

cos.  tf  sin.  & 

^z  fin.  a 

sin.  A 

.v  sin.  b  =  cot.  A  tan.  a,  which  is  formula  (3.) 

Again, 

cos.  a  —  cos.  6  cos.  c     .    .    A    c  ..       .      .    ,,, . 

cos.  A  =  : — r — -. substitute  for  cos.  <?.  its  value  in  (6.1 

sin.  b  sin.  c  ■  \    / 

cos.  c 

....    «        7    ^OS.  b  COS.  C 

«  cos.  b 

sin.  6  sin.  c 

*  The  nuraWr  II  ue<«d  be  introduced  only  when  we  have  occasion  to  um  tables,  wmi 
lor*-  t>e  omitted  lu  the  taveatigatiou  which  fellow*. 
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esfa.  b 


ecus.* 
m,  tan.  b  cot  c,  wMck  is  formal*  (7> 

.  iiy  (•> 

cot.  5  —  cot.  4  cot.  *  a 


~~  tin,  a  sin.  e 

s  ^^— a  tsbitUaU  ibr  lb  c,  Hi  ? *1u*  hum  (4> 

cot.  6  tin,  a 
=r        tin.  A 

Mlk'B 

a  =  ooc  B  tin.  6,  which  it  fanmh  (U 


» 

B  =  ^ — -TT~1 1  wbrtitut*  for  cos.  b,  iti  value  •*  t«*\ 

•in.  a  nil.  c        '  ^  *   r 

cos.  e 

-        —  co*.  a  cot.  ft 
coo,  a 

"~  tin.  a  tin.  c 

cot,  ctin,  a 

""  tin.  ceo*.  * 

=  tan.  a  cot  c,  whitJi  it  fbfikura  /W  % 

cos.  A  4"  eon.  B  roi  C 
a  =  tin.  B  tin.  C 

C  =  9O«.'.o«Cs0>»i«Ji.CsL 

cot.  ▲ 

fin.  B 
\  =  tin.  B  cot,  a,  which  is  frnnh  (81 


tin.  A  tin.  O 


B 
""  tin.  A 
B  =  tin.  A  cos.  b,  which  it  formub  (IC> 

cm.  C  +  eon.  A  cnt,  B        .... 

c  =  .  '        . — n tnd  in  ink 

tan.  A  sin.  B 

_  cot.  A  cot.  B 

~"  tin.  A  tin.  ti 

=  ooc  AcotB,  which  it  formal*  (5> 

re  ihut  proved  the  truth  of  the  rttniu  derived  from  the  ■puWatfltii  o| 
rule*,  tod  may  therefore  apply  these  roles  without  trruple  to  the  tolu- 
s  various  cases  of  right  angled  triangles. 

th«n  take  tach  combination  of  tho  two  data,  and  determine)  in  oarh  cute 
throe  quantities,  adapting  our  formula)  to  computation  by  table*. 
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1.  Given  A,  B,  required  a.  6,  c. 

Rcos.  A  =  sin  B  cos.  a    .*.    cos.  a  =  R  - — B -O) 

sin.  0  v  ' 

R  cos.  B  =  sin.  A  cos.  b    .•.     cos.  b  =  R  -.   *     ■ (%\ 

sin.  A  v  * 

R  cos  c  =  cot  A  cot.  B (3) 

2.  Given  a,  bt  required  A,  B,  a 

R  sin.  a  z=  cot  B  tan.  b    .*.     cot  B  =  R  sin.  a  cot.  b (4) 

R  sin.  b  =  cot  A  tan.  a    .*.     cot  A  =  R  sin.  b  col.  a (5) 

R  cos.  c  =  cos.  a  cos.  b (6) 

3.  Given  a,  c,  required  A,  B,  b* 

R  sin.  a  =  sin.  A  sin.  c    .\     sin.  A  =r  R  — r-1 —  (7) 

sin.  c  v  ' 

•■»  .  _  _      COS.   c  .   _ 

R  cos.  c  =  cos.  a  cos.  6    .•.     cos.  b  =   R  (8) 

cos.  a  v  ' 

R  cos.  B  =  tan.  a  cot  c (9) 

4.  Given  b,  c,  required  A,  B,  a, 

R  sin.  b  =  sin.  B  sin.  c    .'.     sin.  B  :=  R  -r-^ —  (10) 

sin.  c  v     ' 

R  cos.  c  =  cos.  a  cos.  A    .%     cos.  a  =  R r  (II) 

cos.  b  y     ' 

R  cos.  A  —  tan.  b  cot  c (12) 

5.  Given  A,  c,  required  Ji,  a,  b, 

R  cos.  A  =z  Ian.  b  cot  c    .'.     jm.  />  =  R  cos.  a  tan.  c (13) 

R  cos.  c  —  cot.  A  cot  B  .*.     cot  B  =  R  tan.  A  cos.  c (14) 

R  sin.  a  =z  sin.  A  sin.  c (15) 

G.  <»iven  B,  c,  required  A,  a,  & 

R  cos.  B  z=  cot  c  tan.  a  .*.  tin.  a  =  R  cos.  B  tan.  c...(l6) 
R  cos>  c  =  cot.  A  cot  B  .*.  cot  A  =  R  tan.  B  cos.  c...(17) 
R  sin.  b  :=  sin.  B  sin.  c (18) 

7.  Given  A,  bt  required  B,  c,  a. 

K  cos.  A  =  cot  c  tan.  6    .*.    cot  c  =  R  cos.  A  cot  b (19) 

R  sin.  b  =  cot  A  tan.  a    •*.     tan.  a  =  R  tan.  A  sin.  b (20) 

R  cos.  B  =r  sin.  A  cos.  b    (21) 

8.  Given  B,  a,  required  A,  c,  b, 

R  cos.  B  =  cot  c  tan.  a    .\     cot  c  =  R  cos.  B  cot  a (22) 

R  sin.  a  =r  cot  B  tan.  b    .*.     tan.  b  =  R  tan.  B  sin.  a (23) 

R  cos.  A  =  sin.  B  cos.  a (M) 

ft.  Given  A,  a,  required  B,  b,  a 

R  cos.  A  =  sin.  B  cos.  a    .\     sin.  B  =  R  (85) 

sin.  a 

R  sin.  a  ==  sin.  A  sin.  c     .'.     sin.  c  =R  -: j- (26: 

sin.  A  x     ' 

R  sin.  6  z=  cot  A  tan.  a 127) 
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10.  Given  B,  b9  required  A,  a,  c. 


w_  B 
R  cos.  B  =  sin.  A  cos.  b    .*•    sin.  A  =  R  y (28) 

•  JL 

R  sin.  b  =2  sin.  B  sin.  c    .-.    sin.  c  =  R  -: — ^  .....  (89) 

sin.  d  ' 

R  sin.  a  =  cot  B  tan.  b (30) 


CHAPTER    HI. 
ON  THE  SOLUTION  OF  OBLIQUE-ANGLED  SPHERICAL  TRIANGLES. 

The  different  cases  which  present  themselves  are  contained  in  the  following 
enumeration. 

1.  When  two  sides  and  the  included  angle  are  given. 

2.  When  two  angles  and  the  side  between  them  are  given. 

3.  When  two  sides  and  the  angle  opposite  to  one  of  them  are  given. 

4.  When  two  angles  and  the  side  opposite  to  one  of  them  are  given. 

5.  When  three  sides  are  given. 

6.  When  three  angles  are  given* 

I.  When  two  sides  and  the  included  angle  are  given. 

The  remaining  angles  may  he  determined  from  the  formula  (*). 
Thus,  lei  a,  6,  C,  be  given,  A,  B,  c,  required. 

q  —  b 
A+B       "V«         . C 

cos.  —  g — 

ton.  —3-  =   m     a  +  b  ***  % 


2 

*  sin. 


i 


Whence  — t—  and  — -: —  are  known  from  the  tables. 

A  =  *  +  0 
B=J  —  <p 
A  and  B  being  known,  e  may  be  obtained  from  (•> 

sin,  c      sin.  C 
For  2575  -  sin.  A 

sin.  C 

sin.  c  =  sin.  a  ■ .      .- 
sin.  a 

And,  in  like  manner,  if  any  two  other  sides  and  the  included  angle  be  gives, 

she  regaining  parts  may  be  determined. 
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II.  When  two  angles  and  the  side  between  them  era  given. 
The  remaining  sides  may  be  determined  from  the  formula  *£> 
Thus,  let  A,  B,  c;  be  given,  a,  b9  G;  required, 

A  —  B 

A      a  +  b     "^  "" 5~  _     c 

**—*"  = — AHTBtM,-8 

.     A  — B 
a-b-""-  S—  A       e 

sin.— j— 
Whence  -  T     and     T*    are  known  from  the  tables. 

a  =  f  +  f 
b  =  •  —  tf 
a  and  b  being  known,  C  may  be  obtained  by  (g). 

_,  sin.  C        sin.  c 

For  i    s=.-i 

sin.  A         sin.  a 


sin*  c 

sin.  C   =  sin.  A  ■.       ■ 

sin*  a 

And,  in  like  manner,  if  any  two  other  angles  and  ibe  included  aide  are  fit* 

the  remaining  parts  may  be  determined. 

III.  When  two  sides  and  the  angle  opposite  to  one  of  them  are  given. 
The  angle  opposite  to  the  other  side  may  be  found  from  formula  (•). 
Thus,  let  a,  o,  A  be  given,  B,  C,  c  ;  required. 

sin.  B  sin.  b 

sin.  A  ~~  sin.  a 


■  • 


•     «  .      .  sin.  5 

sin.  B  =  sin  A  -r 


sin.  a 

Ilie  angle  B  being  determined,  the  remaining  angle  C  will  bo  fcejnd  froa(i) 

g  —  b 

For  tan.^n.=  ___cot5. 

a  +  b 

c    ^     sTV     a  +  b 
«*■  7  = — JZTb**-—*— 

cos.— ^- 

The  angle  C  being  determined,  the  remaining  aide  e  will  be  fosatd  sVatj  «j> 

_  sin.  c        sin.  C 

For  -.   ■■    —  A 

sin.  a        sin.  A 

sin.  0 
•*.  sin.  c  =  sin.  a  -j- — v 

sin.  A 

or  e  may  be  found  from  (£)• 

And,  in  like  manner,  if  any  other  two  sides  and  the  angle  opposite  la  eat « 

them  be  given,  the  remaining  parts  may  be  determined* 
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IV.  When  two  angles  aad  the  side  opposite  to  one  of  them  are  given. 
The  side  opposite  to  the  other  angle  may  be  found  from  formula  (i). 
Thus,  let  A,  B,  a ;  be  given,  b,  c,  C ;  required. 

ftin   h  sin.  B 

sin.  a        sin.  A 

.     .  sin.  B 

•\  sin.  b  =  sin.  a  —. — A 

sin.  A 

'Die  side  b  being  determined,  the  remaining  side  e  will  lie  found  from  (£) 

A  — B 

cos.  — g — 

A  +  B 

e      «*  T.      a±b 
tan.        "J"  = A gtan.  — g — 

cos.— 3- 

The  side  c  being  determined,  the  remaining  angle  G  will  be  found  from  (i). 

sin.  C        sin.  c 


For 


sin.  A       sin*  a 

sin.  C  zs  sin.  A         ■ 

sin.  a 


or  c  may  be  found  from  (V). 

And,  in  like  manner,  any  other  two  sides  being  given  and  the  angle  opposite 
to  one  of  them,  the  remaining  parts  may  be  determined. 


V.  When  three  sides  are  given. 

The  three  angles  may  be  immediately  determined  from  any  one  of  the  groups 
of  formula)  (y  l\  (y  S),  (y  3),  (y  4). 

The  choice  of  the  formula,  which  it  will  be  advantageous  to  employ  in  prac- 
tice, will  depend  upon  the  consideration  already  noticed  in  the  solution  of  the 
analogous  case  in  plane  trigonometry. 

VI.  When  three  angles  are  given. 

The  three  sides  may  be  immediately  determined  from  any  of  the  groups  of 
formula  (I  1),  (*  S),  (*  3),  (*  4). 


CHAPTER    IV. 
ON  THE  USE  OF  SUBSIDIARY   ANGLES. 

Ws  have  already  explained  in  Plane  Trigonometry,  the  meaning  of  Sub- 
sidiary Angles,  and  the  purposes  for  which  they  are  introduced;  we  shall 
now  proceed  to  point  out  under  what  circumstances  they  may  be  employed  with 
advantage,  in  Spherical  Trigonometry. 

In  the  solution  of  case  I.  where  two  sides  and  the  included  angle  were  given, 
we  first  determined  the  two  remaining  angles,  and  having  found  these,  we  were 
enabled  to  find  the  side  also.  It  frequently  happens,  however,  that  the  side 
alone  is  the  object  of  our  investigations,  and  it  is  therefore  convenient  to  have 
a  method  of  determining  it,  independently  ef  the  angle. 
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ITi us,  for  example,  let  o,  c,  A,  be  given,  and  let  it  be)  required  to  detemii»4 
independently  of  the  angles  B,  a 
By  («),  we  hare 

a  —  coe.  a  —  cot.  6  cos,  e 
008      ~~         sin.  bsuuc 
Whence  cos.  a  =  cos.  A  sin.  b  sin.  e  +  coe.  b  coe.  e. 

From  which  equation  a  is  determined,  but  the  expression  ie  not  in  a  fin 
adapted  to  logarithmic  computation;  we  can,  however,  effect  the  necessary 
transformation  by  the  introduction  of  a  subsidiary  angle. 

Add  and  subtract  sin.  b  sin.  c  on  the  right  hand  side  of  the  equation. 
Then  cos.  a  =  cos.  A  sin.  b  sin.  c  -f-  cos.  b  cos*  c  +  sin.  6  sin.  c  —  sin.  b  sin.  t 
=  cos.  b  cos.  c  -f-  sin.  b  sin.  c  -f-  sin.  b  sin.  c  cos.  A  —  sin.  b  sin.  c 
=r  cos.  {b  —  c)  —  sin.  b  sin.  c  vers.  A 
1  —  cos.  a  =  1  —  cos.  (6  —  c)  -f-  sin.  b  sin.  c  vers.  A 
vers,  a  zr  vers.  (#  —  c)  -f-  sin.  £  sin.  c  vers.  A 

x    {  .    ,   sin.  b  sin.  c  vers.  A  i 
-vers.(*-c)    $1+        vers.(«-c) J 

.  .       sin.  b  sin.  c  vers.  A 

Let  tan.  e  =  tt -? — 

vers,  (b  —  c) 

.•.  vers,  a  =  vers.  (#  —  c)  { 1  +  to"*'  *\ 
=  vers.  (#  —  c)  sec*  4 
from  which  a  may  be  determined  by  the  tables,  4  being  known  from  the  equation. 

.  sin.  b  sin.  c  vers.  A 

tan."  0  = 7X x    ""« 

vers.  (6  —  c) 

In  like  manner  in  case  II,  where  two  angles  aid  the  included  side  were 
given,  we  first  determined  the  remaining  sides,  and  then  we  were  enabled  to 
find  the  remaining  angle.  Now,  let  us  suppose,  that  A,  B,  c,  are  given,  and  that 
we  are  required  to  find  G  independently  of  a  and  b, 

cos.  C  4-  cos.  A  coe*  B 

1  rom  (fi)       cos.  e  = iniTTSTB 

cos.  G  =  cos.  c  sin.  A  sin.  B  —  cos.  A  cos.  B 
.°.  1  —  cos.  C  =  1  —  sin  A  sin.  B  (I  —  vers,  c)  +  cos.  A  cox.  tt 
=  l-f-  oos*  (A  +  B)  +  sin.  A  sin.  B  vers.  c. 

or        2  sin.  ■  5-  =  %  cos.*  — 5 —  +  sin.  A  sin.  B  vers,  c 


.A  +  B   (,    ,   sin.  A  sin.  B  vers,  cl 

=  2c08..__  \i  +  — — A  +  a    i 

2  cos.'  -^—     f 


.    ,  C  ,  A  +  B 

sin.   -j  =  cos.   — 5 —  sec'  $ 

If  we  assume 

,  A      sin.  A  sin.  B  vers,  c 

*■"••'=  — — :a  +  b- 

8  cos.1  — T  — 

In  case  III,  where  two  sides  and  the  angle  opposite  to  one  of  them  were 
given  we  first  determined  the  angle  opposite  to  the  other  side,  and  then  the 
remaining  angles  and  tiie  remaining  side  in  succession.  Now,  let  us  suppose, 
that  a,  0,  A,  are  given,  and  that  we  are  required  to  determine  the  angle  C  and 
tna  side  c.  independently  of  the  angle  B  and  of  each  other,  under  a  form 
adapted  for  logarithmic  computation. 
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To  find  C,  we  have  from  (*). 

cot.  A  =  cot.  a  sin.  b  cosec  C  —  cot.  b  cot.  G 
or  cot.  A  si iu  C  =  cou  a  sin.  o  —  cos.  b  cos.  G 

or  sin.  G  =.  cot  a  sin.  b  tan.  A  —  cos.  b  cos.  G  tan  A. 

♦•-  sin.  G  +  cos.  G  cos.  6  tan.  A  =  cot.  a  sin.  b  tan.  A 

Let  cos.  b  tan.  A  =  tan.  $  z=z  — '—A 

oos.  B 

sin.  G  + -A  cos.  C=  cot  a  sin.  6  tan.  A 

*   cos*  6 

.*.  sin.  G  cos.  $  +  cos.  C  sin.  4  =  cot  a  siu.  6  tan*  A  cos.  4 

sin.  (C  4-  |)  =:  cot  a  sin.  6  tan.  A *— t 

v     a     '  cos.  6  tan,  A 

=  cot  a  tan.  6.  sin.  $ 
whence  G  is  known,  4  being  previously  determined  from  equation. 

tan.  $  =  oos.  6  tan.  A. 

To  find  c,  we  have  from  (•). 

A       eoa,  a  —  cos.  b  oos.  c 
^  A  "         sinTolinTS 


•  • 


sin.  c  sin.  b  cos.  A  ss  cos.  a  —  cos.  6  cos.  c 

,          .       cos.a 
tin.  c  tan.  6  oos.  A  = .  —  cos.  c 

C08.0 

Let  tan.  b  cos.  A  =  tan.  $  = 


•• 


COS.  * 

•^  ;=Er5  +  cos.c=r         " 


sin.  J  oos*  a 

— -j  4-  cos.  e  ss  ^-r 
cos.  it  ■  cos.  b 


cos.  a  cos.  4 
«*(c  _  f)  =  -  -J5J-J— 

whence  c  may  be  found,  4)  being  previously  determined  from  the  equation. 

tan.  4  =  tan.  b  cos.  A. 

In  like  manner,  in  case  IV,  when  two  angles  and  the  side  opposite  to  one  of 

them  were  given,  we  first  determined  the  side  opposite  to  the  other  angle,  then 

the  remaining  side  and  the  remaining  angle  in  succession.    Now,  let  A,  B,  a, 

be  given,  and  let  it  be  required  to  determine  c  and  C,  independently  of  6  and 

of  each  other,  and  tinder  a  form  adapted  to  logarithmic  computations.    If  we 

take  the  formula  (4). 

cot  a  =  cot  A  sin.  B  cosec.  c  +  cos.  B  cot  e 

or  cot  a  sin.  c  =  cot  A  sin.  B  -f-  oos.  B  cos.  c 

or  sin.  c  =  cot  A  sin.  B  tan.  a  -J-  cos.  B  cos.  c  tan.  a 

tin.  e  — -  cos.  c  cos.  B  tan.  a  =  cot  A  sin.  B  tan.  a. 

sin.  4 


•  • 


Let  cos.  B  tan.  a  =  tan.  4  = 


cos.  9 


sin.  c  —  ■      %  cos.  c  =  cot  A  sin.  B  tan  a 
cos.  4 

sin.  (c  —  4)  =  cot  A  sin.  B  tan.  a  cos.  4 
=  cot  A  sin.  B  tan.  a 


oos.  B  tan.  a 
=  cot  A  tan.  Bain.  $ 

whence  c  may  be  determined,  4  being  previously  known  from  equation, 

tan.  4  =  cos.  B  tan»o» 
ss 
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To  find  C,  we  hare  from  0) 

cos,  A  +  cos.Boos>  O 
<**-"  =  Sn7Bsin.C 

•*•  tin.  B  tin.  G  cos.  a  =  cot,  A  +  cot,  B  cos.  C 

,     ^         «                cob.  A  -  ■ 

•in.  G  tan.  B  cos.  a  = p  4-  cos.  G 

008.  U 

*         «  -r.       «*•  A 

•\  tin.  G  tan.  B  cos.  a  —  ooa,  G  =  rrr~g 

Let  tan.  B  cos.  a  =  tan.  $  = % 

cos.  4 

.•.    sin.  C  X  a  —  go**  C  =  - 


cos.  0  cos.  B 

/n   i    a\       cos.  Aoos.  J 
•*•        — oot.(C+#)=  -SiTB — 

whence  G  may  be  found,  6  being  known  from  equation 

tan.  6  =  tan.  B  cos.  a. 
In  the  fifth  and  sixth  cases,  any  one  of  the  angles  or  sides  required, 
found  independently  of  the  rest  by  the  formula)  referred  to. 

Examples  in  Spherical  Trigonometry. 

(1.)  In  the  right-angled  spherical  triangle  ABC,  the  hypothennse  AB  is  65>°5f 
and  the  angle  A  is  48°  12';  find  the  sides  AG,  GB,  and  the  angle  B. 

Ana.  AC  =  55°   r«f 
BC  =  42  »  19 
ZB  =  64  46  14. 

(2.)  In  the  oblique-angled  spherical  triangle  ABC,  giren  AB  =  76°20', 
BC=119°  17\and  ZB  =  52°y;  to  fisd  AC  and  the  angles  A  and  C. 

Ans.  AC  =   66°  && 
ZA=131  10  42 
ZC=   56  68  58. 

(3.)  In  an  oblique  spherical  triangle  the  three  sides  are 

a  =  81°ir,  $=114°*,  cs59Pl*i 
required  the  angles  A,  B,  C* 

Ans.  A=   BSP&& 
B«134  60  60 
Gas  50  &14L 
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TWO  DIMENSIONS. 


If  we  reflect  on  the  nature  of  Geometrical  Problems,  we  shall  perceive  ttiat  the 
greater  number  of  them  depend  ultimately  on  finding  the  distance  of  one  or 
more  unknown  points,  from  other  points  or  straight  lines,  whose  position  is 
already  known  and  determined.  If,  therefore,  we  have  a  method  which  enables 
ns  to  determine  analytically  the  position  of  a  point,  with  reference  to  certain 
otlier  points  or  straight  lines  whose  position  is  known,  we  shall  be  in  a  state  to 
resolve  all  kinds  of  geometrical  problems. 

Let  there  be  two  straight  lines  AX,  AY,  whose 
position  is  known  and  determined,  situated  in  the 
same  plane  at  right  angles  to  each  other,  and  let  P 
be  any  point  in  the  same  plane  whose  position  we  are 
required  to  determine. 

From  the  point  P  let  rail  PM,  PN,  perpendiculars 
on  AX  and  AY.  Then  it  is  manifest  that  the  point 
P  will  be  determined,  if  we  know  the  length  of  the 
sides  AM,  AN,  of  the  rectangle  AP.  For  these  sides 
are  the  distances  of  the  point  P  from  the  two  fixed 

straight  lines  AX,  AY,  so  that,  if  we  draw  from  the  points  Mand  N  two  straight 
lines,  respectively  parallel  to  AY  and  AX,  the  point  where  they  intersect  will 
be  the  point  required. 

The  two  fixed  lines  AX,  AY  are  called  Axe** 

The  distance  AM  or  PN  of  the  point  P  from  the  axis  AY  is  called  the  Ab* 
scissa  of  the  point  P,  and  is  usually  designated  algebraically  by  the  letter  x. 

The  distance  AN  or  PM  of  the  point  P  from  the  axis  AX  is  called  the  Ordi* 
note  of  the  point  P,  and  is  usually  designated  algebraically  by  the  letter  y. 

The  two  distances  x  and  y  are  together  denominated  the  Co*ordinate9  of 
the  point  P. 

The  two  axes  are  distinguished  from  each  other  by  calling  the  axis  AX, 
•i-ng  which  the  abscissas  are  reckoned,  the  Axis  of  Abscissas,  or  the  Axis  oj 
e's;  and  in  like  manner  the  axis  AY,  along  which  the  ordi nates  are  reckoned, 
is  called  the  Axis  of  Ordinate*,  or  the' Axis  of  y*s. 

SS2  ,4      • 
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The  point  A  is  called  the  Origin  of  Co-ordinate*,  since  it  is  from  this  point 
that  the  distances  are  reckoned. 


EQUATION*  OF  A  POINT. 

The  characteristics  of  every  point  situated  on  the  axis  of  y*s  is  *  =  0,  sums 
that  equation  indicates  that  the  distance  of  the  point  in  question  from  that  aib 
is  nothing. 

Similarly  the  characteristic  of  every  point  situated  on  the  axis  of  x*s  k 
y  =  0 


0,  characterises  the  point  A 
hold  good  at  the  same  time 


Hence  the  system  of  two  equations,  x  =  0,  y 
the  origin  of  co-ordinates,  since  these  equations 
for  no  other  point 

In  general  the  two  equations  x  =  a,  y  =  b,  when  considered  together 
characterize  a  point  situated  at  a  distance  a  from  the  axis  of  y\  and  at  a  dis- 
tance b  from  the  axis  of  x\  The  first  of  these  equations,  when  considered 
separately,  belongs  to  all  the  points  of  a  straight  liue  drawn  parallel  to  the  axis 
o(y\  at  a  distance  AM  =  a,  and  the  second  to  all  the  points  of  a  straight  line 
drawn  parallel  to  the  axis  of  x's,  at  a  distance  AN  =  b.  Hence  the  system  of 
two  equations  together  belongs  to  the  point  P,  in  which  these  lines  intersect, 
and  belongs  to  this  point  alone,  'lhese  expressions  are  thus,  as  it  were,  the 
analytical  representations  of  the  point,  and  for  this  reason  are  called  the  Ifim- 
tions  of  the  point 

We  must  always  consider,  in  the  expressions  a  and  b9  not  only  the  absohto 
or  numerical  values  of  the  distances  of  the  point  from  the  two  axes,  butlikewist 
the  signs  by  which  they  may  be  affected,  according  to  the  position  of  the  pent 
in  the  plane  of  the  axes  AX  and  AY.  For,  according  to  the  conventioni 
explained  in  the  first  chapter  of  Analytical  Plane  Trigonometry,  if  we  agree  to 
consider  as  -positive^  distances  such  as  AM 
reckoned  along  AX  to  the  right  of  the  point  A, 
we  ought  to  consider  as  negative,  distances  such 
as  AM'  reckoned  to  the  left  of  the  same  point 


In  like  manner,  if  we  consider  as  positive,  dii- 
tances  such  as  AN  reckoned  along  AY  up- 
wards from  the  point  A,  we  must  regard  as 
negative,  distances  such  as  AN'  reckoned  along 
AY  downwards  from  the  point  A. 

If,  then,  we  exhibit  the  different  signs 
with  which  a  and  b  may  be  affected,  we 
shall  hare  four  systems  of  equations  to  cha- 
racterize the  four  different  positions  of  the 
point  P. 

For  P    we  have, ...  #  =  a,  y  =  b 

P*        x  =  a,  y  =  —  b 

P*       ..         ...  x  = — a,y=  — £ 
P*      ••         ...  x  =r  —  a  -  —  k 


X'    M' 


TTx 


p* m f 

i" ■ * 
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Thus,  for  example,  the  point  whose  equa- 
tions arex=+2,y=—  3,  is  situated  in 
the  angle  XAY',  at  the  distance  AM  =  *  from 
the  axis  of  y's,  and  at  the  distance  AN*  =  S 
from  the  axis  of  is. 


The  point  whose  equations  are  X  =  0, 
y  =  —  2,  is  situated  on  the  axis  AY',  at  a  dis- 
tance AN'  =  2  from  the  axis  of  x*s 


\r 


i 


%• 


!v 


The  point  whose  equation  uf  =  —  4, 
y  =  0,  is  situated  on  the  axis  AX,  to  the  left 

of  A,  at  a  distance  AM'  =  4L 

We  have  hitherto  supposed  that  the  axes 
are  perpendicular  to  each  other,  because  that 
position  is  the  most  simple,  ana  most  fre- 
quently employed;  however,  it  is  sometimes 
necessary  to  consider  the  axes  as  inclined  at 
any  given  angle  to  each  other. 

In  this  case  the  co-ordinates  are  no  longer 
straight  lines  drawn  perpendicular  to  the 
axes,  but  are  straight  lines  parallel  to  these 
axes;  that  is  to  say,  the  distances  PM,  PN, 
are  reckoned  parallel  to  AX,  AY. 


All  the  other  remarks  which  we  have  made 
upon  the  supposition  that  the  axes  were  rec- 
tangular, apply  equally  to  the  case  in  which 
they  are  oblique. 

In  order  to  complete  our  discussion  on  the  equations  to  a  point,  let  it  be 
required 

To  determine  the  analytical  expression  for  the  d<  stance  between  two  given  point* 

which  are  situated  in  the  same  plane* 
Let  the  co-ordinates  of  the  first  point  Pa  be  **,  \f%  and  of  the  second  point 
Pt  be  x"t  y",  so  that  the  equations  to  these  points,  whose  positions  we  suppose 
known,  are 

0fP'C=J} CO   And  of  P.  j*  =  £}.....<*) 

It  is  required  to  express  the  distance  Pa  Pa  of  these  points  in  terms  of  thn 
-iven  co-ordinates  x',  y,  -z"t  y. 
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Lit  the  distance  P,  P,  be  called  B. 

Draw  the  ordinate*  P,W,  P,M»  ol 
two  points,  and  through  Pi  draw  PjQ  pa: 
to  AX 

The  right  angled   triangle   P,QPfc 


P,  P,»  « 


=  P,  V  +  p.  v... 


But  P,Q  =  M,M,  ■=  AH,  — 

And  P,Q  =  P.M,  —  QM,  = 

Substituting  these  values  of  P,Q  and  P 

H     =     y/(?'—x 

This  formula  is  quite  general,  and  w 

which  the  two  point*  are  situated  on  difft 


It  will  only  be  n 
introduce  the  change*  in  the  signs  which 
respond  to  changes  in  position ;  thus,  fo 
ample,  to  obtain  the  distance  of  two  pi 
one  of  which  is  situated  in  the  angle  Ti 
and  the  other  P,  in  the  angle  YAX',  we 
change  the  sign  of  x",  which  give*  os 

Rz=V(*  + *?  +  &-& 

In  bet,  if  we  perforin  the  calculations 
P,P,  =  P.Q'  +  P 
P.Q  =  (*-  +  **) 

p|Q  =<y-o 

And    A        R  =  s/lt  +  x- 

If  one  of  the  points,  P,  for  example,  i 
origin  of  co-ordinates,  in  that  case  s"  = 
y"  =  0,  and  the  formula  becomes 


For  here  we  have 

AP,'  =  AM,1  +  PJHf 

i.  ft        R  eb  y/f  +  y 


Let  LOS  be  a  straight  line  of  indef 
length,  and  situated  in  a  plane. 

Draw  in  this  plane  two  axes,  AX  and 
at  right  angles  to  each  other,  and  let  the  i 
ation  of  the  straight  line  with  regard  to  L 
axes  be  any  whatever. 

In  the  straight  line  take  any  poiuts  P„ 
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IV, and  from  these  points  draw  P,Mh  P,Mfc  P,Mfc perpendicular: 

en  AX,  and  through  the  point  0,  in  which  the  straight  line  meets  the  axis  AT, 
draw  OQ  parallel  to  AX. 

The  similar  triangles  P.QiO,  P.Q.O,  P,Q|0,  will  giro  a  scrips  of  equal  ratios. 

0&  =  W?  =  SJp  or'BinM  AO  =  Q,M,  =  %M.  =  fcc 
P,M,  —  AO        P.M.  _  AO        P.M.  —  AO 


AM, 


AM, 


AM, 


=  &c 


Wliich  proves  that  the  difference  between  the  ordinate  of  any  point  in  a 
straight  line,  and  the  distance  of  the  straight  lam  from  the  origin,  it  in  a  eon- 
ttant  ratio  to  the  abteitta  of  the  tame  point 

Let  us  then  call  the  co-ordinates  of  any  point  in  the  straight  line  x  and  y,  and 
let  us  designate  by  b  the  distance  AO ;  that  is,  the  distance  from  the  origin  of 
the  point  in  which  the  straight  line  cuts  AY;  let  a  be  the  constant  ratio 
which  we  have  just  mentioned,  we  shall  then  have  the  relation. 

Or,  y  =  ax  +  b .™ (1) 

Now  this  relation  holds  good,  as  has  been  shown  above-,  for  every  point  in 

the  straight  line  LOS,  but  it  will  not  hold  good  for  any  point  which  is  not  situ- 
ated in  this  straight  line. 

For  let  N  be  any  other  point  taken  either 

above  or  below  the  straight  line  I  OS. 

Now,  since  the  ordinate  NPM  of  that  point 

is  either  greater  or  less  than  the  ordinate  PM 

of  the  straight  line  corresponding  to  the  same 

abscissa  AM,  and  since  by  hypothesis  we  have 

for  the  point  P  the  relation 

PM  =  a  .  AM  -(-* 

It  follows  that  since  NM  is   either  7-W.1L 

PM,  we  have  for  the  co-ordinates  of  the  paint  N, 

y  =  ^a.  AM  +  ft 

We  thus  perceive  that  the  relation  (I)  is  characteristic  of  overy  point  in  the 
straight  line  LOS,  and  that  It  does  not  hold  good  for  any  point  without  that 
line,  and  is  therefore  the  analytical  repretentation  of  that  straight  line ;  for  If 
this  relation  be  given  In  the  first  instance,  we  an  enabled,  by  means  of  it,  to 
determine  the  position  of  the  straight  line,  and  to  trace  it  graphically. 

For  this  purpose  it  is  sufficient  to  give  to  r 
a  series  of  values,  which  we  measure  along 
AX,  such  as  AM,,  AM*  Sic  and  drawing  from 

these  points  straight  linea  M,P„  M,P,, 

parallel  to  AY,  and  making  these  straight 
lines  equal  to  the  corresponding  values  of  y, 
found  from  equation  (I),  we  shall  In  this  man- 
ner determine  the  points  P,,  P. silu- 

aled  in  the  required  straight  line. 

For  this  reason  the  relation  (1)  is  denominated  the  Sanation  to  tie  Straight 
ZimtLOS. 
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The  quantities  x  and  y,  which  represent  the  coordinates  of  As  £§•** 
points  in  the  straight  line,  are  called  the  Variables  in  the  equation,  mi  fa 
quantities  a  and  6,  which  do  not  change  for  the  same  straight  line,  art  csU 
the  Constants  in  the  equation. 

The  constant  b,  it  has  been  already  shown,  is  the 
distance  from  the  origin  of  the  point  in  which  the 
straight  line  cuts  the  line  AY,  or,  this  is  the  ordinate 
of  the  straight  line  at  the  origin ;  it  remains,  therefore, 
to  examine  the  constant  ratio  which  is  expressed  in 
the  equation  by  a,  now 

=  QO  =  ML=s4a,l-PLM- 
Thus,  it  appears,  that  the  constant  ratio,  is  tho 
trigonometrical  tangent  of  the  angle  which  the  straight  line  mskm  nk  m 
axis  AX. 


a  = 


snwt*f» 


DISCUSSION  OF  THE  EQUATION  TO  A  STRAIGHT  LIKE 

y  =:  a  x+  b - — ...~.(L) 

Hie  above  equation  we  have  seen,  is  the  representation  of  a 
being  the  distance  of  the  point  in  which  it  cuts  the  axis  AY 
and  a  being  the  trigonometrical  tangent  of  the  angle  which  the 
makes  with  the  axis  of  x\    Now,  the  quantities  a  and  b9  are 
mined  for  all  points  of  the  same  straight  line,  but  when  we 
different  straight  lines ;  we  shall  find  that  they  are  distinguished 
by  the  different  values  which  the  quantities  a  and  b  receive  in  the 
each.    For  it  is  evident  from  the  nature  of  the  quantities  a  and  A, 
susceptible  of  all  degrees  of  magnitude,  since  the  first  is  a 
gent,  and  the  second  expresses  the  distance  of  a  fixed  point  A, 
the  indefinite  line  YAY'. 

Let  us  first  consider  the  changes  which  may  take  place  in  &> 


4 

Us*  A** 


In  deducing  the  equation  y  =  a  x  +  b9  we  sup- 
posed that  the  straight  line  intersected  the  axis  AY 
In  some  point  O,  above  A. 


But,  if  we  suppose  the  straight  line  in  question 
to  intersect  the  axis  AY  in  some  point,  O'  situ- 
ated below  A ;  then,  from  what  has  been  said  with 
regard  to  the  signs  of  these  quantities,  ji  appears 
tli.it  b  will  have  the  negative  sign,  and  consequently 
the  equation  to  the  straight  line,  will,  in  this 
be«*onie 

y  =  «*  — b .         f8) 


OP  TWO  DIMENSION! 

Again,  let  us  supuoae  that  the  straight  line  passes 
through  te  origin  A,  then  the  distance  from  the 
origin  of  ttie  point  in  which  the  line  cuts  YAY'.isO 
and  .-.  b  —  0. 

The  equation,  therefore,  to  a  straight  line  which 
passes  through  the  origin,  is, 

y  =  « (") 

Let  us  now  consider  the  different  portions  of  the 
straight  line  which  will  correspond  with  a  change  in  a. 


In  determining  the  equation,  we  supposed 
pusition  of  the  straight  line  to  be  that  repreaen 
die  bjrure,  and  that  a  was  the  tangent  or  the  angle 


Now,  suppose  that  the  straight  line  is  parallel  to 
AX,  then  it  is  manifest  that  for  all  values  of  a,  AM,, 
AM,,  which  we  may  assume;  the  Yelue  of  y  will 
always  remain  the  tame  and  be  eqaal  to  AO;  hence 
in  this  case,  the  equation  amuuies  the  form 

y  =  * ~ («) 

which  therefore,  represents  a  straight  line  drawn 
parallel  to  the  axis  AX,  at  a  dittance  b  from  the 

Similarly,  if  the  straight  line  be  parallel  to  the 
axis  AY,  it  ie  evident  that  for  all  values  of  y,  the 
value  of  *  will  always  remain  the  same;  and  hence 
the  equation  to  a  straight  line  in  this  position,  will  be 

•=' pi 

which  I*  therefore,  ihe  equation  to  a  straight  line 
parallel  to  the  axis  AY,  and  which  cuts  the  axis  AX 
at  a  distance  c  from  the  origin. 


V 

IP. 

0 

I 

IN 

v- 

In  deducing  the  equa  —  ax   f-  6,  we  nip- 

posed  the  straight  line  to  make  an  acute  angle 
OTA,  of  which  the  tangent  is  a  and  positive;  it 
however,  we  suppose  the  straight  line  to  revolve 
until  it  cornea  into  the  position  OT  ;  then  it  makes 
an  angle  OTX  with  AX,  which  isgreaterthan  00* 
and  leas  than  lot)",  and  whose  tangent  is  conse- 
quently negative,  hence  the  equation  of  a  straight 
line  in  this  position.  Is 

»  =  -•»+» («) 


V 
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If  we  suppose  the  position  of  the  straight  line  to 
be  that  represented  in  the  adjacent  figure,  sinee  the 
angle  which  it  makes  with  AX  Is  *7  180*  and  *£.  -  x 
270%  a  is  positive,  and  the  equation  is 

y  =  ax  —  © 


Lastly,  the  equation  to  a  straight  fine  in  the  posi- 
tion represented  in  the  figure,  in 

y  =s  —  ax  —  bm 


Thus  we  may  hare  the  following  equations  to  a  straight  line,  an*** 
the  different  positions  which  it  may  assume* 

y  ssox. 
y=r~-<HR» 
y-szb. 
*  =  c 

y  s  —  ax  +  6. 
y=zax — 3. 
y  =  —  o»  —  6k 
y  =  a*  +  b. 

PROBLEMS  CONNECTED  WITH  THE  EQUATKW  TO  1 

STRAIGHT  LINE. 

PROB.   I. 

To  find  the  equation  to  a  etraight  line  which  pauee  through  egkmf^ 

Let  x*%  xfy  he  the  co-ordinates  of  the  given  point 

Let  x9  y,  be  the  co-ordinates  of  any  other  point  in  the  line. 

Then  the  general  equation  to  the  straight  line  will  be, 

y-ax+b (1) 

And,  since  x*%   y\   are   points  in  this  straight  line,  it  bus*  ***J 
equation. 

y  ^  ax  +  b (i) 

.%  Subtracting  (9)  from  (1)  we  have, 

y  — y/  =  a(«— «0 
which  is  the  equation  required. 

prob.  n. 
To  find  the  equation  to  a  etraight  line  which  paeeee  thromghivoe* 


Let  the  co-ordinates  of  the  given  points  be,  s\  /•  and  m*  tf  \  ssist*' 
f  be  the  co-ordinates  of  any  other  point  whatever  in  the  straight  Bat 


OP  TWO  DIMENSIONS.  65" 

Then,  in  general,  the  equation  to  the  straight  line  will  be, 

y  =  ax  +  b <I) 

Bat,  since  x*,  tft  and  x",  y",  are  points  in  the  straight  line,  it  must  satisfy  the 
equations. 

y>  =  cat  +  b  (2) 

y'  =  ax9  +  b  (8) 

Subtract  (3)  from  (2> 

y'—  y"  zsafr  —  O 

whence  a  =  ^  __£* - (*) 

Again,  subtract  (2)  from  (1). 

Substitute  in  this  equation  the  value  of  a,  obtained  from  (4),  and  we  hare 
which  is  the  equation  required. 


pros.  m. 

To  find  the  equation  to  a  straight  time,  parallel  to  a  given 

Let  the  equation  to  the  giren  straight  line  8T,  be 

yz=ax  +  b 

where  a  is  the  tangent  of  the  angle  OTA. 

Now,  since  the  straight  line  SO*,  whose  equation 
is  required,  is  parallel  to  the  given  straight  line;  its 
inclination  to  the  axis  AX  is  the  same,  and  there- 
fore its  equation  will  differ  from  that  of  the  giren 
straight  line  only  in  the  quantity  &,  which  expresses 
the  distance  of  the  origin  from  the  point  in  which  it 
cuts  the  axis  AY. 

The  required  equation  will  therefore,  be 

y  =  ox-l"  V 
where  If  =  AO  • 


line. 


pros,  it* 

To  find  the  tangent  of  the  angle  between  two  given  straight  lines,  which 

intersect  each  other. 

Let  OV,  OTV\  be  the  given  straight  lines  inter- 
secting the  point  Q,  and  let  their  respective  equa- 
tions be 

y=z  ax  +  b 

y'  =  a'x  +  b' 
Draw  through  the  origin  two  straight  lines,  AL, 
AL,  respectively  parallel  to  OV,  CV;  then  it  it 
manifest  that  the  angle  LAL/  =r  angle  VQV,  and 
the  equations  to  these  two  straight  lines  will  be 

y  =  ax 
y  =•  a'x. 


if 
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Now  the  angle  LAI/  =  *Jt  LAX  —  ^  UAX 
tan.  LAL'  =  tan.  (LAX  —  I/AX) 

—     Un.  LAX  —  tan  L'AX 
1  -j-  tan.  LAX  tan.  L'AX 

a of 

It  the  straignt  Uues  be  parallel  |  _•  ^  =  Oaod.%«  ?w* 

If  the  straight  lines  be  at  right  angles  ^   ,  ^  =  a 

1  +  *r*  =  0 

.  1 

or  or  =  —  — 

a 

Hence  it  appears,  that  if  the  equation  to  a  straight  line  be 

y  =  ax+  b 
*     the  equation  to  a  straight  line  perpendicular  to  it,  will  be 

■ 

«  prod.  v. 

j  ToJhsA  the  equation  to  a  straight  lime  drawn  through  a  g'mm pxnn\f^nt 

:  dicuiar  to  a  given  straight  km* 

j  Let  the  equation  to  the  given  straight  line  be 

,  y=ax  +  b 

Let  the  co-ordinates  of  the  given  point  be  «*,  •/. 
Let  the  required  equation  be  of  the  form 

5r=A*+B 
where  A  and  D  are  unknown. 

Then,  since  the  straight  line  jr  =  Ax  +  B,  passes  through  the  prist  **,/, 1 
equation  will  be 

,_y=A(*_^) 

and  since  it  is  perpendicular  to  the  straight  line  whose  equation  hi 

y=zax+  b 

A  =r  —  —  by  last  problem. 

•••       *  — 3f=  —  —  (*  — *0 
is  the  equation  required. 


pros.  n. 

2\>  JfaZ  lAe  fen?M  o/a  straight  line  drawn  from  a  given  point,  jiujMsnts1 

to  a  given  straight  line. 
Let  the  equation  to  the  given  straight  line  TS  be 

yzzax  +  b (I) 

Let  the  co-ordinates  of  the  given  point  P  be  x\ 

y- 

Then,  since  PQp  is  drawn  through  a  point,  sf 
y  perpendicular  to  a  straight  line,  whose  equation 
is  y  r=  ax  -f-  b ;  by  the  last  Prob.  the  equation  to 
Ppb 

jr  — y  =  — —  (*  — j7)..- (*) 
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Now,  to  obtain  the  length  of  PQ  which  is  required,  we  roust  find  the  co-ordi- 
nates of  the  point  Q  in  which  Pp  meets  TS,  and  then  substitute  x  t/  and  the 
co-ordinates  of  Q  in  the  general  expression  for  the  distance  of  the  points* 
via. 

d  =  y/  (*zr*y  +  & — w (») 

Let  us  call  the  co-ordinates  of  the  point  Qt  *"  y" ;  then,  since  Q  is  a  point  in 
the  straight  liue  TS,  that  straight  line  must  satisfy  the  equation 
y*  =  caT  +  b 

For  the  sake  of  convenience  let  us  put  this  equation  under  the  form 

y"  —  y  =  a  (*"  —  X)  —  }f  +  axf  +  b (4) 

which  is  done  by  subtracting  \f  from  each  side  of  the  equation,  and  adding  aat 
to,  and  subtracting  it  from  the  right  hand  side. 

But,  since  x"  y"  is  a  point  in  the  straight  line  Pp,  also  that  straight  line  whose 
equation  we  have  found  (2),  must  satisfy  the  equation 

y"  -y  =  -  -J-  (*»  -  v) (5) 

Now  for  the  point  Q,  equations  (4)  and  (5)  hold  good  together,  therefore 
subtracting,  we  find 

whence  *'  —  *  =  g*  ~+  ~ 
Substitute  this  value  of  x"  —  x*  in  equation  J5),  and  we  have 

y  —  y l+cr 

Substituting  these  values  of  a*  —  x'and  y"  —  y'  in  the  general  expression 
(8),  for  the  distance  of  two  points 

n         /   ./y  —  a*—  b\%    .  /j/  — g^  —  b\% 


-± — nt"^ — -v  i  + 


a 


t 


l  +  a« 

which  is  the  length  of  the  perpendicular  required. 

pro*,  vu. 
To  find  the  equation  to  a  straight  line  refirr&i  to  obiiq)  t  azts. 

Let  80T  be  a  straight  line  of  indefinite 

length  situated  in  a  plane.  y*       ^ 

Draw  in  this  plane  the  axes  AX,  AY,  /    **/f 

inclined  to  each  other  at  any  given  angle,  /Z^// 

and  let  the  situation  of  the  straight  line  with  5^*Z/S  — 

regard  to  these  be  any  whatever.  .X^// xT*  * 

In  the  straight  line  take  any  points,  Ph  ^^      /  / / / 

Pt,  P§ from  these  points  draw  P,M„  ^        JTuT^nM       k 

P.M.,  P.M.,  ....  parallel  to  AY.  and 
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through  the  point  0  in  which  the  straight  line  meets  the  axis  AY,  4 
parallel  to  AX. 

The  similar  triangles  PiQ,0,  P.Q.O,  P.Q.O,  .  .  .  .  wiU  give  a  i 
equal  ratios  as  in  the  ease  of  rectangular  co-ordinates. 

qjjj  =  -^  =  q-q.  or,  since  AO  —  qtMt  _  <**, 
;  P^M,  —  AO  __  P,Mt  —  AO  _  P,Mt— AO  __  ^ 

am;     ""     xm;     ""     am;      —  ** 

Which  proves,  as  in  the  former  case,  that  the  bUfforenco  between  tat < 
of  any  point  in  the  straight  line,  and  the  distance  of  the  straight  lias  i 
origin,  is  In  a  constant  ratio  to  the  abscissa  of  the  same  point. 

Let  us  call  x  and  y  the  co-ordinates  of  any  point  in  the  straight  lias, 
us  designate  by  b  the  distance  AO;  that  is,  the  distance  from  the  trigs 
point  in  which  the  straight  line  outs  AY ;  let  a  be  the  cumtsnt  Hue  w* 
have  just  mentioned,  we  shall  then  have  the  relations 

or  y  =  ax  +  A. 

In  this  equation  6,  as  in  the  case  of  rectangular  co-ordinates,  expre 
distance  from  the  origin  of  the  point  in  which  the  given  straight  fiat  < 
axis  AY. 

Let  us  now  examine  the  constant  ratio  a. 

_  P,Q,  _  OA  _  sin.  OTA 
a  -  T^O  -  AT  —  sin.  TO  A 

Thus  it  appears  that  the  constant  ratio  a,  is  the  ratio  of  the  «sei 
angles  which  the  given  straight  line  makes  with  the  axes  AX,  AY,  rasa 

Hence  the  general  form  of  the  equation  to  a  straight  hne,  vasts* 
referred  to  rectangular  or  oblique  co-ordinates,  is 

y  =  «r  +  b 
observing  that  in  the  former  case,  a  represents  the  trigonometrical  tmfl 
the  angle  which  the  given  straight  line  makes  with  the  axis  AX;  sm  i 
latter  case,  a  represents  the  ratio  of  the  sines  of  the  angles  whka  m)  J 
straight  line  makes  with  the  axes  AX,  AY,  respectively. 

In  both  cases,  b  represents  the  distance  from  the  origin  of  the  paints) i 
the  given  straight  line  cuts  the  axis  AY. 

pros,  vm. 
To  find  the  equation  to  a  circle. 

Let  PQ  be  a  circle  whose  centre  is  0,  and  whose 
radius  is  OP. 

Draw  the  axes  AX,  AY,  at  right  angles  to  each 
other. 

Let  the  co-ordinates  of  the  point  0  be  a*  e*,  and 
of  any  point  P  in  the  circumference,  jr,  y. 

Then  the  expression  for  the  distance  of  the  two 
points  0  and  P,  whose  co-ordinates  are  x*  y  and 
arjr,ia 

^P*  or  R  =  (*  —  **  +  (y  —  y0« .~ W 
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This  relation  characterizes  all  the  points  in  the  circumference,  inasmuch  as 
It  is  evidently  satisfied  by  the  co-ordinates  of  each  of  these  points,  and  can  be 
satisfied  by  these  only. 

For  example,  let  P  be  any  point  taken  either  within  or  without  the  circum- 
ference, calling  xk  and  y%  the  co-ordinates  of  that  point,  we  hare 

op*=  fo —*y+ (y,  -y)». 

But  OP'  is  evidently  7  OP  when  P'  is  without  the  circle  and  -^  OP  when 
V  is  within  the  circle,  whence  we  have 

O F»  -^  or  XL  (x  —  *)"  +  (y  —  y)1 

Hence  the  equation  (1)  cannot  be  verified  for  any  point  which  is  not  on  the 
circumference  of  the  circle. 

This  equation  then,  is,  the  Equation  to  the  Circle. 

The  constant  quantities  &,  y\  r,  which  enter  into  this  equation  are  the  co-ordi- 
nates of  the  centre  and  of  the  radius ;  and  we  know,  that,  when  the  centre  of  a 
circle  is  given,  and  the  length  of  its  radius,  the  magnitude  of  the  circle  is  com- 
pletely determined. 

The  above  equation  (I)  assumes  a  form  more  or  less  simple  according  to  the 
position  of  the  point  which  we  assume  as  the  origin  of  co-ordinates. 

1.  Let  us  assume  some  point  A  in  the  circum- 
ference as  the  origin  of  co-ordinates,  and  left 
the  axis  of  a^s  be  a  diameter. 

In  this  case,  since  the  centre  is  situated  on  the 
axis  AX,  y  =  0  and  4  =  r,  therefore  the  equa- 
tion 

r»  =  (*-*7'  +  C|r_y')» 
becomes  r*  =  «•  —  2rx  +  r*  +  y* 
or  y*  =  3r*  —  ** (9)      . 


2.  If  we  assume  one  of  the  diameters  as  the 
axis  of  y,  as  in  the  annexed  figure,  we  shall  have 

af  =  0,        y  =  r 

and  equation  (1)  becomes 

r*  =  x*  +  jf  —  2ry  +  r* 
or  a*  =  2ry  —  y* (3) 

3.  If  we  make  the  centre  of  the  circle  the 
origin  of  co-ordinates,  then 

ar'=0^        y=0 

and  equation  (1)  becomes 

*»=*•  +  *• - (*) 

It  may  be  remarked,  that  equations  (S)  and 
(4)  are  those  which  are  most  generally  employed. 


V 
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Pros,  ix. —  To  find  the  equation  to  the  ctrcfe,  the  axtsqf  co-otdmeta 

inclined  at  amy  angle* 

Let  the  straight  lines  AX,  AY,  which  are 
inclined  to  each  other  at  a  given  angle  $,  be 
assumed  as  axes. 

Take  P  any  point  in  the  circle,  and  let 
the  co-ordinates  of  P  be  called  x  and  y. 

Let  C  be  the  centre  of  the  circle,  and  let 
the  co-ordinates  of  the  point  C  be  Jr*y. 

Draw  PM,  CM',  parallel  to  AY ;  and  PQ, 
CQ  parallel  to  AX;  produce  Q'C  to  meet 
PMinN,  joinC,  P; 

CP  =  r,  AM  =  x,  MP  =  y,  AM'  =  x\  CM'  =  y,  ^j  YAX  = 
CF*  =  NP*  +  CN*—  2NP .  CN cos.  CKP. 
Now     NP  =  MP  —  MN  =  MP  —  CM'       =-y—  y 
CN  =  MMr  =AM  —  AM'      =  s  —  * 

zLe  CNP  =  4ix  PMA     =  (180°  —  YAX)  =  (180*  —  f> 
Hence  the  above  equation  becomes 

which  is  the  equation  required. 

Before  proceeding  farther  with  this  subject,  it  may  not  be  isBBtepertei 
(some  general  observations  on  the  nature  of  equations  to  lines,  sad  ei  th 
"which  we  may  make  of  them. 

We  have  seen  that  the  position  of  a  straight  line  and  of  a  emit  ■  I 
•upon  a  plane  by  means  of  an  equation  between  the  co-ordinates  of  esis 
points,  and  a  certain  number  of  constant  quantities;  the  knowheft  ef  si 
enables  us  to  determine  its  position  geometrically. 

Suppose  then,  that  x  and  y  being  considered  to  denote  the  distaaciefsf 
from  two  rectangular  or  oblique  axes,  the  resolution  of  some  proeksi  hi 
to  an  equation  of  the  form 

/  (*,  y)  =  a 

If  we  wish  to  fix  the  position  of  the  point  which  verifies  this  esnatieyttl 
find  that  there  are  an  infiuite  number  of  such  points,  and  that  Uusssrisf^H 
constitutes  a  line  which  is  either  straight  or  curved  according  te  tat  as* 
the  equation.  For  since  there  is  only  one  equation  between  x  aei  J  *g 
give  any  value  we  please  to  one  of  these  variables,  and  then  tht 
give  the  corresponding  value  of  the  ether  variable. 

Let  us,  for  example,  give  the  abscissa  x  the  series  of  values 

x~  "i,  at%  dj,  a4 

\fy  enters  in  the  equation  in  the  simple  power  only,  we 
equation    a  succession  of  corresponding  values  of  that  variable ; 

y  =  &i.  *t»  &•,  0*  .  •  •  • 
If  in  AX  we  take  AM,,  AM„  AM,,  AM*  .... 
equal  to  a,,  at,  as,  a«,  .  .  .  •  and  from  the  points 
M,,  Ma,  Mg,  M«,  ....  raise  perpendiculars  M,P,, 
M,Pt,  M,P^  M«p4,  ....  equal  respectively  to  blf 
*•»  ^*i  a*  •  •  •  .  we  shall  find  a  series  of  points  P,, 
Pt,  Pti  P4 ;  all  of  which  will  equally  satisfy  the  con- 
ditions of  the  equation.  ^ — S^ 
Now,  gjnee  mo  may  give  to  or  a  series  of  values 


A 

A 
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which  differ  very  little  from  each  other,  and  since,  in  that  cm.  the  successive 
values  of  y  will,  generally  speaking,  likewise  differ  very  little  from  each  other; 
the  points  [',,  F,  l'i,  1'.,  .  .  .  -  will  be  rory  near  to  each  other,  and  we  on.ill 
be  thus  enabled  to  unite  ill  these  points  with  each  oilier  by  menus  of  a  con- 
tinuous line,  t*t,  l'>,  Pto  P» all  the  point*   of  winch  will  bo  so  many 

solutions  of  the  question,  since  all  the  intermediate  points  nfthU  line  comprised 
between  those  constructed  in  the  manner  described,  may  be  supposed  to  cor- 
respond to  the  values  of  z  and  y  derived  from  the  equation  of  the  problem. 

The  form  of  llie  curve  will  be  determined  with  more  accurate  precision  in 
proportion,  as  the  points  I1,,  P*  l'„  1', pre  nearer  to  each  other. 

Let  us  now  suppose  that  y  enters  into  the  proposed 
equation  in  some  power  higher  than  the  first  Since 
in  this  case,  for  each  value  of  x,  there  will  be  two  or 
more  corresponding  values  of  y,  according  to  the 
degree  of  the  equation ;  it  follows  that  the  curve 
will  be  composed  of  two  or  more  branches,  P,,  P„  1 ',, 
«„  4.  Q.. B„  B,  B» 

Let  it  be  required,  for  example,  to  construct  the 
curve  whose  equation  is 

y*  =  2* 

Solving  the  equation  for  y,  we  have 

*  —  ±V  8*. 

Which  proves,  in  the  first  place,  that  for  each  value  of  x  there  are  two  cor- 
responding values  of  y  equal  to  each  other,  but  with  opposite  signs ;  and  in  the 
second  place,  that  for  all  negative  values  of  x  the  corresponding  values  nf  y  are 
imaginary,  that  la  to  say,  that  the  carve  can  have  no  point  situated  to  the  left 
of  the  origin  AY, 

This  being  established,  let  as  make  x  =  0,  then  y 
=  0,  which  shows  that  the  origin  of  coordinates  is  v  ,, 

placed  on  some  point  in  the  cone;  or,  in  other 
words,  that  the  curve  passes  through  the  origin. 

Next  let  *=  I  .'.»si/1s+l.1   .   .   .   . 

Take  therefore  upon  AX  a  distance  AM,  =  the 
linear  unit;  and  from  M,  draw  a  perpendicular  to 
AX,  and  on  each  ride  of  AX  take  M,  P„  M,  p,  = 
1.4  ...  .;  then  P  andp  will  be  two  points  in  the  "' 

required  curve.  _ 

Next,  let*  =  2  .-.  y  =  +  \/  l  =  +  * 

Constructing  these  values  as  before,  we  shall  find  Pfc  and  pn  for  two  new 
points  in  the  carve. 

Continuing  In  this  manner  to  give  a  succession  of  values  to  x,  and  construct, 
ing  the  corresponding  value  of  y,  we  shall  obtain  a  curve  of  the  form  VAo, 
which  consists  of  two  branches  AV,  and  An,  which  extend  indefinitely  to  the 
right  of  AY,  since  for  all  positive  value*  of  x,  the  corresponding  values  of  y  are 

ml 

For  a  second  example,  let  us  take  the  equation 

**-*=+         

whence  y   =  ■+-  v/  4  -f-  *■ 

We  perceive,  in  the  first  place,  that,  for  the  same  talnea-,  there  are  tno  equal 
Tains*  of  y  with  contrary  signs;  and,  in  the  second  place,  thtt,  whatever  value 
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ne  ifiv  to  r,  whetlter  positive  or  negative,  it*  shall 
n.wny.1  olinin  real  values  fory.  Hence  n«  can  con- 
clude .it  on™,  that  the  curve  extends  indefinitely  both 
above  and  below  the  aii»  AP,  and  both  to  the  right 
and  left  of  AY.  Let  us  now  make  • 
suppositions, 

I,et  *  =  0  .-.  y  =  ±  v/4  =  +  «. 

Take  on  AY  two  distances  Alt,  A(,  « 
points  B  and  ^belong  to  the  curie. 

Next,  let  *  =  1  .'.  y  =  +  y/&=±t&  .  .  .  . 

(>n  AX  tike  AM,  =  1  through  Mi  draw  a  straight  line  P,  p,  pamltel  to  AY, 
and  make  M,  P,  =  M,  p,  =  3.2  ...  .  then  P,  and  p,  are  two  new  poinu 
in  die  curve, 


i,  each  =  a,  the 


1 

-■ 

Of 

r" 

■'T! 

X 

u. 

*i 

I*t  x  =  2  .-.  y  =  +  j/8  = 

Constructing  this  value  of  y  in  the  . 


=  +  9.8  .  .  .  . 
er,  we  obtain  Pa  and  p,  for  tan 
oilier  points  in  tins  curve,  and  so  on  for  the  other  points  to  the  right  of  AY. 

In  order  to  obtain  the  points  to  the  left  of  AY,  since  the  values  of  *,  whirl 
arc  numeric-lily  the  siims  but  taken  with  different  signs,  correspond  to  the  bus* 
values  uf  </;  it  will  be  sufficient  to  take  Ahiu  Aw*  ....  equal  to  AMb  AM, 

....  and  through  tlie  points,  a,,  m to  draw  straight  linn  panllrl  to 

AY,  and  through  the  points  P„  p,,  F„  p„  straight  line*  parallel  to  AX,  and  ** 
shall  thus  d.t  ermine  the  points  QH  ?i.  'it,  ?•>  ■  ■  •  ■  belonging  to  die  curve, 
which  wilt  evidently  be  composed  of  two  branches  distinct  and  opposite,  PiBQj 
ft*  ft 

The  curie  represented  by  an  equation  between  x  and  y,  la  called  the  Gttm- 
trirat  Lvcia  of  the  equation. 

Heciprocally,  if  a  curve  be  traced  upon  a  plane,  and  if  by  any  means  founded 
ii  [urn  the  definition  or  upon  some  characteristic  property  of  the  curie,  we  cm 
arrive  lit  a  relation  which  exists  between  the  co-ordinates  *  and  y  of  all  poiutl 
in  that  curve,  ami  exi*ts  for  these  points  alone ;  the  relation  thus  obtained  ii 
called  (liu  Equation  to  the  Caret. 

We  shall  now  proceed  in  this  manner  to  obtain  the  equations  to  lb*  amt 


To  find  t/u 


to  the  parnboia. 


Defimtiok. — A.  Parabola  is  the  locus  of  a  point  whose  distance  from  ■ 
fixed  point,  and  front  a  straight  line  given  in  position,  if  always  the  sum, 

Let  S  be  the  given  fixed  point,  and  Na  the  straight 
line  gi ven  in  position; 

Draw  SK  perpendicular  to  Nn,  and  bisect  SK  In  A ; 

Then  by  definition  A  is  a  point  in  the  parabola. 

Take  P  any  point  in  the  curve  and  join  S,  P; 

From  F  draw  I'm  perpendicular  to  Na; 

From  A  draw  AY  perpendicular  to  ASX. 

Let  A  be  the  origin  mid  AX,  AY,  the  axes  of  co- 
•rdin.ile*. 

From  P  draiv  Pit  perpendicular  on  AX. 
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Then,  lei  AM  s  *,  PM  s  t/,  8P  s  r,  AS  ss  uu 

Then  we  hare 

i*  =  SP* 
=  Pm*  by  definition 
=  (AK  +  AM)» 

=  (»  +  *y (i) 

Again         r*  =  PM«  +  SM* 

=  PM*  +  (AM  —  AS)« 

=  y*  +  (»  —  "*)* (2) 

Equating  these  two  rallies  of  r*  we  obtain  a  relation  between  x  and  y. 

y*  +  (x  —  mf  =  (x  +  w)8 
or,  y*  =z  4mx 

which  is  the  equation  to  the  parabola. 

In  order  to  find  the  value  of  the  ordinate  passing  through  the  focus 

Let  x  =  m  .\  y*  =  4m* 

,\  y  =  -f-  2m 

which  shows  that  4m  is  the  double  ordinate  passing  through  the  focus,  or  the 
Latu*  Rectum  of  the  parabola. 

Solving  the  equation  for  y 

y  =  +  8  4/mZr 

For  all  negative  values  of  x,  y  is  Impossible,  which  shows  thai  there  is  no 
point  of  the  curve  to  the  left  of  the  origin  A. 

When  x  =  0,  then  y  =  0  also. 

Which  shows  that  the  curve  passes  through  the  origin,  as  is  evident  from 
other  considerations. 

Giving  a  succession  of  positive  values  to  x,  we  perceive  that  as  x  increases, 
y  increases  also,  and  thai  for  each  value  of  x  there  will  be  two  equal  values  of  y 
with  opposite  signs. 

Hence  the  curve  extends  indefinitely  to  the  right  of  A,  and  is  symmetrically 
situated  with  regard  to  AX. 

PBOB.  xi. 

To  find  the  equation  to  the  Ellipse 

Definition. — An  Ellipse  is  the  locus  of  a  point,  whose  distance  from  two 
given  fixed  points  is  equal  to  a  constant  quantity. 

Let  S  and  H  be  the  two  given  fixed  points ; 

Join  S,  H;  bisect  SH  in  C; 

Let  P  be  any  point  in  the  curve,  join  S,  P ; 
H,  P; 

Draw  PM  perpendicular  to  CX  ; 

Draw  CY  perpendicular  to  HS,  let  C  be  the 
origin,  and  CX,  CY,  the  axes  of  co-ordi- 
nates. 

Let  the  quantity,  to  which  the  sum  of  SP 

and  IIP  is  always  equal,  be  2a. 

t  t  <2 


A  * 
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Then,  let  CM  =  x,MP  =  y,  SF  =  r,  MP  =  r*,  SH  =  2c. 
Then  we  have 

r»  =  y«+(c-*>i (!) 

r"  =  y*  +  (c  +  xy (*) 

r  +  r1  z=  2u (3) 

If,  therefore,  we  eliminate  r  and  r*  between  these  three  equations,  we  shz)' 
obtain  a  relation  between  x  and  y,  which  will  be  the  required  •quation  to  ti<« 
curve. 

Subtracting  (1)  from  (2) 

r**  —  r*  =  4c* 

(r'  +  r)(r'-r)=:4« 


or, 


or 


a 


and 

r  +  r>  =  2a 

.*.  adding  and  subtracting 

r  =  a  +  — 

...  r"  =  a*  +  2c*  +  -£-f 

€1* 

ex 

r  =  a 

^  =  0*  —  2cx  +    £f! 

ar 

r*  +  r*  =  2d2  + 


2cV 


again,  adding  (1)  and  (2), 

r*  +  r*  =  2y*  +  2c*  +  24* 
Equating  these  values  of  r3  -f  i-*  we  obtain 

2y*  +  2c*  +  2**  =  2a*  +  ?^ 
or,        ay  +  (a*  -  (?)  **  =  a«(o*— e«> 

Since  r  and  r*  or  2a  is  always  "7  SH  or  2c,  .*.  a  is  always  -^  c;  and  .-.  tl* 

quantity  a2  — c*  is  essentially  positive. 

Let  a8  — c«  =  b* 

Then  aV  +  &V  =  «rW - , 

which  is  the  most  simple  form  of  the  equation  to  the  ellipse* 
Solving  the  equation  for  y  and  x  in  succession,  we  obtain 

b 


(A) 


y  =  +  -  v/«*  —  «* 

When  y  =  0*=  +  fl 

....  i  =  Oy=  +  ^ 

Hence  it  appears  that  the  curve  cuts  the 
axis  of  x's  at  the  points  A,  a,  where  CA  =r  Ca 
==a,  and  cuts  the  axis  ofy's  at  the  points  B,  b9 

where  CR  =  Cb  =  v/«*  —  c«  =  6. 

Hence  it  appears  that  the  quantities  a  and  b 
in  the  equation  (A),  are  the  semi-major  and 
semi-minor  axes  of  the  ellipse;  and  for  this 
reason  the  equation  (A)  is  called  the  Equation 
to  the  Ellipse  referred  to  Us  axes, 

Resuming  the  equation  (B),  it  is  evident  that 


(B) 


V 


\ 
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the  curve  is  situated  symmetrically  with  regard  both  to  the  axes  CX  and  GY. 
For,  taking  the  first  of  the  tu  o  equations,  we  perceive  that  for  each  assumed  value 
of  x,  we  shall  obtain  two  equal  values  of  y  with  opposite  signs,  which  shows 
that  the  curve  is  situated  symmetrically  with  regard  to  CX.  And  in  the  same 
manner,  taking  the  second  equation,  we  perceive  that  for  each  assumed  value  of 
y,  we  shall  obtain  two  equal  values  of  x  with  opposite  signs. 

The  distance  CS  =  CH  is  called  the  Eccentricity  of  the  ellipse,  and  the  ratio 
of  c  to  a  is  usually  denoted  by  the  symbol  e. 


Thug, 


but 


e  __ 

a  "" 
c  zzae 

af  —  b%  =  a  V 


h  =  ±  sv/1-^ 
It  is  necessary  to  observe  these  equations,  since  the  quantity  e  is  very  fre- 
quently introduced  in  calculations  where  the  equation  to  the  ellipso  is  employed 

PROD.  XII. 

To  find  the  equation  to  the  ellipse,  referred  to  the  vertex  as  origin. 

In  order  to  transport  the  origin  from  C  to  a,  since  the  new  origin  a  is  situated 
in  the  old  axis  of  x*s  at  a  distance  =  —  a,  we  have  only  to  substitute  *  X  — -  a 
for  x  in  equation  (A),  which  then  becomes 

y«=  £  (9ax-*) (C) 

which  is  the  equation  required. 


prob.  xiii. 
To  find  the  equation  to  the  Hyperbola. 

Definition. — The  Hyperbola  is  the  locus  of  a  point,  the  difference  of  whose 
distance  from  two  given  fixed  points  is  equal  to  a  constant  quantity. 

Let  S  and  H  be  the  two  given  fixed  points. 

Join  S,  H ;  and  bisect  SH  in  C. 

Let  P  be  any  point  in  the  cone,  join  S,  P ;  H,  P ; 

Draw  PM  perpendicular  to  CX. 

Draw  CY  perpendicular  to  CX,  and  let  C  be  the  ^ 
origin,  and  CX,  CY,  the  axes  of  co-ordinates. 

Let  the  constant  quantity  to  which  the  difference 
of  SP  and  HP  Is  always  equal  be  So. 

Let  CM  =  x,  MP  =  y%  SP  =  r,  HP  =  f*,  8H  =  2c 

Then  1*  =  ^+  (x  —  c)1 

i"  =  y*  +  (*  +  cy 

•  —  r  =  2a 

If  we  eliminate  r  and  r1  between  these  three  equations,  we  shall  arrive  at  an 
equation  between  x  and  y,  which  will  be  the  equation  to  the  curve. 


(1) 

W 

(3). 


•  Sm  chapter  em  Um  "TrudbrnsttaofCo-oriiaetM,* 
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Subtract  (1)  from  (9; 

r*  —  f8  =  4cjr 
or,  (r*  +  r)(r>  —  r)  =  4cx 


•  •  ... 


and  r*  —  r  =  2* 

car 


cV 


r^-  -a.:  r*  =  - »   —2cx  +  * 
f>=™+a      »*  =  -**  +  »«  +  «« 

jrfut,  adding  (1)  and  (2) 

r*  +  r»  =  2y«  +  2.r*  +  8c  ■ 
Equating  these  equal  values  of  r1*  +  r* 

y  1  +  Xt  +   c2    =  fl«  +    y 

0Fj  fly  +  («■_€»)*•  =  a"  (a*  —  c«> 

Now  2a  must  always  be  ^  2c,  and  tlierefore  a  always  ^.  c. 
Hence  a2  —  c*  is  essentially  negative. 
Assuming  therefore  a2  —  c*  =  —  o* ;  the  above  equation  become! 

«y  —  oV  =  —  «W (1>) 

^hich  is  the  most  simple  form  of  the  equation  to  the  hyperbola. 
Solving  the  equation  fory  and  x  in  succession,  we  obtain 


(E) 


Let  y  =  0  .•.  ar  =  -j-  a. 

From  which  it  appears  that  the  curve  cuts  the  axis  of  x,  at  the  points  A, «; 

where  CA  z=  Ca  =  a.  

Let  a?  =  0.\  y=+o\/ — 1,  an  impossible  resak 

From  which  it  appears  that  the  curre  does  not  meet  the  axis  of  y's. 

We  may,  however,  take  two  points  B,  b,  in  this  axis  on  different  sides  of  G 
making  CB  zz  Cb  ■=.  \/ c%  —  <?. 

In  order  to  fix  the  position  of  these  points,  from  the  point  A  as  centre  with 
radius  equal  to  CS  =  CH,  describe  a  circle  which  will  cut  the  line  YV  in  the 
two  points  required  ;  for  we  have 

CB  =  v/CS«—  CA*  =  %/c*  —  a\ 

Hence  it  appears,  that  the  quantities  a  and  6  are  the  semi-major  and  semi- 
minor  axes  of  the  hyperbola,  and  hence  the  equation  (D)  is  called  the  cqmatio* 
to  the  Hyperbola  referred  to  its  axes. 

Resuming  the  equation  (E),  we  perceive  that  if  x  be^Lo,  the  values  of  y  sis 
impossible ;  and  hence  we  conclude,  that  there  is  no  point  in  the  curve  situated 
between  A  and  or. 

When  x  is  "7  «,  then  as  x  increases  y  increases  also ;  and  for  each  value  of  x, 
there  will  be  two  equal  values  of  y  with  opposite  signs. 

Hence,  it  is  evident  from  the  equation,  that  the  hyperbola  consists  of  two 
opposite  branches,  one  extending  indefinitely  to  the  right  of  A,  and  the  other 
indefinitely  to  the  left  of  a,  and  both  symmetrically  situated  with  regard  to  SIR 
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The  distance  CS  =  CH  =  e,  is  called  the  eccentricity  of  the  hyperbola,  and 
the  ratio  c  to  a  is  usually  designated  by  the  symbol  e ;  hence  we  have 

c 

a  mmm 
m  c  =  at 

c*  =  a V 
c*  —  a*  =  a2(e*  —  1) 

or,  J  =  i«  y/& —  1. 

If  we  wish  to  obtain  the  equation  to  the  hyperbola  referred  to  the  vertex  A, 
n8  the  origin  of  co-ordinates,  since  this  new  origin  is  situated  on  the  axis  of  x\ 
at  a  distance  -f-  a  from  the  former  origin ;  if  we  substitute  (x  +  a)  for  x  in 
equation  (D),  we  obtain 

y*=  f|(fex  +  jfl (F) 

which  is  the  equation  required. 


On  the  Transformation  of  Co-ordinates, 

When  we  reflect  upon  the  equations  to  the  straight  line  and  circle,  and  con- 
sider the  different  forms  which  these  equations  assume  according  to  the  different 
positions  of  these  lines  with  regard  to  the  axes  of  co-ordinates ;  we  perceive  that 
the  same  line  may  be  represented  by  different  equations  which  will  be  more  or 
less  simple,  according  as  the  position  of  the  line  is  more  or  less  simple  relatively 
to  the  axes,  and  according  as  the  axes  themselves  are  rectangular  or  oblique. 

Thus,  tlie  most  general  equation  to  a  straight  line  being 

y  =  ax  -f-  b. 

The  equation  to  a  straight  line  passing  through  the  origin,  is 

y  =  ax; 
a  having  in  each  of  the  above  equations  a  different  signification  when  the  axes 
arc  oblique,  from  that  which  is  attributed  to  it  when  the  axes  are  rectangular. 

In  Kke  manner,  the  most  general  equation  to  a  circle  when  referred  to  oblique 
axes,  is 

(x  —  xo*  +  Cy  —  y')*  +  «(*  —  *)  (y  —  y1)  «*• '  =  ^ 

which  becomes 

Xs  +  y*  =  r« 
when  the  circle  is  referred  to  rectangular  co-ordinates,  and  the  centre  is  the 
origin. 

It  is  easy  to  conceive,  that,  when  the  position  of  a  curve  upon  a  plane  is  fixed 
by  moans  of  an  equation,  if  we  perceive  that  the  position  of  the  curie  with 
regard  to  two  new  straight  lines,  is  more  simple  than  with  regard  to  the  axes 
to  which  it  is  referred  by  the  equation  in  question ;  it  would  greatly  facilitate 
our  investigations  respecting  the  properties  of  the  curve,  if  we  could  deduce  an 
equation  to  the  curve,  referred  to  these  new  straight  lines  as  axes,  from  that 
equation  to  the  curve  which  we  actually  possess. 

Such  then  is  the  object  of  the  problem  which  is  proposed  in  the  transforma- 
tion ef  co-ordinates,  which  may  be  enunciated  in  its  most  general  terms,  as 
follows : — 

Given  an  equation  to  a  curve  referred  to  any  two  axes  whatever,  to  find  the 
equation  to  the  same  curve  when  referred  to  two  new  axes. 
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Before  however  proceeding  to  solve  Uie  problem  Id  iU  wont  gen*nd  few, 
we  shall  consider  one  or  two  particular  cues  which  urn  of  nioit  frequent 
occurrence. 


L     Lctth*  new  axe*  bt parallel  to  thtjbrmtr  vmt. 

Let  AX,  AY,  be  the  original  axes; 

Let  AX',  AY',  be  the  new  exes  parallel  to  the  ft 

\jn\x,y,  be  the  co-ordinates  of  a  point  I\  referred  , 

to  the  old  axes;  / 

Let  j.',  y,  be  the  co-ordinate*  of  a  point  P,  referred  / 

in  the  new  axes.  / 

Let  m,  p,  be  the  co-ordinates  of  the  new  origin  A'.         ■ 
Draw  I'M  and  A'X,  parallel  to  AY. 
Then,  AM  =  x,  MP  =  g,  A'M'  =  s/,  PM'  s^ANxa,  A'X  =  .ft 

AM  or  *  =  AN  -f  NM 
=  AN  +  A'M' 

=  *  ■+■  *  (I) 

MPory=MM'  +  M'P 

=  fi  +  y tS) 

it'  therefore,  in  the  equation  to  the  proposed  curve,  we  substitute  &  +  >  (•« 
*■,  and  y  j  -  j3  for  y  \  we  shall  obtain  a  relation  between  if  and  y,  which  will  I* 
tliu  equation  to  the  curve  referred  to  the  new  axe* 

Con.     If  the  new  origin  be  on  the  axis  AX,  then  fi  =  0: 
If  the  new  origin  be  on  the  axis  AY,  then  m  —  U. 


*   u 


II.      'I'u  pan  ft out  one  system  of  rectangular  axe*,  to  another  alto 

Let  AX,  AY,  be  the  original  system,  and  AX',  AY*, 
Hit-  new  i  ' 

Let  tlie  notation  be  lite  same  as  in  the  last  ci 
l<et  the  inclination  of  A'X'  to  AX,  be  A 
tlie  !.j  mbol  (jaQ. 
Than,    AM  or  i  =  AN  +  NM 

t=  AN  +  NQ  —  MQ 
=  AN  +  A'll  —  M4J 
=  «  +  rf  we.  (a*)  —  yrin-C**)  ;•  PM-S  =:  90- — (a*)- 
MP  or  u  =  MT  +  TS  +  8P 
=  A'N  +  M'R  +  SP 
=  fi  +  J  aio.  <**)  +  y  ece.  (a*). 
Substituting  therefore  these  values  of  z  and  y  in  the  equation  prop  need,  we 
hlinJl  obtain  a  relation  between  £  and  y,  which  will  be  the  equation  to  the  Mil 
referred  to  tlie  axes  AX',  AY'. 

Coit.   If  the  new  origin  be  coincident  with  the  old,  then  a  =  0,  fi  =  0laudtfc* 
ahuve  equations  become 

x  —  £  ros.  \nf)  —  y  sin,  (xxf) 
y  =  J'wn.(**)  +  y«H.(a*0- 
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(2) 


.\  A'T  =  * 


HI.  We  may  now  proceed  to  the  solution  of  the  general  problem,  via— 7# 
past  from  one  system  of  axes  inclined  at  any  given  angle  to  another  systems 
also  inclined  at  any  given  angle. 

Let  AX,  AY,  be  the  original  system ;  AOC',  A'Y',  the  new. 

In  addition  to  the  former  notation, 

Let  the  inclination  of  A'X'  to  AX  be  called  (xx1) 

Let  the  inclination  of  MY'  to  AX  be  called  (xtf) 

Let  the  inclination  of  AY  to  AX  be  called  (xy). 

&c  &c. 

Then,  AMorx=  AN  +  NM 

=  AN+A'T  +  M'S (1) 

MPory  =  MR+R8  +  SP 

zrA'N  +  MT  +  SP 

Wowr  AT  __  sin.  A'MT       tin,  (gy) 
™w  A'M'  -  sin.  ATM'  -  sin.  (xy) 
M'S  _  sin.  M'PS  _  sin.  (ytf) 
MP  -  sin.  M'SP  ""  sin.  (xy) 
MT  _  sin.  MAT  _  sin,  (sap 
A'M' ""  sin.  ATM' "~  sin.  (xy) 
SP  _  tin.   8MT  _  sin,  (xr/) 
M'P  =  sin.   M'SP  "  sin.  (xy) 
Substituting  these  values  in  (!)  and  (9) 

x  -       ,    *»<"•  (*9) +  y  «in.  W) 

■in.  (xy) 

jf  situ  (x*)  +  tf  sin,  (xy1) 

y  "  P  +  ein.  (*y.) 

Such  is  me  most  general  formula  for  the  transformation  of  co-ordinates,  from 
which  it  it  easy  to  deduce  the  formulas  corresponding  to  all  positions  of  a  new 
origin,  and  to  the  different  inclinations  of  the  new  axes  compared  with  the  old 
ones,  by  giving  proper  values  either  positive  or  negative  to  a  and  &  and  any 
value  to  the  angles  (zxO,  (xy*)9  from  0  up  to  90°. 

As  to  the  angle  xy,  it  is  always  given  a  priori,  since  it  is  the  angle  contained 
by  the  original  axes. 

We  can  easily  deduce  from  the  general  formula,  the  results  already  obtained 
in  cases  L  IL 


_  _,  sin.  Qr» 
sin.  (xy) 

,  M'S  =  y  r^Q 

*  tin.  (xy) 
sin.  (xy) 

- ./ sin-  fry' ) 


SP  =ztf 


sin.  (xy) 


REMARKS. 

( 1 ).  In  general  we  distinguish  between  two  different  species  of  the  transfor- 
mation of  co-ordinates ;  The  change  in  the  position  of  the  origin,  and  the  change 
in  the  direction  of  the  axes.  When  the  problem  proposed  requires  this  double 
transformation,  it  is  frequently  more  advantageous  to  execute  them  in  succession 
than  at  first 

(2).  Since  we  have  frequently  occasion,  in  the  same  question,  to  effect  several 
transformations  of  co-ordinates,  it  is  convenient  to  suppress  the  accents  of  y,  t/p 
in  the  second  member  of  the  formulas  which  relate  to  these  transformations; 
that  is  to  say,  we  may  designate  both  the  old  and  new  co-ordinates  by  x  and  y, 
although  their  values  are  different,  but  the  circumstance  of  using  the  different 
formulas  in  succession  will  be  sufficient  to  point  out,  that  the  curve  alter  having 
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been  referred  to  one  system  of  axes,  is  afterwards  referred  to  a  second,  to  a 
third,  mid  so  on. 

Thus,  in  order  to  pass  from  a  rectangular  or  oblique  system  to  another  systen 
parallel  to  it,  we  may,  in  the  equation  to  the  curve,  substitute  x  +  «  for  z,  and 
y  +  /3  for  y,  and  the  m  and  y  of  the  second  equation  will  represent  the  co-orev 
nates  referred  to  the  new  axes,  the  co-ordinates  of  whose  origin,  referred  to  the 
former  origin,  are  «,  /3.  In  like  manner  we  may  proceed  in  all  other  cases,  and 
thus  simplify  our  calculations  by  avoiding  the  use  of  numerous  accents. 

(3).  The  quantities  «,  A  (xaf),  (x/),  &c  which  enter  into  the  above  formulas, 
are  constants  whose  value  fixes  the  position  of  the  new  origin  and  the  direction 
of  the  new  axes  with  reference  to  the  original  axes,  whose  inclination  to  each 
other  is  expressed  by  (xy).  The  quantities  «,  0,  (xxf),  (ay7),  &c  must  be 
regarded  as  known  and  given  a  priori,  whenever  we  wish  to  refer  the  curve  to 
new  axes  whose  position  with  regard  to  the  proposed  curve  has  been  discovered 
to  be  more  simple  than  that  of  the  old  axes. 

It  frequently  happens,  however,  that  we  perform  a  transformation  of  co-ordi- 
nates when  our  object  in  so  doing  is  to  make  some  specific  change  in  the  form 
of  the  equation  to  the  curve,  for  example,  to  make  certain  terms  disappear.  In 
this  case  «,  &  {xxf),  {xy')y  &c  are  constants  which  are,  for  the  time  being,  inde- 
terminate ;  and  whose  values  we  afterwards  endeavour  to  calculate  in  such  a 
manner  as  to  simplify  the  equation  in  the  manner  required.  With  regard  t« 
the  angle  (xy)  we  cannot  employ  it  in  this  manner,  since  it  is  the  angle  con- 
tained by  the  old  axes,  and  is  in  every  case  supposed  to  be  known  a  priori. 

The  number  of  terms  which  it  is  our  wish  to  remove  from  the  equation,  will 
indicate  the  number  of  indeterminate  quantities  which  we  must  introduce  into 
our  calculation,  and  therefore  the  system  of  formulas  which  we  must  employ. 

These  remarks  will  be  better  understood  when  applied  to  particular  examples. 


ON   POLAR  CO-ORDINATES 

Wk  have  hitherto  supposed  the  position  of  a  curve  upon  a  plane  to  be  deter- 
mined by  means  of  an  equation  between  variables,  expressing  the  distances  of 
each  of  the  points  in  the  <nv\e  from  two  fixed  straight  lines,  the  distances  being 
reckoned  parallel  to  these  lines.  There  is,  however,  another  method  for  deter- 
mining the  position  of  a  point  or  of  a  series  of  points  which  in  certain  cases  b 
more  convenient. 

To  explain  this  mode  of  representing  curves  analytically,  let  us  consider  any 
curve  X'p. 

Let  SO  be  a  given  straight  line  in  the  plane  of  the 
curve,  and  8  a  given  point  in  that  line. 

From  S  draw  a  straight  line  SP  to  any  point  P  in 
the  curve. 

Jet  SP  be  called  r,  and  the  angle  between  SP  and 
SO  be  0, 

It  is  evident  that,  if  we  can  obtain  a  relation 
between  r  a  id  t)  which  holds  good  for  every  point  in 
the  i  in\e.  the  <urvc  will  be  entirely  determined,  ssr 
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If  ire  give  to  0  n  succession  of  values  ft,  ft,  ft,  &c  we  aliall  obtain  from  the 
equation  between  r  pud  4  a  series  r,,  r,,  r,,  &u  of  corresponding  vnlues  of  r. 

Making;  therefore  nt  the  point  S  the  angle  Q,SO, 
QjSO,  Q,S(»,  &c  respectively  equal  to  ft,  ft,  ft, 
Sir.  and  taking  SP„  SP,,  SIJ,,  &&  equal  to  the  cor- 
responding values  of  r,  we  shall  obtain  the  points  P,, 
P»  P(,  &r.  which  belong  to  the  curve. 

The  variable  quantities  r  and  S  are  called  Polar 
Co-ordinate*,  the  point  S  is  called  llie  Pole,  r  the  Ba&iu*  Victor,  and  the 
relation  between  r  and  t  is  termed  the  Polar  Equation  to  the  curve. 

A  curve  being  traced  upon  a  plane,  ne  may,  from  some  known  property 
of  the  curve,  determine  the  polar  equation  at  once,  more  usually,  however, 
we  have  the  position  of  the  curve  determined  by  an  equation  between  rertili- 
nenr  co-ordinates,  and  it  is  required  to  deduce  the  equation  between  polar 
co-ordinates.  This  can  be  easily  effected  by  a  transformation  of  co-ordinates, 
which  we  shall  now  proceed  to  explain. 

Let  us  begin  with  two  of  the  most  simple  and 

1.  I«t  I'p  be  the  carve  whose  equation  is  given  in  \ 

terms  of  rectangular  co-ordinate*,  AX  and  AY  being 
the  axes.  Let  it  be  required  to  determine  the  polar 
equation,  S  being  the  pole  and  SO  parallel  to  AX. 

Let  the  co-ordinates  of  the  point  S  referred  to  the 
axes  AX,  AY,  be  a,  fi. 

Take  any  point  P  in  the  carve,  draw  PM  perpendi- 
cular to  AX,  join  SP,  draw  SN  perpendicular  to  AX. 

Than,  AM  =  x,  MP  =y,  SP  =  r,  PSO  =  *,  AN  = 

AM  or; ■  =  AN  4-  NM  } 

=  «+rcos.#r  ,  * 

MP  or  a;  =  MR  +  RP  C " l  ' 

=  ,9+rsin.O 
Substituting .-.  these  values  of  x  and  y  in  the  equation  to  the  curve,  we  shall 
obtain  a  relation  between  r  and  I  which  will  be  the  polar  equation  required. 

S.  I*t  SO  coincide  with  AX,  the  point  S  with  A,  in  this  case,  m,  fi  =  0,  and 
the  above  formula  becomes 

The  genmi]  problem  is,  given  the  equation  to  a  curve  referred  to  any  system 
of  axes,  to  find  the  polar  equation ;  the  position  of  the  pole  being  any  whatever. 

Let  Pp  be  curve  referred  to  the  axes  AX,  AY. 

Take  any  point  S  as  the  pole,  and  let  SO  be  ' 
the  fixed  straight  line,  and  let  the  co-ordinates 
of  S  referred  to  AX,  A  Y,  be  «,  fi. 

Through  S  draw  Rr,  St,  parallel  to  AX,  AY. 

Draw   PM  parallel  to  AY,  join  S,  P ;  draw 
SN  parallel  to  AY. 

Then,  AM  =  i,  MP  =  y.  AN  =  «,SN  =  ASP 
=  r,  PSO  =  A  *     J         " 

Let  the  angle  between  the  axes  AX,  AY,  be  de- 
noted by  {x,  y,)  the  angle  between  the  fixed  line  SO  and  the  axis  AX  being  * 


S  =  fi 
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'Ihcn,    AMor*  =  AN  +  NM 

=  AN  +  SB 


O) 


MPory  =  MR+RP 

=  SN  +  HP (2) 

SR_   sin.SPR_sin.  \(xy)  —  0-9)\  .  RP_    sin.  JQry)  —  $-t\ 
inow,  sp  -  sin  1>KS  -  8in.(ay  j         "    '  •  ou  -  r  gin.  (*y) 

A    ,  RP      sin.  RSP  _  sin.  (I  +  <p)  sin.  (J  +  <p) 

And  sp  -  giiu  SKf,  -  -fn  (ay;  .-.  I(r  -  r   .in/ (ay) 

Substituting  these  values  of  SR,  RP  in  equations  (1)  and  (2),  we  have 

*       p  ^         sin.  (ay)  J 

These  equations  will  be  found  to  agree  with  those  already  found  (<z),  (6),  for 
in  the  former  cases  xy  =  90°,  q>  =  0 ;  hence  we  have 

a;  =  a,  -J-  r  sin.  0 
y  =r  /3  +  r  sin.  0. 


PROS.   i. 

To  find  the  polar  equation  to  the  ellipse,  the  focus  being  the  pole* 


Let  S  be  the  pole,  P  any  point  in  the  curve ; 
Join  8,  P ;  draw  PM  perpendicular  to  A  A'. 
Assume 

SP  =  r  ASP  =  * 

CS  =  x  MP  =  y. 

Then  we  have  seen  in  deducing  the  equation  to 
the  ellipse,  that  the  distance  of  the  points  from  any 
point  in  the  curve,  is 

'  =  °-T 0) 

Where  x  =  CM 

=  CS  +  SM 

=  c  +  r  cot.  4. 
Substituting  this  value  of  x  in  equation  (1) 

c*  +  cr  cos.  4 

r  =  a  —  — ! 


a 


ar  =  a% 


Whence 


T  = 


—  c*  —  cr  cos.  6 
a1  —  c* 


a  -+■  c  cos.  4 
a* —  aV 


V  c^  ae 


a  -\-  ae  cos.  4 
_    a  (I  —  e*) 
""  I  +  e  cos.  0 
which  is  the  polar  equation  to  the  ellipse  usually  employed. 

If  we  take  the  other  focus  H  for  the  pole,  we  have  the 

ex 

IIP  or  ?J  =  a  -i • 

1     a 
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Where  x  =  CM  =  HM  —  CH  =  r*  cos.  *  — -  n 

.           ,  a*  cos.  $  —  r» 
¥  =  *  + a 

r—  l  —  ecos,  9 
which  is  the  polar  equation  in  this  case* 

PROB.    II. 

To  find  the  polar  equation  to  the  ellipse,  the  centre  being  the  pole. 

Let  P  be  Any  point  in  the  curve,  C  the  centre ; 
Join  C,  P ;  draw  PM  perpendicular  to  CA. 
Assume 

OP  =  r  PCA  =  * 

CM  =  a?  MP   =y. 

Then  from  the  right  angled  triangle  PGM,  we  hare  41 

b* 
=  x*  -f-  — t  (a*  —  x*\  substituting  for  y  its  value 

derived  from  the  equation  to  the  curve. 

But  x  =  r  cos.  4,  substituting  .*.  this  value  of  x 

in  the  above  equation 

oV  =  <rVcos.«  4  +  b*a*  —  b*r*  cos.»  4 

...  r*  (a9  —  a1  cos.*  $  +  P  cos.1  4)    =  aV 

r2  Jo1  (1  —cos.8  i)  +  b*  cos.1  &\  =  <W 

r1  (a*  sin.1 4  +  P  cos.1  4)  =  fl%» 

r==  v/^wn.O  +  ^'cos.1^ 
which  is  the  polar  equation  required.  


If  in  the  above  equation  we  substitute  for  b,  its  value  a  \/l  —  e*  the  equation 
becomes 

r=^T=7SaTJ 

PROB.    III. 

To  fini  the  polar  equation  to  the  hyperbola^  the  focus  befog  Ike  pole. 

Let  S  be  the  pole,  P  any  point  in  the  curve ; 
Join  S,  P ;  draw  MP  perpendicular  to  CA* 
Assume 

8P  =  r  ASP  =  4 

CM  =  x  MP  =:  y. 

Then  we  have  already  seen  that  the  distance 

iween  S  and  any  point  in  the  curve,  is  "     j  *' 

ex  / 

r  =  —  —  a - (1)  ' 

s=CM 
=  C8  —  MS 
s  c  — r  cos.  4 
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Subfiltuting  .a.  this  value  of  x  in  equation  (1)  we 

c2  —  cr  cos.  4 

r  = 5 « 

ar  =  c2  —  cr  cos.  0  —  a* 


r  = 


a  -f-  «•'  cos.  0 


a2e2  —  a* 


a-\r  ae  cos.  I 

—   ap*8—  1) 
""  1  +  e  cos.  0 
which  is  the  equation  required. 

If  we  Lake  the  other  focus  H  for  the  pole,  we  hare 

IlPorr'=  —-fa 

a    ■ 

But  CM  or  x  =  HM  —  CH 
=  r'  cos.  ff  —  c 


f' 

= 

cr* 

cos.  ^  —  c2     , 

T 

a              + 

a 

*' 

^    • 

— 

c^—l) 
1  —  e  cos.  ? 

PKOB.    IV. 

To  find  the  polar  equation  to  (lie  hyperbola,  the  centre  being  tkepeie* 

I  jet  C  be  the  centre,  P  any  point  in  the  curve; 
Join  C,  P ;  draw  PM  perpendicular  to  CA. 
Assumo 

CP  =  r  PCA=rf 

CM  =  x  MP  =  y. 

From  the  right  angled  triangle  CPM,  we  have 

r2  -  **  +  y»,  substituting      \ 

for  y2  its  value  derived  from  the  equation  to  curve  / 

b*  / 

But  *  =  r  cos.  A 

Substituting  therefore  this  value  of  x. 

a*r*=za*r*cosM  +  62r»  CM.»  #  —  «•*• 

i *  (a-  —  a*  cos.2  &  —  b*  cos.2  ft)  =  —  a*b  * 
r2{a*  (1—  cos.*  *)  —  6*  cos.2  *}  =  —  a262 

r2  (a2  sin.2  4  —  #  cos.2  0)  =  —  a262 

±ab 

v/i*  cos.*  4  —  a*  sin.*  I 
which  U  the  equation  required. 

If  we  suostlt/ite  for  b*  its  value  a2  («*  —  1)  the  above  become* 
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To ftad  ike.  equation  to  the  hyperbola  referred  to  in  atymphtu  at  onw  of 


It  bas  been  already  shown  that  the  asymptotes  of 
the  hyperbola  are  diameters  of  the  curve,  and  that 
they  are  the  diagonals  of  1I10  rectangle  ABA'B', 
»hn*e  sides  are  equal  the  major  and  minor  uses  of 

Now  < '  being  the  origin  of  co-ordinates,  the  equa- 
tion to  the  straight  line  CZ  U  of  the  form 

w  here  n  b  the  tangent  of  ZCX. 
But  ton.  ZCX  =  TT! 


.-.  the  equation  to  the  asymptote  ZCZ' 


And  in  like  manner  the  equation  to  the  asymptote  »Ct/  i* 


..00 


This  being  premised, 

Let   PA  p   be   a  hyperbola  whose  Aquation 

a  V  _  b*x*  =  —  a'b* (0) 

It  is  required  to  transform  this  equation  to  au- 
'  other  in  which  the  curve  shall  be  referred  to 
the  asymptotes  CZ,  CZ',  as  axes  of  co-ordinates. 
We  might  solre  the  problem  directly  by 
making  use  of  the  formula  for  passing  from  a 
rectangular  to  an  oblique  system  of  axes ;  we 
prefer  however,  in  this  case,  to  perform  the  operation  independently. 

Let  CZ  be  assumed  as  the  net*  axis  of  y's,  and  CZ'  as  the  uew  axis  of .»  »  t 
let  the  angle  ZCX  which  they  moke  with  CX  be  called  ip. 

Take  any  point  P  in  the  curve,  draw  PM  perpendicular  to  CX ;  Pitt  parallel 
*>  CZ;  PR  parallel  to  CZ';  BN  perpendicular  to  CX;  PQ  parallel  to  CX. 
Assume  CM  —  i.   MP=y 

Cm  xs  X,  mP  =  Y,  angle  ZCX  =  0 
Now,  CM  or  x  =  CN  +  NM 

=  Y  cos.  9  +  X  cos.  9 
HPorvzsKK  —  QR 

=  Y  sin.  <p  —  X  sin.  $ 
Substituting  these  values  of  x  and  y  in  equation  (0),  it  becomes 

«*  (Y  —  X)'  sin.'  9  _  b*  (Y  +  X)»  cos.1  0  =  _  a*b*. 
Now  we  have  seen  above,  that 

tan.  ZCX  or  <p  =  -, .-.  cos."  q>  =  ^r&  "d  situ'  <p  =  ^-^ 
Substituting  .'.  for  sin.1  <p  and  cos*  <p  those  values  thus  derived,  . 


a'l 


-in^-^- 


p<Y  +  X)'  = 


-n»o» 
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Which  equation  reduced  becomes 

4XY 


=  .  — 1 


Or,  changing"  the  large  letters,  which  we  no  longer  require  for  distinction, 

a«  +  b* 
13,=  —. 

which  is  the  equation  to  the  hyperbola  referred  to  its  asymptotes. 

Exercises  in  Analytical  Geometat. 

(1.)  Construct  the  equations  5y  —  3x  —  2  =  0,  8y  —  6x  +  5  =0,  y  +  3x  =  6 
y*  — 5x*  =  0,  and  y*  —  7y  -\-  1*2  =  0;  the  axes  of  co-ordinates  being  rectangular. 

(2.)  Find  the  equation  to  the  straight  line  which  passes  through  the  two  poiub 
(2,  3)  and  (4,  5).  Ans.  y  =  x  +  1. 

(3.)  Describe  the  circle  whose  equation  is  yl  -\-  **  -f  4y  —  4x  =  8. 

(4.)  Find  the  co-ordinates  xf  if  of  the  centre,  and  R  the  radius  of  the  circle 
whose  equation  is 

y*  +  x*  —  Qy  +  8x  —  11  =  0. 

Ans.  y*  =  3,  x1  =z — 4  and  R  =  6. 

(5.)  Prove  that  the  perpendiculars  drawn  from  the  augles  to  the  opposite  sides 
of  a  triangle  pass  through  the  same  point. 

(6.)  Prove  that  the  straight  lines  drawn  from  the  angles  of  a  triangle,  to  bisect 
the  opposite  sides,  pass  through  the  same  point. 

(7.)  Given  the  base  =  a,  and  the  sum  of  the  squares  of  the  sides  =  «*,  to  deter- 
mine the  locus  of  the  vertex  of  the  triangle. 

(8.)  Given  the  base  of  a  triangle  =  a,  and  the  ratio  of  the  sides  at ;  it,  to  find 
the  locus  of  the  vertex. 

(9.)  Given  the  base  and  the  vertical  angle,  to  determine  the  locus  of  the  rerte  1 

of  the  triangle. 

(10.)  From  a  given  point  A,  either  within  or  out  of  a  given  circle,  let  a  straight 
line  AC  be  drawn  to  the  circumference,  in  which  take  AB,  so  that  AB.AC  m»v 
always  be  equal  t;>  a  given  space;  find  the  locos  of  the  point  B. 
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EQUATIONS  OF  A  POINT. 

Wi  have  ma  that  the  position  of  a  point  in  a  plane  is  determined  whan  we 
know  its  distances  from  two  straight  lines  drawn  in  that  plane ;  in  like  manner 
we  shall  now  proceed  to  show  that  the  position  of  a  point  in  space,  is  determined 
by  its  distances  from  three  planes. 

Let  there  be  three  planes  YAZ,  XAZ, 
XAY,  which  we  shall  suppose  to  be  perpen- 
dicular to  each  other,  and  whose  intersections 
are  the  three  straight  lines  AZ,  AY,  AX,  each 
of  which  is  perpendicular  to  the  other  two 
according  to  the  principles  established  in  the 
Geometry  of  Planes*  Let  us  call  the  dis- 
tances of  a  point  in  space  from  these  three 
planes  a,  5,  c,  and  let  us  suppose  these  dis- 
tances are  known,  then  the  position  of  the 

point  will  be  completely  determined,  provided  that  we  hare  ascertained  in  the 
first  instance,  that  the  point  is  situated  within  the  trihedral  angle  AXYZ. 

For,  take  on  the  three  straight  lines  AX,  AY,  AZ,  the  distances  AN,  AO,  AQ, 
reepectiTely,  equal  to  a,  o,  c;  through  the  points  N,  O,  Q,  draw  planes  parallel 
to  the  given  planes, 

Since  the  two  first  parallel  planes  hare  all  their  points  situated  at  the  distances 
a  and  bf  respectively,  from  the  planes  YAZ,  XAZ,  it  follows  that  all  the  points 
of  the  straight  line  PM,  which  is  the  common  intersection  of  these  two  planes 
have  exclusively  the  |«operty  of  being  at  the  same  distance*  from  the  planes 
YAZ,  XAZ.  Hence  the  point  sought  must  be  situated  in  the  straight  line  PM. 
Again,  the  point  sought  must  be  situated  somewhere  in  the  third  plane  PnQo 
which  is  parallel  to  XAY,  since  all  the  points  in  this  plane  have  exclusively  the 
property  of  being  at  the  distance  e  from  the  plane  XAY.  Hence  the  point 
sought  must  be  the  point  P  in  which  the  third  plane  cuts  the  common  intersec- 
tion of  the  two  first,  and  thus  its  position  is  altogether  determined. 

We  may  designate  by  x  the  distance  of  a  point  from  the  plane  YAZ  reckoned 

along  AX; 

u  u 
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We  may  designate  by  y  the  distance  of  a  point  from  the  plane  XAZ 
along  AY; 
We  may  designate  by  z  the  distance  of  a  point  from  the  plane  XAY 

along  AZ. 

So  that  AX,  AY,  AZ,  the  intersections  of  the  three  planes,  two  and  tie,  sil 
be  the  axes  of  x\  of  y's,  and  of  x*s.  They  are  called  conjointly  Am  efCs* 
ordinate*,  the  three  planes  the  Co-ordinate  Plana,  and  the  three  enteral  tat 
Co-ordinates  of  a  point.  Those  terms  are  all  analogous  to  those  ahesflf 
employed  in  Analytical  Geometry  of  two  dimensions. 

The  plane  YAZ  perpendicular  to  the  axis  of  x's,  is  called  the  pbae  jx; 

The  plane  XAZ  perpendicular  to  the  axis  of  y's,  is  called  the  pbae  **; 

The  plane  XAY  perpendicular  to  the  axis  of  z's,  is  called  the  pbae  ay. 

Thib  last  plane  is  usually  represented  in  a  horizontal  position,  and  tat  tee 
others  in  a  vertical  position. 

It  follows  from  what  has  been  said  above  thai  the  equations 

ar  =  a,  y  =  &,  *  =  c 

{a,  o,  c  being  known  quantities)  are  sufficient  to  determine  the  prsiiua  sf  a 
point  in  space,  they  are  for  that  reason  called  the  Equations  of  e point  «■**% 

We  mast  remark,  that,  since  the  three  co-ordinate  planes  »hom  sfakejsi 
indefinitely  determine  eight  trihedral  angles,  vis.  four  formed  abote  tat  shst 
of  *y,  and  four  formed  below  the  same  plane ;  it  is  necessary  lor  as  Is 
analytically  in  which  of  these  eight  angles  the  point  is  situated.  It  ii 
for  this  purpose,  to  extend  to  planes  the  principles  which  have  beea  sfffisi  ■ 
distances  from  points  and  straight  lines,  that  is  to  say,  if  we  regard  u  reeem 
distances  reckoned  along  AX  to  the  right  of\  we  mast  regard  us  hmaands* 
tances  reckoned  along  AX  to  the  left  of  A,  that  is  to  say,  as  the  daeetkn  tt 
the  remark  applies  to  the  two  other  co-ordinate  axes. 

We  must  therefore  consider  in  the  quantities  o»  6,  c,  net  only  lbs 
value  of  these  quantities,  but  also  the  signs  with  which  they  are 
that  we  may  be  enabled  to  determine  in  which  of  the  eight 
about  the  point  A  the  required  point  is  situated. 

According  to  this  principle  we  hare,  in  order  to  express  commhnttj  s»s> 
sition  of  a  point  in  space,  the  following  combinations: 

Jf=  +  fl,y=  +  fl,  z  =  -f  c,  point  situated  in  the  angle  AXW 

x  =  —  a,  y  :=  -f-  6,  *  =  +  c,  point  situated  in  the  angle  AXW 

*  =  +  fl,y  =  —  b,  x  =  +  c,  point  situated  in  the  angle  AXTX 

x=  +  a,y=z-j-b,  z=z  —  c,  point  situated  in  the  angle  AXY'-i 

a?  =  —  a,  y  =  —  b9  zsr-f-c,  point  situated  in  the  angle  AX!f% 

a?  =  —  fl,  y  =:  +  ft,  *  =  —  c,  point  situated  in  the  angle  AVW 

a:  =  -f-  a,  y  =  —  6,  r  =  —  c,  point  situated  in  the  angle  kVS% 

x  =  —  a,  y  =  —  b$  *  =  —  c,  point  situated  in  the  angle  AX/rT  ^k  f 

in  all,  eight  combinations,  vis.  two  systems  in  which  the  signs  an  sV 
three  in  which  one  sign  is  negative  and  the  two  others  positive,  ssi  * 
which  one  sign  is  positive  and  the  two  others  negative. 

There  are  also  tome  particular  positions  of  the  point  which  it  m  f  ™ 

notice.    For  example,  in  order  to  express  that  a  point  is  situated  in  i  "" 

ay,  we  must  write  that  its  distance  from  that  pkne  is  nothing;  and  ess1  J" 

for  the  equation  of  such  a  point 

*  =  o,y=:6,  *  =  0.  't 
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Similarly,  a  point  situated  on  the  axis  of  aft.  whose  distance!  from  the 
planes  xz  and  xy  are  nothing  at  the  same  time,  will  have  for  its  equation 

ar  =  a,  y  =  0,  *  =  0 
and  so  for  other  points  situated  on  the  planes  or  on  the  co-ordinate  axes. 

The  planes  parallel  to  the  three  co-ordinate  planes,  and  which  fyave  served 
to  determine  the  position  of  the  point  Pv  constitute,  along  with  these,  a  rectan- 
gular parallelopipedon  of  which  the  twelve  edges,  which  are  equal,  taken  four 
and  four,  are  the  three  co-ordinates  xt  y,  z9  of  the  point  P, 

Defihitioh.— If  from  any  point  in  space,  a  straight  line  be  drawn  perpendicu- 
lar to  a  given  plane,  the  foot  of  the  perpendicular  is  called  the  projection  of  the 
given  point  upon  the  given  plane. 

In  like  manner,  if  from  every  point  of  any  line  in  space,  whether  straight  or 
curved,  perpendiculars  be  drawn  to  any  given  plane,  the  line  traced  out  by  the 
feet  of  the  perpendiculars  upon  the  given  plane,  is  called  the  prqjection  of  the 
given  line  upon  the  given  plane. 

If  we  suppose  that  x  =  a,  y  =z  b,  *  =  c  are  the  equations  of  the  point  P, 

the  co-ordinates  of  the  point  M  are x  s  a,  y  =  &, 

the  co-ordinates  of  the  point  n  are x  =  a,  z  =  c, 

which  gives  for  the  co-ordinates  of  the  point  o y  s  b\  z  =  & 

From  which  it  appears,  that  if  the  projection  of  a  point  P  upon  two  of  the  co- 
ordinate planes  be  known,  the  third  projection  will  also  necessarily  be  known. 

When  the  co-ordinates  are  not  at  right 
angles  to  each  other,  in  which  case  the  axes 
AX,  AY,  AZ,  make  with  each  other  any  angle 
whatever,  and  are  called  oblique  axes,  the  J1 

equations  of  a  point  P  are  still  /\        ^Aw 

x=a,y=:b,z  =  c.  /  y-S  y* 

But  in  this  case,  a,  bf  c,  express  distances  ^^X    "x/   "*" 

reckoned  parallel  to  these  axes,  and  the  pro*  ^v 

jections  of  the  point  P  are  obtained  by  the  * 

straight  lines   PM,  Pit,   Po,   respectively, 
parallel  to  AX,  AY,  AZ. 

In  other  respects,  every  thing  that  has  been  said  with  regard  to  rectangular 
axes,  is  applicable  to  oblique  axes  also. 

In  what  follows  we  shall  always  suppose  the  axes  rectangular,  unless  the  con- 
trary is  specified. 


Proposition. — To  find  an  expression  for  the  distance  between  two  points 

space,  whose  co-ordinatee  are  known. 


Let  P  and  Q  be  the  given  points  whose 
co-ordinates  referred  to  the  rectangular  axes 
AX,  AY,  AZ,  are  respectively  «',*',  *\  and 

From  P  and  Q  let  fall  PM,  QN,  perpendi- 
cular on  the  plane  xy ; 

From  M  and  N  draw  Mm,  Nit,  parallel  to 
AY; 

We  then  have 

hm~*  Xm^yt  to**'  K»s  *A 

it  u  2 
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straight  line  mn,  but  also  the  relation  between  the  co-ordinates  of  any  point  in 
the  plane  MNwn  drawn  through  MN  perpendicular  to  the  plane  of  xz.  In  like 
manner,  the  equation 

y  =  bz  +  & 
belongs  not  only  to  the  straight  line  m'n\  but  likewise  to  all  the  points  of  the 
projecting  plane  mVNM  drawn  perpendicular  to  the  plane  of  yz  through  the 
straight  line  MN. 

It  appears  then,  that  this  system  of  equations  holds  for  all  the  points  of  the 
straight  line  MN,  which  is  the  intersection  of  the  two  planes  perpendicular  to 
the  planes  of  xz  and  yz,  and  holds  good  for  the  points  of  this  straight  line  alone. 
These  equations  therefore  are,  in  this  sense,  the  equation*  to  the  straight  line 
itself,  although,  in  the  first  instance,  we  established  them  separately  aa  the 
equations  of  the  projections. 

It  follows  from  this,  that  the  elimination  of  the  variable  z  between  these  two 
equations,  gives  rise  to  a  third  equation  between  x  and  y,  vis. 

b(x  —  *)  =  a  (y  —  fi) 
which  represents  the  straight  line  m"n"  the  projection  of  MN  on  the  plane  of 
xy ;  or,  more  generally,  this  equation  belongs  to  all  the  points  of  the  projecting 
plane  MNnCW  drawn  through  MN  perpendicular  to  the  plane  o£xy. 

When  the  straight  line  passes  through  the  origin,  its  projections  will  also 
pass  through  the  origin,  in  this  case  the  distances  «,  fi,  are  nothing,  and  the 
straight  line  is  represented  by  the  system  of  equations 

xz=  a%  I 
y  =  b*> 
The  straight  line  may  be  situated  in  one  of  the  co-ordinate  planes,  for  exam- 
ple in  the  plane  of  x%>    In  this  case,  for  all  points  in  this  straight  line 

y  =  0 
and  the  system  of  equations  representing  the  straight  line  becomes 

x  =  a%  +  * 
y  =  0 

that  is  to  say,  in  this  case  we  shall  have  b  =  0,  fi  =  0,  which  is  evident  from  the 
figure,  for  the  projection  of  the  straight  line  on  the  plane  of  yz  will  coincide  with 
AZ. 

When  the  constants  a,  bf  «,  fi,  are  given  a  priori,  the  position  of  the  straight 
line  is  completely  determined.  In  order  to  obtain  its  different  points  we  must 
gve  a  succession  of  particular  values  to  one  of  the  variables,  %  for  example,  in 
each  of  the  equations  x  =  a2-f-«,jr  =  fo-f-/9,  by  means  of  which  we  shall 
obtain  corresponding  values  for  the  two  other  variables  x,  y.  Then  let  s= z*  then 

x  =  a3r  +m=p&  known  quantity, 
y  =  bz*  +  /3  =  9  a  known  quantity. 
Take  in  AX  a  distance  AM  =  p ; 
From  p  draw  Mm  parallel  to  AY  and  =  q ; 
From  m  draw  mP  perpendicular  to  xy  and 

The  point  P  thus  determined  belongs  to 
the  straight  line,  and  in  the  same  manner  we 
may  obtain  all  the  other  points. 

it  may  be  required  however,  to  determine 
the  constants  a,  b,  «,  fi,  conformably  to 
certain  conditions,   which  gives  ri*»  to  a 
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series  of  problem!  in  Analytical  Geometry  of  three  dimensiona,  analog*: 
those  which  we  hare  already  considered  in  reference  to  a  straight  line  ti 
upon  a  plane* 


To  find  the  equation*  to  a  straight  line  in  space,  which  passes  tftroosft 

given  point* 


Let  the  equations  to  the  straight  line  iequhod  bo  of  the  fe 

x  —  an  -f-  m  •«....••• • •••••••.•••• ••••«••••  (1)  1 

y  si:  h*  +  fi  * • W* 

Let  the  co-ordinates  of  the  given  point  be  sft  •/,§/  % 
Then  since  the  straight  line  passes  through  this  point  It  -vast  anal 
equations 

of  =  atf  +  *  ....« • - • -...  (3)  l 

y*  =  b*  +  /8 .■•—••- - — - (4)  i 

And,  since  these  conations  hold  good  together  for  the  straight  fine  tee 
subtracting  (3)  from  (1)  «nd  (4)  from  {*)  we  have) 

a?  —  sf  s=  a^f-*-/)  *~.~(5)> 

y «— -  y  22  h  (*  —  sO  .••••••••••^••••^•••••^••^•••^•••••».«. ••••••••. (•)  J 

the  equations  required. 


To  find  the  equations  to  a  straight  line  passing  through  tmgimm  ssa* 

Let  the  co-ordinates  of  the  given  points  be  */,  j/,  */ ;  jTv  jf,  a*; 
Let  the  equations  of  the  straight  line  required  be  of  the  form 

x  =  az  +  «  ——(tyi 

y  =  OS  +  /3 - —...— (3)1 

where  a,  o,  «,  &  ore  quantities  supposed  to  bo  unknown,  and  take  si  i 
determine  from  the  data  of  the  problem. 

Since  the  points  sf,  y\  sf;  sf\  y\  tf%  belong  by  hypothesis  to  sw  «■ 
line  whose  equations  are  sought,  it  must  satisfy  the  two  fjattas  4  n\ 
tions 

y  =  W  +  fi ^_«i 


**=  «»*+  • — -Ai 

y*=  &T+  ,8  .. 0)1 

If  therefore,  we  eliminate  a,  5,  «,  A  between  these  six  equation  ■  an 
manner  as  to  obtain  two  equations  which  involve  only  x,  jr,  s,  sad  mm** 
quantities  x\  y*,  s' ;  x*%  y",  t? ;  the  problem  will  bo  solved. 
Subtracting  (3)  from  (I),  and  (4)  from  (2) 

a? a/ 

*  —  sf  =s  a  (s  —  a")        whence  a  =  u  __  J 

y  —  y 
y  — y*  =  o  (s  —  jO        whence  h  =  M~^g 

•Again,  subtracting  (5)  from  (IX  a»d  (6)  from  (8) 

*  —  *"  =  a  (s  —  **) 
V  —  V  =  b(%  —  O 
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Substituting  in  these  lost  equations  the  raloe  of  a  and  b,  found  in  (7),  wo 
have 

*-«"  =  rEr?  c*-*) 


y-y  =  %—£(,-*). 


the  equations  required. 

In  finding  the  equation  to  a  straight  line  drawn  through  one  given  point 
the  constants  a,  b  were  left  undetermined,  because  a  straight  line  may  be 
drawn  through  one  point}  tit  any  direction  whatever.  But  when  a  straight  line 
is  drawn  through  two  given  points,  its  direction  is  determined,  and  hence,  in 
this  case,  it  became  necessary  to  eliminate  the  arbitrary  quantities  a,  6. 

Through  a  given  point  without  a  straight  line  in  space,  to  draw  a  straight 

line  parallel  to  the  firmer* 

Let  x*f  y*9  «*,  be  the  co-ordinates  of  the  given  point. 
Let  the  equations  of  the  given  straight  line  be 

x  =  az+  • 

y  =  b*  +  t 

The  equations  of  the  straight  line  required  will  be  of  the  form 

*  —  x9  =  A(«  —  tf) 

where  A  and  B  are  quantities  which  it  is  required  to  determine. 

Since  the  «traight  lines  are  parallel,  the  planes  which  project  them  respec- 
tively upon  the  planes  of  xz  and  y%t  must  be  parallel,  hence  the  intersection 
of  these  parallel  planes  with  the  co-ordinate  planes  must  be  parallel,  that  is  to 
say,  the  projection  of  the  straight  lines  must  be  parallel,  hence  we  have  neces- 
sarily the  relations 

A  =  a,B  =  £ 
which  gives  for  the  equations  of  the  straight  line  required 

y  —  y'  =  *(*  —  0 


Given  the  equations  to  two  straight  lines  m  space,  to  determine  the  relation  which 
must  exist  between  the  constants,  in  order  that  the  two  Knej  may  intersect 

Let 

x  =  as  +».......  (1) )       m  ss  dx  +  ot (3) ) 

y  =  b*+fi (8>J       y  =  Ux  +  tg (4)  J 

be  the  equations  to  the  two  given  straight  lines 

If  these  straight  lines  cut  one  another,  these  equations  must  hold  good 
together  at  the  point  of  intersection ;  eliminating,  therefore,  x,  yf  zf  we  find 
the  relation 

(«_  *0(*-o0  =  08  —  #*)(■  —  <0 
Unless  this  equation  of  condition  be  satisfied,  the  lines  do  not  intersect,  if  It 
holds  good,  then  the  point  of  intersection  has  for  its  co-ordinates 
*'  —  «  _  /S^  —  /3        _  bflf  —  b'fl        _  a*'  —  a' a 
•  -  TTZTd  —  b  —  b*  y  ""     o  —  b'  »  x  ~"     a  —  a*  * 
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Let   the  equations    to   the    girnn   etre 
J-  =  fl,«+«1)         .*  =  «,»+«, 

l«t  A  be  the  origin  of  co-ordinates. 

Unit  through  A  two  straight  Hum  t 
APfc  parallel  to  Ilia  given  ttralght  line*. 

Than  the  angle  P,AP,  (p)  will  be  the 
anlred  tngle. 

The  equations  to  AP,  end  AP,  will  be 
epectiyelj 

W  =  *>f      "nQ 

In  A  P|  take  any  point  m,  wboM  oo-ord 

AP,  -  ..        «,         - 

Join  M]  04 1  let  Anti  sb  ri ,  Ami   =  n 
Then  _ 

«"W-  ri'+V  — ! 
Also 

,■+*•<-  *v»  »**  =  qttfiHV 

*?  =  "V  +  #i*+ V.    end  ni 

Now,  tince  «jrA  ii  ■  point  in  AP*  end 
lag  equation!  bold  good, 

*,  =  <H»? 

A  ■  *>  J 

...         «,'  =  o,V 

y.'  =  ».v 
■,■=«,* 

.*.  *V  +  jtf  +  V  =  •»'  0  +<•»'  +  V),  » 


A   %  = 


7T+«7+xr 


eubttitutlng  the  Talne  in  theee  equation  : 
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Given  a  straight  line  in  space,  to  find  the  angle  which  it  makes  with  each  of  Ihm 

axes  of  co-ordinate*. 


Let  the  equations  to  the  given  straight  line  be 

x  -=z  a%  +  »1 
y  =  b%  +  fi> 
Through  the  origin  A  draw  a  straight  tine 
AR  parallel  to  the  given  straight  line,  then 
the  equations  to  this  line  are 

*  =  as) 
y  =  b*\ 
Take   any  point  P  in  the  straight  line, 
whose  co-ordinates  are  x,  y,  %,  and  let  AP 

=  r. 

Let  the  angles  which  r  makes  with  the 
axes  AX,   AY,  AZ,  respectively  be  called 

(>-*\  to)>  (*»> 

Then, 


But, 


•  • 


x  =r  r  cos.  (rx) 
9  =  r  oos.  (ry ) 
•  =  '<»•»&») 

r*  =  x*  +  f  +  * 
=  »«(l  +  a«  +  sVf 


••-» 


•.  cos.  (nr)  =  —  =:  - 


....» ■» * 

W~  r    -  »l/i4-al  +  5»  "  y/\  +  a1  +  4» 
Csjr.  Since 

*  =  r  cos.  (nr) 

jr  =  r  cos.  (ry) 

»  =  r  cos.  (rs) 

.-.       **+>*  +  **  —  rt  [cos.  ».  (rar)  +  cos.  f .  (ry)  +  cot.  f .  («)] 

But 

*  +  y»  +  •«  =  r* 

r*  |cosl  »  +  (nr)  +  cos.  • .  (ry)  +  cos.  •  (r*)}  =  ** 
cos. f  (rx)  +  cos.  •  (ry)  +  cos.  f  (r»)  =r  1 
A  very  remarkable  result,  which  shows  that  the  sum  of  the  squares  of  the 

cosines  of  the  angles  which  a  straight  line  in  space  firms  with  the  three  axes  u 

equal  to  unity. 


For*  =«s 


r-At 
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Gwen  two  straight  Unes  in  space  which  intersect  each  o*her9  to  Jtnd  f 
contained  between  them  in  terms  of  the  angle*  which  each  of  the  strei 
makes  with  the  axes  of  co-ordinates. 


Let  the  angles  which  r,  makes  with  the 
axes  AXf  AY,  AZ,  be  called  (r,x\  (nyfcfot). 

Let  the  angles  which  rf  makes  with  the 
axes  AX,  AY,  AZ,  be  called  (r,x),  (r,y),  (r^t). 

Now  as  before 

rtrt  cm.  <f> .=  x*xt  +  yaft  +  »i*» 

But 

x,  =  r  cos.  Jr^        xt  =  rt  cos.  (rj*) 

y,  =  r,  cos.  (r,y)        yf  =  rt  cos.  (r^y) 

s,  =  r,  cos.  (r,t)        *,  =  r,  cos.  (v) 

.*.  cos.  Q  =  cos.  (r,x)  cos.  for)  +  o08-  fa*)  C08-  fay)  +  c0*  fa*)  «•• 


To  Jlnd  dfe  equation  to  a  plane. 

DsronTioif « — A  plane  is  a  surface  generated  by  a  straight  line  of  in 
length,  which  moves  parallel  to  itself  along  another  straight  line,  also  ef 
nite  length. 

Let  BC,  BD  be  the  intersections  of  any  plane  BCDE,  with  the  cm 
planes  xzt  yz.  BC,  BD  are  called  the  traces  of  the  plane  BCDE,  < 
planes  xz,  ye. 

The  plane  BCDE  may  be  conceived  to  be 
generated  by  the  straight  line  BC,  moving 
parallel  to  itself  along  the  straight  line  BIX 

Since  the  straight  BC  lies  wholly  in  the 
plane  of  as,  its  equations  will  be 

y  =  o,  s  =  A*  +  C .. (1) 

where  A  is  the  tangent  of  the  angle  which 
BC  makes  with  the  axis  AX,  and  where  C 
=  AB.  ' 

In  like  manner,  the  equation  to  the 
straight  line  BD,  which  lies  wholly  in  the  plane  yt),  will  be 

*  =  0,  *  =  By  +  C B 

where  B  is  the  tangent  of  the  angle  which  BD  makes  with  the  axb  AT. 

Now  let  FC  be  any  position  of  the  generating  line,  then  BO  npssi 
BC,  its  projection  on  the  plane  ay  will  be  parallel  to  AX,  and  ill  sran 
on  the  plane  x*  will  be  parallel  to  BC,  hence  the  equations  to  BO  sil» 
y  =  «,**=Ax  +  fi 0 

where  «,  ft  are  quantities  constant  for  all  points  of  the  same  posinoaBv" 
generating  line,  but  variable  for  any  other  position,  such  as  B*  C\ 

It  remains  for  us  to  express  analytically  that  the  generatinr  KatBC" 
■ects  in  all  its  positions  the  line  BD/ 

In  order  that  this  may  be  the  cose    the  equations  (2)  and  (3)  awakM 
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at  the  nine  line ;  eliminating,  therefore,  x,  y,  *,  between  these  four  equations, 
we  arrive  at  the  equation  of  condition  : 

fi  =  B«  +  C ^ (4) 

which  must  hold,  in  order  that  the  straight  lines  BC,  JBD,  may  always  inter- 
sect Now  the  equations  (3)  and  (4)  most  hold  good  together,  for  each  posi- 
tion of  the  generating  line.  If,  therefore,  we  eliminate  the  indeterminate 
quantities  a,  ft,  between  these  equations,  we  ^conclude  that  the  resulting  equa- 
tion 

%  =  Ax+Bg  +  C 

is  that  of  the  plane,  since  x,  g,  ft,  are  the  co-ordinates  of  the  different  points  of 
the  generating  line  in  any  position  whatever. 

The  meaning  of  the  constants  in  this  equation  Is  manifest  from  what  has 
been  said  above*  A  and  B  are  the  tangents  of  the  angles  which  the  traces  of 
the  plane  on  the  co-ordinate  planes  of  xz,  gzt  make  with  the  axes  A2Q  AY; 
and  C,  is  the  distance  from  the  origin  of  the  point  in  which  the  plane  meets 
the  axis  AZ. 

If  BD  be  parallel  to  AY,  then  the  plane  is  perpendicular  to  4he  plane  of  x% 
and  its  equation  becomes 

•  =  A*+C 
the  same  as  that  of  its  trace. 


To  find  the  equation  of  the  projection  on  the  co-ordinate  plane*  of  the  inter- 
section* of  two  given  plane*. 

Let  the  equations  to  the  two  planes  be 

»  =  A*+By+C,  •  =  A'*  +  B>  +  C 
Since  these  equations  hold  good  together  for  the  straight  fine  which  is  their 
common  intersection,  if  we  eliminate  *  we  shall  have  the  equation  ie  the  pro- 
jection on  the  plane  ay,  that  is 

(A—  A')*+(B  —  B9y  + C  —  O  =  0 
In  like  manner,  eliminating  x  or  y,  we  find 

(A  —  A*)  »  +  (AB*  —  A'B)y  +  AC  —  A'C  =s  0 
(B*  —  B)  *  +  (A'B  —  AB'U  +  BC  —  BfC  =  0 
the  equations  of  the  projections  on  the  planes  of  y»  and  x*. 


To  find  the  equation  to  a  plan*  poising  through  one,  ht>0,  &f  three  given  points. 

The  equation  will  be  of  the  form 

ft  =  A*  +  Bg  +  C  -.: (I) 

And  since  it  passes  through  a  point  whose  co-ordinates  are  a/,  jP,  s/,  it  most 
satisfy  the  equation 

tf  =  A**  +  St/  +  C  ... (2) 

Subtracting  (Q  from  (1) 

ft  —  tt  =  A  <a?  —  a/)  +  B  (v  — jO  the  equation  required. 

The  constants  A  and  B  being  arbitrary,  the  problem  will  be  indeterminate* 
and.  in  point  of  fact,  we  know  tliat  any  number  of  planes  may  be  drawn  throng* 
a  given  point 


084  ANALYTICAL  Gl 

If  the  plane  be  required  to  pass  through  a 
satisfy  the  equation 

»*  =  A*"  +  B/  +  C  

and  two  of  the  constants  ma;  be  eliminated 
however  will  still  remain,  and  the  problem  ' 
ber  of  planes  may  be  drawn  through  two  gi 

If  the  plane  be  required  to  paat  througr 
satisfy  the  equation 

«"  =  Aaf  +  Btf"  +  C  ..... 
the  three  constant*  may  then  be  eliminated 
and  the  remit  will  he  the  equation  of  the  on 
three  given  points.  For  we  know  that  th 
position  of  a  plane. 


To  find  the  conditio**  that  mutt  hold  good, 


Let  the  equation*  to  the  plane  and  the  at 
•  -  A*  -f-  Bf 
*  =  «  +  m,  $ 


(A«  +  B*  +  C)  +  <Ao  - 
If  the  straight  lira  and  plane  bare  only  c 
be  able  to  determine  iti  co-ordinates,  bat  if 
ated  in  the  given  plane,  the  above  equation 
ever  may  be  the  value  of*  i  hence  the  two  | 
pendent  of  each  other,  and  we  shall  have 

AB  +  By  +  c  -.-  0,  A 

the  equations  of  condition  required. 

If  tliB  straight  lino  be  merely  parallel  to 
direction  parallel  to  their  original  poaitfc 
plane  and  the  straight  line  will  coincide,  b 
satisfied  on  the  supposition  that  *  and  fi  an 
An  +  B6  — 
will  be  the  equation  of  condition  which  mm 
line  and  a  plane  may  he  parallel. 


TO  find  th*  conditio**  requitite  nt  order  t 
dieuiar  to  a , 

If  a  straight  line  be  perpendicular  to  a  p 
line  and  the  trace  of  the  plane  upon  any  nl 
pcndicular  to  one  another. 
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Let  the  equation  to  the  given  plane  and  straight  line  be 

*  =  A*  +  By  +  C 

X  =  az  +  m . (I)  > 

y  =  b%  +  fi  ..  (8)  J 

where  it  most  be  remembered  that  (1)  is  the  projection  of  the  given  straight 
line  on  xz9  and  (3)  its  projection  on  yz. 

The  trace  of  the  plane  on  xz  is 

1  C 

•  =:  A*  -f-  C,    or,    #  =  -j-.»  —  -^ (3) 

and  on  yz 

1  C 

•  =  By  -f  C,    or,    y  =  ^g  . »  —  ^    .......... (4) 

Hence  the  straight  line  (J)  is  perpendicular  to  (I),  and  (4)  is  perpendicular 
to  (2). 

••.  A  +  a  =  0        and        B  +  3  =  0 

which  are  the  equations  of  condition  required. 


To  find  the  equation  to  a  straight  hne  which  passes  through  a  given  point, 

and  is  perpendicular  to  a  given  plane. 

Let  the  equation  to  the  plane  be 

*  =  A*+  By  +  0 

The  equations  to  the  required  line*  state  it  passes  through  a  point  {pf%  }f%  <) 
must  be  of  the  form 


*  —  x9  =r  «fr  —  *)\ 
y-/  =  6  (.-*)$ 


and,  since  it  is  perpendicular  to  the  plane 

a  =  _  A,  5  ==  -  3, 
and  therefore  the  equations  required  are 

*  —  *  +  A  (a  _  0  =  0,  y  —  y*  +  B  (a  _  a}  =:  0, 

5To  Jinci  Jfc  distance  (J)  o/tfe  ytiM*  potm\  la  Ifc  last  problem,  from  the  plane. 

The  equations  to  the  straight  line  are 

*  —  *  +  A  (s  —  *0  =  0 (1)    y  —  y*  +  B  (»  —  *0  =  0 (S) 

and  the  equation  to  the  plane  is 

»  =  A*  +  By  +  C * .............. (9) 

which  may  bo  put  under  the  form 

a  —  tf  =  A(ar  —  *0  +  B(y_  f)+C  +  A^  +  B^  —  ** 
or        •  — g' =  A(jp  — aO  +  B(y— y^  +  M 
where         M  =  C  +  A*  -f  By'  —  * 
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Now,  if  we  suppose  *,  jr,  *»  to  be  the  oo-ordinatea  of  the  point  »  whim  I 
perpendicular  meets  the  plana,  equations  (1),  (2%  and  (3),  will  aoM  gi 
together,  and  we  shall  hare 

M —  MB  ,  —  MA 

*-^-i  +  A-  +  ^y-^  =  i+A»+^*~^  =  nrsiT» 

Be*  the  distance  (r)  of  the  two  points  whose  co-ordinates  are  *,  jr,  s ;  a* 

r  s  */(*-*)■+  Qf-jO1  +  (»  — #7 
M 


To  Jbrf  tf*  diitamct  (A)  ./fast  a  jwwf  la  space  id  « ttrmgkt  to*. 


Let  the  co-ordinates  of  the  point  be  (jf,  •/,  s/J  and  let  the  equals  sM 
straight  line  be 

9  =  at  +  • —• ••  W  t 

y  =  b%  +  /5 -.. (*)  J 

The  equation  to  a  plane  passing  through  the  points',  jr/ s^  and  pwy  wins 
te  the  given  straight  line,  will  be 

(s  —  «0  +  a(ar— «0  +  &(9 — JO  «=  0 ~.....~... (3) 

Now,  if  we  suppose  x,  j%  % ;  to  be  the  co-ordinates  of  the  point  ia  iss  ■ 
plane  meets  the  given  straight  line,  the  equations  (I),  (2),  (3),  will  sen*  fd 
together,  and  if  we  find  values  of  (* —  *0»  (jr  — 10»(*  —  *0.  "*°»  tko»«s» 
tiont  and  substitute  the  values  thus  obtained  in  the  general  ti  sternal  si* 
distance  of  two  given  points  in  space,  vis. 

r  =  v/(*--aO'  +  (*-•)*  +  (i-«V 
we  shall  solve  the  problem. 

In  order  to  effect  this,  let  ns  pot  the  equation*  (!)  and  (T)  under  tat  I 

(a?  —  jO  =  <*(*  —  *•)  +  «  —  ^  +  «*  - ffl 

vy—  **)  =  *(*_  *0  +  0  —  •  +  ** -  W 

Substitute  these  values  of  (*  —  aQ  and  (y  — jf)  in  eolation  (3)»  pnerfj 
then  become 

(•  — t?)  (I  +  c*  +  *)  +  a  (•  -*'+  «*0  +  e  C*  — •  +  •*)=• 

(»  —  »7  _  j-^  ^  +  y  —  * 

Substitute  this  value  of*  —  s*  in  equations  (4)  and  (5),  and  weaei**| 
responding  values  of  (*  —  **)  and  (y  — 10  to  be 


*-*  =r+F+3^--^-« 


■ 
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squaring  time  quantities  and  adding,  we  find 

A  -  fr+sr+p y»  +  (y— *r  +  V—fif + ** — *«•      l+^+j» — * 

7b  determine  the  angle  between  two  given  plane*. 

Let  the  equations  to  the  planet  be 

•  =  Ax  +  By  +  C (1)  ;    »  =r  A'*  +  Fy  +  O (8) 

If  we  let  fall  from  the  origin  two  straight  lines  perpendicular  on  these  planes, 
the  angle  contained  by  the  straight  lines  will  be  the  same  as  tfc*  angle  oontained 
by  the  planes,  let  the  equation  to  these  straight  lines  be 

»"J  and  mSSH\ 

the  angle  between  them  is  known  from  the  expression 

\+ad  +  W 

"*'  ~  v'(l  +  a>+5«)(l  +  ir1  +  *"> 
Bat,  in  order  that  the  straight  lines  may  be  perpendicular  to  the  given 
planes,  we  must  hare 

A  +  a  =  0fB  +  6  =  0,  A'+o'irrO,  F  +  ^zrO 
Substituting  therefore,  the  ralues  of  a,  b,  d%  b*%  derived  from  these  equations, 
we  find  that  the  expression  of  the  cosine  of  the  angle  between  the  two  planes, 

—  *  +  AA#  +  BB> 

**       ~  i/O  -f  A*+  B*)  (1  +  A«+  W*j 

In  order  to  find  the  angle  which  any  plane  makes  with  the  co-ordinate  planes, 
we  hare  only  to  suppose  that  one  of  the  above  planes  assumes  in  succession  the 
position  of  the  different  co-ordinate  planes,  thus  let  us  suppose,  that  (9)  is  the 
plane  of**,  then  its  equation  becomes 

y  =  0,  so  that,  A'  =  0,  O  =  0 

and  therefore,  if  we  denote  by  the  symbols  (a*),  (yz),  (ay),  the  angles  which  the 
given  plane  makes  with  the  planes  xz,  yz,  xy9  we  hare 

"*  <3*>  =  V  X  +  A«  +  B» 
cos.  (ay)  = 


y/l  +  A«  +  B« 
and  have 

cos.1  (ay)  +  cos."  (y*)  -|»  cos.1  (as)  =  1 
and 

cos.?    =  cos.(CT)ous.(a40  +  cos.(*y)cos.(4^ 


Th  find  the  angle  (fl  amtamed  by  a  plane  and  straight  line  in  space. 

The  angle  sought  is  that  which  the  straight  line  makes  with  its  projection  on 
the  plane.    If  from  any  point  in  the  given  straight  line  we  let  fall  a  perpeadi- 
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.-hi.,!-  apes  the  plane,  the  ingle  eouU 
be  the  complement  of  the  required  an 

Let  the  equation  to  the  given  plant 
a  =  A*  +  By  +  C  

The  equation  la  the  given  straight 

jr  =  b%  +  fi 

The  equation*  of  the  line  let  fall  pi 

*  =  «'■  +  m' ........... 

*  =  *■  +  • 

But  lo  otdar  that  this  may  be  pe 

have 

A  +  o-  =  0 

Now,  the  cotioe  of  the  angle  cental 

1  +<ta 

""•♦-•(l  +  eJ  +  i'H 

It  appean  from  what  hat  been  h 

90°  —  I,  and .-.  eoa.  <p  ■-=  ate.  A     Su 

In  mm  «f  A  and  B,  we  ated 

*      ___L—_*«- 
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CHAPTER  L 

DEFINITION& 

Iir  considering  the  relations  which  exist  between  different  quantities,  those 
which  during  the  whole  of  any  investigation  are  supposed  to  retain  the  same 
ralue  are  called  constant  quantities,  those  to  which  different  rallies  may  be 
assigned  are  called  variable  quantities. 

Constant  quantities  are  usually  represented  by  the  first  letters  of  the  alphabet, 
a,  A,  c,  &c.  variable  quantities  by  the  letters  u9  xf  y,  z,  &c 

When  two  or  more  variable  quantities  are  connected  in  such  a  manner,  that 

the  value  of  one  of  them  is  determined  by  the  value  assigned  to  the  other,  the 

former  is  said  to  be  a  Junction  of  the  other  variables. 

Thug  in  the  equation 

y  =  A*+B*  +  C 

v  here  the  value  of  y  depends  upon  the  value  assigned  to  x,  y  is  said  to  be  a 
function  of  jr. 

In  like  manner  if  we  have 

y  s  Ax"  +  Ba*  +  Cx*  +  D 

where  the  value  of  y  depends  upon  the  values  assigned  to  X  and  *,  y  is  said  to 
be  a  function  of  x  and  %. 

The  words  u  function  of  *,*'  are  usually  expressed  by  the  symbols,  f  (x), 
Q  (x\  yp  (x\  or  similar  abbreviations,  and  the  above  equations  expressed  in 
general  terms  would  be  written 

y=/(*) 
y  =/(*>*) 

If  y  =  /(x),  and  a  change  takes  place  in  the  value  of  f  (x)  such  that  x  be- 
comes x  -f-  A,  x  being  quite  indeterminate,  and  A  any  quantity  whatever,  either 
positive  or  negative,  a  corresponding  change  must  take  place  in  the  value  of  y9 
which  may  then  be  represented  by  y.  If  the  quantity/ (x  +  A)  be  now  deve- 
loped in  a  series  of  the  form 

f(x)  +  AA  +  BA2  +  CA»  +  .  .  . 

in  which  the  first  term  is  the  original  function  /  (x)t  and  the  other  terms 
ascend  regularly  by  positive  and  integral  powers  of  A,  and  A,  B,  C,  &c,  are 
independent  of  A  •*  tlien  the  co-efficient  of  the  simple  power  of  A  in  this  series  is 

*  We  shall,  in  the  mean  time,  take  for  granted  that  /  (x  +  A)  ran  ilwajns  be  dereloped  In  a  series 
of  the  above  form,  (nhowing,  however,  at  we  advance,  that  this  ia  actually  the  case  for  all  the  parti, 
mlar  function*  which  fall  under  our  notice)  and  defer  the  general  demouatratlon  of  this  principle  until 
we  procvod  in  Chapter  V.  to  the  discussion  of  Taylor*  theorem. 

X  X 
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allied  the  first  differential  co-efficient  of  y  or  f(x)~    This  ii  the  fan 
definition  of  the  differential  calculus. 
Then  let  y  be  a  function  of  *  such  that 

y  =  ax* 

Let  x  become  x  +  A  and  y  become  y> 

y>  =  a(*  +  k? 

expanding  =r  ax*  -f-  2ax .  A  +  «** 

This  we  at  once  peroeire  is  a  series  of  the  required  form,  the  fiat 
is  the  original  function  y,  and  the  other  terms  ascend  by  integral  ami 
powers  of  A;  hence,  according  to  our  definition,  Sax  the 
simple  power  of  A  in  this  series  is  the  first  differential 
fix). 

Again,  let 

y  =  *» 

Let  x  become  x  +  A  and  y  become  t/ 

•  =(*  +  A)» 

expanding  =  x*  +  Sx*.h  +  Sx.&  +  P 

Here  again  we  perceive  that  the  series  is  of  the  required  fans,  aw 
fore,  Sx*  the  co-efficient  of  the  simple  power  of  A  is  the  first  difTeftatii 
dent  of  **. 

Again,  let 

yzsax*  +  bx*  +  cx-t-d 

Let  x  become  (x  +  A)  and  y  become  */ 

.-.     y>  =  a  (x  +  hf  +  b  (x  +  hf  +  c  (*  +  A)  +  J 

expanding  =  ax*  +  Saxth+Sax&+h*  +  bx*  +  2lri+bV+a+ 

arranging  according  to  powers  of  A 

=  (ax*  +  bx*+  cx+d)+  {Sax*  +  2&r  +  c)  A  +  (3  sx+i) 

a  series  of  the  required  form,  for  the  first  term  is  ax*  +  ox*  +  tx +< 
original  function,  and  the  succeeding  terms  ascend  regularly  by  »•■•»• 

Hence,  Sax9  -f-  2&r  4.  c  the  co-efficient  of  the  simple  power  of  i  i 
*  developement  of  if  is  the  first  differential  co-efficient  of  y  or  as*  +  ef 
+  A 

If* 

eV 
the  first  differential  oo-effioient  of  y  is  denoted  by  the  symbol  j^  **■  i 

abore  examples 

y  =  ax* 

<£  =  *** 

y  =  ** 

•  In  this  treatise  the  principles  of  Lagrange  hare  been  almost  exciaerrely 
that  writer  has  with  great  propriety  denominated  this  branch  of  Anal  yarn  m 
Hone,**  yet  it  has  been  thought  expedient  to  retain  in  the  present  work  the 
tfam  of  the  Differential  Calculus  since  it  is  employed  almost  universally  «  Sat 
both  of  mis  country  and  of  the  Continent 
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y  =r  ax9  +  bx*  +  ex  +  d 

Id  like  manner  if  u  =r  /  (*)  the  fust  differential  oo-efficient  of  u  or/(s)  will  be 

du 
represented  by-?-. 

We  might  obtain  the  first  differential  co-efficient  of  any  function  presented 
to  as  by  following  a  process  analogous  to  that  exhibited  above,  but  we  shall 
materially  abridge  the  labour  of  our  operations  by  establishing  certain  general 
rules,  which  will  enable  us  at  once  to  determine  the  first  differential  oo-efficient 
of  any  variable  quantity,  without  the  necessity  of  having  recourse  to  the  substi- 
tution of  x  +  A  for  xt  and  the  subsequent  expansion*  The  investigation  of 
these  will  form  the  subject  of  the  two  following  chapters. 

Note, — Since  a  constant  quantity  is  not  susceptible  of  change,  it  is  manifest 

dy 
that  it  can  have  no  differential  co-efficient*  or  if  y  =  a,  jl  =  Ot 


CHAPTER  IL 

OX  FINDING  THE  FIRST  DIFFERENTIAL  CO-EFFICIENT  OF  SIMPLE 

FUNCTIONS  OF  ONE  VARIABLE. 

1.   To  find  the  first  differential  co-efficumt  of  any  power  of  a  simple 

Algebraic  quantity. 

Letys*" 
Let  x  become  x  +■  A 
.-.y  =  (*  +  A)' 
Expanding  by  the  binomial 

n(n — 1)___-  M  ,  n(n — 1)0* — £}   -_■  M  ■  . 

ax 
From  this  it  is  manifest  that 

The  first  differential  co-efficient  of  any  power  of  a  simple  Algebraic  quantity 
u  found  by  multiplying  the  quantity  by  the  index  of  the  power,  and  then 
ishing  the  exponent  by  unity. 

Ex.      1.  y=x*  £=7«i 

dv 

Xy  =a  +  x-i  g  =  _g*-(«+D 

*  -         ■  *  — —  dy         mm    — ^2  +  *\ 


x  x  2 


s 


II 


'!• 
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Let  y  =r  a" 

c    Let  x  become  x  +  k  and  y  become  j^ 
•  =  «*  +  * 

when  p  =  (a  —  1)  —  I  (a  —  !)•  +  £  (a  —  If—  . . .  = 

gj  =  a*  .  p  =  log.  a.  a" 

In  the  system  of  logarithms  whose  base  is  #,  p  =s  L 

If  y  =  t  • 


S=€" 


3.  To  find  the  firm  differential  c*<efUMmi  of  kg.  s. 

Let  y  =  too;,  x 

Let  *  become  ar  +  A  and  y  become  */ 
y'  =  log  (x  +  h) 

=  log.*(l+!) 


=  log.*  +  log.  (l  +  £) 


=  log.  *+—-•  A  —  -•  SF*  *■  +  «•£■'*• 


—  •—  •    A-—— 
«fe       JL.  2       —       J L 

dx     p  *  x    ~~     log.  a*  « 
If  the  logarithms  be  taken  in  the  system  whose  base  is  «,tbe»/=l 


4w  To  find  the  first  differential  co^jjfaemt  of  *im.x. 

h\  Let     y  =  sin.  * 

Let  *  become  Jf  +  h  and  y  become  xf 

y  =  sin.  (ar  +  A) 

=:  sin.  ar  cos.  A  -f-  sin.  A  oos.  x 

Substitating  for  sin.  h  and  cos.  h  their  developements  as  foni^r 


=  .in.  ,(i_  J!  +5-^  _..)  +oo«( 
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arranging  according  to  powers  of  A 

i 
1.2  "        l.  278 


-=  SID.  *  +  COS.  X  .  A t—~  A? 1 5—=  h9+  ... 


From  this  it  appears  that  the  first  differential  co-efficient  of  the  sine  of  an 
angle  is  its  cosine.  > 


5.  To  find  the  first  differential  coefficient  of  cog.  x. 

•  ■ 

Let  y  ==  cos.  x. 

Let  x  become  x  +  A,  and  y  become  }/. 
y  =  cos.  (x  +  A) 

=  cos.  x  cos.  A  —  sin.  x  sin.  A. 

Substituting  for  cos.  A  and  sin.  h9  their  derelopements 

=  cos.x^l-0+  r5X4_.  J-suwr^-^^3  +  ^033^ 

arranging  according  to  powers  of  A 

cos.  x  _t      sin.  a? 
=  cos.  *  —  sin.  x .  A  —  -jTT-  A1  +  y^  *■+.... 

.-.  ^.  =  _sin.* 

Hence  it  appears,  that  the  first  differential  co-efficient  of  the  cosine  of  an 
angle  is  its  Sine  with  an  opposite  sign* 

We  may  recapitulate  the  results  of  this  chanter  as  follows : 

If  y  =  or"       then       2?  =  anx*~x  whatever  be  the  value  of  ** 

y  =  aK  ^  =  p.a*  =  log.  a.a« 

y  =  log.  x 

y  =  sin.  x 

y  =  cos.  x 

y  =  iog-#  *• 

y  =  sin.  m* 
jf  =r  cos.  m* 

•  Tto  •sprwrioo  lor  .#  #  rffnifiM  the  lof.  of  k  l>  the  Use*,  or  Um  N«ftf*n wi  lot    . 


&= 

1 

1_ 

<*** 

P 

* 

<4r 

COS.* 

dx 

— 

sin.  x 

<ftr 

e* 

4- 

1^ 

X 

dx 

m  cos.  mx 

dx~" 

— 

m  sin.  pj* 
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6.  If  any  of  the  preceding  functions  be  moreaaed  or  diminished 
quantity,  the  differential  coefficient  will  remain  unchanged,  became 
can  only  appear  in  the  fint  term  of  the  expansion,  and  the  other  te 
the  variable  and  its  powers,  remain  unchanged.  Also,  if  any  of  t 
be  multiplied  by  a  constant,  the  differential  coefficient  will  be  no) 
same  constant,  because  every  term  of  the  expanded  series  is  mul 
constant    Hence,  if 


y=<r*±* 

vsslog.x  ±b 

*  =  !<*..* +& 
jrsssin*  +b 
vsseos*    ±b 


then^  = 
dx 


=  log.  a .  a* 


=  «* 


4 

dx 


1      1 

log.  a  'x 


^  =  — sin* 
dx 


*  =  c«e* 

y  =  clog. 
jf  =  clog. 


then*  = 
dx 


si 

4'—' 


t 


S(l 


CHAPTER  U\ 


ON  FINDING  THE  FIRST  DIFFERENTIAL  CO- EFFICIENTS  OP  CO 

FUNCTIONS  OF  ONE  VARIABLE. 


1.  To  find  the  first  differential  coefficient  of the 

»   junctions. 


Let  y  =/(*)  +  *(*)  +  *(*)+.. 

whore /(r),  ^  («),  f  (*),  are  all  simple  functions  of  x. 
Let  m  become  #  +  A  and  y  become  y 

•  =  />  +  *)  +  ♦(*  +  *)  +  *(*  +  *)  +  •••• 
Let  the  expansion  of/(*  +  A)  when  developed  in  a 
burly  according  to  powers  of  A  be 

/(*  +  A)  =  /(*)  +  AA  +BA*  +  .... 

And  hi  like  manner 

♦  (.r  +  /i)=*(*)  +  ArA  +  B'A*  +.... 

*  (*  +  A)=  *  (*)  +  A»A  +  B"A*  +  . ... 

T^J^/W+AA+BA«+ ..  +*(*)+  A'A+B'A«+  ..  +f(x)+A,I+l 
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Collecting  those  terms  which  involve  the  simple  power  of  A 

={/(*)  +  *(*)  +  *(*)} +(A  +  A'+  A"  +...)*  +  PA*+QA»+_ 

.-.  <k  =  A  +  A'  +  A"  +  . . . 
ax 

But  on  inspecting  the  above  series  it  will  be  seen  that  A  is  the  first  diffe- 
rential co-efficient  of  f  (x),  A'  of  £  (x),  A"  of  f  (x),  Arc.  hence  we  conclude 
that 

The  first  differential  coefficient  of  the  sum  of  any  number  of  simple  func- 
tions is  equal  to  the  sum  of  the  first  differential  co-efficients  of  each  of  the 
functions  considered  separately. 

Ex.  (1.) 

Let  y  =  x"  -f  a*  +  log.  *  +  sin  x  +  cos  * 

d4  =  n*"-1  +  »a*  +  I.I  +  cos  m  —  sin  * 
dx  r         p    x 

(2.)  y  =  ax7  +  *x6—  T^  +  ^  +  Sx8  —  Ojfi_  Jr  +  i 

$  =  7ax«  +  6*x»— 86x4+  Id*3*  9x«  —  4*—  1 
av 

(3.)  y  =  msinx  — 2cosx-f  ix-*  — 6sr*-f  10 

J.  =  m  cos  x  +  2  sin  x  —  4jmt— (p+0  f  6^x— (a+0 


2.  To  find  the  first  differential  co-efficient  of  the  product  of  any  number  of 

simple  fi  notions* 

Let  us  take,  in  the  first  place,  the  product  of  two  simple  functions  only. 

Let/ =/(*)•>(*) 
Let  x  become  x  +  h  and  y  become  r/ 
y  =/(a  +  A)  4  (x  +  h) 

Let/(x  +  h)  and  <f>  (x  +  A)  be  developed  in  series  ascending  regular! j  by 
powers  of  A 

y  =  {/(*)  +  AA  +  BA«  +  . . .  }  {*(*)+ A'A  +  BW  +  ....}  . 

Performing  the  multiplication  indicated,  and  arranging  according  to  powers 
of  A. 

=/(*)^W  +  {A'/(x)  +  A^(x)}A  +  PAf+(W,+  ... 

...g=A'/(x)  +  A*(x) 

But  A  is  the  first  differential  co-efficient  of/(x),  and  A'  is  tho  first  differen- 
tial co-efficient  of  <t>  (x),  hence  it  appears  that 

To  obtain  the  first  differential  co-efficient  of  the  product  of  any  two  simple 
Junctions,  we  must  multiply  each  of  the  functions  by  the  first  differential  co- 
efficient of  the  other,  and  add  together  the  two  product*. 

Let  us  now  take  the  product  of  any  number  of  simple  functions* 
Let  jr"»/(*)t(«)t(«)»" 


V 

». 
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Let  x  become  x  -f-  A  and  y  become  tf 

y  =  /(*  +  h)<p  (*  +  A)  ^(*  +  A)  .  .  . 

Let/(x  +  A),  <p  (x  +  A),  >p  (x  +  A)  .  .  .  be  developed  in  rego] 
ascending  according  to  powen  of  A. 

=  i/(x)  +  AA  +  BA«+..  .J  J*>(ar)  +  A'A  +  IW+. 
|^  (ar)  +  A'A  +  B"A*  +  .  .  .\  .  .  . 

Performing  the  multiplications  indicated,  and  arranging  the  prod* 
ing  to  powers  of  A. 

=  f(x)<p(x)^{^)  +  {A(p(x)^{x)..  +  A'f(*)^(x)..  +  Ky^ 
+  PA«  +  QA8  +  .  .  • 

•••    2i  =  A<pCr)*(*)...  +A'/(*)*(*)...+AVWf( 

but  A,  A',  A",  are  the  first  differential  co-efficients  of/(x),  $  (x\  y  (1 
tively,  hence  it  appears,  iliot, 

To  obtain  the  first  differential  co-efficient  of  the  product  of  amy  m 
simple  junctions,  we  must  multiply  the  first  differential  co-efficient  ofm 
tion  by  all  the  other  functions,  and  add  the  whote  of  these  prodmcts  test 

Ex.  1.   y  ==  jr™  sin.  * 

The  first  differential  coefficients  of  x*  and  sin,  jr,  are  mx*-1  **i 
respectively* 

.*.     rr  =  m"  -l  sin.  x  +  x°  ©ai.  x. 

3.    y  =  sin.  a:  cos.  x 

dy 

-£  =  cos.' x  —  tip.1  •  =  9cp&.*x —  I. 

3.   y  =  c*  log.  x. 

.4.    y  =  x"  a"  a*  (u  and  *  being  functions  of  x) 

^  =  munz}kxm-l  +  !Mr**>tfB-1  +  Ax-  «■  t*~l 

5.    y  =  af  sin.  a?  0s 
■y-   =  r  sin.  a:  a"  af- l  +  sf  cos.  x  a*  +   />    a«  **  sin.  * 

=  a"  sin.  a?  X*""1  (r-4-afcotx+/Mr) 


3.  7Y>  ,/fnd  the  first  differential  co-  efficient  of  a  fractional  fit*** 

J  0(X) 

Let  x  become  x  -f-  A  and  ty  become  y 
y   -  <P  (x  +  A) 
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-  /(*)  + AA  +  Bff  +_ 


•  • 


<p  (x)  +  A'A  +  B-A*  +  .  .  . 
=  (/(i)  +  AA  +  BA«  +  .  .  .)  (9  (*)  +  A'A  +  W+  .  .  .)-• 

=  </M  +  AA  +  BA«  +  .  .  .)(_L_  ^j^-  +  term,inA». .) 

cfy A  A'/(ar) 

•'*    d*-<p(x)       $*>(x)J* 

_  A  <p  (*)  -  A'/(x) 

Hut  A  is  the  first  differential  co-efficient  off  (x),  and  A'  is  the  first  differential 
co-efficient  of  <p  (x),  hence  it  appears,  that,  in  order  to  obtain  the  first  differential 
co-efficient  of  a  fractional  function,  we  must 

Multiply  the  first  differential  co-efficient  of  the  numerator  by  the  denominator, 
subtract  from  this  the  product  of  the  first  differential  to-efficient  of  the  de* 
nominator  multiplied  by  the  numerator,  and  divide  the  whole  by  the  square 
of  the  denominator. 

i>.  1.     Let  y  =r  J-  where  u  and  *  are  functions  of  jr 

dy  __  3u*  &  —  2tt»  %  __  3n*  %  —  2m9 
H  ~  a4  -         p 

2.  y  ~  %  wnere  *  A0*  *  •*•  ftinctians  off 

dy  _*--* 
rfr  ~  IF"" 

3.  y  =  tan.  x 

sin.  x 

—"  COS.* 

dy       cos.'  x  +  sin*  x  1  „ 

-r-  = 4 =  — r-  =  see,3  * 

dx  cos,*  x  cosAr 

4*  y  =  ooU  x 

cos,  x 
—  sin.  x 


sin.*  x  4-  cos.*  x  1 

=  — ^rrz =  —  3-r 


sin."  x  sin."  x 


5.  y  =  sec.  x 

_      1 

COS.  X 

dy  sin,  x sin,  x 

dx  ""  cos.1  x  ""  1  — sin.*x 

db  y  =  cosec  x 

1 


=  tan.  #  sec  * 


•  •••      • 


sin.  x 


rfy  cos.  x  cos.  x  . 

dx  sin.*  x  1  —  cos.1  x 
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1 


r 


I 


s  =  t  (xX  »  «  Rfuici  to  tmt  A*  fat  Htm 


r-Liku 
=  /ii  +  i*  +  M  + 


....  (I) 


+  * 

ft 


•  >.  +  A»  +  »  +  .  .. 
A\+B¥+...  vs=f(t) 

:/;*}  +  A  CA»+  B4-+ . .  .)  +  B  (A*  +  BV+    J  + 
:/«+  AA*  +  PA»  +  Q*»  +  .  .. 


1-  !-•*  =  <«»+*«•  +  «*  +  ** 
Pat  s  =  «r>  +  fa* -f.  or  .f  « 
»  =  <• 

*  =  •*>  +  **'  +  <*+' 


briilinMM 
£  =  6(«*+  fa*  +  cx+  «?.(W  +  8fa  +  «> 


(  J 


Put  s 


-2  -mp-i 
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And  from  (1)  --  =  cos  x  .\  ?? .  —  =  n**-1  cot  *; 
dx  dz    dx 

&  =  nz*— l  cos  x  =  n  sin-—1  *  cos  x. 
ax 


•  • 


rx 


.Ex.3.  Lety  =  (a*)q  =  a  *• 

Put  a*  =  x,  then  y  =  *  \  and,  therefore,  we  have 

^  =  -r'      and  ~  =  ».o*  =s  log.  a. a* 
a?       y  dm 

...  $  =  ^?.^  =  r^"Jlog.a.a«  =  !l(a*)«fcJlog.a.a« 
da       dz     dx      q  ^  0 

JBx.4.  Let  y  =  (log.  *)-. 

Pat  *  =  log.  *;  then  y  =  r* 

a*        dz     dx  lo^.a     *  log.  a.* 

The  differential  coefficients  of  many  complicated  functions  may  be  found  by 
first  taking  the  Napierian  logarithms  of  the  functions. 

Ex.  5.  Let  y  =  x  (a+x)  (b+2x). 

Taking  the  logs.,  and  putting  m  =  log.  y,  we  Uare 

*  =  log.  y 

z  =  log.  *  -f  log.  (a  +  x)  +  log.  (ft  +  2*) 

—  =  -t  or  -£  =  y,  and  —  =  -  +  — -—  + 


"•^"ytUr^"-y,,MIUS-rT?+;^5+S 
.  dy-djL     d*^    (\  ,     1     ,     2    \ 

"*  dx       df   '  am      y\*Ta+*TI+S/ 

=  («+*)  (*+2x)  +*  (*+2x)  +2*  (a+x) 
=  aft+  (4a+2£)  x+fix*. 

5.  It  frequently  happens  that  in  the  equation 

f  (x)  is  of  such  a  complicated  form  that,  in  order  to  find  its  first  differential 
co-efficient,  it  is  necessary  to  simplify  it  by  the  substitution  of  two  new  re- 
liables, «,  r,  each  of  which  is,  of  course,  a  function  of  x.  Hence  arises  the 
following  problem : 

If  y  =  F  («,  *,)  where  u  =:  *  (x),  z  =  *  (x) (1) 

required  the  first  differential  co-efficient  of  y,  considered  as  a  function  of  jr. 


I 
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In  order  to  discover  this,  it  is  manifest  that  we  must  substitute  x  -f.  A  for . 
each  of  the  two  functions  a,  and  x,  and  find  the  co-efficient  of  the  simplest 
of  A  in  the  developement  of  the  compound  function  F  (u,  z\. 

When  x  becomes  ar  +  A  let  u  become  if  +  A,  and  let  %  becnme  ft  +  I 
Then  vf  or  u  +  h  =  <p  (x  +  h) 

=  $>(*)  +  A'A  +  B'A"  +  .  .  . 
But  u  =r  <p  (x)    .-.         A  =  A'A  -f  B'A«  -+- (?) 

Again,  af  or  *  -f-  I  —  ^  (op  +  A) 

=  *(*)  +  A"A  +  B"A«  +  .  .  . 

But  ft  =  +  (ar)    .\        /  =  A"A  +  B*A«  + - (3) 

It  now  remains  for  us  to  substitute  h  +  A,  r  -|-  /,  for  k  and  s  in  F(v, z),  k 
it  is  manifest  that  if  we  make  these  two  substitutions  in  soccesuon,  we  sYi 
obtain  the  same  result  as  if  we  make  them  both  at  once,  since  «  and  imm 
sidered  altogether  independent  of  each  other  in  these  substitutions. 

Let  us  then,  in  the  first  instance,  suppose  that  u  becomes  v  -f  £,  ud  tfctf  i 
remains  constant  in  the  equation  y  =  F  («,  z). 

•  orF(tt  +  A,»)  =  F(«,*)  +  AlA  +  BlA*  + (4) 

Let  us  now  suppose  that  ft  becomes  ft  +  A  and  tliat  u  remains  eoosUat  tka 
F  (11,  »)  becomes  F  («,  ft  +/)  =  F  («,»)+  A./+B.P  + (5) 

Since  A,  A  involves  ft,  it  now  becomes  a  function  of  z  -J-  4  ami  mag  ft 
panded  as  a  function  of  (A,  *  -J-  I) 

A,  A  becomes  =z  A,  A  +  terms  in  A7,  A/*,  A*/  .  . . 

r  Bj  A*  .  . .        =  B,  A1  +  terms  in  A2/,  .  .  . 

Substitute  then  these  values  of  F  {«,  x),  Ai  A,  B  A",  in  (4),  and  wt  mw 
f  y*  or  F  («  +  A,  »  +  /)  =  F  («,  ft)  +  A,  A  +  A,  /+  terms  in  At*1, J1,.. • 

Substitute  for  A  and  /  their  values  from  (2)  and  (3) 

.-.  y>  =  F  (n,  ft) +  A,(A'A  +  B'A« +  ...)  +  Af(A"A  +  B('Af+...)+ 

Arranging  according  to  powers  of  A 

=  F  (11,  ft)  +  (A,  A'  +  A,  A")  A  +  PA«  +  QA5  +  .  .  . 
Hence  by  definition 

dy 

J  =  A,A'+  A.  A" 

But  it  is  evident  from  (2),  (3),  (4),  (5)  that 

A'  -  -   A"  -  —   A    -  *   A-  -  d* 


dy  dy    du.cfr    dz 

Ijjf  .•  "  dx  ""  du*  dx dz'  dx 

J{|  In  like  manner  it  might  be  proved  that  if 

Wjj  y  =  /(',  «,  ft)  where/ =  F  (ar),  ti  =  0  (*),  ft  =  *  (#> 

dy_=dy    d*,dy    du,<ty    d* 

*ud  so  Cor  any  uuxwtac  of  function*. 
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Hence  we  deduce  the  following  general  conclusion  t 

The  first  differential  co-efficient  of  a  function  composed  of  different  particu- 
lar Junctions,  will  be  sum  of  the  first  differential  coefficients  of  each  of  these 
functions  considered  separately  and  independent  of  each  other \  according  fo  the 
rule  established  in  the  last  article. 

This  principle,  combined  with  the  preceding  one,  will  enable  us  to  deter* 
mine  the  first  differential  co-efficients  of  all  functions  of  one  variable,  however 
complicated  in  form. 

Ex.  1.  Lety  =  (rw*  +  As*  +  ex  +  * )"  (er4  +  «*»  +  rx*)\ 

Let  if  =  as*  +  bx*  +  c*  +  d 
m  =  «a*  -f-  nx*  +  re? 

dy 

2  =  mu->* 

d% 

But^  =  ^.— +  ^.— 
dx       du  '  dx        d%  '  dx 

sr  mu—1  z*  (8a**  +  2bx  +  c)  +  n**"1 »•  (4e*»  +  on*4  +  Ire*) 
Substituting  for  u  and  t  their  values 

=  m(o«8  +  ^  +  c»  +  fl7^,(e*4  +  ii#i  +  r«0M8«*t  +  2**+<?) 


Ek.   9L  Let  y  =  sin."  x  cos."  jr 

Let  tc  =  sin.  x 

z  =  cos.  * 

•  • 

2r  =r  —  sin.  jr 

or 

y  =  a"  *■ 

lr 

tr 

But  &  — 4.*  j.  *.'** 


=  iwf"-1  *•  cos.  *  —  nt"-1  ii™  sin.  x 
=  m  sin."-1  x  cos.*  «  cos,  r  —  n  cos.--1  *  sin.™  *•  sin.  r 
=  msin."-1  x  co•.■+,  *  —  n  cos.- -1  a?  sin.  ■+•  x 
=  sin."-1  a;  cos."-1  x  (m  cos."  x  —  n  sin."  9) 


Ex.  8.  Let*  =  ^/{a--^+«/?^?} 


1= 


1 


$' 


I'  I  J 
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b 

Let  u  =  a — 

*=(*  +  *$ 

dy dy    du        dy    dx 

dx^aumax  +  dz'dr 

3b  ** 

__  to  %/x       va?^ 


By  dint  of  practice,  however,  the  ftadent  will  he  able  to  etab  the  fin 
differential  co-efficients  of  all  functions  without  actually  perforating  tee  pa 
of  substitution. 


On  finding  the  differential  coefficients  of  equations. 

We  hate  hitherto  supposed  the  function  £  to  be  given  under  the  Am 

9  =/W 

but  it  frequently  happens  that  y  is  given  only  by  an  equation  between  aJ] 
of  the  form 

The  resolution  indeed  of  this  equation  for  jr  woaM  give  as  jr  «*rfch» 

y  =/(*) 
i  but  this  solution  is  seldom  possible,  and  wholly  unnecessary  for  oer  nut 

purpose. 

If  the  equation,  then  be  of  the  form 

F(*,y)  =  0 
and  if  we  suppose  y  =  /  (*)  to  be  the  value  of  y,  which  womW  W  elsA* 
from  the  solution  of  the  equation,  it  is  manifest  that  if  we  substitute  tas  flfc 
for  y  in  the  proposed  equation,  we  shall  arrive  at  an  identical  eeattioi 

«  or  F  fo  /  (*)!  =0 
whatever  may  be  the  value  of  «,  and  hence,  if  we  substitute  x  +  h  far  «,■ 
{ :  equation  will  still  be  identically  =  0,  whatever  may  be  the  value  of  k 

I  j  Substituting       .%    x  +  h  for  h 

fi  W  =  «  +  AA  +  BA«  +  ... 

whatever  be  the  value  of  h,  hence  necessarily  each  individual  tern  ■*! 

=  0,  and     .-.    ti  =  0,  AA  =  0,  BA"  =  0  .  . .  . 
But  since 

u  =  ¥{x,y) 
We  have  by  article  (5)  chap.  1IL 

du ^   •    **    4[  _  n 

dx  ~~  dx  "■    dy  "  dx  ~~ 

efc 

a, ssr 
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.     TaludM 

c  «  =  *•  +  *•  —  tr»  —  f*=3t.™ 0) 

£  =  *-* 

But  J  =  -    = 


* 


9 
aatloa  (U  tfct  *if1Ww«iil  oo  tftri— I  ^  ww  fc—l  uym  tW 

MwriiUf^yqwto^M <OwHfciflffiitlil  cm  iflrit  ^ 

4  J*rf  «/  Difamtiml  O-rJkiwft. 


Lit  tfct  promoted  *q oBtioa  b* 
*•  +  to"*  =  «f» 

or  «  =  «*  + sory— «y*  =  t 

£=4*  +  4«* 


CHAPTER  IV. 


CDING  THE  SUCCESSIVE  DIFFERENTIAL  CO-EFT1CIENT*  Ol 
FUNCTIONS  OP  ONK  VAMAHLE. 


Iral  digtfKiil  CMldMUfMy  fwdMi  b  Itattf  a 

ikk,  and  oomiiM ndy  lis  i'iftrirtiJ  c»-cAci««4  nay  to 

liseiplaB  ativtdy  •»■>■!■  tA     Tkm  difarvatial  cMActaal  «f  • 

»  tflkjiwi  U  calfad  riW  «oW  d»§trmhmi  c*-*fkfa*  mi  *»  «r%ft««J 

,  aod  if  tto  fa*  difti— liil  w  a^ri— i  to  «a|»a»a4  if  tto  ijbAiI  j? 
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In  like  manner  this  second  differential  co-efficient  U  itself  a  new  f 
of  the  reliable  and  its  differential  co-efficient  may  be  found,  this  is  al 
third  differential  coefficient  of  the  original  function,  and  is  represented 

Proceeding  in  the  same  manner,  the  differential  co-efficient  of  jp 

the  fourth  differential  co-efficient  of  the  original  function,  and  is  writ 

dPy  b*y 
an  also  we  shall  have  -7-5,  »«,  and  so  on  to  any  extent 

Thus  if 

Ex.  h       y=zax*  +  bx*+cx*  +  dx*  +  cx*  +  gx  +  m 
The  first  differential  co-efficient  is 

^  =  6^  +  55*l  +  4cAJ-|-3ck«  +  2*x  +  g 


In  order  to  find  the  second  differential  co-efficient  of  y,  we  most 
£rst  differential  co-efficient  of  this  new  function  (1),  which  will  be 

5. 6.0**  + 4.  5&r3  +  3.4ar,+2.3dr+1.2.« 
.-.    ^  =  5.6.o^+4.55xJ,+  3.4<art+2.3.<ii+l.: 

Taking  the  first  differential  co-efficient  of  this  new  function  (*), 
have 

jJHr=  4.5.  6.aaJ+3.4.5&r,  +  2.3.4.cr  +  l. 
In  like  manner 

^  =  3.4.5.6.  ax1  +  .9.3.4.  *bx+  1.8.3 J 

2^-=  9.3.4.5.6.a?-f  I.e. 3    4.15 


d?=° 
JSk.  &  Let  y  =  «■ 


-4  =  1.2.3.4.5.6. 


ax-*"*—1 
g  =  m(m-l)i— 

jjp-  =  m  (m  —  1)  (m  —  2)  «*~* 

^  =z  m(m— l)(m-.g)(«i  — 3)*»-» 


.  . 


d*y 

j£  ss  m  (m  —  1)  (m  —  2)  (*n  —  3)  .  .  .  .  (j»  —  p  + 
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Ex.  8.    y  =  cF 

£,=P-  «".  where p  =  log.. a 


fir.  4    y  =  log;  9 
dx*  ~     p 


•  •  •  •  • 


cfy         ■    1 .  9  .  S  •  4  •  •  •  (it  —  1)      „ 
dx*       -*~  |i  ^ 

where  the  sign  will  be  -f.  or  —  according  as  *  is  odd  or  me, 

JEar.  &    y  =  sin.  * 

=s  —  sin.  v 
2p  =  -cos.« 

If  a  be  an  odd  number 

t-s  =  +  oos.  «,  +  *hen     "T     la  etwn,  — *  when    T*    is  odd. 
If  n  be  an  even  number 

-t4  =  +  sin.  x,  +  wben  —  b  oreii*  —  when  3-  k  odd. 

In  like  manner,  if 

y  =  006,  x 
Ifn  be  an  odd  number 

gcs =  +  do.  x.  +  when     T*—  is  odd,  —  when     T*     is  eren 
If »  be  an  eren  nsmiber 

■jp:  =  +  cos.  x.  +  when  —  is  even.  —  when  -jr  is  odd. 

T  T 


70S 


DIFFERENTIAL,  CALCULUS. 


.3 
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CHAPTER   V. 

Oh  Inyxbsb  Fuwcttowe. 

In  the  preceding  trigonometrical  expressions,  the  sines,  cosines,  4c,  hi 
been  considered  as  functions  of  the  arcs;  but  we  shall  now  treat  of  the  nte 
Junctions,  and  consider  the  arcs  as  functions  of  the  sine,  cosine,  &&,  i 
inrestigate  their  differential  coefficients. 

A  peculiar  notation  has  been  adopted  to  distinguish  inverse  fonctionk 
The  arc  whose  sine  is  *,  is  represented  by  the  symbol ....  tin-V, 

the  arc  whose  cosine  is  x coi-^x; 

the  arc  whose  tangent  is  x tan-1?, 

the  number  whose  log  is# • log-1/ 

£*•  1.  Lety  =  sin—1*. 

Here  the  direct  Junction  is  *  =  sin  s/;  and,  therefore, 

gr  =  COS  •/  =  VI — S4nV=  Vl— ** 

...  dy  =     1        (i 

Em, 2.  Let y  =  cos—1*. 

Then  *  =  cos  yt  and  g-  =^=  —  sin  y  s  —  VI  —  cos^  —  —VI-** 

**— 71=* (i 

J£r.8.  Lety  =  tan—1*. 

Then  *s=  tan y9  and  3-  =  sec*y  =  l+tanfjr  =  1+** 

JE*.4.  Lety  =  cot—1*. 

Then  *  s=  coty.\$  ==  —  cosec1  y  =  --(l+cott5)=:—P+^ 

••a* i+jr 

JSr.5.  Let  jr  =  sec—1*. 

Then#asecjr,aad^a:tany  secjr3=aecyVseeKj^-l== 
.-.*  =  .       l 
£*•  6  Let  jr  =  cosec— **. 

Tnen  m  =»  cosecjr .%  y  =  —  cot  jr  cosec  y  =  —  *V*^-1 

-2— iri- 
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Letjr 
rhen  * 


dx 
=  *«»5  •••  «y 

_        1 


<*•> 


Let  y  =  chd 


rfx 


rben  *  =  chd  jr  =  2 sin  ^jf .\  -r  =  cot  $  jf  ==  <S\—n*x'+j 

-2= 


i*j 


b»  pwctdwg  eipnirioai  th«  wdkw  of  tfc>  we  b  Mit^s  bat  tk»y 
dUy  «Upfd  to  r.d»  r,  by  coo-d«i»r  U*  €  «d  J« 

>re  the  numerator  mad  deaoariaetor  of 

be  Mine  dinennoot.     Heaee,  to  ratfiot  r  tae 

under. 

r 


•in— '# 


coa— *x 


%- 


5  = 


r* 
?+7 


maj  now  investigate  the  differential 
eated  invaree  function*,  at  in  tae  ibttoviaf 

1.  Let  jr  =  coeec—1 


2 


of  afinrof  tae 


at  ^>+*>  «s  *;  thea  jr 


%Of  # 


*Ji+J       1+J 


.  eV  _  a>    <fr 1  _         1         _  _J[ 


PM« 


J- 15 


*         1         t    _  4       1     _ 


1 


vvfl 
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Bxaatpia  for  practice  mtk* 


9  = 


_*»—  +  «*—  +  • 


£  =  !*(<»  + tor1 


T. 


9  = 


i  +  * 

a  —  b 

~(F¥3r 


—sg*5>&& 


4r 


y  as 


(g  +  t)(«6— *^ 


(a  —  *)5  (ft  —  »)i  •(<»  +  xH*  +  *) 


a* 


2* 


i— «• 


9*  •» 


f  l^ji 


^ 

* 


Ml 
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TW 


9  — 
*9  _ 


1 


*  +  S7T? 


9  =  kv •'  * 


~~  *1of.  slog's log.vir.  •  • .  hg>~t* 


y  = 


2= 


» = 

5- 


frny 


*"  V* +•*+■/#■+" 


S — 


Srim.*« 


y  =  Aw-» 


* 
A 


I—  jf 


=  -r+7 


* 

** 


1 


nr 


hMib 


•  • 


DIFFEHESTlAl 


ON  THE  GENERAL  FORM  OP  TH 

If  f{x)  be  any  function  of  x,  and  if  < 
M  J  Indeterminate  quantity ;  and  it'  we  i 
to  powers  of  A;  then,  io  long  m  no  put 

1.  The  aeries)  can  contain  no  ncgslin 
B.  The  series  will  be  of  the  form 

/(*  +  A)=/i-  +  P.A 

whom  P,  Q,  R,  &c.  are  functions  of  x  o 

Lrt  .  /(r  +  A)  =  AA*-r 

I.  The  exponents  m, p,  y,  .  . .  .  must 

For,  if  iuiy  term  such  sa  Tfc-'  could 


/to- 
rn 


n  that  A  : 


trary  to  tlie  hypothesis. 

The  exponents  most  be  integral 

For,  If  any  term,  such  aa  TA*  could  i 
lible  of  fi  values,  we  must  hare  ft  values 
terminate, /(.r)  must  contain  the  same  r 
have  ft  values :  substituting  .*.  the  ft  vnl 
f(x  +  A),  we  ihall  hare  in  the  whole  ft' 
when  developed  will  have  fi*  nines,  ant 
the  same  number  of  values  na  f(z),  i.  t 
for  particulnr  values  of  x. 

Next,  to  ascertain  the  form  of  the  dev 
If  we  wish  to  ascertain  whnt  part  of  i 
have  only  to  make  A  =  0,  which  reduce 
-f-  a  quantity  which  disappears  when  A  : 
by  some  positive  power  of  A,  and  since  i 
quantity  must  be  of  the  form  AA,  A  beiu 
not  become  infinite  when  A  =  0,  thus  wi 

/<*  + »)  =/(* 

Bet  sine*  A  banew  function  «f*  am 
the  part  which  is  independent  ot  A. 
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Pb«  what  Aboemats  whoa  a  =  0,  Umb  Phi  aftjaatfaaof  ffaloaa, 
lag  at  Abort  wo  provo 

A  =  P+BA 
Ming  tho  pan  of  A  which  =  0  whom  A  =s  0 
.-.        A  — P  =  BA 

B~       k 


to  atparato  tho  parti  of  this  saw  ftmctfoo  of  *  wo 
B  =  Q  +  CA 

f(9  +  k)  =  /<#)  +  M 
A=r  P  +  BA 

/(#  +  A)=/M+P.A  +  HIP 

B  =  Q  +  CA 
/(*  +  *)=/(*)+ P.  A+Q.*  +  W 

Pf  Q  art  fbactioaa  of  *  alooo,  and  prontodtay  in  thia  ■Manor,  wo  got 
k)  aorolopod  la  tho  roonJrod  fbrau 


m  woriobio  of  m  fiomtiom  bo  owppooti  io  oomoiot  of  two  parti,  tho  &ff+> 
co*ojkimt  wOl  bo  tho  mom  to  mhithoow  port  tho  tartaric*  bo  oocriboi. 

,  =  /(•)  wb«a:=*  +  n 

i  it  U  rooaJrod  to  proro  that  tho  &0oroatial  oo-aaVaoat  wfll  ho  tho 
hoa  wo  coaaider  *  rariahlo  and  A  ooaatant*  at  it  will  bo  whaa  wo 
▼ariabftaand* 


x  Tariablo,  thoa  by  art.  4,  cap.  IIL 

osf       ojf    oo 

C  = * '  S  - - co 

r  wo  eoaaiaai  a  variable  and  s  naaaliaL  thoa 


a  -  5  •  a  — <f> 


tsff  I 
lit 
d% 


a? 


=  1 


i  tho  aiooad  anpporiUoa 

»,  romftringd)  (i) 

£=2 


I 
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Having  fully  proved  thai  if  jr  =.  /  (x),  and  that  if  x  become  t  +  \  a 
ae  x  remains  indeterminate  we  shall  have 

/(*+A)=/(*)+PA+Q*,+  RA»  + (1) 

where  P,  Q,  R,  .  .  .  are  functions  of  x  and  do  not  in  voire  A 

Let  us  take  the  first  differential  co-efficient  of  f  (x  +  A)  npoa  the  au 
tion  that  x  is  constant  and  A  variable 

**%£*** =  p  + 2Qh  + 3IW + w 

Again,  take  the  first  differential  co-efficient  off  (x  +  k)  upon  tat  ay| 
tion  that  x  is  variable  and  A  constant 

df{x+h)_df{x)  .   rfP    -       dQ  rfR 

— s — -^^+^A  +  s  v+"sA  +• — w 

But  by  the  last  article 

df(x  +  k)  _  rf/Qr  +  A) 
5T  dx 

comparing  therefore  the  homologous  terms  in  the  identvaal  seriei  (I)  ssifl 

Q  =*£"-*  a? 

n  —  *  rf*  ""  1 .  2  .  Si** 


•    •    —  ••••••• 


Substituting  these  values  of  P,  Q,  R,  ....- ~...h(t) 

/fr+»)-/(.)+*.J+S-A+S-T5nr+- 

J  or        y  .-=      y    +^.r+a?.I_+SI.r-0+... 

*kich  is  the  series  known  by  the  name  of  Taylor's  TmoaM,  f&t* 
most  important  in  the  whole  range  of  pure  mathematics. 

Sometimes  for  the  sake  of  brevity  the  differential  co-efficient!  X»#3? 

are  represented  by  p9  q,  r,  •  • .  respectively,  in  which  case  the  awitt  "V1 

written 

fit  jp 

IjfJI  yor/(x  +  A)=y   +  />A  +  q.  yyg  +  r .  J—JTS  + 

According  to  the  notation  of  Lagrange,  the  first  differential  e»— <<j 

f  (jr),  or  as  he  designates  it,  *A«  firrt  derived  function  of  /  (r)  ■  «!"^ 

by  f  (x),  the  second  differential  coefficient  by/*  (x),  the  third  by  f*M 

so  on,  in  his  works,  therefore,  the  abore  series  appears  under  the  fcra 

/c* + A) = /(,) +/•(*)  \ + f  (*)  -*5 + r  w  rxi+" 

If  A  be  negative,  substituting  —  A  for  +  A,  the  series  will  becoM 

/fc-A)=y-5.T+ap,— g--^.,     2    s+    • 
!■  which  the  term*  are  alternately  positive  and  negative. 
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TAYLOR'S  THEOREM  AND  MACLAURUTO  THEOREM. 

uet  jr  be  a  function  of  *,  which  It  b  possible  to  develop  in  a  aerlat  of  fag 
i  ascending  powers  of  that  variable,  and  let  at  suppose  that 

y=A+B»+Ce*  +  D*»  +  E*«  + (1) 

I  when  s  becomes  x  +  A,  let  s;  becoms  jr1;  then  we  have 

-.   /==A  +  B(*  +  A)  +  C(4p+A)»  +  D(4p  +  A)»+.... 

=  A  +  B*  +    Cx»  +    Da*     -f } 

+  BA  +  2Ca*  +  8Da*A  + f 

+   CA«  +  8D*A'  + f W 

+   DA*    + ) 

tot  by  cq.  ( 1 )  we  have  the  first,  second,  Ac  differential  co-efficients,  as 


as  B  +     2C*  -f       8Da*  +      *E**  + 

=s  1-2C    +    *3D»  +  8-4R*«  + ^ (8) 

=  I-2-3D     +  *•*£*  + 

Ac 

at 

nsj  by  multiplying  these  diflsrentiel  oo-efficients  respectively  by  *t-px» 

g,  Ac  and  substituting  the  results  in  equation  (2)  wo  have  finally 

^Mf,+3^+2-4+ <*> 


since  the  co-efficients  A,  B,  C,  D,  Ac  in  (t)  do  not  involve  a,  they 
snenanged  whatever  value  be  assigned  to  jr.  Let  than  the  parti- 
al valets  of  jr.  and  its  successive  differential  co-ctBcients,  be  expressed  by 
ans  of  brackets,  and  when  a  =  0,  we  shall  have  by  (1)  and  (3) 


(')  - A 

(»- * 

(3)  -  «*c 

...  c  =  _L 

2*3 

(SO  -  MD 

•'•    D   =    ^r 

2-3 

by  substitution  in  (1)  we  have 

t«>+(£)'+n<3f)'*+ii*-<30*+ <B> 

» 

*•  former  of  these  equations  (A)  b  Taylor's  theorem,  and  the  tatter  (B) 
tcJsnrin's  theorem;  and  the  demonstrations  we  have  given  of  these  aauat 
ttnnt  theorems  will  be  readily  comprehended  by  the  student.  We  regret 
■toona  will  not  permit  us  to  exemplify  the  latter  of  these 


Cate*  M  which 


In  Oil  pi 
r8»inl  to  /  (*)  that  *  t 
Tallin  M  f(x  +  A>  But  when  wt 
renaming*  will  mil aJwajw hold  goo- 
true  expansion  of/(*  ~\-  A)  .  .  .  . 

1    l«t/(i)  =  i    shun  i  =  aT  tl 
I..H.  ■'■  jntivo  power*  of  A, 

will  be  dslormined  from  tbi 

f»  =  « 


Then,  putting  (a  +  A)  for  * 
/(«  +  » 


.  *C« 


=  7^! 

which  rontalna  negaliTC  powers  of  A, 
8.  I  ■>■[/(»)  contain  a  radical  whicl 
In  thia  caw,  either  the  radical  iUe 

If  the  radical  itself  vanish  in  /(i)  w 
Bi  and  n  being  whole  numbers ;  hence/i 
(i  —  a  +■  A)«*  which,  on  making  z  : 
1,1   r  (o  +  A)  according  to  powers  i 

If  the  oo-erEcienU  of  the  radical 
be  of  the  form  (x  —  a)',  *  beii 
ill  diaappear  in  the  differential  < 
ill  bo/Mind  In  thoM  of  higher 
-...J  hold  good i 

we  attiffm  a  particular  value 
a  term  appear  cot* aiming  a  fraction 
h~  + ',  0m  Tayloft  theorem  tiU  hob 

Lot 
'(a  +  AJ=  A+BA  +  CAi+DA,+ 
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But  in  the  above  case,  rince 

/{r)  =  8a*  —  &  +  a  y/f  —  f 
According  to  the  rule  just  given,  substitute  x  -f-  A  for  x,  then  /  {*  + 

*ax  +  SaA  —  x1  —  »*A  —  A«  +  a  y/f  +  SzA  +  V  —  a«  which,  up 
supposition  that  *  =  a  become! 

=  ^  — A«  +  aA*t/5T+l 
Expanding  \/8a  -+•  A  by  the  binomial,  and  rcpresentinf  the  ce-eaVh 

a,b>g. 

V 5T+T  =  (2a  +  A)*  =  A  +  BA  +  W  +  DA«  +  . . . 

Substituting 

/  (a  +  A)  =  «•  —  A*  +  a  AA*  +  aBAi  +  aGJsff  +  .  . . 

a  series  which  gives  the  true  developement  of  /  (a  •§-  A)  bat  which  A 
proceed  by  integral  powers  of  A* 


CHAPTER  VIL 

APPLICATIONS  OF  IKK  DIFFERENTIAL  CALCUU* 

ON  THE  THEORY  OF  VANISHING  FRACTION! 

P  0 

Wmr  a  fraction  tv  both  of  whose  terms  are  functions  of  x  beossms  t  i 

particular  value  is  assigned  to  the  variable  at  x  =  a,  it  shows  that  (*— < 
common  factor  both  of  numerator  and  denominator,  and  in  order  ts  ft 
real  value  of  the  fraction,  we  most  make  this  factor  disappear  from  ami 
terms. 

ut  £&)  =  6-wh,n  *  =  • 

/(*)=F(x)(»_a)- 
$>(*)  =  J,(x)  (x  —  a)* 
Let  *  beoome  a  +  h 


/(«  +  *)_  F  («  +  *)»- 


^ 9  (a) 

_  _F(a) 

•  sm  sz?  si    •  -  •  —  t* ts 

•  m  ^i*  •  «  ,  ,  ss  x 


•  •  • 


Now,  when  Taylor's  theorem  can  be  applitd  to  errand  /  (t  +  4 
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•    •    • 


s x (•hK»/«=<)t  «d*(«)=  0) 


/»(.):r<^W=^a^  ££)  =  ££}.*•• 


Ik*  rak  to  <M  Ik*  vah»  «f  »  raaUriag  facta. 


ifrmtiat4  bolk  l*rm$  tf  &4  fracti<M  A*  mm*  mmmltr  mf  Omm,  mtil  <m* 
%tr  cnw  10  twem  0,  o«  <*«  matpotUtam  that  m  s  a.  7%m  imbttkwl*  a 
r  at  *W*  tow  o/iht/htctUm,  ami  A*  rmmk  wittb*th»  eafcw  npsrwi. 

_   .   -.    - j     «»*  +  «**—  Soar .  ©    . 

«.  lT»iftidlo*h,Jtfct,j.tjibi«ii7«>»i«st. 


Mt  fast  diftfwatial 

2  Of  ^  6C  0 

=  oF=Tc  k  "k^*1"  0  wh«*^* 

■ft  tho  mood  difforoBtial  oo-oOdoot 

jy  =   *  tht  tnM  Yftla*  of  tho  fraction. 

W  aoeaaawy  to  tako  thoaocood  differential  co-effidont,  bocaaoe  too  coaunoa 
ar  of  tho  two  torm  of  Iho  original  fraction  it  (*  —  cf. 

-j  whan  x  =  a. 


a>       ft*9 ftar  —  a*  0 

r  ss  ,,  which  —  g—  when  x  is  a 


the  InM  valne  of  the  fraction  it  0.  tho  factor  of  tho 
-  «)\  that  of  the  dcnoarinator  it  fcr  —  o> 

»   •  —  —  **  °  _■*_ 


•5  =  -«ol  +  oWl-4^  =  -"o=x 

-   4.  When*  s  0 

«V       0         .        « 
^  =  o  =  l°*  I 

^  4.  When*  =  m 

y/%A  —  jt1  —  «  t/g      0        16* 

i-=V«? "  0  s  7- 

^  d.  When  jt  =  1 
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Ex-  7.  When  *  =  1 


I  —  9  +  log.  *  ~~    0 

If  Taylor's  theorem  fails  to  giro  the  expansions  of/  (a  +  A),  $  (i  +  A] 
will  happen  wherever/  (*),  or  0  (x)  contain*  a  radical  which  Tanisbeifa 
we  mask  obtain  the  expansion  by  some  other  method. 

Substitute  •'•  (a  +  A)  for  *  in  both  terms  of  the  fraction,  and  dsrdo] 
binomial  theorem,  we  shall  hare 

/(«  +  A)        AA"  +  BV   +  CA»  +  .  .  . 

•  (o  +  *)  =  A'sV  +  & h?  +  Crh>  +  . . . 

_  AA— *  +  BA»— *  +  .  .  . 
—  A'+  BTAF— '+  .  .  . 

Dividing  both  the  numerator  and  denominator  by  the  lowest  powe 
Now  make  A  =  0 


if       «  = 


/(a)  _  ^ 


JCr.  I.  When  *  =  a 

It  is  useless  to  take  the  differential  co-efidenu  of  the  terms  m  Disci 
cause  they  become  infinite.    Making  x  =  o  +  A,  we  find  for  A  =  0 

**  +  *&  -Cta  +  rf-nyi 

A*  l 

Ex.  &  When*  =  a 


l/y  —  y/a  +  y/x  —  a  _  0 
Make  *  =  a  +  A,  we  hare 


(j»  +  A)*  —  a*  +  A*  =  A*  +  4<T"*A4-  -«- 

(*aA  +  A1)*  A*  (Sa  +  A)* 

theorem 

=  -7=  when  A  =  0 
v/Sa 


Ex.  3.  When  *  =  c 


(x--c)v/y  —  A +  %/*»  —  c  _ft 

We  may  here  employ  Taylor's  theorem  to  determine  those  tern 
series  for  which  it  holds  good,  we  shall  thus  obtain  upon  substitutis| 
for  sr 


•  • 
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iaf  by  y/k  md  then  ■ukiftf  i  =  Om  §mi  1  far  tfc*  tm  false  of  tb* 

B. 

4.  When  *  =  m 

(*■-•*)«  +  #  —  «  _  0 

=  £  aukiog  A  =  0 
x  =  «jW««a  pcodoct/(x)  X  $  (x)of  tha  farm  0  X  0t» 

/  (*>  X  0  (*)  =  0  X  * 

.-.     j^*)  -  5  which  my  b«  treated  try  H»  rait, 

♦  ft 

f:l 

(l-x)tu.j  =  0X  oc 


aet-y 

_8 

1 
H 

T 

11          0 

>*f/fx)=taa.— .  aa4*fx)s — tkafcactW^'aaa^n' 

B/i  JJa,-«ww-ij|l-^,wi  ■  in"  #^  »•"»■»:* 

ft  avypsaattfoa  that  *  =  a,  to  by  tW  abtft  f—*mm  **  Ad 
«(»»  —  <Q  _  n   _      W     __4« 

^-5 ------   - 

J l_ 


ifx=  -5  «r*f. 


J.  f^SiL±* 
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wder  thai  y  May  be  a  maxiwwm  or  mm  fane*,  fit  sort  hart  jp  =  4 

Jly  y  caonol  be  a  sMixfamav  or  minimum  unlets  the  firat  differential 
,  which  does  not  Taniah  for  a  particular  valoe  of  x  be  of  an  area 


specting  the  aeries  (1)  and  (9)  it  will  be  teen  thai, 

'  —  y  >  are  both  negative,  then  eince  in  this  case  y  it  greater  than 

,  —  ySjft  and  y*  y  nioat  be  a  maximum  ;  and  tince  the  whole 

©*y 
are  in  this  case  negative,  -rp  will  hare  a  negative  sign*    The  re- 
place when  y  is  a  minimum,  and  in  this  case  -rjy  it  positive. 

dW  ©*y 

f  the  equation  jj  =  0  oat  (m  —  1)  equal  roote  each  sr  «,  then  jp 

d*y  d*"y 

of  these  roots, -r^  hat  (si —  S)of  them,  and  to  on;  till  we  come  to  -r^ 

e  first  differential  co-efficient  which  does  not  contain  the  root,  and 
V  the  values  jr*,  y*  corresponding  to  (x  -f-  A),  and  (x  —  a),  are 

"  =  *  ±  i?  •  1535 

i  of  the  second  term  in  this  last  expansion  being  +  or  —  according 

it  or  odd.     Hence  (p*  —  y).  and  (yt  —  y)  cannot  have  the  same  sign 

lt  and  .*.  in  this  ca*e  y  it  neitlier  a  maximum  nor  minimum.    Bet  if  si 

mi  (y  —  y)  and  (y,  —  y)  will  have  the  same  sign,  and  y  la  a  maximum 

rf-y 
vm  according  at  .j.  it  positive  or  negative. 

M    y  =  v^2«  • 

1 1<>  determine  the  value  of  x  which  uill  render  y  a  maximum  or 

i&r  _       m 

*  should  obtain  no  result  by  equating  this  quantity  to  0,  it  appears 
it  susceptible  of  a  maximum  or  minimum  value. 

y  =  b-(x-af 

dm 

J  =  —  9  (r  —  a)  =  0         ••        a?  sr  a 

*>-         o 

dr* * 

appears  that  y  is  a  maximum  wheti  ar  sr  e. 
y  =  6  +  (x  —  a/ 
g  =  2(x_a)  =  0  *  =  • 

n  Uiii  case,  y  is  a  minimum  alien  jr  r:  a. 

1  t 
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Ex   4. 


dx  —  (1  +  **)• 


=  0 


*=  +  * 


ay 
The  equation -j-  =  0  gives  in  this  case  x  ==  +  1  and.*.y 


value  of  jr. 
value  of  j» 


Hence  the  Talue  x  =  +  1  gives  +  4  as  the 
....£=:  —  1  gives  —  4  as  the  inml 


fit  5. 


y1  —  amxy  +  x"  —  a*  =  0 

ojr  __  my  — x 
rfx       y — 


Patting  v  =  Oire  hare  my  =  x,  and  eliminating  x  and  jr  by  tat 
equation,  we  hare 


Hence 


X  rz 


y  = 


+  ma  +a         <fy +1 


v/r^m* 

+  « 

•  1 '—  m« 


y  = 


1  — au*  2**      av^l- 


a 


y  = 


v/  r=i? 


a 


fir.  6.  To  divide  a  given  nu  mber  a  into  two  parts,  so  that  lae  sfuut 
si*  power  of  the  one  multiplied  by  the  n*  power  of  the  other,  aief 
greatest  possible. 

Let  x  be  one  of  the  parts,  and  let  y  be  the  product  of  the  two  pa*:  l 
is  required  to  find  the  value  of  x  which  will  render  the  quantity 

y  =  x"  (a  —  *)*  a  maromaw. 
We  have     ^  =  x--1  (a  —  x^-1  {ma  — *(»  +  »)} 

§  =  *—  (a-x)-«  K»  +  «-l)  (»  +  *)'-' 

Putting  jj  =  0  we  have  x  =  0,  x  =  a,  x  =  — ^---,  this  last  ntff*1 

maximum  which  is  m"  «■  f — : — V+"» 

Vm  -J-  »«/ 

The  two  other  roots  correspond  to  the  minima  when  «  and  a  »t«r*j 

A  great  wNnfats  *t  vntaw&cv^  fpometrical  problems  may  bt  ■**' 
«n\AkaiU>tk  of  £***  ^nud^m*   ^^^v^^w*  v  fe w  exaauJ* 
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Mr,  1.     To  in$crib$  thg  grtutcst  rtetaagU  in  m  tricmgU* 


*  CP  =  *,  AB  =  e,  CD 
PD  =  (p  —  x) 

CD  i  CP  : :  AB  :  MM' 
j  s  MM'  x  PD 

=  yXfr-*> 


=  p 


AR.CP 

~cor 


*_ 


=  0 


*  = 


9 


t.    GmcntktbaMOMdjHTpaiiaUarqfatHemgkito 
the  wertkdmigk  My  U  m 


dacriUUmlk* 


AB 

=  c 

DC 

=  F 

AD 

=  X 

».  DB 

=  c  —  * 

AD 
DC 

=  Un.  * 

= 

X 

> 

DB 

=rUn./» 

ss 

c  — 

•X 

DC 

p 

1    T  P)       I  —  ton.  •  un.  S 


J,+inL 


I  — 


••F 


*(*  —  *) 

-      g* 

s         2r  — c  =  0 


.*.  x  s 


I  i8 
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1 


Ex.  a  To  find  the  point  Bin  the  straight  line  CE,  from  whldk  AB  mbtt 

the  greatest  angle. 


AC 

—  a 

CB 

=  b 

CD 

=  X 

Ian.  ADB 

=  tan.  ( 

[ADM  — 

BDM) 

AM 

BM 

_  MB 

""  MD 

— 

.    AM. 

Mil 

1 

+       MI* 

(AM 

-BM) 

MD 

+  AM. 

BM 

BID 

=  X  sin 

.* 

AM 

=  a  — 

X  COS.  $ 

BM 

=  &  — 

X  COS.  0 

tan.  *>  = 


.-.  y  = 


7?  sin.«*  +  (a 
x*  sin.8  0  +  (a 


(a  —  b)  x  atn,  $ 
-  x  cos.  4)  (6~ 


*  cos  f 
—  x  cos.  fr)  (b  —  x  cos.  #) 


(a  —  ft)  *  sin.  I 

aft 
x9 

x 


=  0 

=  +  \/ab 


I 


'I! 


fit.  4b     7Y>  JW  Me  least  parabola  which  shaU  circummribe  « fisff  «•* 


Since  the  parabola  and  the  circle  touch 
at  P 

.'.  CP  is  a  normal  to  the  parabola 
and  CM  is  the  subnormal  =  J  latus  rectum. 

Let  CM  =  z 

•  *.  equation  to  the  parabola  is 

y»=2*.x (I) 

PMf  =  r1  —  *» 
=  %z .  AM 

r1  — *• 


•    a 


AM  = 


22 


AD  =  AM  +  MC  +  CD 

=  -5i— +  f  +  r 

_(r  +  «)* 


Now  area  EAF*  =  ^  AD .  DE  and  DE  =z/9m. 


•  Tan  wU  W  profit  sfterwmrSf  I  j  *•  Intefn!  «V 
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.  •^•EAF=|.AD.v^7IC==|.(^£^ 

.-.  v  ss  \LZfjL  =•  maximum 


ds 


.\    Sjt   —  r  —  x    =0,  and  a  as  £  = 

AD  =  ^^  =  *.  and  DB  =  S77TD=  ±|r. 

5.  7V>  o7  irtaV  an  an^fe  2+  tnJo  too  parts,  such  that  the  mth  power  ef 
ir  of om  part  by  the  nth  power  of tie  sine  of the  other  part  may  be  the 
si  possible. 

0  +  #  be  the  one  part,  then  f  —  #  is  the  others  hence 

tin"  (*>  +  #)  tin11  (*  —  t)  =2  maximum 
=  m  log.  fin  (f  +  #)  +  n  log.  fin  (*  —  #)=  maximum 

=  -co.  (>  +  .)_  -f-iS^g  =  M  eo,  (,  +  ,)_.„*  (f_,)  =  0 
sinvf  +  #)  fin  (f — #)  \t        /  \t        / 

cot  (♦  +  #)  =  n  cot  (f  —  #),  or  m  tan  (f  —  t)  =  »  tan  (f  +  •) 
:n::tan  (♦  +  #): tan  (♦  —  #) 

+  ■  ;■- ■ :  .tan  (♦  +  t)  +  tan  (♦  — #) :tan  (♦  +  #)— tan  (#— I) 
t :  f  in  2+  :  sin  2* 

1 2#  =  ?LT_*  ain  2* ;  hence  the  two  parts  are  known. 

m  +  n 

.  &  Xfo  ./oar  eajpe*  of  a  rectangular  piece  of  lead,  a  inches  m  length* 
inches  in  breadth,  are  to  be  turned  up  perpendicularly,  so  as  to  firm  m 
that  shall  hold  the  greatest  quantity  of  water;  how  much  of  the 

^m  turned  up? 

a  ss  breadth  of  edge  turned  op;  then 

x  (a  —  2a )  (b  —  2x)  =•  maximum 
.-.     y  =  aba  —  2  (a  +  0)  **  +    4x»  =  miiimnm 

.-.   fy  =  ab    —  4(a +6)x  +  12**  =  0 
a* 

-'.  ^  =  —  *  (a  +  *)      +  24* 

<•  12**  —  4  (a  +  o)x  +  a*  =  0,  and  therefore 

_a  +  b  +  */<!«  —  ab  +  b* 
6 

and  x  =  t  {a  +  b  — y^a1  —  a6  +  F)  gives  the 
ExAMPLit  IK  Maxima  avo  Miwima. 


Of  all  trianglea  on  the  fame  baae,  having  the  aame  given  perimeter,  to 
at  whoae  anrface  if  the  greatest. 

the  hvpotbenuve  of  a  right-angled  triangle,  to  determine  thw 
m  ben  the  forfare  is  the  greateft  potfible. 
The  whole  fnriace  of  a  Minder  being  given  =  a\  to  fad  its 
a\  when  the  volume  of  the  cylinder  is  a  maximum. 
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Hence  from  (5),  (6),  (7),  we  have  by  the  usual  mode  of  elimination 

m  =  2-4853,  y  =  8*5104,  *  =  1-9289. 

This  method  is  practised  in  astronomy;  but  in  point  of  accuracy  it  yields  to 
the  method  of  least  squares,  invented  by  Gauss,  and  to  which  modern  astro- 
nomy owes  much  of  its  precision. 

Suppose  then  that  e,  e*,  e", ....  are  the  errors  of  a  series  of  observations, 
and  that  we  have  the  equations 

e    =  A    +  as    +  by    +  cz    + 

e>  =  A'   +  <r*   +  ty   +dz   + 

e"  =  A"  +  o»m  +  V'y  +  c»z  + 

«"  =  hm  +  ^  +  yriy  +  c"'*  + &c. 

to  determine  the  values  of  x,  y,  *, ...  so  that  the  errors  e,  e*,  e",  e"',  in  refer- 
ence to  the  whole  of  the  observations  shall  be  the  least  possible.  Now  if  we 
were  to  take  simply  the  sum  of  these  errors,  and  put  the  differential  coefficient 
of  each  of  the  variables  equal  to  zero,  we  could  not  obtain  an  equation  for  the 
determination  of  the  unknown  quantity;  but  if  we  square  each  of  the  equa- 
tions, we  should  have 

««+«"+e'*+«M+...=*V«t+fi'*+  ..)+2*{ah+a'h'+...  +a(.*y+c*+  .. .) 

+«Wr +cfr+ .  .)+«"(*"*+*"*+  •  •  0}  +A*+A*+  . . . 
where  the  terms  involving  y  and  z  are  not  written  down,  being  exactly  of  the 
same  form  as  the  terms  involving  x.    Let  then,  for  the  sake  of  brevity, 

n  =  **  +  «*-+«'*  +  «''*+ =  A**  +  2Bjt  +  C  + 

and,  therefore,  putting  the  first  differential  coefficient  of  this  equation  equal 
to  zero,  we  have,  considering  x  alone  as  the  variable, 

jj£==2A#  +  ?B.=  0    .'.  Aj-  +  B  =  0 

hence  #  (a«+^+..0^^+«,*'+-a(*y+c«+-)+fl'(*'y+«,*+-)+  &c=0 
or  a  (A+a*+fy+c*)+a'(A'+a'*+&'<y+c'*)+ =0 

and  therefore  to  form  an  equation  that  gives  a  minimum  for  any  one  of  the 
unknown  quantities,  as  x,  we  must  multiply  each  equation  of  condition  by  the 
coefficient  of  the  unknown  quantity  in  that  equation,  taken  with  its  proper 
sign,  and  equate  the  sum  to  zero.  Proceed  in  the  same  manner  for  y,  z, . . . 
and  we  shall  nave  as  many  equations  of  the  first  degree  as  there  are  unknown 
quantities,  which  may  then  be  obtained  by  the  usual  mode  of  elimination. 
To  apply  this  method  to  the  preceding  example,  we  have  these  equations:— 

(1.)  X  —  1  gives  —   3  +      *  —  y  f    2z  =  0 

(2.)   X  —  3 —  15+    ftr  +  6y  —  15*  =  0 

(3.)  X  —  4 84  +  16*  +  4y  +  16*  =  0 

(4.)   X        1 14+      *  —  Sy  —    8*  =  0 

and  patting  the  sum  of  these  equations  =  0,  we  obtain 

27*  +  6y  —  88  =  0 (8.) 

Proceeding  in  a  similar  manner  for  y  and  z,  we  derive  the  equations 

6>  +  15y  +      M  as    70 (9.) 

y  +  54*  =  107 (Kfc) 

•ad  from  these  three  equations,  (8),  (9),  (10),  we  have 

#  =  2*4702,  y  =  3*5507,  *  =  1*9157. 


• 
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i  The  preceding  example  is  from  Gauss  (Theoria  Mot**,)  whets  hs  fen 
proved  that  the  Method  qf  Minimum  Squares  gives  the  most  probable  fsksi 
of  the  unknown  quantities.  For  a  more  detailed  account  of  this  metsod.  tst 
student  may  consult  Galloway's  «  Treatise  on  Probability  *  (1839.)  We  4sfl 
add  only  one  example  by  way  of  exercise. 
Ex.  Suppose  that  by  observation  the  four  following  equations  have  bets 

formed,  viz.: — 

m  +  .Qty  =  —  11".2 (L) 

9  _-  .9%  =  —  12".0 (2-) 

m  +  .62jy  =  -  14".8 (a.) 

x  — .  -85y  =  +  15^.0 (4.) 

it  is  required  to  find  the  most  probable  values  of  x  and  jf ,  by  the  netbod  cf 
least  squares.  Ans.  *  =  —6".l  4,  and  »/  =  -<•* 


CHAPTER  IX* 
TO  CHANGE  THE  INDEPENDENT  TARIABLBL 

If  we  reduce  an  equation  between  *  and  y  to  the  form 

*  =  /(») 
m  is  called  the  independent  variable  and  y  the  dapendemt  variable, 


Let  it  be  required  to  change  the  differential  co  efficients  found  oa  1st  sj 
position  that  y  =  /  (x)  into  others  where  *  =  Q  (jr)  ;  that  is,  wbert  jr  s  si 
independent  variable. 

Let  h  and  k  be  the  contemporaneous  increments  of  *  and  jh 

Then  if  p,  q,  r  .  .  .  represent,  gj  jjb  gp.  .  .  • 

a  a        *  ^  -,  dx  a*x  dPx 

And      P»*9fi fydjpUy*-* 

We  have  by  Taylor's  theorem 

/(?+*)-/(*)  or*  =  f(z  +  h)—fx 

And  similarly  A  =  p'h  +  q> .  j^g  +  V  7773  + 3 

Substituting  the  value  of  k  found  in  (1)  in  this  last  equation 

=  '*  +  (&+&)*+•• 

And  comparing  co-efficients  on  both  sides 

/>/>'  =1     .•.  p'  =r 


n 

n 


I  .9 
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• 


•  •  • 


•  • 


now  take  a  more  generil  case. 

9  =  /  (*) - n> 

*  =  *(') (*) 

Jf  =  *  (O (3) 

cm  of  the  function  \£  (I)  being  unknown. 

quired  to  change  a  differential  expression  found  on  the  supposition 
a  function  of  x,  into  another  In  which  both  x  and  jr  are  considered 
of  a  third  variable  I. 

9  contemporaneous  increments  of  x,  jr,  /,  be  >  A,  L 
=  P  •  '  +  9  •  77"g  +  r  •   19.3  +  •  •  •  *"•*•  >*  =  J£>  9  =  •  • 
=  /'•/  +  ?'   ■if8+r'.r^1+ •  =  >•  = 

=  ^*+«'.-rT1  +  '-.T7r^  + /»£«-= 

lute  for  1  in  this  Uft  elusion  it*  vain*  tram  lat  wrie*. 

ire  ilils  with  value  of  A  (3)  and  equating  similar  powers  oft 

h       09       m 

=  7  "  5  =  m - *A> 

ar 

■  T'-f'y 

-"" 7— 

= — 3? — m 

9  =  /<*) 

x  =  9  (1) 

by  ( A),  we  hare 

£   ~"  Xx  '  ST 

1  fft  oV     Ut%  ^  dx 
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And  we  wish  to  change  some  differential  expression,  found  on  them) 
ghat  y  =  /  (*),  into  others  where  x  =  p  (y\  *  =  y  in  the  equations  (A) 
whence 

dy~~  dy 

dx 

—  d*y  d*f  ,  <fy 
d*x  __  5?  '  dy'  "*"  <y 
dy*  dy 

<*r 

fint  since  y  is  the  independent  variable  -r\  =  0 


d»t 

4y* 


(IV 


I 


*•  «  , 


■i|:  ' 

I.1H 


I 


CHAPTER    X. 

ON  THE  APPLICATION  OF  THE  DIFFERENTIAL  CA*<  t'Ll; 

THE  THEORY  OF  CURVES. 

To  draw  a  tangent  to  any  curve  at  a  givtu  point. 

Let  P  P'  P*  be  any  curve  whose  equation 
b/(*,jr)  =  0 

...  P  be  any  point  whose  co-ordinates  are 

...  AM  =  *t  MM'=MM"  =  A. 
...  P  T  be  a  tangent  at  P. 
...  P  F*  T*  a  secant  through  P  P* 
...  F  P  T PP. 

Then  the  angles  6,  *,  0  are  in  the  order  of  their  magnkade.   1st  fc 
equation  to  tangent  will  be 

Y  —  y  =  tan.  «  (X  —  *) 

where  X  and  Y  are  the  variable  co-ordinates  of  the  straight  line,  ***  *  * 
those  of  the  point  of  contact. 


Now, 


**•*  =  &?-  x 

tan.  m  =  tan.  « 

Pn        /*(*  +  A)  —  ./(», 
.an.  *  =  pj-  - fi 
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tan.  4 
tan.  « 

tan.  <p 


d£        <rty      A__ 
dx  ""  S?*l.» 


(1) 


tan.  « M •.»..,  (2) 


<k*'i.a 


+  . 


•  •  •••  ••••••* 


•  (») 


Which  three  series  must  be  in  the  order  of  magnitude,  wnatever  be  the  value) 
•f  A, .-.  their  first  terms  must  be  in  the  order  of  magnitude* 


tan.  «  = 


-«! 


<£r 


Hence  equation  to  tangent  is 

Hence  it  appears 
1*.  Since  tan.  «  =  — 


£ 


cos.  «  = 


sin.  a  = 


7E 


/ 


«+«• 


T      A 


M        O 


2*.  The  normal  PG  makes  with  the  axis 
of  *'e,  the  angle  PGT,  but 

tan.  PGT  =  —  cot  PTG 

1 

=  —  asr 

Hence  the  equation  to  the  normal  b 

dx 
rf?  (Y  — y)+X  —  *  =  0 

Making  Y  =r  O  in  the  equations  to  the  tangent  and  normal  we  find  the 
of  AT  and  AM,  the  abscissas  of  the  points  in  which  the  tangent  and  not* 
cot  the  axis  of  x\  hence  we  find 

* —  X  or  sabtangent  MT  =  Jr- 
subnormal  MG  =y  j£ 
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4*.  Since  PMT  and  PMG  are  right  angle* 
Tangent      PT  =  \/PM"  +  MT 

-     / ** 

v<tr/ 

=  i-v^Klf 

Normal        PG  =  /PM'  +  MG» 


JEr.  1.    To  JIiwJ  the  subtangent  in  tbtparaboU. 
The  equation  to  the  parabola  is 


But 


In  this 


= 

2m 

MT 

= 

y 
dy 

= 

to 

=  2* 


x  and  y  are  the  co-ordinates  of  any  point  In  the  curve ;  if  x  y  be  tnt  «h 
nates  of  the  point  of  contact  in  the  present  instance ;  we  have  of  coon* 

MT  =  2jf    a  know  n  quantity. 


Ex.-  2.    To  fatd  the  subnormal  in  the  ehipte. 
The  equation  to  the  ellipse  referred  to  its  centre  an  origin  is 

.    *?  -l  ^  _  ft        .  dy       ** 

••      dr  +  <rV  •'£  =  — .^ 

Substituting  this  value  of  -jr   in  the  equation 

We  have  subnormal  of  ellipse  =  _  ^  *',  X*  and  y  being  the 
•f  the  point  of  contact. 
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Bx.  3.     To  find  the  subtangent  in  the  Cissotd 
The  equation  to  the  cissoid,  is* 


Jf  = 


a  —  x 


2^  (a if) 

.•.    the  subtangent    =     ^ ^r 


Ex.  4\     To  find  the  subtangent  in  the  conchoid. 

The  equation  to  the  conchoid,  isf 

*V  =  (a  +  x)»  (*•  —  x9) 

x  (a  4-  a;)  (£* *•) 

Hence  the  subtangent    =  —  — —  *  \     *a ' 

•  Tbfindtho  equation  to  the  Cinoid. 

AQB  it  a  semicircle,  C  its  centre. 

Take  toy  equal  parts  CM,  CN,  and  draw  the  ordinate*  MR,  NQ 
Join  AQ  cutting  MR  In  P. 

The  locus  of  the  point  P  Is  the  curre  called  the  efoe&f. 
Let  A  be  the  origin  to  co-ordinates. 
...  AB  =  a,  AM=jr,  MPrrjt 
Then  PM*  t  AM'  : :     QN»       :  AN* 

y»  :       «•  : :  AN .  NB  :  AMI 
::       NB      ,:  AN 
j  :  m      :  (a  —  jr) 

j*  =z    ^    which  Is  the  equation  required. 

To  find  the  Poimr  equation. 
Let  A  be  the  pole ;  join  QB,  let  AP  =  r,  angle  QAB  =s  9,  and  AB  =s  1  a. 


Then 

And 

Equating  (I)  and  (f) 


AQ  as  8a  cos.  e 


e  •  miiiM  ••  •  e  •  •  * 


_  <*N  —       By       —       AM        _     rcos.s 
0  ~"  flnT*  =5nT7sTn75  ~  tan.eein.  •  =  tan.  »ein.  § 


...   (1) 
....  (*) 


tan.*  sin.* 


=  2a  cos.* 


•\ 


r  -  £ii?H2£  the  equation  required. 


cos.e 

T  rejf»d<4*#eiiaJtol»a#C»io*eU, 

C  is  a  giren  point,  and  AY  a  straight  line  given  in  position. 

Draw  CB  at  right  angles  to  AY,  and  draw  CP,  CPi..  .  making  QP, 
Qi  Pi .  .  .  .  always  equal  to  AB. 

The  locus  of  the  point  P  is  the  curre  called  the  conchoid. 

Let  A  be  the  origin  of  co-ordinates. 

...  CA  =  «,  ABasft,  AM  =  #,MP  =  «. 

Then         CM*  s  MP*  s  t  PM«  s  NC* 

(o+*)«t     #•  u      *»!•■-*• 

••  ^   j*  ••  =  («  +  #)•  (»■—*•)  which  la  the  equation  required* 

Te  jfaNf  Me  Peter  efuotf <m. 

Lot  C  be  *e  pole,  CP  as  r,  angle  BCP  =  e 

AC=sCQeoa»e 

as  (T —  »)  eos.  •  the  equation  required. 
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Ex.  B.     The  tangent  to  a  cycloid  at  any  point  it  paratttl  to  the  corrupt 

chord  of  the  generating  cxrcfe. 

The  general  expression  for  the  normal,  is 

The  equation  to  the  cycloid  referred  to  its  extremity  as  origin,  is* 

*  =  Tersin.-'y —  y/toy  —  if' 

.     #  _     /*a  —  y        m        sd£Y  _  «g—  y 
••     dx—  V       y  ••        \aUJ   —       y 


*  iV1  +  (J?  ~  •** 


Let  P  he  a  point  in  a  cycloid,  and  CP  the  position  of  the  genentisf 
Draw  PQp? parallel  to  AB,  join  P,  C;  P,  D ;  pf  c  ;  p,  d; 
Then  by  the  property  of  the  circle  CPD  is  a  right  angle. 


T*Jt*iO* 


fotWCyctt*. 


Let  AZ  be  *  straight  line. 

CVD  a  olrele. 

If  the  drde  CVD  be  supposed  to 
roll  along  the  straight  line  AZ,  the 
nrra  traced  out  by  any  fixed  point 
P  In  the  circumference  of  the  drde 
b  called  a  eyeWA 

Let  ACZ  be  a  cycloid. 

AZ  U  called  the  beae  of  the  cydold. 

Let  C  be  the  position  of  the  fixed 
point  when  the  drde  begins  to  roll 
along  AZ. 

Then  C  hi  called  the  vertex  of  the  eydnld,  and  CD  tho  axis. 
I.  Let  the  origin  be  at  A,  the  extremity  of  the  curve. 

Let  QPN  be  any  position  of  the  rolling  drde,  and  P  the  fixed 

• . .  AM  =  m,  M P  =  jr.  Q»  or  CD  =  Sr,  are  HP  -  § 

Then  *■=  AM 

=r  AN— NM 
=  •  —  dn.e 

=  versln.— '  y  —  V'fcVy  _  g* 

t.  Let  the  origin  b#  at  the  vertex 

CM  =  jr,  MP=jr 

,  =  MQ  +  QP 

rsMQ  +  arrQC 

=  sin.  QC  +  versin.  —I  MC 

as  renin.—  1  x  +  Vsrjr  — xt 
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V     QD  :  PD  ::  PD  :  DC 

.•.    PDl  =  DC.Ql) 

=  8a.y 

.%  PD  =■  ^/2oy,  and  is  therefore  by  (I)  a  normal  to  the  curve  at  P.; 
and  since  CPD  is  a  right  angle,  CP  is  perpendicular  to  PD,  and  is  •'.  a  tan- 
gent at  P. 

And  since  the  triangles  CPQ,  cpq,  are  equal  and  similar,  .-.  CP  is  parallel 
to  ep. 

Hence  the  construction  to  draw  a  tangent  geometrically  is  obvious. 

Asymptotes. 
Lei  the  equations  to  two  plane  curves  which  have  infinite  branches  be 

y  and  y'  being  the  values  of  y  in  the  two  curves  corresponding  to  the  same 
values  of  x.  The  distance  between  the  two  curves  measured  in  a  direction 
parallel  to  the  axis  of  y*s  is  (y  —  y*).  Then ,  if  as  x  increases  without  limit 
either  positively  or  negatively,  the  distance  (y  —  y9  diminishes  without  limit, 
but  vanishes  only  when  *  becomes  infinite,  the  infinite  branch  of  the  one  curve 
is  said  to  be  an  asymptote  to  the  other. 

In  order  that  this  may  be  the  case,  it  is  necessary  that  the  quantity  (y  —  y ) 
when  developed,  should  contain  negative  powers  only  of  x  ;  if  it  contained  a 
positive  power,  then  (y  —  y*)  would  be  rendered  infinite  by  x  becoming  infi- 
nite, and  if  it  contained  any  term  independent  of  x,  it  would  be  finite  when  x 
was  infinite. 

Hence  the  developement  of  (y  —  y*)  must  have  the  form 

y  —  y*  =  aarm  +  fa-'  +  .  .  . 

The  exponents  being  supposed  to  descend. 

It  follows,  •*•  that  if  the  developement  of  y  by  descending  powers  of  *  con- 
tain any  positive  powers  of  x,  or  a  term  independent  of  x,  all  these  terms  must 
be  common  to  the  developement  of  y*9  in  order  that  they  may  disappear  by 
subtraction.    Hence,  if  the  developement  of  y  be 

y  =  ax*+bx*  +  .  .  .  r  +  a*xr« '  +  Vx~r  +  .  .  . 

The  developement  of  y  must  be 

y*  =  ax*  +  bx*  +  .  .  .  r  +  .  .  . 

The  terms  which  succeed  r,  or  which  involve  the  negative  powers  of  x  being 
unrestricted. 

Since  the  terms  of  the  developement  which  succeed  rare  arbitrary,  it  follows 
that  there  may  be  an  infinite  number  of  asymptotes  to  the  same  curve,  and 
that  each  of  these  will  be  asymptotes  to  each  other.  The  most  simple  asymp- 
tote of  which  the  curve  admits,  at  least  that  whote  developement  it  most  simple* 
is  the  curve  represented  by  the  equation 

yf  =  ax*  +  bx9  +  .  .  .  r 
The  curve  represented  by  equation 

y*  =  <ur+  bx*+  .  .  .  +r +  </*-«' 
is  also  an  asymptote,  and  approaches  closer  to  the  curve  than  the  former,  since 
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by  increasing  x  it  is  manifest  that  g*  approaches  Bearer  to  an  eaealitv  \ 
than  }f  does.     In  like  manner  the  cunre  represented  by 

Jkas  an  asymptotism  of  a  still  higher  order  with  the  given  curve. 
"  Thus  it  appears  that  there  are  orders  of  asymptotism  in  some  degree 
gous  to  the  orders  of  contact,  as  explained  in  the  following  article, 
which  admit  of  asymptotes  are  sometimes  divided  into  hyperbolic  and  pa 
Hyperbolic  are  those  which  admit  of  a  rectilinear  asymptote.    ParabeS 
which  do  not 

All  hyperbolic  carves .%  must  be  involved  in  the  class 

The  equation  to  the  asymptote  being 

y  =  Ax  +  B 

Whatever  has  been  said  with  regard  to  the  difference  jr  —  }f%  is  equl 
plicable  to  the  difference  (x  —  x*)  for  the  same  ordinate  y. 

Examples* 

1.  Let  y  =  +  J  (*•-**)* 

j  b        _*• 

R  =±-3f*  +  1  «-■  +  .... 

Hence  the  curve  has  two  rectilinear  asymptotes  ropscuswiod  bv  tat 
tions 

f.  Let  xjf  =  e9 

jse**-1 
\  xzrc^jr-1 

Hence  the  asymptotes  are  the  axes  of  co-ordinates  themselves. 

a  y*  (*»  —  o»)  =  A1 

j,  =  -£*•  *-!+.... 

A1 

x  =  +«  +  i.  j-  IT* 

Hence  the  axis  of  x  is  an  asymptote,  and  there  are  two  other  swap 
parallel  to  the  axis  oft/  represented  by. 

*  =  +  a 

There  are  also  two  hyperbolas,  xy  =r  +  6*  which  are  asymptote 

4       y'x  —  />x*  —  a"  =  0 

y*  =r  j»x  -f-  a8  x- ! 
Hence  the  asymptote  to  this  curve  is  the  common  parabola. 


Rectilinear  Asymptote* 

Besides  the  general  method  already  given  for  deteroininc  the  _.  . 
to  a  curve,  there  is  another  method  of  determining  whether  the  cant  s* 
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ef  a  rectilinear  asymptote,  founded  on  the  consideration  that,  a  tangent  to  a 
curve,  when  the  point  of  contact  is  removed  to  an  infinite  distance,  becomes  an 
asymptote. 

Let  TV  be  a  tangent  to  the  curve  SZ  at  any  point 
P,  whose  co-ordinates  are  (x*  V).  d 

Let  AB  the  distance  of  the  point  B  where  TV  cuts  ^ 

Ay  =  Y.  h 

Let  AT  the  distance  of  the  point  T  where  T<  cuts 
A*  =  X. 

_  X  =  AT  =  MT  _  AM 


-x=-(i-*) 


(i) 


Y  =  AB  =  AQ  —  BQ  =  AQ  —  PQ  ton.  PTA 
afdtf 


=  •- 


(») 


We  must  obtain  the  values  of  X  and  Y  from  the  equation  to  the  proposed 
curre  in  terms  of  x,  and  we  must  suppose  x  increased  without  limit,  then 

1.  If  the  limits  of  X  and  Y  are  finite,  they  determine  a  rectilinear  asymp- 
tote. 

2.  If  X  hare  a  limit,  and  Y  he  infinite,  then  there  is  an  asymptote  parallel 
to  the  axis  Ay,  at  the  distance  X  from  origin. 

3.  If  Y  have  a  limit,  and  X  none,  there  is  an  asymptote  parallel  to  the  axis 
Ax.  at  the  distance  Y  from  origin. 

4  If  both  X  and  Y  are  infinite,  the  curve  does  not  admit  of  a  rectilinear 
asymptote,  and  the  same  if  the  values  be  impossible* 

&  If  X  =z  0,  Y  z=  0,  the  asymptote  passes  through  the  origin,  and  its  di* 

dy 
rection  is  found  by  determining  the  values  of  -g  when  x  becomes  infinite. 


On  the  Principles  of  Contact. 

Let  PP,  PP",  PF"  be  three  curves  related  to  the 
same  axes  and  passing  through  the  point  P  whose 
co-ordinates  are  x*t  y\ 

Let  their  equations  be  generally 

y  =  <p  (x),        y  =  /(*),        y  =  F  (*>. 
Then  for  the  point  P,  <p  (**),  =  J  (x*),  =  F(aO. 
Let  x9  become  x*  +  h9  taking  MM'  =  h9  and 
draw  the  ordinate  M'  P  P*  F". 

d(p(xt)     h 


M      Mf 


_^,     ..       <rW)      If 
Then.  Ml"  =  0  &  +  h)  =  tfrf)  +  ^T  -  7  +  -©T  •  1#8  + 


•  •  • 


BTP-  =  F^  +  A,  =  FW+rfS'>.|  +  d,^.i^  +  . 


•  •  • 


AAA 
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Now,  if  all  the  terms  in  each  of  then  developementa  are  equal  ti 
responding  terms  in  the  others,  then  the  corves  will  be  identical ;  i 
terms  only  be  equal,  the  curves  will  have  but  one  common  point ;  if  I 

d$(3f)       df(&)       dF(rO 
first  term  we  hare  also,      ,  :  ■■  =  ~rfzr~  ==     ^  ,   the  curves  will 

more  nearly  than  before,  and  the  greater  number  of  terms  which  ar 
the  developements,  the  greater  will  be  the  intimacy  of  the  curves. 

If,  in  the  above  expansions,  0  (a?)  =  f  GO  =  F  (r")  and  also  - 

5,  ■  then  the  two  curves,  PI*  and  PP"  will  have  a  common  recti 

gent  at  P,  and  the  curve  PP"  which  does  not  fulfil  this  conditioi 
altogether  on  the  same  side  of  the  two  curves  which  have  the  comnx 
and  cannot  pass  between  them.  In  general  it  may  be  proved  that  if 
have  n  differential  co-efficients  equal,  no  curve  which  lias  (n  —  1)  o 
number  of  its  co-efficients  equal  to  those  of  the  other  two  can  pass  b 
proposed  curves,  but  must  lie  altogether  without  them. 

Generally  when  two  curves  have  the  twd  first  terms  of  their  devi 
equal,  they  are  said  to  osculate  and  to  have  a  contact  of  the  first  « 
the  second  differential  co-efficients  are  equal  in  each,  they  have  a 
the  second  order,  and  when  n  differential  co-efficients  are  equal  in  « 
are  said  to  have  a  contact  of  the  nth  order. 

If  it  be  required  to  find  the  highest  order  of  contact  which  i 

y  =  0  (x)  can  have  with  any  other  curve, y=/(i),!w  can  determii 

the  number  of  constants  contained  in  the  equation  y  =  <p  (x),  for  if 

constants  in  this  equation,  if  both  equations  be  differentiated  (a  — 

.  the  values  of  the  constants  in  y  =  <p  (x)  will  be  determined  by  eliraii 

tween  the  equations,  y  =  y\-£  =  $,£?*  =  &* . .  -^4f  =  £" 
these  values  substituted  in  the  original  equation  y  =  <p  (x)  will  riw 
lion  to  the  osculating  curve  required.     I*he  n  constants  satisfy  tbe 
tions,  and  the  contact  will  be  of  the  (n  —  I)*  order,  but  it  canaoc 
higher  order,  since  n  constants  can  fulfil  only  n  equations. 

j|  We  may  further  observe,  that  if  in  the  figure  we  take  M  m  =  X 

measured  in  the  opposite  direction,  and  .\  =  —  A,  and  if  we  develops,  J( 
f  (x*  —  h),  F  (x*  —  h)  as  before,  and  the  three  curves  be  supposed  to 
contact  of  the  first  order,  then  the  relative  magnitude  of  M'  P,  3f  F, 

•11  a        a  *u      •         r^POO  *f(*)  **(*) 

will  depend  upon  the  sign  of  ■   ££  \      ^    \      ^J    \  sioce  k  aw 

suraed  so  small  that  these  terms  shall  be  greater  than  the  sum  of  thee 
follow :  now,  in  this  case,  in  both  developements,  the  signs  of  these  * 
positive, .%  the  relative  magnitude  of  M'  F,  M'P*,  M'  P»  are  the 
and  —  A. 


But  if  the  curves  be  supposed  to  have  a  contact  of  the  second  order,  ti 

darts'} 

relative  value  of  these  ordinates  will  depend  upon  -  J^-  .  .  .  aod  w 

signs  of  these  terms  is  different  in  the  two  developements,  the  older 
magnitude  of  M'  F,  M'  P»,  M'  F"  will  be  inverted,  and  .-.  the  cwi 
intersect  in  P,  and  so  on  for  the  succeeding  orders  of  contact. 

*Vom  this  it  follows  that  contact  of  an  odd  order  is  contact  only,  I 
contact  of  an  even  order  is  both  contact  and  intersection. 


•  • 
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Let        y,  =  /« 

*  =  *(*) 

to  the  equations  of  t»o  curves  which  lot****,  then  at  the  petal  of  ietorsodioa 
wo  shall  have  the  ordinate*  in  each  curve  equal  for  the  sane  value  of  ahsrima 
Lot  us  nee*  osnsider  the  course  of  the  curves  beyond  this  point,  and  lor  this 
\  substitute  x  +  A  for  jr. 

A  A*  A* 

jr.  =♦«  +  '•!+«•  1*8+ B-i. *.!••• 
Let I  =  Aataiiee  between  the  two  carve*  then  fince  /(*)  =  ?(*) 

I  =  (,  _  P)f  +  (f-Q)T73  +  (r  -  B)  r"^  ,+ . . . 
Knwif  the  value  of  x  which  leaders  y ,  =s  j%,  render  alee  p  s  P 

•  «(f-Q>   *,  +  <r_R)|#*  ,+  ... 

oev  two  corvee  approach  more  dovely  *o  each  other  thaw  any  other  curve 
which,  peering  through  the  same  point  does  not  fulfil  this  condition  aha,  For 
let  the  equation  to  this  curve  be 


*  =  *  (*) 

If  A  he  the  distance  between  the  potato  of  this  curve  and  of  the,  fast. 

is(*+A) 


•  •  • 


How  the  values  of  \  and  A  are  of  the  form 

)  =  BA»  +  CA»  +  .  .  .        A  =  «A  +  *A»  + 
.•.     A  —  l=«A  +  (A— B)A*+(c  — QA^+e.. 


k 


And,  since  we  may  assume  h  so  small  that  the  sign  of  t}»  first  term  ahall  he 
sign  ef  the  whole  series,  it  follows  thai  A  7  t. 


flui'udsrtnjf  CireAw. 
The  general  equation  to  the  circle  is 

*Men  «*,  a*,  are  the  co-ordinate*  ef  the  centre,  and  R  ie  the  radius. 

the  equation  contains  three  arbitrary  constants,  the  circle  will 
rt  of  the  second  order  with  any  proposed  curve,  whose  equation  ie 

she  point  of  contact  the  co-ordinates  of  the  csiirle  and  the  p*  opens' 
%e  identical,  or  a*,  jr,  is  the  same  for  each, 

since  the  osrulation  is  of  the  second  order,  the  firm  and  second  diuV 
bents,  obtained  by  differentiating  the  equations  In  the  curve,  and 


.IV  —ill  W-  U—it..! 
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If  •••  we  eliminate  si%  t/,  from  the  above  conation  to  the  curve,  we  en 
lain  a  general  value  of  R,  which  in  that  case  will  be  the  radio*  of  the  « 
tag  circle  to  the  proposed  curve  at  any  point  (a?,  y^ 

The  radios  of  the  escalating  circle  at  any  point  of  a  proposed  carve  n 
the  "Radios  of  Curvature." 


To  fad  the  radius  ofcurvatur*  in  any  curve 

The  general  equation  to  a  circle  is 

R1  =  (y  —  e/jP  +  («  —  *? 0 

iNflerentiating  and  patting  j£  =  »*    cS*  =  ^ 

0   =p(y— jO  +  (*-«0 _  (f 

Again  0    =  (y  — *0  7  +  J^  +  *  •- M...^....M.M.H.(i 

1  4-p" 
From(3),  y  — y^rr-      ^ 

.\  From  (2),  a?  —  **=  —  p  (y  —  yO 

-    Lie* 

i  -' • 

SobstituUng  these  values  of  (*_*')  and  (y  — ••/)  in  (1>  vehj* 

IIS  =^^ 


=  + :r — 


•%        B  =  ±  ^f        —  - (i| 


We  most  take  the  negative  sign  when  the  carve  is  concave  tora*  as* 
ef  abscissas,  and  the  positive  sign  when  it  is  convex.    For  it  will  Upnwi* 

the  sign  of  tJ  will  depend  on  th< 


To  apply  this  to  any  carve  we  have  only  to  find  the  vahss  of  f  ndf  hi 
equation  to  cnrve9  and  these  when  substituted  in  A  will  give  the  leW' 
veqaired. 


JOB.  I.    To/ndthevtirnqfRinthcMpm. 


The  conation  to  the  ellipse  is 


dy  _        *        _* 

T"    "■■  ^^    ^T  *  -  /  jT" 


dx m  Wa9  —  *» 
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tfy ab 

A**  —  —  — T 


*=       "(S+S)1 


A.  &     ToJIni  the  value  of  Kin  the  CieeouL 
The  equation  to  the  oissoid  is 

3/*  = 


a  — x 
3a 


«P> 3o» 

_  ***  (4q  —  &r)« 
B-      6  (a—  *)» 


E*.  3.    7b  Jlmd  the  value  ofR  in  the 

The  equation  to  the  cycloid,  the  extremity  of  the  cum  befog  the  origin,  ii 

#  =r  ▼ersln.-*jr  +  t/*y  —  f* 

r 


•  • 


How,  generally  in  any  curve 

Normal  =  |f  /l  +  (J)' 

Normal  in  cycloid  =  y  v  "iT 

9 

Hence  it  appears,  that 

The  radius  of  curvature  at  emu  point  of  the  cycloid  is  equal  to  twice  the 


Evotutes. 

The  OTolote  of  a  curre  is  the  locos  of  the  centres  of  the  radii  of  curvature. 
The  general  equation  to  a  circle  is 

(y  —  f/r  +  (*  —  *y  —  Rf  =  o - 0) 

i  which,  x*9  */,  are  the  co-ordinates  of  the  centre,  and  II  the  radios. 
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Now,  if  a  series  of  circles  be  described  osculating  a  cone  whose  equation  b 
/  (*>  y)  =  0  in  every  point,  it  is  manifest  that  as  we  pass  from  one  point  to 
another,  R  will  continually  vary,  and  (x'  y*)  will  be  the  variable  co  ordinate! 
of  any  point  in  the  e volute.  To  obtain  .*.  the  equation  to  the  evolute  of  any 
curve,  we  must  eliminate  (x,  y)  the  co-ordinates  of  any  point  in  the  curve  and 
the  osculating  circle  at  that  point,  and  in  this  manner  obtain  a  relation  between 
(x\  y)  alone. 

Now,  if  we  suppose  the  circle  (1)  to  be  an  oscillating  circle  to  a  curve /*(*,  y)= 0 
at  a  point  whose  co-ordinates  are  x  and  y,  we  shall  have  for  this  point  the 
sr,  y  of  the  curve  and  the  circle  identical,  and  also  the  6rst  and  second  dif- 
ferential co-efficients  derived  from  the  equation  to  curve  identical  with  the  same 

functions  derived  from  the  equation  to  the  circle.     Substituting  .-•  y,  7-,  7-5, 

obtained  from  the  equation  to  curve,  for  the  same  quantities  obtained  from  the 
equation  to  the  circle,  we  shall  obtain  two  equations  containing  only  r,  x*%  y, 
and  eliminating  x  between  these  two  equations,  we  shall  arrive  at  a  relation 
between  af  y*.  which  will  be  the  equation  to  the  evolute  of  the  proposed  curve. 

The  general  equation  to  the  circle  is 

(y — tTf  +  (x  —  *)»— Rf  =  0 (1) 

Differentiating  (y  —  y)  p  +  (*  —  a/)  5=  0  ...  .,..., (2) 

Again,    (y  —  yO  q  +  p»  +1  =0  .-'. (3) 

1  4-P1 

From  (3)  y  —  •/  is.  —  ••  •«*■  •  - 

9 
•  =  V  +  ^^ (A) 


•  • 


By(9)  *_rf  =  _pfe_y) 

-P. -7- 
X*  =5  *  —  p .      |~^     (?) 

The  quantities  y,  r',  are  the  variable  co-ordinates  of  any  point  in  the  evolute, 
substituting  ,\  in  (A)  and  (B),  the  values  of  y»  p,  9,  given  by  equation  to  curve 
f  (x,  y)  =  0,  the  two  equations  (A)  and  (B)  will  involve  x,  y\  **,  alone,  and 
•*.  eliminating  x  between  these  equations,  we  arrive  at  the  sought  for  relation 
between  {xf  y). 


To  find  the  EvoluU  the  common  parabola. 
\fx*9  y\  be  the  co-ordinates  to  any  point  in  evolute  we  have  shown  that 

tf  =  y+-^t:-- ,(A) 

*  =  *  —  p— ^—  • — — W 
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tat  the  equation  to  the  curve  be 

y*  =  2ro* (1) 

m  mi 

■'•       '  =  y  =  v/S « 

T*^  —  1f  yt   —       jn,,        —       g,      W) 

rfp  TO' 


•  • 


•  =  y+^! 

,       2a:  +  m    (2x)l 

=  —  — J  .'.  *  5=  +        Y     ~ ~.  (O 

and   I'ri — p.     "** ^ 

~*+(2*)i'       ^      '  «ft 

Equating  the  Tallies  of  x  found  in  (C)  and  (D\  we  hate 

y    —        87m 
which  is  the  equation  to  the  evolute. 


At  the  potato  of  greatest  and  least  curvature  the  contact  of  the  circle  of  cur- 
vature is  of  the  third  order. 

The  points  of  greatest  and  least  curvature  will  manifestly  be  the  points  at 
which  the  radios  of  curvature  is  a  minimum  and  a  maximum,  and  to  find  these 
points  we  must  differentiate  the  radius  of  curvature,  and  put  the  result  =  0. 
Now 

<±+&=  r. 
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rordP 


*y  _    *pp 


(i+rt 


>•••••••  \AJ 


Now  take  the  equation  to  the  circle  and  differentiate  three  time* 

(if  —  y)'  +  (*  —  aT—  R'=  0 
(y  — JO  *»  +  (*  — *0  =0 

(y— y')*-  +  3«  =o 

3w 


tPy 
3?o,r  = 


y-y* 


-f+7 


(B) 


Comparing  (A)  and  (B)  they  will  be  found  identical,  t.  e.  the  third  difieree> 
lial  co-efficient  derived  from  curve,  is,  at  the  points  of  greatest  and  least  enrra- 
ture,  identical  with  the  third  differential  co-efficient  derived  from  equation  to 
circle.    Hence  at  these  points  the  circle  has  a  contact  of  the  third  otder. 


A  Curve  is  convex  or  concave  tf+rf*d*  the  axis  of  the  abscissas,  accordmf  as 


tJ  ts  poeit»ve  or  negative* 


A       M"  n     >!/       X 


A  MT    W     M' 


If  RZ  be  any  plane  curve,  it  is  manifest  that  if  a  tangent  be  drawn  at  any 
point  P,  and  if  two  points  P,  P",  be  taken  very  near  to  P  on  opposite  sides  of 
it,  then  if  the  curve  be  convex  both  the  ordinates  M'P,  M"P*  to  the  carve,  will 
be  greater  than  the  corresponding  ordinates  to  the  tangent  BTQV  M'Qf,  tnd  i. 
the  curve  be  concave  they  will  both  be  less  than  these* 

AM  =  *,  MM'  =  MM"  =  A,  MPs/fcr), »!*=/(*  +  h\ MT"  =/(*—*) 

mi  _jr  +  s.  !  +ap-1;j|  +  d^TT¥7»  + 


M1   -*<**•  i  +  d*i.8  -  a?  •  17171  + 


•  •  • 


•  •  e 
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M'Q' 
M'Q* 

M"P*  —  M"Q"  = 


*  l   dx  '  I  f        v    the  tangent  has  an  osculation  of 
dy      hi  first  order. 


oV*  175 


Now,  these  quantities  will  be  positive  or  negative  according  as  the  curve  ia 
convex  or  concave  towards  the  axis  of  abscissas. 

<Py 
.*.  The  curves  will  be  convex  or  concave  to  the  axes,  according  as  -jS  is 

positive  or  negative,  since  by  assuming  h  sufficiently  small  the  sign  of  the  whole 
series  may  be  made  to  depend  on  the  signs  of  these  terms. 


cfry 
At  a  point  of  contrary  flexure,  jr*  =  Oor  =  oc 

Or  generally,  there  cannot  be  a  point  of  contrary  flexure  unless  the  first 
differential,  which  does  not  vanish  for  a  particular  value  of  the  abscissa  be  of 
an  odd  order. 

At  a  point  of  contrary  flexure  a  curve  from  being  convex  to  the  axis  of 
abscissas,  becomes  concave,  or  vice  versa. 

The  contiguous  ordinates  oi  a  convex  •curve 
are  both  greater,  and  of  a  concave  curve  both 
less  than  the  corresponding  ordinates  to  the 
tangent,  but  at  a  point  of  contrary  flexure  the 
ordinates  to  two  points  in  the  curve  being  near 
the  point  of  inflexion  on  each  side  of  it,  must 
be  one  greater  and  the  other  less  than  the  cor- 
responding ordinates  to  the  tangent. 


JM'     M 


W 


Let  RZ  be  a  plane  curie,  P  a  point  of  inflexion,  Tr  a  tangent  at  P 
AM  =  x,  MM'  =  MM' =A,  MP  =/(*),  M'  F=/(*  +  h\WV=f(x—h) 


—  «  j.  *$    h-  4-  ** 


dPy         h* 


•  • 


mm  dg     k       efy 


1  .2 


S?*  1.2.3 


+  .. 


d'y 


h* 


.••MP-M'Qr  =  ^.lT1  +  ^.rXj+. 


•    • 


M"P*  —  M*Q"  = 


_ay 


dfy 


h> 


di*     1.2        <U*  *  1  .  * .  3 


7+. 


•  • 
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To  find  the  first  differential  co-efficient  of  the  Arc  ofm  Curve  considered  as  m 

function  of  the  abscissa. 


Let  equation  to  carve  AZ  be 

y  =  /(*) 

Let  arc  AP  =  #  =  <p  (x) 

AM  =  x       MP  =  y,        MMT  =  A. 

Then  it  is  manifest  that  the  increment  PQ  of  the  arc 
must  always  be  7  chord  PQ  and  «£.  (PR  +  RQ),  what- 
ever be  the  values  of  A. 

Now  chord  PQ  =  y/h*  +  \f(x  +  A)  —  /*)|« 

=  A  v/1  +  ?  +  Qh  + 


0) 


Arc  PQ  =  q>  (x  +  h)  —  <p  (*) 

PB  +  BQ    s  A+{p-J  +  «I75+....f 

=  A'v^T+  /  +  <W  -f " (3) 

Now,series(l),  (3),  (3)  w*  in  the  order  of  their  magnitude,  whaterer  be  the 
value*  of  A;  .*.  their  flrat  tenia  are  in  the  order  of  magnitude,  and  thaw  are 


hy/l  +r 


•  • 


5  =  v/nF7^ 


To  find  the  first  differential  coefficient  of  the  Area  of  a  Curve  considered  as  a 

function  of  the  abscissa. 

Equation  to  ewe 

Area  APM  =  A  =  <p  (*) 

AM  =  *,  MP  =  y,  MM'  =  A. 

Now,  it  is  manifest  that  MPQ  the  increment  of 
the  area  is  always  7  parallelogram  MPNM'  and 
*H.  parallelogram  MRQM*  whatever  be  the  value 
of  A. 

Now.  parallelogram  PM>  =  y.A • 


K     if 


0) 


^««»-«-r+»-i?ir+ 


(••tHttiamu 


A  A* 

Parallelogram  RM'  =  A  (y  +  Py  +  tf .  j"7j  •  • 


1  •••••••  \3^ 
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And  series  (1),  (2),  (3),  are  In  the  order  of  their  magnitude,  whatei* 
|  value  of  hf  and  •*•  their  first  terms  are  so ;  hence 

<*A 
3F=* 


f 


f 


I. 


R 

V7 

/ 

Y 

I 

To  find  the  first  differential  coefficient  of  the  surface  of  a  solid  of  Re* 
considered  at  a  function  of  the  abscissa  of  the  generating 

Let  the  surface  be  generated  by  the  revolution  of 
curve  AZ  whose  equation,  is 

y  =  /C») 

round  AX  as  an  axis. 

Let  surface  generated  by  are  AP  (=  s)  be  S,  and 
let  PQ  the  increment  of  arc  s  be  a,  S  =r  0  (tt) 

AM  =  x,  MP  =  y,  MM'  =  A. 

Then  it  is  manifest  that  the  increment  of  the  sur-  A  M 

face  generated  by  PQ,  is  always  less  than  the  surface  generated  by  PQ  e> 
out  perpendicular  to  M'Q  from  Q,  and  always  greater  than  the  ssrisoi 
rated  by  PQ  stretched  oat  perpendicular  to  MP  from  P. 

u  e.  The  surface  generated  by  PQ  7  surface  of  cylinder  rad.  =  MP.hajl 

<£. rad.=  M'Q,tefi 

Now,  surface  of  1st  cylinder  =  2*y .  A 

_       *  ds     h  .    a*s      h*    .       \ 

jo       x         jmq        jui 

Surfiwe  generated  by  PQ  =  ^  .  r+ j^  .  j—8  + 


•  •  •  ••• 


x  h  h*  %  sit  k     \ 

Sor&ce  of  2nd  cylinder  =  9x  (y+jfc  j-+$.  fj +•  •)  Cci^v" 

And  series  {\\  (8),  (S),  are  in  the  order  of  magnitude,  whattver  to  as*1 
of  A,  and  .*.  their  first  terms  are  in  order  of  magnitude;  hence 

dS  ds 


To  find  the  first  differential  co-efficient  of  the  volume  of  a  eoBi  e/ As** 
considered  as  a  function  of  the  abscissa  of  the  generatinfcsrm. 

Let  the  solid  be  generated  by  the  rerolution  of  a  cane  when  •*■ 
m  y  =5  /(ar)  round  the  axis  of  x,  and  its  volume  =  V  =  f  (r> 

Then  crery  section  of  the  solid  made  by  a  plane  pcrpen<5csiaT  •*•§■* 
w  will  be  a  circle. 

Let  the  area  of  circular  plane  whose  abscissas  is  x  =  A. 
*  -f  *  =  A'. 

Then  the  increment  of  solid  is  manifestly  always  7  than  srB4  aH 
by  plane  A  moving  parallel  to  itself  through  A,  and  ^L  than  the  stanf* 
by  A'  moving  parallel  to  itself  through  A. 

(I  )•     Now,  first  solid  or  AA  =  *?  h  \ 
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(8Jl     Increment  of  Tolume  =r  "jgj-  •  f  +  555  •  j — 5  + 


•  •  »  • 


(3).    Second  solid  or  A'A     =  *h  (y  +  p  .  y  +  g    .  y- -j  .  .) 

And  these  three  series  are  in  the  order  of  their  magnitude,  whatever  be  the 
value  of  h,  and  .*.  their  first  terms  are  so ;  hence  we  have 

-£-  =  *• 


METHOD  OF  LIMIT& 

Proposition. — //  tier  a  be  an  equation  of  the  form 

A+x=B+y 

where  A  and  B  are  eonetani  quantities,  and  x  and  y  are  susceptible  of  all  de- 
grees of  magnitude,  then  A  =  B,  and  x  =  y. 

For  if  A  be  not  equal  to  B,  let  their  difference  be  represented  by  P 

A— B=+P 

whence  y  —  *  —  J-  P 

that  is,  the  variables  y  and  x  have  a  constant  difference  P,  and  therefore  cannot 
be  made  less  than  P,  which  is  contrary  to  the  hypothesis. 

This  principle  is  the  foundation  of  the  method  of  limits,  which  is  used  ex- 
tensively in  the  investigations  of  the  higher  geometry,  and  has  been  employed 
by  many  writers  to  establish  the  doctrines  of  the  differential  calculus. 

Dxrurrrioir. — When  a  variable  quantity  by  being  continually  increased  or 
continually  diminished,  approaches  towards  a  certain  fixed  quantity,  and  ap- 
proaches nearer  to  this  quantity  titan  any  assignable  difference,  but  never  actu- 
ally reaches  or  becomes  equal  to  it,  then  that  fixed  quantity  is  called  the  Limit 
of  the  variable  quantity. 

Thus  a  circle  is  the  limit  of  the  area  of  the  inscribed  and  circumscribed 
polygons.  For  by  continually  increasing  the  number  of  sides  in  the  polygon, 
its  area  will  approach  nearer  to  the  area  of  the  circle  than  by  any  assignable 
difference,  but  the  sides  of  the  polygon  being  straight  lines,  can  never  actually 
coincide  with  the  curved  perimeter  of  the  polygon,  so  that  the  figures  should 
be  equal,  and,  therefore,  by  the  above  definition,  the  circle  is  the  limit  of  the 
inscribed  and  circumscribed  polygons. 

In  like  manner  if  we  can  make  a  variable  magnitude  A  —  *  approach 
another  magnitude  A  which  is  fixed,  so  as  to  render  their  difference  «  less 
than  any  assignable  magnitude,  but  without  their  ever  becoming  actually 
equal,  then  the  fixed  magnitude  A  is  the  limit  of  the  variable  magnitude  A  —  « 

I/et  us  now  consider  the  differential  calculus  with  reference  to  these  princi 
pics.     Ijet  y  be  a  function  of  x,  such  thai 

y  =*"  (I) 


t 

I: 
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I 


Let  x  become  x  +  h,  and  let  the  corresponding  change  in  the  value  of  i 
denoted  by  jK 

■;■  .-.     ^  =  (*  +  a)» 

/!  =  x,  +  3rt*  +  a«»i  +  A> 

\  i  Subtract  from  this  equation  (1),  then 

'.(  ^  —  y  =3x*h  +  3xl*  +  W 

Divide  both  tides  of  the  equation  by  h 

^-^  =  3*»  +  3xh  +  h* (*) 


i 

t" 
i 


V 


■r 
♦ 


Here  t/  —  y  represents  the  increment  which  jr  receives  when  x  tea 
?  a*  +  ^,  and  A  is  the  increment  of  x. 


Hence  the  expression       .   ^  is  the  ratio  of  the  contemporaneoaf  i 


of  y  and  x  :  it  is  manifest  from  considering  the  second  member  of 

that  this  ratio  will  diminish  as  h  diminishes,  and  when  h  becomes  =  Otat : 

becomes  =  3x*. 

This  term  3x*  is  therefore  the  limit  to  which  the  ratio  ■  »  team,  a 
dpmynUh  h,  and  the  quantity  to  which  it  becomes  equal  when  A  =  1 

But  &r*  is  the  first  differential  co-efficient  of  x8  or  jrt  hence  we  percefc 
in  this  case  the  first  differential  oo-efficieat  of  w  may  be  masiism^  ■ 
Omit  of  the  ratio  of  the  incrtmmU  of  th$  function  to  the  mcrtmai  •/ 
variable. 

;  It  must  be  remarked,  that  upon  the  supposition  h  =  0,  the  i 

•  if  — ~ *  y 

I  '  becomes  also  nothing,  and  consequently  the)  expraemeei  — .      i 

4  the  form  jr  and  equation  (2)  ■ammes  the  form 

i  J— 

This  equation  inrolres  no  absurdity,  because  Algebra  teacbei  ss  IfcM'j* 
represent  erery  description  of  quantity. 

Generally,  let 

y  =  /(*) m 

Let  x  become  *  +  h  and  y  become  y 

Let  /*  (*  +  A)  be  developed  in  a  series  ascending  regularly  bj  poMS)  **( 
so  that 
;  tf=f(x  +  h) 

'■  =/(*)+  AA+BA*+CA*  +  (2) 

Subtracting  (1)  from  (9) 

y  —  y  nr  AA+BA«+  CA»+  .  .  . 

Divide  both  sides  of  the  equation  by  h 


f  


y-*- 


=  A  +  Bh  +  C&+  .  .  . 


which  represents  the  ratio  of  the  increment  of  the  function  to  the  imrrf 
the  variable ;  it  is  manifest  that  this  attio  will  diminish  as  h  di 


I IUII) 
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To  find  the  limit  of  this  ratio  make  A  =  0 

t/ v  0 

— 75—  =  A,or5.=  A 

but  according  to  the  principles  which  we  have  already  explained  at  the  com- 
mencement of  the  treatise,  A  is  the  first  differential  co-efficient  of  jr  or  f  (x), 
hence  it  appears  that 

Ifybe  a  function  ofx,  the  first  differential  co-efficient  qfy  may  be  considered 
as  the  limit  of  the  ratio  of  the  increment  of  the  function  to  the  increment  of 
the  variable. 

In  all  extensive  treatises  upon  the  differential  calculus,  the  manner  in  which 
the  differential  co-efficients  of  all  algebraic,  transcendental,  and  circular  func- 
tions may  be  obtained  by  the  doctrine  of  limits,  and  the  different  rules  established, 
will  be  found  fully  detailed.  What  has  been  said  above  will  suffice  to  give  thv 
student  a  general  idea  of  the  nature  of  this  method. 


The  infinitesimal  method. 

The  ideas  which  we  entertain  with  regard  to  an  infinite  magnitude  may  be 
reduced  to  the  following  proposition :  A  quantity  is  not  infinite  when  it  is 
susceptible  of  increase,  conseo,  .•ej.Jy,  if  we  have  a  quantity  *  +  a,  and  if  we 
suppose  x  to  become  infinite,  we  must  suppress  a,  otherwise  we  should  suppose 
that  x  was  increased  by  a,  which  is  contrary  to  our  definition. 

This  may  perhaps  be  made  more  evident  in  the  following  manner.    Let 

5  +  x=M". 0) 

Reducing         x  +  a  =  Max (2) 

Now,  if  we  suppose  that  x  becomes  infinite,  the  term  —  in  equation  (I)  must 
disappear  or  be  ss  0,  hence  the  equation  assumes  the  form 

a 

Substituting  this  value  in  (2) 
x  +  a  =  * 
which  shows  that  when  x  is  infinite  x  -f-  a  is  equivalent  to  x. 

The  quantity  a,  in  comparison  with  which  x  is  iiifuiiLc  is  called  an  infinitesi* 
mat,  or  infinitely  small  quantity,  in  reference  to  x, 

Since  we  are  now  corttidering  ihe  relative  values  only  of  quantities,  the 
preceding  demonstration  will  hold  good  even  when  x  has  a  finite  va'ue,  pro- 
vided only  that  a  be  infinitely  small  in  comparison  with  x.  The  theory  0/ 
fractions  will  enable  us  to  make  this  truth  more  manifest     For  if  we  compare 

the  finite  quantity  b  with  the  fraction  -,  it  is  clear  that  in  proportion  as  the 

denominator  *  becomes  greater  the  fraction  itsftlf  will  become  less,  so  that 
when  %  becomes  infinite  the  fraction  will  become  0,  and  as  such,  must  be  sup- 

with  reference  to  b,  and  thus  b  will  be  infinite  relatively  to  -. 
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Although  two  quantities  he  infinitely  small,  it  does  not  follow  that 
will  he  nothing,  for 

a        b 

—  J  vj— ::  a  z  b 

oc      .  OC 

Hence  if  we  represent  two  infinitely  small  quantities  by  <f  jr  aw 

dy 
ratio  -£  may  represent  any  quantity  whatever,  a  result  the  same  at 

we  obtained  by  the  consideration  of  limits. 

When  a  quantity  « is  infinitely  small  relatively  to  a  finite  magni 
square  of  *  or  x*  is  infinitely  small  relatively  to  x.     For  the  proper 

1  :  *  ::  x  :  a* 

shows  that  g*  is  involved  in  x  as  often  as  a?  is  involved  in  unity,  tfca 
an  infinite  number  of  times.  We  may  demonstrate  in  the  same  mai 
proportion 

x  :  x*  ::  a*  :  x* 

that  if  x*  is  infinitely  small  relatively  to  x,  the  term  x*  must  be  info 
relatively  to  a*.     According  to  this  view,  infinitesimals  are  dirided 
rent  orders,  thus,  in  the  preceding  examples,  ar  is  an  infinitesimal 
order,  x2  is  an  infinitesimal  of  the  second  order,  x*  is  an  infinites 
third  order,  and  so  on. 

We  may  remark,  that  if  x  is  infinitely  small  relatively  to  a,  it  wi 
be  infinitely  small  when  multiplied  by  a  finite  quantity  b.  In  & 
may  be  considered  as  a  fraction  whose  denominator  is  infinity,  we  i 


bp 

tuter  wo  iiarv    =•-  ur 

nothing  relatively  to  a. 


sent  *  by  £L  but  whether  we  have  ^-  or  ~  these  quantities  will 


Since  an  infinitesimal  of  the  first  order  must  be  disregarded  wbea 
with  a  finite  quantity,  which  it  cannot  increase,  so,  in  like  manner,  u 
simal  of  the  second  order  must  be  disregarded  when  connected  wha a 
simal  of  the  first  order,  and  so  on. 

The  product  of  two  infinitesimals  x  and  y,  of  the  first  order,  is  a 
simal  of  the  second  order ;  for  from  the  product  xy  we  derive  the  aw] 

1  :  y  ::  x  :  xy 

which  shows,  that  since  y  is  infinitely  small  relatively  to  unity,  iy  *2 
nitely  small  relatively  to  x ;  that  is  to  say,  xy  will  be  an  manilais 
second  order. 

In  like  manner,  we  might  prove  that  the  product  of  three  ioaasi 
the  first  order,  is  an  infinitesimal  of  the  third  order. 

The  differential  calculus  may  be  deduced  from  the  theory  of  inaa 
This  method  of  considering  the  subject  is  less  philosophical  than  ess 
preceding  but  the  results  are  precisely  the  same,  and  as  the  principle*' 
will  greatly  abbreviate  many  of  the  processes  of  the  integral  caksM 
briefly  explain  their  application. 

Lety  be  a  function  of  a:,  such  that 

y  =  ax  —  • 

I*t  x  be  increased  by  an  infinitely  small  quantity  which  we  shall 
y  <**%  and  let  the  corresponding  infinitely  small  increment  of  jr  be  w 
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by  dy.  Hence  when  x  becomes  x  +  dx,  y  will  become  y  +  dy,  and  we  sh;ill 
bare  from  the  above  equation 

y  +  dy  =  a  (x  +  dx) 

=  ax  +  °dx 
.'-    By  (1)       dy  =  adx (2) 

The  quantity  dy  is  called  the  differential  of  y,  and  the  quantity  dx  is  called 
the  differential  of  r. 

If  we  divide  both  sides  of  equation  (2)  by  c£r,  we  shall  hare 

dy 

But  we  know  that  a  is  the  differential  co-efficient  of  ax ;  hence  it  appears,  in 
the  present  case,  that  the  first  differential  co-efficient  is  the  same  thing-  as  the 
ratio  of  the  infinitely  small  increment  of  y  to  the  infinitely  small  increment  of 
x,  and  that  the  differential  of  y  is  equal  to  its  first  differential  co-efficient  mul- 
tiplied by  the  differential  of  x. 

Again,  let  it  be  required  to  find  the  differential  of  a  function  of  x,  such 
as  ax9. 

Let  y  =  ax9 (I) 

Let  x  become  x  +  dx,  and  let  the  corresponding  change  in  y  be  represented 

by  y  +  dy. 

y  +  dy  =  a(x  +  dxf 

=  ax*  +  Sax9  dx  +  3ax  {dx?  +  (dx? 
dy  =  Sax9  dx  +  Box  {dx)9  +  a  (dx)9 (2) 

But  a  (dx)9  being  an  infinitesimal  of  the  third  order,  cannot  augment 
3a  (dxff  and  may  therefore  be  rejected,  and  in  like  manner  3a  (dxf  being  an 
infinitesimal  of  the  second  order,  cannot  augment  Sax9  dx,  and  may  therefore 
be  rejected,  so  that  equation  (2)  is  reduced  to 

dy  =  Satf-dx 

dividing  both  sides  of  the  equation  by  dx  we  have 

&  =  30** 
dx 

but  Sax9  is  the  differential  co-efficient  of  ax3,  so  that  in  this  case  also  the  dif- 
ferential co-efficient  is  the  same  as  the  ratio  of  the  infinitely  small  increments 
of  y  and  x,  and  the  differential  of  y  is  equal  to  its  first  differential  co-efficient 
multiplied  by  the  differential  of  or. 

Generally,  let 

y  =  /  W 

let  x  become  x  +  dx  and  y  become  y  +  dy 
y  +  dy  =  /  (x  +  dx) 

=  /  (x)  +  Adx  +  B  (dx?  +  C  (dx)3  +  .  .  . 
dy  =  Adx+B  (dx)*  +  C  (dx)*  +  .  .  . 

But  (dxy,  (dxf9  .  .  .  being  infinitesimals  of  the  second,  third,  .  .  .  orders, 
cannot  augment  Adx,  and  may  therefore  be  rejected,  heme  the  above  equation 
becomes 

dy  =  Adx 

B  B  B 
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The  infinitely  small  triangle  P'QP  being  similar  to  the  triangle  PMT, 

we  hare. 

FQ  :  PQ  ix  PM  :  MT 

or,        dy  i  dx  : :    y    :  MT 

The  snbtangent  MT  being  thnf  known,  we  can  immediately  determine  the 
normal  and  tangent,  and  the  equation  to  these  lines. 

To  find  the  differential  of  an  arc  of  a  curve,  we  may  consider  the  infinitely 
small  arc  PP  included  between  the  ordinate* 
PM,  PM',  as  a  straight  line,  and  calling  the 
whole  arc  of  the  curve  *,  the  infinitely  small 
portion  PP  will  be  represented  by  ds. 

The  right-angled  triangle  PPQ  gives 

PP*  =  PQ»  +  P  Q1 

d*=dx*+df 

dt  =  \/dx*  +  df 


or 


or 


s-/ 


w 


£  -V  l  +  dx*  MDefore* 
To  find  the  differential  of  the  area  comprised  between  two  ordinates  PM, 
P  M'  of  a  carve  which  are  infinitely  near  to  each  other,  neglecting  the  area 
PPQ,  if  we  call  the  whole  area  A,  the  area  of  the  rectangle  PM'  may  be  taken 
ford  A 

dk  =  PM  x  PQ 
=:ydx 


Polar  Curve*. 

In  applying  the  differential  calculus  to  the  theory  of  carves,  we  have  hitherto 
considered  only  such  as  are  referred  to  rectangular  co-ordinates.  The  various 
propositions  which  we  have  demonstrated  may,  however,  be  applied  to  polar 
curves  also,  either  directly  by  Taylor's  theorem,  or,  by  adapting  the  expressions 
already  deduced,  by  aid  of  the  chapters  on  the  transformation  of  co-ordinates 
and  the  change  of  the  independent  variable. 

The  principles  of  the  infinitesimal  calculus  may  also  be  employed  with  much 
elegance  in  these  investigations.    Thus,  for  example, 


To  find  the  angle  under  the  radius  vector  and  a  tangent  at  any  point  of  a 

polar  curve. 

Lei  LZ  be  a  curve  referred  to  Polar  Co-ordi- 
nates. 

Let  S  he  the  pole  and  SZ  the  straight  line 
from  which  the  angles  are  measured. 

Take  any  point  P,  and  draw  a  tangent  PT. 

Let  SP  =  r,    angle  ZSP  =  *. 

Take  a  point  Q  infinitely  near  to  P,  then  the 
arc  PQ  may  be  considered  ultimately  as  coin- 
ciding with  tangent  and  angle  PSQ  =  di, 
draw  QR  perpendicular  to  SP,  and  SY  perpen- 
dicular on  tangent, 

8  B  B    2 
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/ 


SY 
tangent  SPY  =  py 


=  gg  by  similar  triangle* 
~  IF 


Through  S  draw  T86  perpendicular  to 
SP,  meeting  the  tangent  at  P  in  T,  and  the 
normal  at  P  in  G. 

Then  ST  ia  the  Polar  Subtangent 

*•••  •  SG  Subnormal. 

8T  =  SP  tan.  SPY. 

_**?  Ml 

^™      J_,      •••••••••••••••  fjfj 

SG:  SP  ::  PY  :  SY 

PY 
SG  =  g|  .  SP 

=  cotan.  SPY  .  8P 

I 
"  3*  

The  following  expressions  are  modi  employed  in  the  mTestigatfoaf  «f  | 
eal  astronomy. 


:•*••••••••••• 


0 


1.  Let 


d*  =  an:  TQ 
PQ»  =  QR»  +  PR» 
or        d*  =  rW  +  A* 


2.  PR  :  QR  : :  PY  :  SY 

or      oV  :  rd$  : :  y/r*  —  pi  i  p 
dr  __  ry/t*  —  ;p» 

'"•     d*  -  p 

3.  Let  area  of  sector 

PSQ  =  <*A 
rfA  =  i  SP.QR 

d  A  _  ii 

""   2 


•  • 


SY  :  SP  ::  QR  :  PQ 

p  :     r  : :  mV  :  */<**+ rV#* 

r* 


/"+<£)• 


PQ  :  PR  ::  SP  2  PY 
ds  :  dr    ::    r    :  t/r1 
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To  find  the  radius  and  chord  of  curvature  injiolar  curve* 


Let  ZR  be  a  polar  curve,  S  the  pole,  P  any 
gtoint}  Q  a  point  infinitely  near  to  P. 

Draw  normals  at  P  and  Q  intersecting  in  0, 
O  is  the  centre  of  curvature. 


Produce  PO  and  draw  SN  perpendicular  on 
it. 

SY=/>,    SP  =  r,    0P  =  e. 

Now  while  the  arc  of  curve  receives  the  in- 
crement PQ,  and  SP  varies  from  SP  to  SQ ; 
the  point  O  remains  fixed,  and  .*•  OP  and  SO 
remain  constant.     But 

SO1  =  SP«  +  P0«  —  2P0  .  PN 

rzH  +  e'-^e 

.*.  differentiating  o  =  rdr  —  dp  ,  p 

e  =':£••• ■■ 10 

To  find  the  chord  of  curvature  through  S,  produce  PS  and  PO  to  meet  the 
circle  of  curvature  in  V  and  L. 

Then  since  the  angle  at  V  is  a  right  angle  being  in  a  semicircle,  the  triangles 
PVL,  PSN  are  similar. 

.-.    PV  ;  PL  2 :  PN  i  VS 

•  r 

=  *?' » 

We  shall  conclude  by  showing  how  the  first  of  the  above  propositions  may  be 
established  by  the  transformation  of  co-ordinates. 


\ 


To  find  the  angle  under  the  radius  vector  tend  tangent,  in  a  spiral  curve. 

Let  RZ  be  a  spiral  curve  whose  pole  ia  sXj/ 

S  and  equation  ^^7P 

r=  /  (4 

-    PT  is  a  tangent  at  point  P.  !• v^. 

r  and  6  are  polar  coordinates  of  the  point       -     \. 

P. 

xandj/  ...  rectangular 

SM  =  x,        MP  =  y. 
tan.  <p  =  tan.  (\p  —  0 

tan.  yp  —  tan.  $ 

"~  1  +  tan-  *  **n  & 
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CHAPTER  I. 


The  object  of  the  Integral  Calculus  ia  to  discover  the  primitive  function  from 
which  a  given  differential  co-efficient  has  been  derived. 

This  primitive  function  is  called  the  integral  of  the  proposed  differential  co- 
efficient, and  is  obtained  by  the  application  of  the  different  principles  established 
in  finding  differential  co-efficients  and  by  various  transformations.  In  order 
to  avoid  the  embarrassment  which  would  arise  from  the  perpetual  changes  of 
the  independent  variable,  which  it  would  be  necessary  to  effect  if  we  restricted 
ourselves  to  the  use  of  differential  co-effidenU  alone,  we  shall  generally  employ 
differentials  according  to  the  infinitesimal  method  explained  in  the  preceding 
chapter. 

When  we  wish  to  indicate  that  we  are  to  take  the  integral  of  a  function  we 
prefix  the  symbol  /•    Thus,  if 

$f  =  «** 
We  know  that  dy  =  4a*3  dx 

If  then,  the  quantity  iax*  dx  be  given  in  the  course  of  any  calculation,  and 
we  are  desirous  to  indicate  that  the  primitive  function  from  which  it  has  been 
derived  is  ax*,  we  express  this  by  writing 

ftax*dx  =  ax4 

When  constant  quantities  are  combined  with  variable  quantities  by  the  signs 
-f-  or  —  we  know  that  they  disappear  in  taking  the  differential  co-efficients, 
and  therefore  they  must  be  restored  in  taking  the  integral 

Thus,  if  y  =  ax*  +  b 

or,  yzzzax* — b 

* 

or.  y  =  or* 

In  each  of  the  three  cases  equally 

dy  =r  Sax9  dx 

Hence  in  taking  the  integral  of  any  function  it  Is  proper  always  to  add  r 
constant  quantity,  which  is  usually  represented  by  the  symbol  G.  Thus,  if  : 
be  required  to  find  the  integral  of  a  quantity  such  as 
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dy  =  8aa?  dx 
y  zxf&a? dx 

where  C  may  be  either  positive,  negative,  or  0.  We  cannot  deter* 
ralue  of  C  in  an  abstract  example,  but  when  particular  problems  are  sa 
to  our  investigation,  they  usually  contain  conditions  by  which  the  va!i 
can  be  ascertained.  This  will  be  clearly  seen  when  we  treat  of  Uie  app] 
of  the  integral  calculus. 

By  reversing  the  principal  rules  established  for  finding  the  differ* 
efficients,  or  differentials  of  functions,  we  shall  obtain  an  equal  ow 
rules  for  ascending  to  the  integrals  from  the  derived  functions.  He 
therefore  to  these  we  shall  perceive  that 

I.  Tfte  integral  of  the  sum  of  any  number  of  functions  is  equal  to  tht 
the  integrals  of  the  individual  terms,  each  term  retaining  the  sign  of  its 
dent    Thus,  if 

dy  =  4ojr*  dx  +  3Ai»  dx  —  2bxdx+  dx 
y  =  f4ax*dx +J*3tz*  Jjc    -J*2krdr  +  fc 

IL  Since,  if 

y  •-  at" 

dy  ^xmatmmmltm 
it  is  manifest  that 

The  integral  of  a  function  raised  to  any  power  is  obtained  by  adtm 
to  the  exponent  of  the  function,  and  dividing  the  function  by  the  erptm 
increased,  and  by  the  differential  of  tnc  function 

Ex.  I.  dy  =  ax"  dx 

*=n-+l  +  L 

Ex.  2.  dtt  =:  •—    dx 

X* 

=r  ax~  "  dx 


y  = 


a 


Ex.  3.  dy  =  {a  +  x)n  dx 

_   («  +  .r)'+J 

y  =  —  +t"  +  ° 

=  (a  +  x)-*dx 
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_        1 

y  —  ~"  (n— l)(a  +  *)»-k 

This  rale  applies  to  all  functions  of  the  form 

cfy  =  (a  +  &rn)m  CXI"-1  dx 

lor  these  can  all  be  reduced  to  the  form  azm  dz.    Thus, 

Let         a  +  &r°  =  * 

ribx*-1  dx  zr.  dz 

x*-1  dx=  ^  dz 
c**-1  dx  =  --*  dz 


y  =f{a  +  6x*)m  cx*.~l  dx  =   f-^  *m  dz 

e       zm+l 


+  0 


""   nb  *  m  +  1 


This  formula  is  very  extensive  In  its  application,  since  we  have  all  integrals 
of  the  form  (<pix))D  d<p(x)  composed  of  too  factors,  where  the  one  is  the  diffe- 
rential of  the  other  which  is  within  the  bracket 

xdx 

Here  a  =  af,  6=l,n:=8,m  =  —  £%c=sl 

y  =  y/ <?  +  **  +  0 


Ex.  0. 


xdx 


Ex.  7. 


Ex.  3. 


Ja*-x* 

y 

=  —  v/af  —  x9  +  C 
xdx 

ay 

(a*  +  x*)* 

y 

=  _(a* +  *»)-'+ C 

<*y 

xdx 

y 

«=  (af—  *•)-*+  C 

dp 

sr  (flrfr  —  sdr)  (2ax  —  x 

•>* 

Fx.  9. 


Let         Sojt  —  #•  =  *  .*.    adx  —  xdx  =*  i  dx 


(air  —  xdx)  (2ax  —  xf)   =  — - j 
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y 


=4.t=a-=«aL+c 


**•  10-  *  =  75^H?- 

Let         tor  +  «*  =  «  .*.    <ufcr  +  *£r  =  }  d% 

(adx  +  xdx)  (2a*  +  **)—  *  =  *—^*- 
y  =  **  =  (&»+**)*  +  C 


_     , ,               ,          \/%ax  —  *•  .  a*x 
EX.   11.  cfr   =    jj 


=  v/2a—  .r  .  a> 
y  =  _  |  (S«  —  «)*  +  C 

Ex.  19L  dy  =  (x*  +  yT*  (&r«  <fe  +  4y  ./£, 

Let  *»  +  y*  =  *  .'.  3*  dx  +  9y  dy  =l-  <fe  .•.  Oj*  dx  +  is  <j 

(**  +  **)*  (««*  *  +  4*  4W  =  2**  * 


y 


=  -}*1-  f  <*+*■>'  + c 


III.  The  above  rule  fails  when  «  =  —  1,  since  in  thii  case  we  »ta 
/V"  *  dz  =  a ,  but  this  arises  from  the  areunetaM*  that  the  integral  * 
to  another  kind  of  function. 

/dz  .  f  * 

—•  =  log.  *  +  u;  and,  In  like  manner    /  "T 

log.  (a  +  *)  +  c,  hence, 

7%«  integral  of  every  fraction  whose  numerator  is  die  differential  if** 
minator,  is  the  logarithm  of  the  denominator. 

IV.  The  integral  of  every  fraction  whose  denominator  is  a  rsikd*' 
second  degree,  and  whose  numerator  is  the  differential  of  the  qnentit*  *■* 
radical  sign,  is  equal  to  twice  that  radical.    Thus, 

If  °*  =  ^x        •"•    *  =  8v/*+C 

V.  A  most  important  process  is  that  which  is  called  Integration  bfffrt 
depends  on  the  following  consideration,  if  y  be  a  function  of  * 

d  (xy)  =    xdy  +  ydx 
.-.     xy  =  fxdy  +  fydx 

fxdy  =      xy  —  fydx 
hence  it  appears,  that 

Having  recofocd  a  differential  into  two  factors,  one  of  which  ten  k 
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diatefy  integrated,  we  mag  take  this  integral  regarding  the  other  factor  as 
constant;  we  must  then  differentiate  the  result  thus  obtained,  upon  the  suppo- 
sition that  the  factor  which  we  considered  constant  is  the  only  variable,  and 
then  subtract  the  integral  of  this  differential  from  the  first  result. 

Thus,  in  order  to  obtain  the  integral  of  log.  x  dx,  let  us  consider  this  diffe- 
rential as  composed  of  two  factors,  log.  w  and  dx.  The  integral  of  dx  is  x; 
and  therefore,  considering  log.  or  as  constant,  the  integral  of  log.  x  dx  will  be  * 
log.  xi  now  differentiate  this  result  upon  the  supposition  that  log.  x  alone  is 

variable,  and  we  have  x .  — ;  subtract  the  integral  of  this  differential  from  the 

x 

integral  first  obtained,  and  we  shall  have  the  whole  integral  required. 

•'•  /I0*  *dx  =  x  log.  *  — -Jx  — 

=  *  log.  »— f  dx 

=  *  log.  x  —  *  +  C 
Numerous  examples  of  the  application  of  this  principle  will  occur  in  what 
follows. 

VI.  From  the  operations  performed  in  the  differentia)  calculus,  we  know  by 
reverting  the  fundamental  processes,  that  since 


dsf* 

=  m*f~*dm 

dax 

=  log.  a.axdx 

de* 

=  e*d* 

rf  log.  X 

—      1        dx 

log.  a  *  * 

d  log..* 

=      *** 

X 

d  sin.  x 

=  cos.  xdx 

d  coa.  * 

=  —  sin.  xdx 

d  tan.  * 

=  wee1  xdx 

rfcot  * 

=  —  cosec*  «dx 

=  2- .  *«  +  c 

m 


a*  dx  =  _!_ .  a*  +  C 

log.  a 

fedx  =c*  +  C 

J —  =  log.  a  log.  *  +  C 

f%  =log..*  +  C 

/cos.  xdx  =  sin.  i  -f  C 

/sin.  xdx  =  —  cos.  *  +  C 

/sec.8  xdx  =  tan.  x  +C 

/  cosec*  xdx  =  —  cot  x  +  C 

rfsecx     =  tan.  x  sec  xdx  /  tan.  x  sec.  xdx  =  sec.  #  -^  C 

«f  cosec  *  =  —  cot.  *  cosec.  xdx  /*cot.  *  cosec.  a?  dx  =  —  cosec  *  +  C 

d  vert.  *    =  sin.  xdx  /Vin.  xdfc  =  vers.  *  +  C 

dtnnmx    as  m  cos.  mxdx  f  cob.  mxdx  =  -n*  mx+  C 

«*  cos.  mx   as  —  m  sin.  imkEv         /sin.  mxdx  =  —  £2!l25  +  C 

•/  m 

rfsin.-x    ==*8uu^*cc4u^    /Vb.^*<^ 


I 


t 


. 


Ill   . 

( 

i 
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And  in  a  similar  manner,  from  the  chapter  on  Inverse  Functions,  we  to 

-^  =«,.'«+ c       y^rpp  =  b  «•  i7 » 


TBS     =  «,,-*  + c  y;^     -i«.-;« 

— 'fa         i_    .    „  /•      — «fe  ■  .  h 


£73=i   =«»ec--,-  +  c        ^ 


=  t  eoscc  "  —  J 


dx 
2x~- 
—dx 


Xy/brx* — a*        a  « 

•  ■ 


/vB=?  =  —  -*  +  c        /3k£ 


In  all  these  integrals  the  radius  of  the  arcs  is  unity,  and  the  juliLnr. 
stant  is  not  annexed  to  the  integrals  in  the  right  hand  column.  f»r  « 
of  breadth  of  page.     As  it  is  frequently  desirable  to  integrate  liitit-n-!*  j- 
which  the  radius  is  a  instead  of  unity,  vre  shall  exhibit  a  few  of  t^^ 
most  frequently  occur  to  that  radius.     In  the  left  hand  column  of  tht  *- 

differentials,  write  -  for  x,  and  we  have  "o  radius  «. 

a 

y*  ad*  ,  „  /• — adx 


— >-« — 4   =  sec.  -»*  +  C  / r=r-   = 


=   CciSOC.    V  T 


■'itf 


a>         ^    =  vers.  _1*  +  C  /   ,  =  covers,  -'x  r  C 

These  are  the  elementary  forms  to  which  every  differential  vtuoc  irfed 
is  required  must  be  decomposed;  and  the  reduction  of  expressions  loot** 
more  of  these  fundamental  formulas  is  the  object  of  almost  every  pwMM 
toe  Integral  Calculus.     The  following  are  a  few  examples. 

(1.)  Let  it  be  required  to  integrate  du  = 


a+fcc* 


a+or  a-+*ox* 


...  u  =  mf-^U  =     ™    tan.-W*   +  C 
•/  a-f&r         -/oft  a 

if  (*•)  Let  it  be  required  to  integrate  dW  =      mdx 


Here  *  =  m/l^L=  =    "  .  sin.  -»^*  +  C 
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(8.)  dm  =  *M>dM  .\  «  =  °j  +  C 

(3.)  <fa  =  (a«-x«)  W  ti  =  -  ^jp-  +  C 


M 

5 

If 

_  _  ^ia-^r        c 

•f 

._  tin.  •#    ,  « 

ii 

tt 

=  !  tan.  fx  +  C 

M 

=  Un.-«f  +C 

M 

=  tin.  -"■!*+  C 

H 

=  iin.  »x  +  C 

H 

=  lo».{«»  +  «*  +  »+l)  +  C 

x. 
(7.)  db  =  tin.  *~'x  cot.  xdx 

(S.)  <fa  a  (tan.  »x  -4   iai.  ;«Wx 

mdx 
II.)  <fc  =  s:a.2rdx 

OV  TBB   ltfTIOEATlOV  C?  BlNOMlAL  DtmtBBTlAia, 

Lie  It  be  required  to  integrate 

m  ftiDction  can  always  be  rendered  rational,  whenever  —  U  an  integer,  of 

■»  -  +  £  b  an  integer,  or  sero. 

•      9 
•    Let  a  +  &*•  =  r*  .-.  *#•  = 


.-.  e  •  #•  =  (*»— a)?  .-.  e^  **-*&  =  £.  e*-1  (v*— ay^th 


which  is  easily  integrated  when  —  it  an  integer. 

t,  Leta  +  £v*  =  e*«*.-.  x"  =  «(**— b)rl 
.".  x*  =  a^fs* — fc)"~  r 


«     (n-A)^1 


(a+*x«)  *  as  (** x*)i  =j  *».of\  (v«— 6)"~V 
.\  db  =  —  T*** 


«fim  b  rational,  when  — +  ^  b  an  Integer,  or 
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To  find  the  radio*  and  chord  qfcarw&wr*  miliar  curve*. 


Let  ZK  be  a  polar  curve,  8  the  pole,  P  any 
feini,  Q  a  point  infinitely  near  to  P. 


Draw  normals  at  P  and  Q  intersecting  in  0, 
O  ia  the  centre  of  curvature. 

Produce  PO  and  draw  SN  perpendicular  oo 
sk 

SYsr/i,    8P=:rf    OP  =  £. 

Now  while  the  arc  of  carve  receives  the  In- 
crement PQ,  and  SP  varies  from  SP  to  8Qf 
law  point  O  remains  fixed,  and  /.  OP  and  SO 
re mn in  constant     But 

SO"  =  8P«  +  P0«  —  2P0  .  PN 
=  r«  +  <»-S>e 
.*•  differentiating  o  =  rdr  —  dp,f 

t  =  r  .  £  ... (,) 

To  find  the  chord  of  curvature  through  8,  prod**  P8  and  PO  to  meet  the 
stele  of  curvature  in  V  and  L. 

Then  since  the  angle  at  V  is  a  right  angle  being  in  a  semicircle,  the  trianglee 
»VL*  P8N  are  similar. 

.-.    PV  i  PL  1 1  FN  i  i<5 


PV  = 


_*e   » 


r 
*pdr 


^       - («) 

W«  shall  conclude  by  showing  how  the  first  of  the  above  propositions  saay  be 
taibltsbcd  by  the  transfbrsmatioo  of  co-ordinates. 


.\. 


To  Jbti  the  angle  mder  the  radius  vector  and  tanoeni,  in  a  epirai 

I— *l  IIZ  be  a  spiral  curve  whose  pole  hi 
i  end  equation 

r=  f  M> 

^^*Tis  a  tangent  at  point  P.  -       ^ 

"    and  i  are  polar  co  ordinates  of  the  point  \ 

^  and  y  ..    rectangular 

8.M=*t         MP=y. 

tan.  $  =  tan.  (uV  —  I) 

_   tan.  \Jr  — -  tan.  $ 
~~  1  +  tan.  Aan  £ 
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Now,  *P+#+I  =  **+*+*+*  =  (*++)*+* 
and,  if  *+i=y,  or  *  =  y — +;  then  we  have  *d*  =s  ydy—\dy. 

=  *    log^-lJ-llogC^+iJ+i^tan-*^ 

, 1  .  2*4-1 

=  *    log(^l)-^ogVW*+l  +  ^tan^-^ 

=  *{log  (*— 1)—    log  vV+*+l  +  V3  tan -1  ~^p |  +C 
IV.  Let  it  be  required  to  integrate  du  =        /"      <£r. 


tt       jl  —    Axdx      ■       Bc£r 
Here  <ft<  -^q^;  +  (?+^-.' 


,u.d««  =  -_.       ..A,.    ...   ,  +  bA    * 


2  (n— I)  (aHa*)"-1  T    ./  {x'+a')"' 
To  obtain  the  integral  of  the  differential     ,      4  ,  we  may  assume 

(^+a*)- ""  (FT^F3  V  C^+^F1 * } 

Differentiate  this  equation,  and  reduce  to  a  common  denominator;  then, 
1  =  {(H+K)-2  (n— 1)  H}««+(H+K)a« 
.-.  (H+K)a«=l,and2(»— 1)H  =  H+K; 

whence  H  =  ——. -,  and  K  =  ~?£zl-f  and  eq.  (1)  become* 

2a*  {n— 1)  2a2(n— 1) 

(««+a«)-      2a8  (n— 1)  («2+asJn-1      2a*{n—l)J  (**+ a4)0-4 
a  formula  which,  by  successive  operations,  diminishes  the  exponent  n,  ana 

finally  reduces  the  differential  to  -^ -,  whose  integral  is  known. 

2&.  Let*  =  *±^±^±-3<fc. 

(x*4-l) 

a, „*4+2**+3*«+3  _  As+  B  _,_  Cx+D  x     H 

t?+i7 (^TT7  +  p+iy  +  ?+l 

.-.  *4+2x3+3*«+3  =  A*+B+  (C*+D)(**+l)+H(**+l)*.  - .  • .  (1) 
Let  x2-hl  =  0,  or  Xs  =  —  1;  then  wo  have  1  — 2j?  =  Ax-f-B; 
hence  eq.  (1)  becomes  by  substituting  for  Ax-f  B  its  value  — 2«+l 
*,+2*,+8**+2*-T-2  =  (Cx+DJ^+lJ+HCxHl)2 
or  (**+!)  (*»+2*+2)  =  (C*+D)  (**+l)+H  (**+l)« 
.-.  **+2*+2  =  C*+D+H  (**+!) (2) 

Let  **+l  =  0;  then,  as  before,  we  have  2x+l  =  Cx+D; 
and  this,  substituted  in  (2),  gives  o*+l  =  H  (x*+l),  or  H  =  1. 


.   x,(-to+l)<fc.   (2*+1)  dx         dx 


—  2xdx   ,     2xdx     ,      dig      ,        dx        •      __</* 


ceo 
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(ia>  -5-?b  + Al0»(*+2)-fi,0»("l+1)+sta,l-1*+a 

/11X   2— 2ar— 5**  .  1,     **— 1  ,  ,     ar+1       1. ,    ,  ~ 

(II)-  4^(J+l)+8l0g^H+l0g-7— jf^+C. 

(12.)  *  log  (*_l)-|log  (*+l)+I  log(**+l)+C  =  logc^E?. 
*  *  *  «+l 


CHAPTER  lit 

ON  THE  INTEGRATION  OF  IRRATIONAL  FUNCTIONS.* 

The  first  class  of  integrals  which  we  shall  consider  are  comprehended  nndei 
the  general  form 

a*"  (*  +  a*)±*  (2s 

The  integrals  belonging  to  this  class  are,  for  the  most  port,  obtained  by  the 
method  of  parts.    Let  us  first  take  those  of  the  form 

sTdx 


Let  du  ss 


\/z~±~(? 
c£r 


Let  y  =  *  +  v's"  i  a* , — (1) 

•"•  9  —  *  — •  v  * ~  jT  «~  .. ...» ••• •••••  (8) 

3y«(y  —  2»/y  —  2y<&  =  0 

(y  —  *)  rfy  =  ydx 

dy  __    dx 

y  ~"y  — * 
"  •/ y/jF±7F  ""/  y 

*  T1m  limits  and  nature  of  the  present  work  will  not  permit  us  to  rater  at  any  length  upon  arab. 
Joat  to  extensive  and  Intrlrate  m  the  Integral  Calculus,  We  ahai!  thereJona  merely  indicate  the 
pre  cat  by  which  soma  of  the  moat  useful  integrals  may  be  found,  and  refer  the  student  who 
to  oroaseata  thai  aohject  to  the  masterly  work  of  Lacroix. 

C  CC  2 
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x*  dx 


s/x*  ±  a8 

But  by  example  (3) 

*  =  T  v/**±.a*  +  °2-log.  (a:  +  v/iF+T?) 

(*+  •a8±<i8)  +  C 

Similarly 
"  f    ****      -      ,  tt^-t  C*1  -  4  .  o» .  *»  ,  4.8.  g>>    .   „ 


/»    **dr c«,_5.a,.«*  ,  5.  8.  a4.*)  .  5.  S.l.rf 

7,/t/^TP"v/?r?ia-+-5TT-±    6.uPm.8 

log.  (*  +  /**  +  o»)  +  C 

ay  C7F+7  =  v/^±^i  7~+  -TT-  ±  T7BT3-  +7787371  f +c 

And  generally,  if 

*•  dx 


du  = 


x/V  +  o8 
When  m  is  eren 


. ra»-'_(ffl— i)***-***8   (m— 1)  (pi— 3)g— VJ, 

*  =  vV  +  o8*  OT  +  fn(w_2)    ±w(m  —  2)(ro_ 4)+"# 

(m — l)(«i  —  3)...  3.  1  gq"1-8) 
«i(m  —  2). ..4. 2  3 

When  m  is  odd 

_       ^jr— ^(iw—  1  Jx—'a8 .  (ai— 1)  (pi— Vp~-*a  — 

(m—  l)(m  —  3).. .4.  2.  a—1? 
im(»i-l)(»i-.4)...5.3.1i  +  ° 

Next,  to  integrate 

aTdx 


v/o8—  x* 

h  Let      dii  =  -;      *     0  Uien  by  VI.  Chap.  I. 

y/ar  —  x*  3  * 

x 
u  =:  tUnr*  —  +  C,  the  radiua  being  unity. 

xdx 


2.  Let      du  =  -7=i=^;  then  u  =s  —  </«*  —  x*  +  C. 
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<fr  = 


=/- 
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v/rf  —  * 

=  -••?=?  +  /  s*-* 


4.  Lei      «fc=r 


Xs  dx 


3V  ^+    3tf    x/ifZZJt 


^v/STZ^-^v/ST 


**+c 


=-/«T^^f?+T}  +  c 


&  Let      «fc  = 


x*  dr 


x*dx 


= —&X/&-Z-  *»  +  .?a*y 


t/a^=T? 


—  ft 


3«f 


»_}•?=*+=/,**« 


ncu 


But  by  example  (3) 
*•  dv 


•<£=? 


^/.^^  =  -^?^  +  ?«-^ 

5!?^+% 


.». 


=  _^v/3rz^_ 


^^rT+rri+Hx^^ 
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Similarly, 

-    ** dx  m ex*        4  «*  a?*      4 .  8 .  <r  a 

^/T^r?  =  -  v/3^?  iir  +  5T3"  +  57TT5 

„    x*dx      _  C  x5        5  a*  g8  ,   5  .  3  .  g4  y  > 

+     6. 4.  a    8m-     o  ^^ 

Generally, 

da?  C     a*"  8ma,s*m-t 


af*r»  da?  c    ar" 

./ v/a*  — *»  "~  ""  V7**  — **  l2»!+  1  +  (2ot+  l)(2m— 1) 

8m (2m  —  2)  a* a*— 4  3m  (2m—  2). . .  4.  2 .  a*" 

+  (2m+l)  (2m— 1)  (2m— 3)  +'  * ,+  (2m— 1)  (2m— 2)  ...3.1  +  ' 

r   x**dx  ex*"-1    (2m-l)o>j>Bt-*    (gm-l)(2m-3)a4ga^5 

/  y/ff  _  g»  ~ ""Vfl^t  2m  +  2m(2m  — 2)+2m(2m— 2)(2m— 4)+-# 

(9m  —  1)  (2m  —  3)  (2m  —  5) . . .  3.  1 .  <r^-*a?j 
+  2m  (2m  —  2)  (2m  —  4)  ...  4  ."2  5 

(2m  —  1)  (2m  —  3) . .  .  3  , 1 .  a*  .     f  jr 
+  2m(2m  —  2}...  4.  2  unr    a  +G 

dx 


To  integrate 


*■  %/«*  +  ar» 

J»  atf  c«et  where  the  index  ofxis  negative,  assume  jr  zi :  -  - 

dar 


1.  Lei     dn  = 

_  A                    1                      .        dar     .       dy      <tx 
Let  y  =  -  .•.  —  <*y  =  -,  and =: 


cf «  = 


_        -* 


•FT*1" 
1  dg 


«*     /I 

«  =  _-i.iog.  (y  +  y^+-^) 

I  dar 

Lat  y=aT  •••  —  <*  =  *» 
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•  ft 


_    —  y*y 

=  — J?  M/o*y*+I 


31  *   rf-=?7fe 


l*t 


y=—        .••  — %  — -^  «nd -y**=7i 

Integrating  by  pats, 

-  -  V/I+P  ^  -  jjpf  -  A-9  log.  (  — -p- 
To  integrate 


The  process  Is  precisely  analogous  to  that  employed  in  the  bet 

ax 
1.  Let      <fe  = 


Let  y  =  -  A  — cfy  =  iiaiid  —  tf  dj  =  ^ 

\/y»— 1 

Integrating  by  parte 

vV 

y1^  s 


•=/-*-rffe 


*Vi— *» 
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Let  y  =  J 


du  = 


—  tfdy 


In  like  manner  all  integral!  of  the  form 

dx 


«■  \/x* —  a* 
may  be  determined. 

To  integrate 

aTdx\/<F+l?        ar  dx v/a*  —  **        t-  dr  \/**  —  a1- 

1  du  =  a*  dx  1/?+"** 

integrating  by  parte 

ti  ~Jx*  #te  \/&-f-  7* 

=  4f  (tf  +  afl*  —  -i/<fct/i»  +  s*)* 

which  an  both  known  form* 

=  J  («*  +  **)*  —  "y  lo»  '*  +  v/o»  +  a*  ~   i 

{f-  v/?+ J-  ~  log.  (x  +  v/?+P)}  +  c 
=  v/^+l?  {^  +  £f  j  -  £,  log.  t*  +  v/*+~*)  +C 

The  preceding  integral  may  be  found  in  a  manner  somewhat  different 
du  =  x*dx  v/a*+  x2 


Multiply  both  numerator  and  denominator  by  </&  +  3 

a*  dx  (a*  -j-  x*) 

""      v/a»  +  ar« 

*    i*     &dx  „     g*dr 

which  are  both  known  forms. 
9.  duzz  x*  dx  y/tf  —  x* 
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P 


1 


s*dc  («»  —  *») 
.   /»      x*  dx ~      a*  dx 


Which  are  known  forms,  and  may  be  found  by  the  method  of  pAi 


du  =:  **  dx  \/«*  —  «" 

_a*dx(x>  —  a») 


x*«lr 


/a6  cfar            .  /*     i'w 
V*=3~     J  yf* 

which  are  known  forms. 

And  similarly  all  integrals  belonging  to  this  class  may  be  foasd 

To  integrate 


And 


1. 


<&== 


*=i 


du  =  -di,(a?  +  ±y 


<hr 


— - — -    — —  a9  I        ^-  ~   v= 

which  are  known  forms. 

These  integrals  may  in  general  be  found  more  conTcn'eiitlr  by  » 
both  numerator  and  denominator  by  the  irrational  part 

Thus, 

9L 


dxy/tf  +  x* 
<*«  = ? 

_  dx(a*+**) 
~~  x*  /fl«  +  X* 


_  -t  /*  <6;  /»     rfac 

11 -°V  ^v/Z+^Vv/iHi1 


which  are  known* 


efo  = 


cfcr  i/a* —  ** 


—  ***(*»*  —  **) 
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dx  ^        dx__ 


*J*?\/aP  —  a*       fxy/tf^Ti 


The  first  is  known,  the  second  may  he  found  as  follow* 

_  dx  (x*  —  a») 

which  are  hcth  known* 


We  hare  thus  found  all  the  integrals  included  under  the  general  forms 

1.        a*"  dx  (*»  +  atyH 


I 


Let  us  now  proceed  to  Integrate 

1.        *£"  <*r  (a8  i  a8)!? 
91        a**  fltr  (a^  —  a2)4? 
where  tn  is  any  odd  number. 


I 


The  principles  are  exactly  the  same  as  in  the  more  simple  cases,  and  (tare- 
fore  a  rery  few  examples  will  suffice. 

1                .             x*dx 
1.  du  =  j- 


—       **  1  ■   9  f        xdx 


(a  +  bx*j* 

=  fx^.xdxia+bx^yi 

xdx 

-       -  i  J  **  4-  ??  i 


dx 
d«  = — 


x9  (a  +  bi*)* 


1 
Let  y=- 


•  • 


(ay»+o)* 

=  if         1  2  /*     yfo 

0      y/af  +  6      a*  *  ^ 


l/tF±iax 

3  =  X±,a 

**  =  *'  +  Sar  +  i* 
*■  —  o*  =  **  +  So* 
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=  iog-(y+j/y*  —  <*)  +  c 

=  log.  (x  ±  a  +  y/x9  ±  2ax) 

.  xdx 


y/x%±  2oc 

""  v'*8  ±  W  +  v/s*  +  2ax 

/xdx  +  axfcr  __      *         dx 
y/x^  ±2ax  +  aJ  y/ x*  ±2ax 

=  Vx9  ±2ax  +  a  log.  (a?  +  a  -f  v's8  +  2«) 

A   —       *****       __      x*  dx 
U  ""  v/2o*  +  s8  =  t/2a  +  * 

=  &r*  v/fcT+*  —  3y»i  dx  VSTf* 

=  2s*  a/8b  +  *  —  3.  2  .  af  -7===  -  3« 


v/2a  +  a? 


t 


*¥    ,- — = —       3«  r         **» 


4.  Similarly  tf 


•-»  —  *a» 

Next  to  integrate 

*"  dr 


1.  «fr  = 


«  =  -  Ternn.-1  m  to  radios 
a 


*d* 


y/2a*  —  + 


—      B^fJZJU^f.  j- n'^ 


ah 
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tudx  —  xdx 


4 


y/%CUt  —  & 


z-  —  y/2as  —  **  +  Tersio.  ~ l  *  to  radiui  a  +  CL 


rfu  = 


V2a*— a* 
=:*♦<**  (2a --*)~* 
u  ~fj*.  (2a  —  *)""  *-* 

—  —  2**  v/2a  ^i"  +  3_/V  <4r  y/*a^~m 

=r  —  2**  \/2a=x  +  3  .  2  .  a  /*  -t4_L= -- * 

=  —  g-  i/2a  —  #+  j  J — v/2a»— •«t+df«iii." 
Next  to  integrate 


*• 


<fc  = 


<2* 


s  >/**  +  &** 


.  1 

Lei  y  =  - 


<fc  = 


x 


E  v/i  +  2ajr 


=  —■ l"Vi  +  ai" 


i 


=  --•**  +  ** 


du  r=  -j.  .Let  y  =  - 


k 


s-iv/^+l  +  jr/^R  +  C 
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S.  amikrljif 

^^  **       _ 

By  a  process  analogous  to  the  above  we  can  find  the  integtali  of 

dx 
jT\/2ax  —  z» 

Next  to  integrate 

*£■  dx  \ZHF±2a* 

L  du  =z  dx  /2ax  +  x* 

j%        xax  ^      x*  dx 

=  *  f7Z*+*  +  f  TtoT?  knwn fonM- 


tf  = 


<&  =  j»2?  \/2ax  -f-  s? 

■ = fc  /  T^rb  +  /?&&»  hamm  fonnfc 


dw=z  x*  dx  i/** —  2ax 

*a*  -      ^      **d* 


=:    /*         ,  —  9a    /*■,  ■  ■■        -  known  forms. 


Next  to  integrate 


1.  du=z  dx\/Qax  —  2* 

M~"        J  v/2ax^xl~~  J  y/2ax  —  x* 
and  so  on  for  the  rest 

When  tu  ia  negative,  the  integral  may  always  be  found  by  assuming  y  =  --. 

To  integrate 

dx 


du  = 


/a  -f-  bx  +  ex* 
1  <fe 


1  dx  _     .  a       _         ft 

s  -7^  •  -7======-    rutting*  =:  -,  fdM  i»- 

\A     v/«  +  fix  +  X2  *  C  9 

feft  9  =  *+g         .'.    <fy  =  dx 

j^s^  +  Ztt+J 
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t. 


■n 


1! 


i; 


f\~ 


••*•+(*-  i ) = * + * + - 

i  ^ 

1  dy 


•  • 


<fe  = 


v/c  *  vjTE* 


PuUing,(, 


i* 


-£)  =  +  *- 


cording  as  « is  7  or  ^L  -^ 


Lei 


=-J-.log.(y  +  v/i^±l?) 
v  c 

=  "7^  {1°S-  (*«  +  b  +  2  VWa  +  &*  +  «*)  -to*.*] 


V/c 


S.  Let      du  = 

y  = 


</x 


*  \/a  +  bx  +  cx* 
I      .    _  4r  s-  <** 

x  y       * 

\/a}f  +  by  +  c 


l/« 


/*•+! 


»+i 


<fc 


v/«  Vy«  +  /S|sr+« 


=-     The  s*m*  temmt** 


du  =  -z 


dx 


.    I 
*■  =  *•+*  +  £ 


*■+! 


<fr=r 


1  +x-f  *• 


=  i««(y  +  /*•  +  !) 


-4.  du  = 
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=  Iog.(2x  +1+2  /r+T+  7>-lo*.t 


/!+*— a^ 


Let  y  r=  x  —  -g-    ...  dy  xs  <fc 

y*  =  x*  —  x+-j 


|— jr»=  1  +*  — «• 

A * 


••• 


u  =s-y*.  •lII.-lJrtoll&IS*f- 


*  = 


x/nrF— ? 


Let  y  =  j?  +  -    a   4fssc£r 

y»=*«  +  *  +  j- 
yt_I  =  *  +  ,f 

J — Jf*  =  —  *  —  «• 


«fa  = 


A-* 


•  m 


n  ss  -rr .  fin.- !  y  to  rad,  ^r- 


Ti-^-'C'  +  i)40^ 


DDP 


p 
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On  Bxfonkvtial  Fcnctiow*. 

V.  If  X  =/(**),  then  the  function  XAr,  if  we  make  a*  =  ■ 

/  («)  * 
log. « 

For  example, 

a«  At  1  A 


\/ 1  +  a"       log.  a    v'  1  +  ** 

2*.  Differentiating  X*" ,  we  ha?e  «*  cfcr(X+  r-  )  to  that  amy  < 

function  in  which  the  factor  of  e"  d*  is  composed  of  two  parts,  oat  < 
the  first  differential  co-efficient  of  the  other,  will  be  easily  iategi 
example 

J  e  dx  ( 3x»  +  *»  —  1 )  =  (x»  —  1 )  f 

In  like  manner,  if  we  make  1  +  x  =z,  we  shall  find 

(l  +  x)»-J    e\%      r^"5"f+J  +  l 

In  orery  other  case,  however,  we  most  bare  recourse  so  the  awtb 
gration  by  parts. 

Ex.  du  =  a*  dx  .  <* 

/a*  dx  .**  and  considering  «■  m  j»  ■ 
as  constant 

log.  a        log.  a  ^ 
Treating  a*  «*->  dx,  &c  in  the  same  manner,  we  shall  finally  am 

11  -  **  log.a  —  log«a  +      log.' a     —  ±  kg.' 

It  is  manifest  that  the  same  method  is  applicable  to  Xa*  di,  «acn 
entire  algebraical  function  of  x. 

Bnt  if  ine  exponent  *  be  negative,  it  is  manifest  that  the  exposes) 
go  on  increasing ;  and  therefore,  in  the  integration  by  parti  «e  a* 
**  as  constant  in  the  first  instance,  in  this  manner,  if 

a*dx 


dx 


=  ft 


a" 


—  a*  log,  a    /•«■  dx 

Integrating  JzrT  *n  *"•  SBB>6  manner»  we  sliall  finally  hare 

/aFdx  __  —  C    c     1     ,       log.a       ,  kg** 

*■    ""  n  —  1  tx— l  "*■  (»—  *)r- •  *■  («— *){«-J 

iQg.^a        i  hy.-'«_ 

•••^  l.Ji.3...(n— £\r$T  l.*3  ..(a- 
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Wo  cannot,  however,  proceed  with  our  calculation  beyond  this  point*  because 
we  should  obtain  a  result  =  at 

/flP  dx 
has  not  yet  been  discovered  by  analysts* 

We  can,  however,  approximate  to  it  in  the  following  manner 

*=*  +  !**«  +  HT*+ -17371*  + 


•  •  •  • 


Multiplying  by  dx  and  integrating  each  term 

—  =  log.*  +  *log.a  +  -^+_^L_+...+C 

If  n  is  fractional,  one  or  other  of  the  above  methods  will  enable  us  to  re- 
dace  die  exponent  of*  until  its  value  lies  between  0  and  1,  or  —  1,  and  we 
shall  then  be  enabled  to  approximate  to  the  required  integral  by  series. 

On  Logarithmic  Function*. 

Let  it  be  required  to  integrate 

Xdx  log.'  * 
where  X  is  any  algebraic  function  of  x. 

If  *  is  a  positive  whole  number  we  ssay  integrate  by  the  method  of  parts, 
regarding  log."  x  as  constant  in  the  fa^L  instance.    We  shall  then  have 

f  X  dx  kg.-  x  =  log.-  xfx  dx  —  nf(logS~*  x  <j-  fx  <fe) 

and  since  J  Xdx  is  supposed  to  be  known  by  the  principles  already  establish- 
ed, we  perceive  that  the  integration  of  the  proposed  function  is  reduced  to  that 
of  one  whose  form  is  the  same,  and  in  which  the  exponent  of  the  logarithm  is 
reduced  by  unity.  The  same  process  is  applicable  to  this  new  function,  and  thus 
the  integration  will  be  completed  step  by  step. 

Thus, 

/*-drlog.-ar  =  ~r\  log.-*- jjr^/log.»-i**-<fr 

But 

fx-dx  log.-  x  =  ^±{  log.-  x  -  ^|/log.-»x  *-  dx 
Ac  Ac  Ac. 

Adding  the  successive  results  obtained  in  this  manner,  we  find, 

/,*,*..,♦.  gg_*iflr+'4^J5p_.  ..}+c 

But  if  n  be  integral  and  negative,  we  perceive  that,  as  in  the  case  of  expo- 
nential functions,  in  performing  the  integration  by  parts  offX  log."  x  dx.  we 
smast  in  the  first  instance  suppose  X  constant. 
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Since 

*      *      *  n  +  1 

dx 
*e  shall  divide  X  log."  x  dx  into  the  two  factors  X  x .  —  log."  x9  hence 

x 

«  formula  which  manifestly  attains  the  object  iu  view* 

In  order,  however,  to  understand  the  difficulties  which  occur,  let  us  appl) 

xm  fix 

tliis  to  the  quantity  \ — ~ — 

^  J  log."  x 

/y  dx  __      —  y-H ,  w+  1   /•     g*  dx 
log."  ar  ~~  (»  —  1)  log.*-1  x  •"  w  —  1 J     log.--1  x 

repenting  the  calculation  for  this  last  term,  and  performing  the  successive  opet* 
aions  in  the  same  manner,  we  shall  find  upon  adding  the  different  resulu  to- 
gether 

~  x"dx  _       Jf-Hf       1         .  *»+*  1  (m+\y 

J    log."*"       n— W  log.— »  *  ~*  n—2  '  log.— %+(*>— *X»i-3) 

•log.-«*^#,5  ^  l.«.S...(»—  i)J  To^TF 


We  cannot,  however,  proceed  w*th  our  calculation  beyond  this  point,  been* 

our  result  would  become  =  a 

Let  us,  however,  assume 

x"+l  =  «  .%        fm+l)x- dx=d* 

Whence 

x™  dx         d% 


log.  x       log.  % 
e*du 


u 


putting  u  =:  log.  s 


In  this  manner  we  reduce  the  proposed  quantity  to  the  function  already 
treated  of  in  the  chapter  on  Exponential  Functions,  which  can  be  integrated 

by  approximation  only. 

When  n  is  a  fraction  either  positive  or  negative*  one  or  other  of  the  abort 
methods  will  enable  us  to  reduce  the  integral  of  XsV  log.*  x,  to  that  of  a 
function  of  the  same  form,  in  which  the  value  of  n  lies  between  +  1  and  —  I. 
We  must  then  approximate  to  the  value  of  the  required  integral  by  stris* 


On  Circular  Functions. 

These  may  always  be  reduced  to  algebraic  functions  by  assuming  sin.  4  or 
cos.  6  =  z,  but  with  a  few  exceptions  we  shall  obtain  the  integrals  of  then 

quantities  by  the  method  of  parts. 

To  integrate 
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La*  oos.  4  =  y 

sin.  J  d4  =  —  <iy 


•  • 


""■ 

J 

sin.1  4 

= 

s 

i-y» 

= 

I 

"2  ' 

log.   j 

—  9 
+  9 

= 

1 

•  '<>«•  r 

—  COS.  $ 

-f-  cos.  $ 

/'- 

—  cos.  $ 

4 
=  log.  tan.  £- 

To  Integrate 

Let 

sin.  4  =  y 

ens.  0d6  z=  dy 

.  ■ 

Si    -J*'7. 

OOS,  0        I**!1  i? 

. 

_     <r 

-u-,0«-i-» 

"  3  •  lo5'  1  — sin.1 


=  loir   /L±J»l- ' 

=  log.  Un.  (~  +  -g} 


To  integrate 

(3)  «  =/ 


sin.  /' 


The  numerator  is  the  differential  of  the  denominator 

/d4  cos.  4         /•     di  /•  m 

-1HTT  -  /  unTi  =  J  "  «*-  •  =  ^  8",•  * 

To  integrate 

w  •  =  /^=V 

The  nnmeralor  Is  as  before  the  differential  of  the  denominator 

f**±J>  =  f_*L_  =  fdtun.  #  =  _  log.  cot.  *  =  log.  -^j 
y    co*. eJcoueJ  °oo».« 
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Hence  adding  the  forms  (3)  and  (4) 

/d4               .       sin.  4 
-. — .  =  log.  -.  =  lor.  tan.  I 
tin.  4  cos.  9           ft    cos.  8  ^ 

To  Integrate 

du  =  d4  sin."  4  cos."  4 

m  =  fdt  sin.  4  sin."-1  $  cos.-  # 

Proceeding  by  the  method  of  parts,  and  supposing  tin."—1  $  constant  in  0* 
first  instance. 

^*sin.*-*j  cos.  4  aV  cos.M-1  # 

1  m l 

cos.  H1  4  sin.  *-*  4  -f- 


/"sin."-1  tf  cos."  §  (1  —  sin.1  Jj)  </4 

1       cot? +>  *  sin.  •-  i  #  +  "  ""  ' 


-       n  +  I  ^  '    '  ""■         w  ^  ft  +  1 
/"sin."-*  6co*m6d$—  n  "T  t  « 

«  =  —  --t  -■    cof.M-1  4  sin."-1  f  +  "-x  - 

y  a**  sin.  —•  tf  cos.-  4 (I) 

&G.  &C.  &C. 

Similarly,  if  we  integrate  for  the  cosine  in  the  same  manner  at  wehaveooat 
for  the  sine,  we  shall  have 

/.  I  n 1 

/  d§  sin.m  0  cos.  ■  9  =  — p- -  sin.H-1  $  cot.*-1  J  +  _   .    m 
'  m  -|-  n  mi  -f-  n 

^  d*  sin."  J  cos.—1  9 (I) 

&c.  &c  &C 


These  integrals  will  .*.  by  successire  reduction  become  di  cos.*  #,  oV  sn\*f 

%r  dd  sin.  4  cos."  4,  dd  cos.  4  sin."  4,  according  as  m  or  n  are  odd  or  oven. 


We  hare  found 
fdt  sin.m  4  cos."  4  =  —  ;^.riiu"^l*»a.H-tJ+^ 

integrating  for  the  shoe,  and 

f  <rtsin.-4cos.'4     =-A-  .  sin.»+»4coe,«- li+ZTzJ  «**iii.-tas.m-,4..  (3) 

integrating  for  cosine* 

Now,  suppose  m,  or  n,  to  be  negative,  making  n  negative  in  (1) 

o*4  sin."  4  1        sin.,l|-,  4  .  *•— 1  /•  rf|iin»-»4 


cos.'  *~  —  ""  (i«=«5  *  cos.—1  4  "*"  m— ar'      coeiB.*#~    "' '" l 
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and  .*.  the  integral  will  at  length  depend  upon  that  of j-j  or r^     ae» 

cording  aimifl  odd  or  even. 

The  formula  (8)  making  n  negative,  and  integrating  for  the  cosine  give* 

/di  sin."  i  _    J^_     sin.H-'l       m — n-|»2    /•  di  sin.*  /  f  . 

1577  ""  «— I  'cos.-1*""     *— I     y    cos.*-*  4 — •  W 

jj       ■  * 
And  the  integral  will  then  he  reduced  to  di  sin."  4  or  to j- 

If  both  m  and  n  are  negatta,  the  integral  becomes 

di 

/.  -a4 ^-.    Multiply  both  numerator  and  denominator  by  sin.*  4  -f-  cos.*  4 
sin*  9  cos*  v 

r *      =  f  —  * +  r di 

J  sin."  4  cos.-  4      J  sin."-*  4  cos.-  4      J  sin."  4  cos.*-*  4 

And  by  continuing  the  process  the  first  of  these  fractions  will  be  freed 
from  the  sine,  and  the  second  from  the  cosine,  and  the  integral  will  be  re- 
duced to  finding  that  of 

At  d6  #  •  &  ..  j  j  - 

— r->     .    ,ii  or  —. — A  _,  A  +  j 'j  .    m  A  according  aa  m  and  n  are  odd 

cos.'  4    sin."  (t        sin.  4  cos.-  4   '    cos.  4  sin."  4     »  a 

or  eren. 

If  m  and  n  be  equal  as  in  sin.  x  cos.  x  =  K-sin,  £r,  making  2*  =  x,  the 
fraction  become* 

J  cos."  4  sin.a  4  ""  •/   iSTi 

We  hare  now  seen  that  in  integrating  the  formula 
fd4  sin.'t?  4  cos-i?  4,  we  ultimately  reduce  it  to  one  of  the  following  forms. 

f  sin  "  4  di (10  \  f  •*"••  ***.*& 

J t«m.-4d4 (*)  f  f  cos.'  4  sin.  4  49 

J  .ill.-  # (3;  i  J     «»."  * 

y  as^i - (*  > '     y  Co..-  * 


Now  we  may  find  the  first  form  of  these  by  making  m  and  n  =  0  in  the  for 
mula  (1),  (9),  (3),  (4),  of  last  page,  which  will  then  give 

/*d4sin.-4  =  —  —  .  cos.  4  sin.— *  4  +  -~   J  sin.— ■  *  «*4 

/*  <*4  cos/ 4  =       i- .  ain.  4 cos.-'  4  +  ^~  J  <*»-—'<*' 

/di     _  1  cos.  4  m-»-2    /»       ^ 

ainL"~4  ""  ~~  m  —  1  *  sin.—1  4  "*"  m  —  1  ./   sin— •  I 

/rfj      _  1  sto.4  w-2    /*       di 

cos.-  4  ~~         *  —  I  '  S«.— !  *  "*"  «  —  1 1/  cos.--4  4 


II 


K* 
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And  these  again  will  ultimately  be  reduced  to  one  of  the  form 
dfi  dfi  dfiain.fi         dfiom.fi  dfi 


tin  fit        cos.  f  cos.  fi  '  sin.  4  •         bin.  fi  uu.  I 

which  have  been  already  found,  and  there  remains  now  only  the  integi 

tin."  *  coa.  fi  dfi  = 


»+  i 

/cos.  ■+>  J 

>.  cos.  fidfi  j^  I 

y     «n-  *    -  " 


(m  —  1 )  tin*-1  fi 

/dfi  sin.  4  _       I 
cos."  f (n  —  l)coa.— *  fi 


In  practice  when  int 
any  of  these  furms  it 
found  convenient  if  an 
quantities  are  in  the  At 
tor,  to  reduce  theexpn 
a  binomial  algebraic  i 

byaasumingr^w 
as  may  happen. 


We  may  here  give  the  integrals  of  one  or  two  remarkable  fanctiem 
Ing  to  this  class* 


To  integrate 


du  = 


di 


cos. 


I  — 


sin. 


From(l)     cos. 

\     a  +  b  cos. 
Again, 


COS. 


a  +  b  cos.  4 
1—  ** 

=  TT? 

!  —  »*»  +  ** 

4** 


(J 


COS.  4-f- 2*008. 
«*(l-f-C0S.#) 


•  +  *■ 


1  — *« 

l—cos.# 

1— COS.  J 
1  +  COS.  fi 


:*•••  •..»••••*••  %^ 


-«■) 


•  ••     MW  l»»«»MW»l    ■—   \*J 


=/ 


Since  eot.  fi 

—  tin.  4  dfi 


tan.  j 
1— *» 


•«••«••••  \v 


—  tofe(l  +«*)  — fcrdjg(1 

TTTP? — u 


nil 
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3 

(i  +  xy 

di  -  ,  *****       v     l 

_      4acdx  I  +  *» 

""  (I  +  *■>■  X  — aF"  from  6^uaUon  CO 

_      gas 

""  1  +  a? 

«  +  *«*.*-"  1  +  *»X  «(l  +  z*)  +  b(\—x*)  from  e^uatl°11  G> 

_  ftdx 

*"  la +  *)  +  («  —  b)2* 

2dx 

=  y/3CB' ton~' tan-  J v  «"+i from •'na,io,, W 

9  (a_4)Un.j 

=  y/*  —  V  ^^  TV— V 


Toi 

integrate 

(/«  = 

d* 

a  • 

+•  6  tan.  $ 

Let 

6  tan.  *  = 

z 

• 
•  • 

a  +  b  tan.  4  = 

<fi 

+  ») 

Bat, 

since  b  tan.  4  = 

% 

d% 

</#  = 

1 

(ft 

• -  1  M 

—%•••*•   t  •••••••  •••••••• 


•0) 


—  7  '  r+tenTl 
1         dx 

=  FT-? 


=  6. 


••/  a  +  Jtan.*-*./   (*  +  a)  (%*+  Vf 

Let 

1  A  B»+C 

(x  +  a)  (»f  +  $»)  ""  *  +  a  +  *    4-  4* 


(J 

,1 
1 


n 
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1  =  A  .  **  +  A  .  6* 

+  B  .  s? -f- Ba  .  » 

+  C.a  +  Q.m 
A  +  B    =  0        .•.        A  =  —  B 
C  +  Be  =s  0       .*.        C  =  Ac 

A*+C«  =  i        ...         A  =  irL-i=:-B 


•  • 


r—      a 


.  * 1__  «fe      ,        1  oA  —  mi 

'(»  + a)  (*  +  &*)  -  o«  +  *•  •  F+l  "t"ir+P  '     **  +  »■ 

"'/(•  +  «)  (**  +  *«}  =^lkU«-W"a)  +  ^£p/*'+.«"^ 

-«*  +  *  -J-1*  (*  +  **) 

=  ?+lt  !<«•  («  +  *  ton.  I)  +  ^  ^  y .  tsc- 

The  integral  of      ,    ■  .  may  be  obtained  rery  simply  by  £■  i 

artifice. 


a  +  b  (cos.1  -g-  —  tin.1  ^-) 

=  r £ 


COS.* 


2 


cot**  — * 


9 
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On  Integration  by  Series. 

When  the  integral  of  a  proposed  function  cannot  be  exactly  determined,  we 
nut  hare  recourse  to  approximations.     Thus  in  order  to  find 

f\dx 

where  X  is  a  function  of  x9  we  must  develope  X  in  a  series  according  to  as- 
cending or  descending  powers  of  x%  and  then  multiplying  each  term  by  dx 
integrate  (hem  in  succession.     For  example,  we  know  that 

y*       dx 


tan.- '  * 


But  if  we  derf-lope   (I    +  *»)-  •  we  have 

j-^s&a  — «»  +  «•-«•+ ) 

x9      x9      x* 
Whence   tan.-1  x  z=l  x  —  o"+x —  7  *f"  •  •  •  • 


Again, 


dx 


J    V'l  —  x* 


-*# 


But 


dx 


i/l—  a* 


=  Jr(l 


* 


*  .-»* 


*0  +  i  +  T7ir+---> 

x9        ,     3,  x*  9.6.x1 

*+i.2.3  +  3.4.5"f"«.4-6,7  +  •  •  • 


On  the  determination  of  Arbitrary  Ckmntants. 

Let  P  be  the  integral  of  X  dr  a  function  of  x,  and  C  the  arbitrary  constant 
which  we  must  add  in  order  to  render  the  result  perfectly  general,  we  hare 

f  X  dx  =  P  +  C 

8o  long  at  this  calculation  is  altogether  abstract,  C  may  hare  any  yalne 
whatever ;  but  when  we  wish  to  apply  this  integral  to  the  solution  of  some  given 
problem  the  constant  C  ceases  to  be  arbitrary  and  must  answer  certain  condi- 
tions. 

Thus,  for  example,  if  it  be  required  to  deter- 
mine the  area  PP  M'M  =  A  included  between  the 
oidi nates  MP,  M'F,  which  correspond  respec- 
tively to  the  abscissas  a  and  6,  since  we  have 

dA 

a  =yv* 
=?+ c 


1 


I 
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But  since  the  required  area  P  +  C  commences  when  *  =  AM  =  a,  A 
to  be  =  0  when  we  make  x  =  a  iii  P  -h  C,  or 

Q  +  C  =  0 
Q  being  the  value  which  the  function  of  x  represented  hy  P  sxtamei 
jr  =  a,  hence  we  find 

C=-Q 
whence  the  area  A  =  P  —  Q. 

It  only  now  remains  to  substitute  b  for  *,  and  we  shall  hare  tne  trea  iof! 
within  the  prescribed  limits.     We  shall  have  several  examples  in  wast  fblloi 


CHAPTER   IV. 

APPLICATION  OF  THE  INTEGRAL  CALCULUS  TO  FIVOINO  THE  L£XG 
AND  AREAS  OF  CURVES,  AND  THE  SURFACES  AND  VOLUMES  OF  SO! 
OF  REVOLUTION. 

I.  The  Rectification  op  Cubvss. 

We  have  seen  in  p.  747  of  the  differential  calculus,  that  if  *  repretest  cbf 
of  a  curve,  

and  we  shall  now  apply  this  formula  to  a  few  examples. 

(1 .)  To  find  the  length  of  the  arc  of  the  common  parabola. 
The  equation  is  y*  =  imx,  where  4m  is  the  parameter. 

=  2mdx  .-.  $  =  ^L 
dx        w 


•"• 


•*• 


If  we  Mippote  the  are  to  be  measured  from  the  vertex ;  then  wbenjr=0,P 
and  ••.  0  «=  0  +  m  log  2m  +  C  •••  C  =  —  m  log  2m,  end  thereto* 

4jh  2m 

(2.)  To  rectify  the  circle. 
By  the  differential  calculus  we  know  that 

«/  tan-»x=:  -£_  =  (1  —  *»  +  *•-«*  + )dx 

.%  #  =  tan"1*  =  x— L «i+£«l  —  ^  + 

o  5  7 


"-5«t+i*'-^  + 
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Assume  now  tan  (a  -f  ft)  —-  /.  a  -f*  ft  =s  tan  ~*  I 

«  e 

tan  rt  =  f                  ,\           a  =  tan  ~*  - 
tan  ft  =  Z.                  .♦.            *  =  tan  ~2  9L 
.\  tan  -1  I  =  tan  -1-*  +  tan~l  ?£ (R> 

*  y  y  K  ' 

But  Un  a  =  tan  (a  +  ft  —  ft)  =   tan  (a  +  ft)  -  tanft 

v  '       1  +  ton  ft  ton  (a  +T) 

I  _  *; 
.-.  ?  =  1 £ CO 


'"IT* (C) 


«*;-».«<  ^  =  1'  ">en    f=[^l  =  |,byeq.(C.) 

.\  ton  -1  1  or  J  =    ton  ~l  ?  +   tan  -1  I (I) 

Leti  =  |;and     %  =  i;  then    ?  =  *T±  =  1 

.%  ton-1  |   =  tan  -»  -L  +  ton  -» L  by  eq.  (B) 
*»  17  o 

.-.J  =**.-£   +tan->^. (*) 

Ut  1=  7     and  ^  =2;  then  f  =  1 &=-*  »  "j  =  • 
«      17  y7        5  y         1   +^r       92       46 

...  tan  -1  ~  =    ton  "l  I  +  tan  -1  i-  by  eq.  (B) 
17  5  46    J    n  v 

.•.J  =  aton-*I+to»-| («) 

Let  1=1;  and  fL=i;  then    ?  =  tz_±.  =  — -1 
«      46'  7      5'  y        I  4-t^  289 

.%7  =  4  ton  -1  A  —  ton"1    L (4) 

4  5  289  x  ' 

Let  ,  =  -L;andi=l;thenf  =  xi2=-Jt.=  --^r  =  -l 
<      289*        f       70*  y  1    +  -nr*r*  1678T  99 

,.f  =  4ton-1  i-tan-^  +  ton-»^ (5) 

In  a  similar  manner  we  might  obtain  the  following  results: — 

j  =  2ton-,I       +ton-«  L     =  3  tan"1 1      +  2  ton  -"  2 

=  2  ton-1 1       +  tan*1 1      +2  ton"1 1 
5  7  8 

as     tan-i X.       +tan-!l      +     ton-1!      +     tan"1! 

■b  8  ton-1  -L  —4  tan-1  -J ton-1  — 

10  615  289 

■■     ton-1!   —  2ton-,JL    +2ton~1-I ton*1  - — — -< 

2  I1X  2786  10812186007 


IT 


* 
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We  may  use  any  of  these  results  for  the  rectification  of  the  co 
those  are  to  be  selected  which  are  best  adapted  for  facility  of  con] 
We  shall  take  the  result  in  equation  (5),  and  therefore  by  equation 
have 

*-.Afl    -1      l     4-1      l  11.11 


( 


I  —  1        l    +  l        l 
70      3  '  71?      5  #  70* 


4-     /I-1       l    +L       l    — 

"*"     \99      8'W      5  '  9?       

=  -7^95822894  —  -0142847425  +  -0101006665  =  -785996162 

.-.  *  =  3-1415926536  =  semicircumference  to  radius  unity. 

Hence  the  circumference  of  a  circle  whose  diameter  is  unity  is  8-1 41 3S 

which  is  true  as  far  as  nine  decimal  places. 

(3.)  To  find  the  length  of  the  arc  of a  cycloid. 

Here  y  =  vf2rx  —  x«  +  vers  ~lx9  is  the  equation  of  the  com. 

<**       V^r«— x*         T  V"2rx  —  **  —  -V       * 

.-.     «  =  v^y*       cfr  =  2  v*2rJ  +  C 

When  cs0,i  =  0     .-.  C  =  0,  and  when  x  =  2r;  then 
semicycloidal  arc  =  2^4^  =  4r 
and  the  whole  length  of  the  cycloid  is  as  8r  =  4  times  the  dissMMrs 
generating  circle. 

(4.)  To  find  the  length  of  the  art  of  an  ellipse. 

Here  aY  +  *V  —  Mt.  whence,  if^^^  =  1  -  jj|  =  «< 

.\  A  =  l  =  <ufe  .    .  where  x  =  s* 

The  numerator  must  now  be  developed  by  the  binomial  theorea,  ui 
several  terms  of  the  series  being  multiplied  by  dv,  divided  by  •l^. 
integrated  between  any  proposed  limits,  will  giro  the  length  of  the  esyK 
required. 

II.  AaBAS  or  Cuavsa. 

( 1 .)  To  find  the  area  of  a  parabola. 
Here  tf  =  4wx    .-.  ydy  =  2mA:. 

_  1 


I  B»*  ^A  =  ydx  =J-jfdy,  by  the  differential  calculus,  p.  74* 

Jl''  .-.  a  =-L/V4,  =  .!.*! 

2m./  ^^       2m     3 
=  —  .4mx.y=:|*j(  +  C 
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Whenx  =  0,  A  =  0    .•.  C  =  0,  and 

•\  area  of  parabola  =  ^  xy  =  _.  of  circumscribing  rectangle. 

(2.)  Tojtnd  the  area  of  a  circle. 
The  equation  is  y*  +  a*  =  a8    .«.  y*  =  a*  —  ** 


=  «*8in-'£       +  Iv^rp^^sitt-i* 


When  *  =  0,  A  =  0    ,\  C  =0 ,  and  when  x  =  a.  y  =  0 

•\  area  of  a  quadrant  =  —  .  I  =  *5L 
M  2     2  4 

.".  area  of  a  circle        =  **i% 
(8.)  To  find  the  area  of  an  ellipse. 

A  = /yd*  =  tfdxVa1^** 

.*.  area  of  a  quadrant  =  --  •  «s  =  !  •*& 

2      2       4 

.\  area  ef  ellipse        =  Tab. 

(4.)  To  find  the  area  of  the  cycloid. 

When  the  origin  is  at  the  vertex,  the  equation  is 
y  s  Ten  — !«+  VSrx— **; 


•\  area  =  y*  —Jxdy  =  yx  —  fdxVvrx^x* 


rdx  /•     x'dx 


=  y*  +  *VS5=7  -  2r  vers  -1* — (l+^^Si-^1 
+  j  vers  -1* 

When  *  =0 ,  A  =  0  .\  C  =  0,  and  when  x  ==  2r, 
semi-cycloidal  area  =  "     .  nr  =  -  *r% 
•*•  cycloid  =  3*t*  =  8  times  area  of  generating  circle. 

(5.)   To  find  the  area  of  the  curve,  whose  equation  is 

«,(jt-jf)  +  (yi+*tJf  =  o. 

In  order  to  transform  this  equation  from  rectangular  to  polar  co-ordinates, 
we  must  put  y  =  r  sin  0,  and  «r  =  r  cos  $;  then,  by  substitution  in  the  pre* 
posed  equation,  we  have 
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aV*  (sin  «#— oo^^+r4  =  0 
•\  r*=za*  (cos**  —  sin**) 

=  a*  cos  20,  the  polar  equation. 

Again;  lei  A'  denote  the  polar  area,  or  space  between  the  radis*  ft 
toe  curve;  then 

a-  A-K-y>-f 

_  (r*Ant»+TtCMtt)d$ _  1    .  . 
—  2  8 


...     A'  =  £/V* 

=  Ia*/*cos2*<f# 


=  Ift*idi2#+G. 

4 

And  between  the  limits  r  =  a  and  r  =  0,  or  between  f  =  0  snd  f  s 

area  of  currc  =  •  a*,  m 

4 

and  if  r  make  a  complete  re  rotation,  *be  entire  area  will  le  =  o*. 


III.  SuaFAcri  rr  Solid*. 
(1.)  To  find  the  surface  of  a  sphere. 

a~,-V=*i-7g3.i+g-K£?-J 

.     S  sb  2xft/dx  a/i+^  =  2wfadx  =  2ra*-t  C 

.-.0=  0+C  .\  C  =  0 

•••  surface  of  spherical  segment  =  2was  =  cireumC  X  height  </m| 

•••  surface  of  sphere  =  2wa .  2a  =  4*0*  =  cbcu£  x  diameter. 

(2.)  To  find  the  surface  of  a  paraboloid. 

.•.  8  =  2wfWmT.dx  /^/^^ 
=  \x»/n\J  dx^/x-\-m 
a*  |»v*  (*+»)*+ C 

0  =  |iriw»+C  .-.  C  s  —  5  wm*. 
3  3 


8uffil0e  =  I  Wm  {(*+m)*~mi  \  • 
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(8.)  To  find  the  surface  of  a  cone,  and  also  the  surface  of  a  conic  frustum 

Yhi  a  =  height  of  whole  cone;  r  =  radius  of  base  of  frustum;  a*+r*=c*; 
b  =  height  of  top  cone;    r'=  radius  of  top  of  frustum;  b*+r*=c*; 

and.  taking  the  vertex  as  the  origin  of  co-ordinates,  we  have  w  =  — ,  the 

a 

equation  of  the  line  generating  the  surface;  whence 

a* 
When  x  =  a;  surface  of  whole  cone  =  wr^eP+r*  =  *re 
Sim.  we  have  surface  of  top  cone  =  vr'^/gSZjZps  =  vrV 

•*•  surface  of  frustum  of  cone  =  «•  (re  —  rV) 

=  «•  (re  —  rd+r*c  —  rV),  since  re' = r'c 
=  »(r+r')(c-eO 

s=(»r+«0(c-c0- 

IV.  Volumes  of  Solids. 

(1.)  To  find  the  content  of  a  cone,  and  also  that  of  a  conic  frustum. 
Let  a  =  altitude  of  whole  cone;  r  =  radius  of  base  of  frustum 
b  =  altitude  of  top  cone;  r/=  radius  of  top  of  frustum 
.\  a  i  b  ::  r  :  r* 

„\  y  =  -  .*,  and  if  V  be  the  volume  of  the  solid;  then 
a 

When#  =  a;  then  V  =  jar1  =  |.*r» 

#  =  ©;  then  V  =  J.j.  *"  =|-»»Ji 

••.  volume  of  frustum  =  g  (or1— ^1^*) 

=  |  (j^+arr'—br*+ar^brr'—br*) 
since  or*  =  *rt  or  orr'  =  br*9  and  or*  =  ftry;  whence 

volume  of  frustum  =  |  J(«— Qr'+ta— ©Jry+Ja— 6)r"  j 


=  2=f  («r*+«rr/+«r») 

3 

(2.)  To  find  the  volume  of  a  sphere* 

Here  y*  =  2a*—- **  •••  y*a>  =  2ttrdx — «*«> 

ixi 
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.•.  V  as  mffdm  =  **■ V**  —  ■ f^d* 

•egnkent = J  (6a— S*)  **  =  g  (M-2») »'.  i'  rf-  ?« 
sphere  =  I .  d*.  by  making  x  =  A 

(3.)  Fmd  the  vohtme  of  Ae  paraboloid. 

Here  y*  =  4mx,  u  the  equation  to  (be  generating  parabola. 
.-.  V  =  »/V«t  =  4m*  fed* 

^4mr*_ijr** 

2  S 

But  »y,i=  volume  oTa  cylinder,  whoae  ba»e  —  «y*  and  heigh:  =  r 
,-.  volume  of  paraboloid  =  -  volume  of  circuniacribing  Huir. 

(4.)  Find  the  content  of  the  proleite  ephervid formed bgmtmem 
■  lemi-ettipie  round  it*  major  axil. 

Hera  y  -  -,  (a1-!*)  li  the  cq'iatlon  of  the  dlip«. 

=  -  *a6*,  integrating  from  x  =  —  a,  and  «=+* 
(5.)  ItU  the  ctmtert  of  the  oblate  rpheroid  formed  by  tit  rt*em\ 
g  x  and  y,  we  have  »*  =  p  (**—**) 

a  V  «£/•(»■-.■)*-.*.- -J* 

~-  s  •w'ii  integrating  from*  =  —  ft  to»  =  +^ 
Hence  prolate  apherold  i  oblate  apheroid  1 1 ah*  ■  •**  t »•■< 
.*.  ephere  on  major  aii*    ■    prolate  apheroid  i :  ^  m1  :  a™*' '     ' 
.'.oblate  apherold   :  apbere  on  minor  miii  :  j  *ira*6:  -  •!"    <■' 
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DEFINITIONS  AND  FUNDAMENTAL  NOTIONS. 

1.  Mechanics  is  the  science  which  treats  of  the  laws  of  rest  and  motion  of 
bodies,  whether  solid  or  fluid,  and  is  usually  divided  into  the  four  following 
branches: — 

(1.)  Statics,  which  treats  of  the  laws  of  forces  in  equilibrium. 

(2.)  Dynamics,  which  treats  of  the  laws  of  motion  of  solid  bodies. 

(9.)  Hydrostatics,  of  the  laws  of  the  equilibrium  of  fluid  bodies. 

(4.)  Hydrodynamics,  of  the  laws  of  motion  of  fluid  bodies. 

£.  Force  or  power  is  the  cause  which  produces,  or  tends  to  produce,  motidta 
in  a  body,  or  which  changes,  or  tends  to  change,  motion. 

•I.  A  body  is  a  portion  of  matter  limited  in  every  direction,  and  is  therefore 
of  a  determinate  form  and  volume* 

4.  All  bodies  have  a  tendency  to  fall  to  the  earth;  and  the  force  which  they 
exert  in  consequence  of  this  tendency  is  called  their  weight, 

5.  When  forces  are  applied  simultaneously  to  a  body,  and  produce  rest, 
they  balance  each  other,  or  destroy  each  other's  effects;  and  therefore  such 
forces  are  said  to  be  in  equilibrium. 

6.  The  measure  of  a  force,  in  statics,  is  the  weight  which  that  force  would 
support. 

7   The  quantity  of  matter  of  a  body  is  proportional  to  its  weight. 

8.  *The  density  of  a  body  is  measured  by  the  quantity  of  matter  contained 
in  a  given  space. 

0.  Gravity  is  that  force  by  which  a  body  endeavours  to  fall  downwards. 

Id.  /Specific  gravity  is  the  relation  of  the  weights  of  different  bodies  oV 
equal  magnitude,  and  is  therefore  proportional  to  the  density  of  the  body. 


SfATICS. 

TUB  COMPOSITION  AND  EQUILIBRIUM  OF  FORCES  ACTING  Olt  A 

MATERIAL  PARtf ICLE. 

1 1.  Def.  Th*  resultant  of  any  number  of  forces  is  that  singie  force  which 
«  equally  effective  with,  or  equivalent  to,  all  the  forces,  and  these  forces  are 
termed  component  or  constituent  force*. 

iii2 


12.  To  find  the  rtivitunt  of  a  given  number  of  force*  acting  a 
i»  the  same  straight  line. 

The  resultant  of  two  or  more  furces  acting  on  a  particle  in  the 
tion  is  equal  to  their  turn,  and  acta  in  the  same  direction;  but  the 
two  force*  acting  in  opposite  directions  ii  equal  to  their  differed 
in  the  direction  or  the  greater  component.  Also,  if  several  force 
direction,  end  other*  in  a  contrary  direction,  the  resultant  of  all 
will  he  equal  to  the  eicess  of  the  Bum  of  the  forces  acting  in  n 
above  the  sum  of  those  acting  in  the  contrary  direction,  and  it  ai 
direction  of  the  greater  of  these  turns. 


18.  Tojtnd  the  resultant  of ticofvrcrs  acting  on  o  particle  wit 
straight  Hue. 

I.  To  find  the  direction  of  the  resultant  of  two  forces  acting  oe 
When  the  forces  are  equal,  it  is  obvious  that  the  direction  of  it 
will  bisect  the  angle  between  the  directions  of  (he  forces;  or  if  'be 
be  represented  in  magnitude  aud  direction  by  two  lines  drawn  from 
where  they  act,  the  diagonal  of  the  rhombus  described  on  these  i 
will  be  the  direction  of  the  resultant. 

Assuming  that  the  diagonal  of  a  parallelogram  described  on  tie 
representing  the  forces  in  magnitude  and  direction  is  the  Jirerti 
resultant;  then  Up,  ;i,  be  any  two  unequal  forces,  andp,  p,  >l*o  im 
forces,  we  can  prove  that  the  direction  of  the  resultant  ul"  ibe  i« 
and  p,  +p,  is  the  diagonal  of  the  parallelogram  whose  adjacent* 
and  p.  +  pf 

Let  A  lie  the  point  on  which  two  forces  p  and 
p,  act)  AB,  AC,  their  directions  and  proportional  to 
them  in  magnitude.  Complete  the  parallelogram  BC, 
and  draw  the  diagonal  AD;  then,  by  hypothesis,  the 
resultant  ofp  and  p,  acts  in  the  direction  of  AD. 

Again,  produce  AG  to   E,  and  take  CE  a  fourth  ■"■ 

proportional  (o  p„pt,  and  AC;  that  is,  make  p,  .  p, : :  AC :  CE.  rw 
the  point  of  application  of  a  force  may  be  transferred  to  any  poiatrfi 
lion,  without  disturbing  tho  equilibrium,  so  long  as  the  two  points  itf  ■«, 
are  invariably  connected,  we  may  suppose  the  force  p,  to  act  at  A  • 
therefore  the  forces  p,  p„p„  in  the  line*  AB,  AC,  CE,  are  thessnti 
Pi  +  Pi,  i"  the  lines  AB  and  AE. 

Now  replace  p  and  p,  by  their  resultant,  and  transfer  its  point  & 
tion  from  A  to  D;  then  resolve  this  force  at  D  into  two,  paraUts 
AC;  these  resolved  parts  must  evidently  be  p  andp,,  where  ft 
direction  DP  andp,  in  the  direction  DG.  Transfer  these  trofaa 
and p,  to  G;  but  by  the  hypothesis  p  and p,  acting  at  C  hare  t  ra 
the  direction  CG;  let,  therefore,  p  andp,  be  replaced  by  their  rant 
transfer  its  point  of  application  to  G.  But  p,  acts  at  G,  and  then*" 
process  we  have,  without  disturbing  the  equilibrium,  removed  the  for 
"adP'  +P„  which  acted  at  A  to  tin  point  G;  hence  the  raalust 
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the  direction  of  the  diagonal  AG,  provided  our  assumption  b 

tho  hypothesis  U  correct  for  equal  forces  mp,p,  and  there* 

for  force* />.  1p\  •  ■  nsequently  for  p,  Sp,  and  thai  it  it  true  for 

if  it  be  true  for  p,  mp,  and  p,  mp,  it  is  is  also  true  lor  2p,  mp; 

p,  and  thus  it  it  true  for  np,  mp,  where  n  and  m  are  postUre 


ow  to  show  that  the  proposition  is  true  for 

.et  AB.  AC  represent  two  such  forces,  and  complete  tbeparaU 

Then  if  their  reiultant  do  not  act 

[X)ne  it  to  act  along  AE,  and  draw 

BD.     Divide  AB  into  a  number 

>ach  less  than  DE;  divide  CD  into 

these,  and  let  G  be  the  last  point 

tie  former,  which  will  obviously  fall  between  B  and  F.     Draw 

BD;  then  two  forces  represented  by  AC,  AG, have  a  resultant 

AK,  because  they  are  commensurable;  but  this  is  nearer  to 

?*ultaut  of  the  forces  represented  by  AC,  AB,  which  is  absurd, 

atcr  than  AG.     In  the  same  manner  we  may  show  that  every 

**  A  D  leads  to  an  absurdity,  and  therefore  the  resultant  must 

jction  AD,  whether  the  forces  be  commensurable  or  iocom- 


te  magnitude  of  the  resulunt. 
'  l>c  the  direction  of  the  given  forces,  AD  that  of 
take  A  E  in  the  prolongation  of  DA,  and  of  such 
represent  the  magnitude  of  the  resultant;  theu 
relented  l»v  AB,  AC,  AE  balance  each  other, 
parallelogram  BE,  and  therefore  A P  is  in  the 
no  with  AC.  »iuco  the  forces  AB,  AC,  AE,  ba- 
er;  hence  ED  is  a  parallelogram,  and  therefore 
\E;  that  is,  the  resultant  b  represented  in  asan- 
as in  direction  by  the  diagonal  of  the  parallels 


forces  in  the  directions  AB,  AC,  AD,  are  respectively  pro- 
*  lines  AB,  AC,  AD,  and  in  these  directions. 

two  oblique  forces  AB,  AC,  are  equiva- 
igle  direct  force  AD,  which  may  be  ciwn- 
i*se  two,  by  drawing  the  diagonal  of  the 

Or,  they  ate  equivalent  to  the  double  of 
he  middle  of  the  line  Ul\ 
ny  force  may  be  com]Hinii<Iod  of  two  or 
*ce§ ;  which  is  the  meaning  of  the  expression,  composition  of 


B 


Suppose  it  were  required  to  c»»in- 
ee  forces  AB,  AC,  AD;  or  to 
ion  and  quantity  of  one  *iii|fle 
tall  lie  equivalent  to,  and  have 
as  if  a  body  at  A  were  acted  on 
i  in  the  direction  AB,  AC,  AD, 

t  it^ttaumtraiKio  of  the  p«>  ■•&>»* tmm  0/ /****»  U  rftt*  la  M.  P»cl»«VUu  ■•xl  Ml 
•  and  lirautiful.  Ai.ji<..<  .  ;•  tuoiptfaiu*  •  of  tMt  fm»iU»r»Ut  pr»f*fiy  ka«« 
pUrr,  l*o«UiuuUat.  Pum**.  a*d  «uVn  \  fatt  vaa«  et  fooat  pwvcasi  m  tmm 
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tnd  proportional  to  these  three  lines.  Fir*r,  reduce  the  two,  AC 
AE,  by  completing  the  parallelogram  A  D  EC.  Then  reduce  the  1 
to  one  AF,  by  the  parallelogram  AEFB.  So  shall  the  single  for 
direction,  and  as  the  quantity,  which  shall  of  itself  produce  the  i 
if  all  the  throe.  AB,  AC,  AD,  acted  together. 

Cor.  3.  Any  single  direct  force  AD  may  be  re- 
solved into  two  oblique  forces,  whose  quantities 
and  directions  are  AB,  AC,  having  the  same 
effect*  by  describing  any  parallelogram  whose  dia- 
gonal may  be  AD;  and  this  is  called  the  resolu- 
tion of  force*.  So  the  force  AD  may  be  resolved 
into  the  two,  A B,  AC, by  the  parallelogram  A  BCD; 
or  into  the  two  AE,  AF,  by  the  parallelogram 
AEDF;  and  so  on  for  any  other  two.  And  each  of  these  mar 
again  into  as  many  others  as  we  please. 


raor.  in. 

14.  If  three  forces,  A,  B,  C,  meting  together,  keep  one  anoth 
bno,  they  will  be  proportional  to  the  three  sides  DE,  CE,  CD.  * 
which  are  drawn  parallel  to  the  directions  of  the  forces  AD.  DB 

Produce  AD,  BD,  and  draw  CF,  CE,  parallel  to 
them.  Then  the  force  in  CD  is  equivalent  to  the  two 
AD,  BD,  by  the  supposition;  but  the  force  CD  is 
equivalent  to  the  two,  ED  and  CE  or  FD;  therefore, 
if  CD  represent  the  force  C,  ED  will  represent  its 
opposite  force  A,  and  CE  or  FD  its  opposite  force 
B;  consequently,  the  three  forces  A,  B,  C,  are  pro- 
portional to  DE,  CE,  CD,  the  three  lines  parallel  to 
the  directions  in  which  they  act. 

I  Cor.  I.  Because  the  three  sides  CD,  CE,  DE,  arc  proportions! » 

of  their  opposite  angles  E,  D  ,C.  therefore,  the  three  forces,  wWs 
a     brio,  are  proportional  to  the  sines  of  the  angles  of  the  triangle  as* 
lines  of  direction;  namely,  each  force  proportional  to  thesis*  eft 
'j  made  by  the  directions  of  the  other  two. 

Cor.  2.  The  three  forces,  acting  against,  and  keeping  one  UMtsff 
librio,  are  also  proportional  to  the  sides  of  a  triangle  madebr** 
either  perpendicular  to  the  directions  of  the  forces,  or  forming  sir  & 
with  those  directions.  For,  such  a  triangle  is  always  simiUr  to  t» 
which  is  made  by  drawing  lines  parallel  to  the  directions;  am)  thrift 
sides  are  in  the  same  proportion  to  one  another. 

Cor.  8.  If  any  number  of  forces  be  kept  in  equilihrio  br  their 
agaiust  one  another,  they  may  be  all  reduced  to  two  equal  and  oft* 
For,  by  Cor.  2,  Prop.  1L,  any  two  of  the  forces  may  be  rcdorri 
force  acting  in  the  same  plane;  then  this  last  force  and  another  stfj 
wise  reduced  to  another  force  acting  in  their  plane:  and  so  o».  v> 
they  be  all  reduced  to  the  action  of  only  two  opposite  force*,  *h** 
*q»nl,  as  well  as  opposite,  because  the  who'e  are  in  equilibria  by ' 
position. 


FORCES  APPLIED  TO  A  POINT. 
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Cor.  4.  If  ono  of  the  forces,  as  C,  be  a 
weight,  which  is  sustained  by  two  strings  draw- 
ing m  the  directions  DA,  DB;  then  the  force 
or  tension  of  the  string  AD  is  to  the  weight 
C,  or  tension  of  the  string  DC,  as  DE  to 
DC;  and  the  force  or  tension  of  the  string 
BD  is  to  the  weight  C,  or  tension  of  CD,  as 
CE  to  CD. 

Cor.  5.  Let^and  /",  be  two  forces  acting  si- 
multaneously in  directions  making  an  angle  *;  then  in  the  triangle  DEC  we 
have 

DE  =/;  EC  =/»  angle  DEC  =  «•—  <pi 
hence  by  the  principles  of  trigonometry,  we  hare 

DC*=  DE*  +  EC«— 2DE.EC  cos  DEC; 
and  therefore  the  magnitude  of  the  resultant  R  is  found  from  the  equation 

R=  Vf  +/*— 8/fi  cos  (w  —  *)  =^T+/.«+2XTi  cos  *. 


PROP.  IT. 


15.  To  find  the  resultant  of  several  forces  concurring  in  a  point,  ana 
situated  in  the  same  plane 

Let  p„pt,  p»P4>  be  any  four  forces  acting  on  the  point  P,  through  whhh 
draw  the  axes  of  co-ordinates  PX,  PY 
at  right  angles  to  each  other.  Let  Ppi 
represent  the  magnitude  and  direction 
of  the  force/?,,  and  draw  px  B, pi  A  pa- 
rallel to  the  axes  XX1  and  Y  Yl.  Then 
putting  angle  p,  PX  =  ot,  we  have  the 
two  rectangular  forces  PA,  PB,  equi- 
valent to  the  given  force  />,;  but  by 
trigonometry  PA=  P/>,  cos  APp,  = 
px  cos  «|t  and  PB  =  p\  sin  «,.  In  like 
manner,  if  a*  a»  a4  be  the  angles  which 
the  direction  of  the  forces  /?„  p&  pu 
make  with  PX,  we  shall  have  each  of 
the  proposed  forces  resolved  into  two 
others  acting  in  the  directions  of  the 
two  axes,  and  therefore  the  sum,  X,  of 
all  the  component  forces  in  direction 
PX,  gives 

X=/>|  COS  at  +p*  COS  a,  -f  p3  COS  Oj  +p4  cos  a* (I) 

and  the  sum,  Y,  of  all  the  other  component  forces  in  direction  P  Y,  gives 

Y  =/>!  sin  a,  -f  pt  sin  a,  -f  p*  sin  a,  +pA  sin  a4 (2) 

Hence  the  single  force  X,  in  direction  PX,  and  the  single  force  Y,  in  direction 
P  Y,  may  be  substituted  for  the  four  given  forces,  and  the  resultant  of  the  two 
forces  X,  Y,  will  be  the  resultant  of  the  four  forces  pX9  p*  p%>  pA»  But  X 
and  Y  are  two  forces  acting  at  right  angles  to  each  other,  and  their  result* 
ant,  R,  is  the  diagonal  of  the  rectangle  XY;  hence  we  have 

R  =  */X*+T* (S> 
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Let  R  make  an  angle  ^  with  the  axis  of  X;  then  we  nave 

Y                    X                    Y 
tan*=  ^;  cos*  =  — ;   sin  *  =   & (4) 

and  any  one  of  these  three  equations  will  give  the  position  of  the  renhi 

In  precisely  the  same  manner  may  the  magnitude  and  directnaQ 
number  of  forces  in  the  same  plane  be  found. 

Cor.  I.  By  means  of  a  series  of  parallelograms  the  resultant  of  say  ■ 
of  forces  may  be  found  geometrically.  For  the  diagonal  of  a  parallel 
whose  sides  represent  the  first  two  forces  will  be  their  resoltaat,  as 
diagonal  may  be  made  the  side  of  another  parallelogram,  haviag  tsc 
force  for  the  other  side,  and  so  on.  Or  describe  a  polygon,  whose  ad 
ginning  from  the  point,  are  successively  equal  and  parallel  to  the  giver 
and  in  the  same  direction;  then  the  straight  line  which  joins  the  poo 
the  extremity  of  the  last  side  completes  the  poly  goo,  and  represent!  tb 
nitude  and  direction  of  the  resultant  of  the  proposed  forces. 

Cor.  2.  If  three  forces  act  on  the  same  point  in  different  places,  sad 
parallelopiped,  whose  adjacent  edges  represent  these  forces,  be  cos*, 
its  diagonal  will  represent  their  resultant  both  in  magnitude  and  cfirecti 

Cor.  3.  Let  />„  /?„  pit  pu ....  be  any  forces,  and  let  each  of  these 
be  resolved  into  three  other  forces  in  reference  to  three  rectsngskr 
then,  collecting  into  one  sum  the  component  forces  which  act  ia  tst 
axis,  we  can  find  the  resultant  of  the  three  components  thus  obuiaedi 
following  manner : 

Let  o„  ft,  7i  be  the  angles  which  px  makes  with  the  three  urn 

«tt  0»  7i Pi 

«st0»7t p% 

««  0«  74 Pa • 

Then  each  of  the  given  forces  may  be  resolved  into  three  others;  sib 
Pi  into  the  three  forces/?,  cos  a„  px  cos  0l,pl  cos  7, 
Pt  into  the  three  forces  pt  cos  a,,  pt  cos  £»  p%  cos  7*  and  so  on; 
ill  hence  X  =  />i  cos  o,-f  pt  cos  a,+  p3  cos  03+ p,  cos  «4+ 

(I                                                   Y=/>,  cos  fa+p*  cos0,+  />,  cos  &+pA  cos  £«+ 
J                                                        Z  =p,  C0S7i  f  P*  cos  7,4- p>  cos  73+/>«cos7«+ 

'■;.;  hence  R=  \/X2+Y2+  Z*  =  magnitude  of  resultant. 

\  ■  And  if  a,  0,  7,  be  the  angles  which  R  makes  with  each  axis,  we  a*» 

\  Y  Z 

j  cos   a   =   «,   cos   0  =    ^,   cos   7  =   -j. 

Examples  foe  Practice. 

I  16.  Ex.  1.  Let  the  four  forces  /?„  j>„  pitpt,  concurring  in  a  poist  F, 

situated  in  the  same  plane,  be  respectively  denoted  by  the  noosbasil 
10,  and  let  the  angles  iucludcd  by  their  directions  bo 

Px  P/h  =  15°.^  P/>s  =  30°,/>,  VpA  =  60°; 
required  the  magnitude  and  direction  of  the  resultant  of  these  fortes. 

We  might  assume  any  two  rectangular  axes  whatever,  PX,  PY;  W 
solution  will  be  simplified  by  taking  one  of  the  axes  in  the  dirtcboesU 
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the  given  forces;  let,  therefore,  the  a.tis  of  X  coincide  with  the  direction  o* 
the  force  px;  then  we  have 

pt  PX  =    15°,  cos   15°  =         */6+*/2  and  sin    15°  =  H^Z^/H 

i>3  PX=   -*5  ,  cm  43°  =        +  */2 sin    45°  =  4V2 

pK  PX=  105°,  cos  105°  =  —  V^zV?  . . .  gio  105   =^?±v^. 

4  4 

Hence  X  =  P\+p%  cos  15°+/!,  cos  45°-f-/i4  cos  105° 
Y  =/>,  sin  15°+/>»  sin  45°+/>4  sin  105° 

•.  R=-v/X«+Y»=  {(4+l0*/2  —  */6)*  +  (1V*+W*?)* 
=  25*184297  =  magnitude  of  the  resultant 

Also,  tan  RPX  =  I  =.,lft^74ft  =  1-2552028;  and  hence 

X       15*6926463 

angle  RPX  =  51°  27' 22"  =  angle  included  by  force  px  and  the  resultant. 

Ex.  2.  Two  forces,  represented  by  7  and  5,  act  at  an  angle  of  60°;  find 

their  resultant,  and  the  angle  it  makes  with  the  less  force. 

Ans.  R  =  10-4403065,  and  +  =  35°  30*. 

Ei.  3.  The  resultant  of  two  forces  is  24,  and  the  angles  it  makes  with 
them  are  30°  and  45°;  find  the  component  forces. 

Ex.  4.  Resolve  a  given  force  into  two  others,  such  that 

(I.)  Their  sum  shall  be  given,  and  act  at  a  given  angle. 

(2.)  Their  difference  shall  be  given,  and  act  at  a  given  angle. 

Ex.  5.  If  a  stream  flows  at  the  rate  of  two  miles  an  hour,  find  the  course 
which  a  boat,  rowed  at  the  rate  of  four  miles  an  hour,  must  pursue,  that  it 
may  pass  directly  across  the  stream. 

Ex.  6.  Two  chords  AB,  AC  of  a  circle,  represent  two  forces;  one  of  them, 
AB,is  given;  find  the  position  of  the  other,  when  the  resultant  is  a  maximum. 

Ex.  7.  Three  forces  represented  by  13,  14,  15,  acting  at  a  point,  keep 
each  other  in  equilibrium;  find  the  angles  which  their  directions  make  with 
each  other.  Ans.  1 12°  38',  120°30\  and  126°  52'. 

JEr.  8.  Three  forces  />» />«,/>»  act  upon  a  given  point  and  keep  it  at  rest; 
given  the  magnitude  and  direction  of  pu  the  magnitude  of  p*  and  the  di- 
rection of  ptf  to  find  the  magnitude  of/?,,  and  the  direction  of/>3. 

Ex.  9.  A  string  15  inches  in  length  is  attached  at  its  extremities  to  two 
tacks,  in  the  same  horizontal  line,  at  the  distance  of  10  inches  from  each 
other;  a  weight  of  12lbs.  is  suspended  between  the  tacks,  by  means  of  a  string 
attached  to  the  first,  at  the  distance  of  7  inches  from  one  of  its  extremities; 
find  the  strain  upon  each  tack. 

Ex.  10.  A  cord  PABQ  passes  over  two  small  pulleys  A,  B,  whose  distance 
AB  is  6  feet,  and  two  weights  of  4  and  3lbs.,  suspended  at  the  extremities 
P  and  Q  respectively,  support  a  third  weight  W  of  5lbs. ;  find  the  position  of 
the  point  C  to  which  the  weight  W  is  attached,  when  AB  is  inclined  to  the 
horizon  at  an  angle  of  30°. 

Ex.  1 1 .  P  and  Q  are  two  equal  and  given  weights  suspended  by  a  string 
passing  over  three  fixed  points,  A,  B,  C,  given  in  position;  find  the  actual 
pressure,  and  also  the  horizontal  and  vertical  pressures  on  each  of  the  three 
points  A,  B,  C.  Also,  compare  the  pressures  on  A,  B,  C,  when  the  ingles 
at  A,  B,  C  are  150°  90°,  120°  respectively. 


ON  THE  MECHANICAL  POWERS. 

1.9.  Wcwht  and  Power,  when  opposed  to  each  other,  signify  t 
■loved,  and  the  body  that  moves  it;  or  tbe  patient  and  agent.  Tb 
agent,  which  moves,  or  endeavours  to  move,  the  patient  or  weight. 

18.  A  Machine,  or  Engine,  is  any  mechanical  instrument  coatr 
bodies;  and  it  is  composed  of  the  mechanical  powers. 

10.  Mechanical  Powers  are  certain  simple  machine*,  which  ■ 
employed  for  raising  greater  weights,  or  overcoming  greater  res 
could  be  effected  by  the  natural  strength  without  tbem.  The* 
accounted  six  in  number;  namely,  the  Lever,  the  Pulley,  the  Wr 
the  Wedge,  tbe  Inclined  Platte,  and  the  Screw. 

20.  Centre  of  Motion,  'a  the  filed  point  ahont  which  a  body  mo 
Axis  of  Motion,  ia  the  fixed  line  about  which  it  moves. 

21.  Centre  of  Gravity,  is  a  certain  point,  upon  which  a  bodi 
suspended,  it  will  rest  in  any  position. 


OF  THE  LEV  tar. 

2-2.  A  Lerer  is  any  inflexible  rnd,  bar.  or  beam  which  wr 
wei^liti.  while  it  is  supported  at  a  point  by  a  fulcrum  or  prop,  wind 
tre  of  motion.  The  lever  is  supposed  to  be  void  of  gravity  or  seirai 
the  demonstrations  easier  and  simpler.     There  are  three  kinds  of  left 


23,    A  Lever  of  the  First  Kind  baa  wl 
the  prop  C  between  the  weight  W  and  | 

the  power  P.    And  of  this  kind  are  ha-  tffW 

lances,  suites,  crows,  hand-spikes,  seb-  bjl 

so  s,  pincers,  &c.  ^^ 


24.    A  Lever  of  the  Seconl  Kind 
has    the    weight    between    the    power 
and  the  prop.       Such  as  oars,  rudders, 

^ 

cutting   knives  that  nre  fixed  at   one 
end,  &c 

i 
a 

35.   A  LeTeroftbe  Third  Kind  hns 
the  power  between  the  weight  and  the 
prop.     Such  as  tongs,  the  bones  and 

? 

bidder,  fto. 

T 

THE  LEVER. 


26.  A  Fourth  Kind  is  sometimes  added,  ^A 

called  the  Bended   Lever.     As  a  hammer        Q  Q     >^    ?- 


drawing1  a  nail.  m  f% 


27.  In  all  these  machines,  the  power  may  be  represented  by  a  weight, 
b  its  most  natural  measure,  acting  downwards ;  but  haying  its  direction  changed, 
when  necessary,  by  means  of  a  fixed  pulley. 


prop.  ▼. 

23.  When  the  Weight  and  Power  keep  the  Lever  in  equilibria^  they  are  to  each 
other  reciprocally  as  the  Distances  of  their  Lines  of  Direction  from  the  Prop. 
That  iff,  F  :  W  : :  CD  :  C£;  where  CD  and  CE  are  perpendicular  to  WO 
and  AO,  which  are  the  Directions  of  the  two  Weights,  or  the  Weight  and 
Power  W  and  P 

For,  draw  CF  parallel  to  AO,  and  CB  parallel  to 
WO:  Also,  join  CO,  which  will  be  the  direction  of  the 
pressure  on  the  prop  C;  for  there  cannot  be  an  equili- 
brium unless  the  directions  of  the  three  forces  all  meet 
in,  or  tend  to,  the  same  point  as  O.  Then,  becnuse 
these  three  forces  keep  each  other  in  equilibrio,  they 
are  proportional  to  the  sides  of  the  triangle  CBO  or 
CFO,  which  are  drawn  in  the  direction  of  those  forces; 
therefore,         -  P  :  W ::  CF:  FOor  Ca 

But,  because  of1  the  parallels,  the 
two  triangles  CDF,  CEB  are 
equiangular,  therefore      •     CD :  CE : :  CF  :  CB. 
Hence,  by  equality,  -        P  :  W  : :  CD :  CE. 

That  is,  each  force  is  reciprocally  proportional  to  the  distance  of  its  direction 
from  the  fulcrum. 

And  it  will  be  found  that  this  demonstration  will  serve  for  all  the  other  kinds 
of  levers,  by  drawing  the  lines  as  directed. 

Corollary.  1.  When  the  two  forces  act  perpendicularly  on  the  lever,  as  two 
weights,  &&;  then,  in  case  of  an  equilibrium,  D  coincides  with  W,  and  E  with 
P ;  consequently  then  the  above  proportion  becomes  P  :  W  : :  CW  :  CP,  or 
the  distances  of  the  two  forces  from  the  fulcrum,  taken  on  the  lever,  are  reci- 
procally proportional  to  those  forces. 

Corollary.  2.  If  any  force  P  be  applied  to  a  lever  at  A ;  its  effect  on  the 
lever,  to  turn  it  about  the  centre  of  motion  C,  is  as  the  length  of  the  lever  CA, 
and  the  sine  of  the  angle  of  direction  CAR  For  the  perp.  CE  is  as  CA 
X  sine  of  angle  at  A. 

Corollary.  3.  Because  the  product  of  the  extremes  is  equal  to  the  product 
of  the  means,  therefore  the  product  of  the  power  by  the  distance  of  its  direction, 
is  equal  to  the  product  of  the  weight  by  the  distance  of  its  direction. 

That  is,  P  X  CE  =  W  X  CD. 

Corollary.  4.  If  the  lever,  with  the  weight  and  power  fixed  to  it,  be  made  lo 
move  about  the  centre  C ;  the  momentum  of  the  power  will  be  equal  to  tWo 
momentum  of  the  weight ;  and  their  velocities  will  be  in  reciprocal  proportion 


.lp. 
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to  each  other.  For  the  weight  and  power  will  describe  circles  who* 
the  distances  CD,  CE;  and  since  the  circumferences,  or  spaces  desr 
as  the  radii,  and  also  as  the  velocities,  therefore  the  velocities  are  a 
CD,  CE;  and  the  momenta,  which  are  as  the  masses  and  velocities,  a 
momenta  and  radii ;  that  is,  as  P  X  CE  and  W  X  CD,  which  an 
enrol  3. 

Corollary  5.  In  a  straight  lever,  kept  in  eqoilibrio  by  a  weight  a 
actiug  perpendicularly ;  then,  of  these  three,  the  power,  weight,  am 
on  the  prop,  any  one  is  as  the  distance  of  the  other  two. 

Corollary  6.  If  several  weights, 
P,  Q,  R,  S,  act  on  a  straight  lever, 
and  keep  it  in  equilibrio,  then  the 
sum  of  the  products  on  one  side  of 
the  prop,  will  be  equal  to  the  sum 
on  the  other,  made  by  multiplying  g 
each  weight  by  its  distance ;  namely,  * 

P  X  AC  +  Q  X  BC  =  R  X  £C  +  S  X  EC 

For,  the  effect  of  each  weight  to  turn  the  lerer,  is  as  the  weight  malii 
its  distance ;  and  in  the  case  of  an  equilibrium,  the  sums  of  the  ertfc 
the  products  on  both  sides,  are  equal. 


X 


o 


i 


Corollary   7.  Because,  when  two  weights 
Q  and  R  are  in  equilibrio, 

Q  :  R  ;:  CD  :  CB; 


* 


* 


therefore,  by  composition,  Q  -f  K  :  Q  : :  BD  :  CD, 

and,  Q  +  R  :  R  1 1  BD  :  CB. 

That  is,  the  sum  of  the  weights  is  to  either  of  them,  as  the  sum  of  d 
tances  is  to  the  distance  of  the  other. 


!1 


mi 


29.  Scholium. — Upon  the  foregoing 
principles  depends  the  nature  of  scales  and 
beams,  for  weighing  ail  sorts  of  commodi- 
ties. For,  if  the  weights  be  equal,  then  will 
the  distances  be  equal  also,  which  gives 
the  construction  of  the  common  sc-iles, 
which  ought  to  have  these  properties  : 

1st,  The  points  of  suspension  of  the 

scales  and  the  centre  of  motion  of  the 

beam,    ABC,    must    be  in    a   straight 

line ;  24  The  arms  AB,  BC  must  be  of  an  equal  length :  3d,  That  lb 

af  gravity  be  in  the  centre  of  motion  B :  -kA,  That  they  be  iu  equilibr 

empty:  5th,  That  there  be  as  little  friction  as  possible  at  the  centre  B. 

feet  in  any  of  these  properties,  makes  the  scales  either  imperfect  or  fab 

it  often  happens  that  the  one  side  of  the  beam  is  made  shorter  than  th 

and  the  defect  covered  by  raakiug  that  scale  the  heavier,  by  which  m 

scales  hang  in  equilibro  when  empty ;  but  when  they  are  charged  * 

weights,  so  as  to  be  still  in  equilibrio,  those  weights  are  not  equal ;  bat 
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ceit  will  be  shown  by  changing  tlie  weights  to  the  contrary  sides,  for  then  the 
equilibrium  will  be  immediately  destroyed. 

30.  To  find  the  true  weight  of  any  body  by  such  a  false  balance :— First, 
weigh  the  body  in  one  scale,  and  afterwards  weigh  it  in  the  other ;  then  the 
mean  proportional  between  these  two  weights,  will  be  the  true  weight  required 
For,  if  any  body  b  weigh  W  pounds  or  ounces  in  the  scale  D,  and  only  w 
pounds  or  ounces  in  the  scale  E ;  then  we  have  these  two  equations ; 

namely,   AB  .  b  =      BC  .  W, 

and,   BC  .  b  =      AB 

the  product  of  the  two  is  AB  .  BC.i'rr      AB 
hence,  then       -        -        -        -        b*  =      W10, 
and      -        -        -        -        b  =  ^/Wip, 
the  mean  ptoportional,  which  is  the  true  weight  of  the  body  & 

81.  The  Roman  Statera,  or  Steelyard,  is  also  a  lever,  but  of  unequal  brachia 
or  arms,  so  contrived  that  one  weight  only  may  serve  to  weigh  a  great  many, 
by  sliding  it  backwards  and  forwards  to  different  distances  on  the  longer  arm 
of  the  lever ;  and  it  is  thus  constructed : 

Let  AB  be  the 
steelyard,  and  C  its 
centre  of  motion, 
from  whence  the 
divisions  must  com- 
mence, if  the  two 
arms  just  balance 
each  other :  if  not, 
slide  the  constant 
moveable  weight  I 
along  from  B  to- 
wards C,  till  it  just 
balance  the  other 
end  without  a 
weight,  and  there 

make  a  notch  in  the  beam,  marking  it  with  a  cypher  0.  Then  hang  on  at  A 
a  weight  W  equal  to  I,  and  slide  I  back  towards  B  till  they  balance  each  other; 
there  notch  the  beam,  and  mark  it  with  1.  Then  make  the  weight  W  double 
of  I,  and  sliding  I  back  to  balance  it,  and  there  mark  it  with  2.  Do  the  same 
at  3,  4,  5,  &&,  by  making  W  equal  to  3,  4,  5,  &c.  times  I ;  and  the  beam  is 
finished.  Then,  to  find  the  weight  of  any  body  b  by  the  steelyard ;  take  off 
the  weight  W,  and  hang  on  the  body  bat  A;  then  slide  the  weight  I  backwards 
and  forwards  till  it  just  balance  the  body  6,  which  suppose  to  be  at  the  number 
5 ;  then  is  b  equal  to  5  times  the  weight  of  1.  So,  if  I  be  1  pound,  then  b  is  5 
pounds ;  but  if  1  be  2  pounds,  then  6  is  10  pounds ;  and  so  on. 


OF  THE  WHEEL  AND  AXLE. 


PROP.    TL 


82.  In  the  Wheel  aid  Axle;  the  Weight  and  Power  will  be  m  equ&brto,  when 
the  Power  P  is  to  the  Weight  W,  reciprocally  as  the  Radii  of  the  Circles 
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they  act ;  thai  is,  as  the  Radius  of  the  Axle  C  A,  where  the 
hangs,  to  the  Radius  of  the  Wheel  CB,  where  the  Power  ads.  1 
P:W  ::  OA:Ca 

Herb  the  cord,  by  which  the  power  P  acts,  £'!es  about 
the  circamferetice  of  the  wheel,  while  that  of  the 
weight  W  goes  round  its  axle,  or  another  smaller 
wheel,  attached  to  the  larger,  and  having  the  same 
centre  C  So  that  BA  is  a  lever  moveable  about  the 
point  C,  the  power  P  acting  always  at  the  distance 
BC,  and  the  weight  W  at  the  distance  C A ;  therefore 
P:W  ::  CA:Ca 

Corollary.  1.  If  the  wheel  be  put  In  motion ;  then 
the  spaces  moved  being  as  the  circumferences,  or  as 
the  radii,  the  velocity  of  W  will  be  to  the  velocity 
of  P,  as  CA  to  GB;  that  is,  the  weight  is  moved  as 
much  slower,  as  it  is  heavier  than  the  power ;  so  that  what  is  gained  in  y 
lost  in  time.     And  this  is  the  universal  property  of  all  machines  and  « 


Corollary.  2.  If  the  power  do  not  act  at  right  angles  to  the 
obliquely;  draw  CD  perp.  to  the  direction  of  the  power;  then,  by  th 
of  the  lever,  P  :  W  : :  CA :  CU 


« 
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88.  To  this  power  belong  all  tarn. 
Ing  or  wheel  machines,  of  different 
radii.  Thus,  in  the  roller  turning  on 
the  axis  or  spindle  CE,  by  the  handle 
CBD;  the  power  applied  at  B  is  to 
the  weight  W  on  the  roller,  as  the  ra- 
dius of  the  roller  is  to  the  radius  CB 
of  the  handle, 

84.  And  the  same  for  all  cranes, 
capstans,  windlasses,  aud  such  like; 
the  power  being  to  the  weight,  always  as  the  radius  or  lever  st  vfe 
weight  acts,  to  that  at  which  the  power  acts;  so  that  they  are  alwin  ■ 
reciprocal  ratio  of  their  velocities.  And  to  the  same  principle  may  beirf 
the  gimblet  and  augur  for  boring  holes. 

35.  But  all  this,  however,  is  on  supposition  that  the  ropes  or  conk,  a* 
ing  the  weights,  are  of  no  sensible  thickness.  For,  if  the  thickaeji  W  * 
ernble,  or  if  there  be  several  folds  of  them,  over  one  another,  on  the  ieV 
barrel;  then  we  must  measure  to  the  middle  of  the  outermost  rope,  fcr* 
dius  of  the  roller ;  or,  to  the  radius  of  the  roller  and  half  the  thkxW 
oord,  when  there  is  but  one  fold 

96.  The  wheel-and-axle  has  a  great  advantage  over  the  shmpfe  km 
point  of  convenience.  For  a  weight  can  be  raised  only  a  littk  w*  * 
lever.  But,  by  the  oontinual  tarning  of  the  wheel  and  reiler  ta*«*^t< 
he  raised  to  aov  height,  or  from  any  depth. 


WHEEL  AND  AXLE, 


37.  Ily  increas- 
ing the  number  of 
wheel™  too,  the 
power  rany  be  mul- 
tiplied to  any  ex- 
tent, making  al- 
ways the  leas  wheels 
to  turn  greater 
ones,  as  far  as  we 
pleaie ;  and  this  la 
oomtuonly  called 
Tooth  and  Pin- 
ion,   tbe   teeth  of 


working  in  the 
rounds  or  Pinions 
of  another,  to  turn 

the  wheel.  And  then,  in  case  of  an  equilibrium,  the  power  It  to  the  weight,  a* 
the  continual  product  of  the  radii  of  all  the  axles,  to  that  of  all  the  wheels. 
So,  if  the  power  P  turn  the  wheel  Q,  and  this  turn  the  small  wheel  or  axle  H, 
and  this  turn  the  wheel  8,  and  thia  turn  the  axle  T,  and  this  tarn  the  wheel  V. 
and  this  turn  the  axle  X,  which  raises  the  weight  W  ;  then 

P  :  W  ::   CB.  DE.  FG  :  AC.  BD.EP. 
And  in  the  same  proportion  is  the  velocity  of  W  slower  than  that  of  P.     Thus, 
if  each  wheel  be  to  its  axle,  as  ID  to  1  ;  then  P  :  W  :;  1':  10*  or  as  I  to  1000, 
So  that  a  power  of  one  pound  will  balance  a  weight  of  1000  pounds  ;  but  then 
when  put  in  motion,  the  power  will  more  1000  times  faster  than  the  weight 

38.  If  ropes  are  used  for  the  action  of  tbe  power  and  weight,  wo  must  con- 
aider  the  forces  applied  to  the  axes  of  the  ropes.     Hence  if  R,  r  denote  the 
radii  of  the  wheel  and  axle,  and  T,  t  half  the  thickness  of  the  ropes,  we  have 
P:  W  ur+f  :R+1, 


OF  THE  PULLEY. 

39.  A  Poxlbt  is  ■  snail  wheel,  commonly  made  of  wood  or  brass,  which 
turns  about  an  iron  axis  pausing  through  the  centre,  and  fixed  in  a  block,  by 
means  of  a  cord  passed  round  its  circumference,  which  series  to  draw  up  uny 
weight.  The  pulley  is  either  single,  or  combined  together,  to  Increase  the 
power.  It  is  alto  either  fixed  or  moveable,  according  as  it  is  fixed  to  one  place 
or  mores  up  and  down  with  the  weight  and  power. 

When  a  power  sustains  a  weight  by  means  of  a  Jixtd  pulley,  the  power  and 
weight  are  obviously  equal;  for  if  through  the  centre  of  the  pulley  a  horiaontal 
line  be  drawn,  it  will  represent  a  lever  of  the  first  kind,  whose  prop  or  fulcrum  is 
the  fixed  centre;  hence  the  points  where  the  power  and  weight  act, are  equally 
distant  from  the  centre,  and  therefore  the  power  must  be  equal  to  the  weight. 
No  mechanical  advantage,  however,  is  gained  by  the  fixed  pulley,  though  it  is 
still  of  great  utility  in  the  raising  of  weights,  both  by  changing  the  direction  of 
UW  force,  and  also  by  ""piling  several  persons  to  exert  their  united  forces. 


V 


v 


40  In  the  tingle  moveable  pulley,  and  the  strings  parallel,  thrpt 
the  weight  a*  I  -.2;  but  if  the  string*  produced  make  an  an^lc  — 
PiWiililCMf 

Through  the  centre  of  the  pulley  draw  the  vertical  p 
line  WAC,  and  take  AC  to  represent  the  weight  W,  V  c 

where  All  the  point  of  intersection  of  the  airing*  pro-    \ 
duced.      Draw   CB  parallel  to  AH:  then  aince  the     \ 
string    ia    equally    stretched    throughout,    we    ha 
AB  —  BC  and  angle  BAC  =  *,-,  whence 

PiW::AB:AC::ain#  !alnSt>ill  :2™«;  s>VT*' 

and  when  the  strings  are  parallel  PiW;  A.%  for^=0.  (      J 

Cor.  1.  If  w  =  weight  of  the  moveable  block,  then  V+v 

SP=W  +  k.. 

Cor.  2.  In  the  system  where  there  are  two  blocks 
of  pulleys,  the  one  fixed  and  the  other  moveable,  and  wi    J 

the  same  rope  passing  round  ail  tho  pulleys,  then  we 
have  simply  a  combination  of  the  preceding  case;  and  therefore 

■P=  W  +  w 
where  u  =  number  of  strings  at  the  moveable  block  and  ir.iu  weizhi. 
strings  are  not  parallel,  the  cosine  of  the  angle  made  with  the  vernal 
case  must  be  introduced,  ss  above. 

Cor.  3.  In  the  ayatem  where  each  pulley  hangs  by  a  separate  n 
have  merely  a  repetition  of  the  single  moveable  pulley;  and  the  ira 
parallel,  we  get 

2-P  =;  W  +  w,  +  2w,  +  Vw,  + «— "». 

where  n  w  the  number  of  moveable  pulleys,  and  to,,  irB  tcr  the  weight 
pulleys  including  the  blocks  respectively. 
For  weight  at  w,  =  W  +  w, 
.-.    weight  at  w,  =  *±^i  +  »,  =  J  +    £  +  », 


w*~      at      +5i      +   T    +    *■■ 


h»  •**>««.-,*,  +  £+£  + ti+* 

,'.     P  =   *  weight  at  w. 

_  W       ip,    .     if,  w-i  j.  m. 

2>   T   ^         JI^I    ' 21  I 

.-.    JTP  =  W    +  ■>,  +  jhp,  +  2*ip,     + I-* 

When  so,  =  ip,  =  to,    —  &c.  t  then 
SPP  =  W    +  so,  (S»—  1) 
woe  tm, 
41.  Jfc  the  system  of  pulleys,  where  each  string  is  attached  to  At ' 
imd  the  strings  parallel,  we  have  P:Wi:l  :2*— I,  whire  n  is  the  m 
pulleys. 

Let  w„  wb  w*&c.  be  the  weights  of  the  pulleys,  and  let  thestrisfi 
over  the  pulley*  w,,  w»  «s  Ac  be  attached  to  the  weight  at  n» 
P*P»P»  *Cj  then  we  have 
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tension  of  string  at  p,  =  weight  supported  at  /?,  =     P 
Pt  = P%  =   2P  +    IT, 

Ps  = />s  =  28P  +  2t0,  +  19, 

and  so  on.     Hence,  if  n  be  the  number  of  pulleys,  the  whole  weight  sup» 

ported  is 

W  =  (l  +  2  +  28  +  2s  + 2—1)  P 

+  (l  +  2  +  2*  +  2s  + 2°-«)  M7» 

+  (1  +2  +  2*  + 2*  + 2°"*)  wt 

•  •  • 

•  •  • 
■                           •                                       • 

+  (1  +  2)  to._, 

+    t0.-i 

=  (2°—  1)  P  +  (2"-1—  \)wt  +  (2B-»—  1)  w>2  + *>„_,. 

Cor.  If  the  weights  of  the  pulleys  be  neglected,  we  have  W  =  (2*  —  1)  P; 
hence  it  is  manifest  that  the  weights  of  the  pulleys  increase  the  weight  sup- 
ported, and  the  advantage  is  therefore  on  the  side  of  the  power. 


ON  THE  INCLINED  PLANE. 

42.  The  inclined  plane  assists  by  its  reaction  in  sustaining  a  heavy  body. 

PROP.   IX. 

43.  Let  a  weight  W  be  supported  on  the 
inclined  plane  AB,  by  a  power  P  acting  in 
the  direction  WP;  and  let  angle  BAC=o, 
and  angle  BWP=j3;  then 

P  :  W  :  :  sin  a  :  cos  j8.. 
*  Draw  WH  perpendicular  to  the  horizon, 
WK  perpendicular  to  the  plane  AB,  and 
HK  parallel  to  WP;  then  the  weight  W  \s/^7 
kept  at  rest  by  three  forces,  viz.  the  power 
P  in  direction  HK,  gravity  in  direction  WH,  and  the  reaction  of  the  plane 
AB  in  direction  WK;  hence  if  WH  be  taken  to  represent  the  weight,  we 
have 

P  :  W  :  :  HK  r  HW  :  :  sin  KWH  :  sin  HKW 

:  :  sin  BAC  :  sin  KWP  :  :  sin  a  :  cos  0\ 
because  sin  KWP  =  cos  PWB,  since  BWK  is  a  right  angle. 
Cor,  1.  If/?  represent  the  pressure  on  the  plane;  then  we  have 

P  :p  :  :  HK  :  KW  :  :  sin  a  :  sin  HWP  :  :  sin  a  :  sin  J  £  -  (o  +  0)  I 

:  :  sin  a  :  cos  (a  +  0). 
Hence  W  :  P  :  p  :  :  cos  0  :  sin  a  :  cos  (a  +  0) 

or  W  =  COf  *•   ~  =        CO8  0  P  __        sin  a 

F"        sin  a     p         cos  (o  +  0)'   p        cos  (a  +  0) 

Cor,  2.  When  WP  is  parallel  to  the  plane,  0  =  0;  hence  we  have 

W_.ABW_.AB     P_BC 

P         K5;    p         AC5    p   ~  AT? 
or  W  =  P  cosec  A  =  p  sec  A. 
Cor.  3.  The  power  or  relative  weight  that  urges  a  body  W  down  the  in- 

dined  plane,  is  =  -r— |  *  W,  or  the  force  with  which  it  descends,  or  endea- 
vours to  descend,  is  as  the  sine  of  the  angle  A  of  inclination. 

rr? 
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(Air.  4.   Hence,  if  there  be  two  planes  of  the 
be  bid  upon  them  proportional  to  the  lengths  i>f  the 
planes,  they  will  have  equal  tendencies  tu  descend 
down  the  plane*;  and,  consequently,  Lhey  will 
tually  tuftsin  each  other  if  lhey  be  connected  by 
string  acting  parallel  to  the  planes. 


OF  THE  WEDGE. 

44.  Tub  Wedge  is  a  body  of  wood  or  metal,  in  form 
of  e  prism.  AF  or  BG  u  the  breadth  of  its  back ;  CE 
its  height;  GC,  DC  its  sides,  and  its  end  GBC  is  cora- 
l«ise.t  of  two  equal  inclined  planes,  GCE,  BCE. 


ib.  IVken  a  icfdge  it  w  equUibrio ;  the  power  acting  agaaut  the  itek,  i 
force  acting  pcrpewttcularlg  agamtt  (titter  tide,  at  the  breadlh  tf\ 
AB,  it  to  the.  length  of  the  tide  AC  or  BC. 

Fost,  any  three  forces,  which  sustain  one  another  in 
equilibrio,  lire  as  the  corresponding  sides  of  a  triangle 
drawn  perpendicular  to  the  directions  in  which  they 
art.  Dot  AB  is  perpendicular  to  the  force  acting  on 
the  back,  to  urge  the  wedge  forward;  and  the  rides 
AC,  BC  are  perpendicular  to  the  forces  acting  upon 
them ',  therefore  the  three  force*  are  aa  AB,  AC,  BC 

Corollary.  The  force  on  the  badt,  ("AB, 
Its  effect  in  direct,  perp.  to  AC,  \  AC, 
And  Its  effect  parallel  to  AB,         ~\DC. 

Are  a*  the  three  lines,  Qnhich  are  perp. 


And  therefore  the  thinner  a  wedge  is,  the  greater  is  ha  elect,  m  t 
any  body,  or  in  overcoming  any  resistance  against  the  aides  of  the  eaaj 

46.  Scholium, — But  it  mmthnnhwniil  thnllhr  re  ipaine,  us  ihtfcars 
mentioned,  respect  one  side  of  the  wedge  only.  For  if  tboas  against  asdti 
taken  in,  then,  in  the  foregoing  proportions,  we  must  take  only  half  tacts 
or  else  we  must  lake  double  (be  lines  AC  and  DC  In  the  wedge,  la*  1 
against  the  sides  is  very  great,  at  least  equal  to  the  force  to  be  ovens* 
cause  the  wedge  retain*  any  position  to  which  it  is  driven ;  and  thass 
reristance  is'  doubled  by  the  friction.     Bnt  then  the  wedge  has  a  gnat  i 

tflge  over  all  the  other  powers,  arising  from  the  force  of  ■ inina  or  Ur 

which  the  back  is  struck,  which  is  a  force  incomparably  greater  thsaan 
Height  or  pressure,  such  a*  1*  employed  in  other  machines.  And  aanaf 
we  fiw4  \\  vnAvrnt  *&■■**  vastly  superior  to  those  of  any  other  po.er;  a 
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the  splitting  and  raising  the  largest  and  hardest  rocks,  the  raising  and  lifting 
the  largest  ship,  by  driring  a  wedge  below  it,  which  a  man  can  do  by  the  blow 
of  a  mallet ;  and  thus  it  appears  that  the  small  blow  of  a  hammer,  on  the 

back  of  a  wedge,  is  incomparably  greater  than  any  mere  pressure,  and  will 

..  • 

overcome  it. 


OF  THE  SCltEW. 

47.  The  Screw  is  one  of  the  six  mechanical  powers,  chiefly  used  in  pressing 
or  squeezing  bodies  close,  though  sometimes  also  in  raising  weights. 

The  screw  is  a  spiral  thread  or  groove  cut  round  a  cylinder,  and  everywhere 
making  the  same  angle  with  the  length  of  it.  So  that  if  the  surface  of  the 
cylinder,  with  this  spiral  thread  on  it,  were  unfolded  and  stretched  into  a  plane* 
the  spiral  thread  would  form  a  straight  inclined  plane,  whose  length  would  be 
to  its  height,  as  the  circumference  of  the  cylinder  is  to  the  distance  between 
two  threads  of  the  screw;  as  is  evident  by  considering,  that,  in  making  one 
round,  the  spiral  rises  along  the  cylinder  the  distance  between  the  two  threads. 


PROP.  XI. 

49.  The  force  of  a  power  applied  to  turn  a  Screw  round,  is  to  the  force  with 
which  it  presses  upwards  or  downwards,  setting  aside  the  friction,  as  the  dis- 
tance between  two  threads  is  to  the  circumference  where  the  power  is  applied. 

The  screw  being  an  inclined  plane,  or  half  wedge,  whose  height  is  the  distance 
between  two  threads,  and  its  base  the  said  circumference  ;  and  the  force  in  the 
horizontal  direction,  being  to  that  in  the  vertical  one,  as  the  lines  perpendicular 
to  them,  namely,  as  the  height  of  the  plane,  or  distance  of  the  two  threads, 
is  to  the  base  of  the  plane,  or  circumference  at  the  place  where  the  power  is 
applied ;  therefore  the  power  is  to  the  pressure,  as  the  distance  of  two  threads 
is  to  that  circumference. 

Corollary,  When  the  screw  is  put  in  motion ;  then  the  power  is  to  the 
weight  which  would  keep  it  in  equilibrio,  as  the  velocity  of  the  latter  is  to  that 
of  the  former ;  and  hence  their  two  momenta  are  equal,  which  are  produced  by 
multiplying  each  weight  or  power  by  its  own  velocity.  So  that  this  is  a  general 
property  in  all  the  mechanical  powers,  namely,  that  the  momentum  of  a  power 
is  equal  to  that  of  the  weight  which  would  balance  it  in  equilibrio :  or  that  each 
of  them  is  reciprocally  proportional  to  its  velocity. 

49.  Scholium. — Hence  we  can  easily  compute  the  force  of  any  machine  turned 
by  a  screw.  Let  the  annexed  figure  represent  a  press  driven  by  a  screw,  whose 
threads  are  each  a  quarter  of  an  inch  asunder ;  and  that  the  screw  is  turned 
by  a  handle  of  4  feet  long  from  A  to  B ;  then,  if  the  natural  force  of  a 
man,  by  which  he  can  lift,  pull,  or  draw,   be  150  pounds;    and   it  be  re- 

*  w  w  % 
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quired  to  determine  with  what  force  the 
•crew  will  press  on  the  board  at  D,  when 
the  man  turns  the  handle  at  A  and  B  with 
his  whole  force.  The  diameter  AB  of 
the  power  being  4  feet  or  48  inches,  its 

rircojnterence  is  48  X  31416  or  150J 

nearly ;  and  the  distance  of  the  threadi 

being  i  of  an  inch ;  therefore  the  power 

is  to  the  pressure,  as  I  to  603, :  but  the 

power  is  equal  to  150  Um  therefore  as 

I  :  6031  :  :  ISO  :  90,460;  and  conse- 
quently the  pressure  at  D  is  equal  to  a  weight  of  90,480  pounds,  iaaetai 

of  friction. 

50.    Again,   if  the  endless    screw 

AB  bo  turned  by  a  handle  AC  of  SO  A 

inches,  the  threads  of  the  screw  being 

distant   half  an   inch  each ;    and   the 

screw    bun  a  toothed  wheel  E,  whoso 

pinion  L  turns  another  wheel  F,  and  the 

pinion  M  of  this  another  wheel  Q,  to 

the  pinion  or  barrel  of  which  is  hung  a 

weight  W;  it  is  required  to  determine 

what  weight  the   man  will  be  able  to 

raise,  working  at  the  handle  C;  sup- 
posing the  diameters  of  the  wheels  to 

be  18  inches,  and  those  of  the  pinions 

and  barrel  2  inches ;  the  teeth  and  pin- 
ions being  all  of  a  size. 


Here  20  x  3-1416  X  3  =  125-664, 
is  the  circumference  of  the  power. 

And  125-664  to  J,  or  251-3*8  to  1, 
is  the  force  of  the  screw  alone. 

Also,  18  to  2,  or  0  to  I  being  the 
proportion  of  the  wheels  to  the  pinions; 
and  as  there  are  three  of  them,  there- 
fore 9*  to  1,  or  729  to  1  is  the  power 
gained  by  the  wheels. 

Consequently  251-338  X  729  to  t,  or  183218,  to  1  nearly,  is  the  noW' 
power  to  the  weight,  arising  from  the  ad  vantage  of  both  the  sen*  ui ' 

But  the  power  is  150  pounds;  and  therefore  150  X  1S32I8J,  or  ii*3 
pounds,  is  the  weight  the  man  cun  sustain,  which  is  equal  to  I  MM 
weight 

But  the  power  has  to  overcome,  not  only  the  weight,  but  also  the  fncuu 
the  screw,  which  Is  very  great,  in  some  cases  equal  to  the  weight  itseit  w 
[Stain  the  aaigiu^*hen  the  power  is  taken  el 
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EXAMPLES  ON  THE  PRINCIPLES  OF  THE  MECHANICAL 

POWERS. 

On  the  Lever. 

51.  Ex.  1.  The  arms  of  a  bent  lever  are  to  each  other  as  4  to  5,  ana  arc 
inclined  at  an  angle  of  135°.  The  lever  rests  upon  a  fulcrum  at  its  angular 
point,  and  weights  are  suspended  from  the  extremities  of  the  two  arms,  such 
that  the  shorter  arm  rests  in  a  horizontal  position;  what  is  the  ratio  of  the 
weights  ?  Ans.  8  :  5^/2  or  1  :  «8838835. 

Ex.  2.  The  difference  of  the  lengths  of  the  arms  of  a  lever  is  (a)  inches; 
the  same  weight  weighs  (w)  pounds  at  one  end,  and  (to)  ounces  at  the  other; 
5ud  the  lengths  of  the  arms.  .       a        ,  4a 

3  ~S* 

Ex.  3.  A  lever  three  feet  in  length  weighs  6lb.;  what  weight  on  the 
shorter  arm  will  balance  12lb.  on  the  longer,  the  fulcrum  being  due  foot  from 
the  end?  Ans.  27lb. 

Ex.  4.  The  compound  lever  DK  is  composed  of  three  levers  of  the  first 
kind,  DA,  AB,  BK,  acting  upon  one  another.  The  arms  DC,  CA  of  the 
first  lever  are  respectively  8  and  6  inches;  those  of  the  second,  AO,  OB,  are 
12  and  2,  and  those  of  the  third,  BH,  HK  are  16  and  3;  find  the  ratio  of  P, 
the  power  at  D,  to  W,  the  weight  suspended  at  K. 

Ans.  P:  W::3:128. 

Ex.  5.  Suppose  AB  is  a  squared  beam,  or  lever  of  oak,  30  feet  long,  each 
end  being  one  foot  square;  what  weight  W  at  the  end  A  would  keep  it  in  a 
horizontal  position  on  a  fulcrum  C,  3  feet  from  that  end,  each  cubic  foot  of  the 
beam  weighing  54lb.  ?  Ans.  64801b. 

Ex.  6.  AB  is  a  uniform  straight  lever,  20  feet  in  length,  and  weighing 
40lb.;  and  HBK,  a  flexible  chain  of  the  same  length,  and  weight  1301b.,  is  laid 
upon  the  lever  in  such  a  manner  that  it  is  kept  in  equilibrium  on  a  fulcrum  C, 
which  is  five  feet  from  the  end  B;  how  much  of  the  chain  overhangs  the 

Cnd  B  ?  Ans.  20  —  j2  vSoT  or  8  •  233032  feet. 


On  the  Wheel  and  Axle. 

52.  Ex.  1 .  In  a  combination  of  four  wheels  and  axles,  each  of  the  radii  of  the 
wheels  is  to  each  of  the  radii  of  the  axles  as  5  to  1 ;  what  power  will  balance 
a  weight  of  1875  pounds?  Ans.  3  pounds. 

Ex.  2.  A  power  of  6lb.  keeps  in  equilibrium  a  weight  of  2401b.,  by  means 
of  a  wheel  and  axle:  the  diameter  of  the  axle  is  6  inches;  what  is  the  radius 
of  the  wheel  ?  Ans.  10  feeL 


IP 
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Ex.  8.  In  a  combination  of  wheels  and  pinions,  the  circumference 
pinion  is  applied  to  the  circumference  of  the  next  wheel,  and  the  rati 
radii  of  the  wheels  and  pinions  are  2  : 1,  2*  :  1;  2*  :  1,  and  so  on. 
number  of  wheels,  when  the  power  is  to  the  weight  as  I  :  w. 

Ans.  The  number  of  wheels  may  be  found  from  the  quadratic 

x3  4-  x  =  — — £ — ,  where  x  =  number  of  wheels, 
log  2 

On  the  Pullet. 
53.  Ex.  1.  What  power  will  sustain  40  pounds  oyer  fire  moTeabk 


Ex.  2.  In  a  system  of  pulleys,  where  each  pulley  has  a  sepax 
passing  oyer  it,  and  fastened  to  the  weight,  P  :  W  :  :  I  :  63;  what  if 
ber  of  moveable  pulleys  ? 

-Ex.  3.  In  the  same  system,  the  number  of  moveable  pulleys  is  J 
weight  of  each  pulley  21b.;  what  weight  will  a  power  of  601b.  suppoi 

A 


On  the  Inclined  Plans. 


54.  Ex,  1 .  A  power  of  lib.  acting  parallel  to  a  p^uie  »u|qyorts  s  i 
2lb.;  what  is  the  inclination  of  the  plane  ?  * 

Ex*  2.  Two  weights  are  fastened  to  the  ends  of  a  thread  which  aw 

over  a  pulley,  and  the  thread  makes  angles  f  w  and  0  with  the  horn 

at  rest;  also  one  of  the  weights  which  is  on  a  smooth  plane  is  duub 

other  which  hangs  vertically;  what  is  the  inclination  of  the  plane  ? 

Ans.  cot  f  =  2  sec  &  —  tan  £,  where  f  =  angle  of  is* 


JEx.  3.  A  weight  of  40  pounds  acting  parallel  to  the  length, 
of  56  pounds  on  an  inclined  plane  whose  base  is  340  feet;  find  the  he 
length  of  the  plane. 

Ans.  Height  =  :=  -/6  feet,  and  length  =  =?  - 

w  3 


Or  tux  Scjlbw. 


i 


55.  Ex.  1.  The  distance  between  two  contiguous  threads  of  s  so 
inches,  and  the  arm  to  which  P  is  applied  is  20  inches;  find  the  ratio 
W  when  there  is  an  equilibrium.  Ans.  P :  W : :  1 : 

Ex.  2.  What  must  be  the  distance  between  the  threads  in  s  seres 
man  exerting  a  force  of  501b.  at  the  end  of  an  arm  18  inches  ia  lesf 
press  with  a  force  of  ten  tons?  Ana.  "25245  inches,  or  *ia, 
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OP  THE  CENTRE  OF  GRAVITY. 


56.  Tire  Centre  of  Gravity  of  a  body,  is  a  .certain  point  within  it,  upon 
tfhich  the  body  being  freely  suspended,  it  will  rest  in  any  position ;  and  it  will 
descend  to  the  lowest  place  to  which  it  can  get,  in  other  positions. 


PROP.  XII, 


57.  If  a  perpendicular  to  the  horizon,  from  the  centre  of  gravity  of  any  body, 
fait  within  the  bate  of  the  body,  it  wilt  rent  in  that  position  ;  but  if  the  per- 
pendicular fall  without  the  base,  the  body  will  not  rest  in  that  position,  but 
will  tumble  down. 


For,  if  CD  be  the  perp.  from  the  cen- 
tre of  gravity  C,  within  the  base :  then 
the  body  cannot  fall  over  towards  A ; 
because,  in  turning  on  the  point  A,  the 
centre  of  gravity  C  would  describe  an 
arc  which  would  rise  from  C  to  E;  con* 
trary  to  the  nature  of  that  centre,  which 
only  rests  when  in  the  lowest  place* 
For  the  same  reason,  the  body  will  not 
fall  towards  D.  And  therefore  will 
stand  in  that  position. 


But  if  the  perp.  fall  without  the  base,  as  Co;  then  the  body  will  tumble  over 
on  that  side ;  because,  in  turning  on  the  point  a,  the  centre  C  descends  by  de- 
scribing the  centre  arc  Cc. 

Corollary.  1.  If  a  perpendicular,  drawn  from  tke  centre  of  gravity,  fall  just 
on  the  extremity  of  the  base,  the  body  may  stand ;  but  any  the  least  force  will 
cause  it  to  fall  that  way.  And  the  nearer  the  perpendicular  is  to  any  side,  or 
the  narrower  the  base  is,  the  easier  it  will  be  made  to  fall,  or  be  pushed  over 
that  way;  because  the  centre  of  gravity  has  the  less  height  to  rise:  which  is  the 
reason  that  a  globe  is  made  to  roll  on  a  smooth  plane  by  any  the  least  force. 
Rut  the  nearer  the  perpendicular  is  to  the  middle  of  the  base,  or  the  broader 
the  base  is,  the  firmer  it  stands. 

Corollary.  2.  Hence,  if  the  centre  of  gravity  of  a  body  be  supported;  the 
whole  body  is  supported.  And  the  place  of  the  centre  of  gravity  must  be  ac- 
counted the  place  of  the  body ;  fur  into  that  point  the  whole  matter  of  the  body 
may  be  supposed  to  be  collected,  and  therefore  all  the  force  with  which  it 
endeavours  to  descend. 
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Corollary  S.  From  the  property  which  the  centre 
of  gravity  has,  of  always  descending  to  the  lowest 
point,  is  derived  an  easy  mechanical  method  of  finding 
that  centre. 

For  if  the  body  be  hong  op  by  any  point  A,  and  a 
plumb  line  AB  be  hung  by  the  same  point,  it  will  pass 
through  the  centre  of  gravity ;  because  that  centre  is 
not  in  the  lowest  point  till  H  fall  in  the  plumb  line. 
Mark  the  line  AB  upon  it-  Then  hang  the  body  np 
by  any  other  point  D,  with  a  plumb  line  DE,  which 
will  also  pass  through  the  centre  of  gravity,  for  the 
same  reason  as  before;  and  therefore  that  ceutre 
must  be  .at  G  where  the  two  plumb  lines  cross  each 
other. 

Or,  if  the  body  be  suspended  by  two  or  more 
cords,  GF,  GH,  &&,  then  a  plumb  line  from  the  point 
G  will  cut  the  body  in  its  centre  of  gravity  C. 


I! 


I 


58.  Likewise,  because  a  body  rests  when  its  centre 
of  gravity  is  supported,  but  not  else ;  we  hence  derive 
another  easy  method  of  finding  that  centre  mechanical- 
ly. For,  if  the  body  be  laid  on  the  edge  of  a  prism, 
and  moved  backwards  and  forwards  till  it  rest,  or  ba-  * 

lance  itself;  then  is  the  centre  of  gravity  just  over  the 
line  of  the  edge.    And  if  the  body  be  then  shifted  into  another  pa 
balanced  on  the  edge  again,  this  line  will  .also  pas  by  the  centre* 
and  conscQueutly  the  intersection  of  the  two  will  give  the  centre  i&seJ 


( 


'■i' 


PROP.   XIU. 

59.  The  common  centre  of  gravity  C  of  any  two  bodice  A,  B,  fa* 
joining  their  centres,  into  two  parte,  which  are  reciprocally  et  ik 

That  is,  AC:  BC  ::  B:  A. 

For,  if  the  centre  of  gravity  C  be  supported, 

the  two  bodies  A  and  B  will  be  supported,  and  &\ 

will  rest  in  equilibria    But,  by  the  nature  of  the    ^  C 

lever,  when  two  bodies  are  in  equilibrio  about  a 
fixed  point  C,  they  are  reciprocally  as  their  distances  from  that  pc 
fore  A  :  B  : :  CB  t  CA. 

Corollary  1.  Hence  AB  :  AC  : :  A  +  B  :  B ;  or,  the  whole  < 
tween  the  two  bodies,  is  to  the  distance  of  either  of  them  from  t 
centre,  as  the  sum  of  the  bodies  is  to  the  other  body. 

Corollary  fc  Hence  also,  CA  .  A  =  CB  .  B ;  or,  the  two  \ 
equal,  which  are  made  by  multiplying  each  body  by  its  distance  ft 
ire  of  gravity. 

Corollary  X  As  the  centre  C  is  pressed  with  a  forre  equal 
vfelghto  K  *vt&^  >n\\\\*  \3kv*  ^wuto  A  and  B  are  each  pressed  wit 
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live  weights  A  and  B.  Therefore,  if  the  two  bodies  be  both  united  in  their 
common  centre  C,  and  only  the  ends  A  and  B  of  the  line  AB  be  supported, 
each  will  still  bear,  or  be  pressed  by  the  same  weights  A  and  B  as  before.  So 
that,  if  a  weight  of  100  lb.  be  laid  on  a  bar  at  C,  supported  by  two  men  at  A 
and  B,  distant  from  C,  the  one  four  feet,  and  the  other  6  feet ;  then  the  nearer 
mill  bear  the  weight  of  60  lb.,  and  the  farther  only  40  lb.  weight. 

Corollary  4.  Since  the  effect  of  any 
body  to  turn  a  lever  about  the  fixed  point  /^*"s       _^  ^>^ 

C,  is  as  that  body  and  its  distance  from^  J^^s    *1  Q^"v-^"*"9 

that  point;  therefore,  if  C  be  the  com-    J*  *  D       E 

mon  centre  of  gravity  of  all  the  bodies 

A,  B,  D,  E,  F,  placed  in  the  straight  line  AF ;  then  is  C A .  A  +  CB .  B 
=  CD .  D  -f-  CE  •  E  +  CF  .  F ;  or,  the  sum  of  the  products  on  one  side, 
equal  to  the  sum  of  the  products  on  the  other,  made  by  multiplying  each  body 
by  its  distance  from  that  centre.  And  if  several  bodies  be  in  equilibrium  upon 
any  straight  lever,  then  the  prop  is  in  the  centre  of  gravity. 

Corollary  &  And  although  the  bodies 
be  not  situated  in  a  straight  line,  but  scat- 
tered about  in  any  promiscuous  manner,  the 
same  property  as  in  the  last  corollary  still 
holds  true,  if  perpendiculars  to  any  line 
whatever  of  be  drawn  through  the  several 
bodies  and  their  common  centre  of  gravity, 
namely,  that  Qa  .  A  +  Ob  .  B  =  Qd .  D  +  Ce  .  E  +  C/.  F.  For  the  bodies 
have  the  same  effect  on  the  line  af  to  torn  it  about  the  point  C,  whether  they 
are  placed  at  the  points  a,  b,  d,  e,  f  or  in  any  part  of  the  perpendiculars  Aa, 
Bb,  Dd,  Ee,  Ff. 

PROP.   XIV. 

60.  If  there  be  three  or  more  bodies,  and,  if  a  line  be  drawn  from  any  one 
body  D  to  the  centre  of  gravity  of  the  rest  C ;  then  the  common  centre  of  gra- 
vity E  of  all  the  bodies,  divides  the  line  CD  into  two  parts  in  E,  which  are 
reciprocally  proportional  as  the  body  D  to  Hie  sum  of  all  the  other  bodies. 

That  is,  CE :  ED  ::  D  :  A  +  B,  &a 

For,  suppose  the  bodies  A  and  B  to  be  collected  gs^     o ^ 

into  their  common  centre  of  gravity  C,  and  let  a        ^  B 

their  sum  be  called  S.    Then,  by  the  last  prop.i 
CE  :  ED  : :  D  :  S  or  A  +  B,  &c. 

Corollary  Hence  we  have  a  method  of  finding  the  common  centre  of  gra- 
vity of  any  number  of  bodies ;  namely,  by  first  finding  the  centre  of  any  two 
of  them,  then  the  centre  of  that  centre  and  a  third,  and  so  on  for  a  fourth,  or 
fifth,  && 


61.  If  there  be  taken  any  point  P,  in  the  line  passing  through  the  centrts  of 
two  bodies  i  then  the  sum  of  the  two  products  of  each  body,  multiplied  by  its 
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distance  from  that  point,  it  equal  to  ike  product  of  the  turn  of  the  ojd 
pUed  by  the  distance1 of  their  common  centre  of  gravity  C  from  the 


I 


That  is,  PA  .  A  +  PB  .  B  =  PC .  A  +  & 
For,  -by  the  38th,  C  A  .  A  =  CB  .  B,  that  is, 

*A  —  PC .  A  =  fO  — PB.B,  therefore,       Q J - J 

by  adding  A 

PA.  A  +  PB.B"=  PC.  K  +  K 

Corollary.  1.  Hence,  the  two  bodies  A  and  B  hare  the  tame  force 
the  lever  about  the  point  P,  as  if  they  were  both  placed  in  C,  their 
centre  of  gravity. 

Or,  if  the  line,  with  the  bodies,  move  about  the  point  P ;  the  sum  ef 
menta  of  A  and  B,  is  equal  to  the  momentum  of  the  sum  S  or  A  + 
at  the  centre  C 

Corollary,  2.  The  same  is  also  true  of  any  number  of  bodies  wb* 
will  appear  by  cor.   4,  prop.  38,  namely,   PA  .  A  +  PB  .  B  +  PD 

=z  PC  .  A  +  B  +  D,  &c,  where  P  is  any  point  whatever  in  the  line  : 

And,  by  cor.  5,  prop.  38,  the  same  thing  is  true  when  the  boaiei 

placed  in  that  line,  but  any  where  in  the  perpendiculars  petnag  ' 

the  points  A,  B,  D,  &c;  namely,  Pa .  A  +  P©  .  B  +  Pd  .  Dt  *c,  = 

A  +  B  +  D,  &c 

Corollary.  3.  And  if  a  plane  pass  through  the  point  P  peipeodinifar 

line  CP ;  then  the  distance  of  the  common  centre  of  gravity  from  Cast  si 

„       Pa.  A  +  P&.B  +  Pd.  D,  &c  .    _  .       .  .... 

PC  = .'  - .-■  -tj— r— k — o that  is,  equal  to  the  sum  of  al  uV 

A  -f-  B  +  D,  &c  ^  ^ 

divided  by  the  sum  of  ail  the  bodies.     Or,  if  A,  B,  D,  ere,  be  the  sereral 

cles  of  one  mass  or  compound  body ;  then  the  distance  of  the  centre  </  fi 

of  the  body,  below  any  given  point  P,  is  equal  to  the  forces  of  all  the  pi 

divided  by  the  whole  mass  or  body,  that  is,  equal  to  all  the  Pa.  A  PI 

Pd .  D,  &r.  divided  by  the  body  or  sum  of  the  particles  A,  B,  I),  &c 


prop.  xvi. 
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62.  To  find  the  centre  of  gravity  of  a  triangk. 

From  any  two  of  the  angles  draw  lines  AD,  CE,  to 
bisect  the*  opposite  sides;  so  will  their  intersection  G 
be  the  centre  of  gravity  of  the  trlangfo.- 

Por,  because  AD  bisects  BC,  it  bisects*  also  alt  its 
parallels,  namely,  all  the  parallel  sections  of  the  figure ; 
therefore  AD  passes  through  the  centres  of  gravity  of 
all  the  parallel  sections  or  component  parts  of  the 
figure;  and  consequently  the  centre  of  gravity  of  the 
whole  figure  lies  in 'the  line  AD.'  For  the*  same  rea- 
son, U  Yte*  fcW  \iv  \Y»  \tat  CE.  And  consequently  it  is  in  their 
of  irtt«r**c\.u>\\  Vi. 
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Corollary.  The  distance  of  the  point  6,  is  AG  =  f  AD,  and  CO  as  |CEf 
or  AG  =  2GD,  and  CG  =  2GE. 

For,  draw  BF  parallel  to  AD,  and  produce  CE  to  meet  it  in  F.     Then  the 
triangles  AEG,  BEF  are  similar,  and  also  equal,  because  AE  =  BE;  conse- 
quently AG  =  BF.    But  the  triangles  CDG,  CBF  are  also  equiangular,  and 
CB  being  =  SCD,  therefore  BF  =  8GD.    But  BF  is  also  =  AG;  consequently 
AG  =  2GD  or  f  AD.    In  like  manner,  CG  =  2GE  or  *C& 


PROP.   XVII. 


68.  To  find  the  centre  of  gravity  of  a  trapezium. 

Divide  the  trapezium  ABGD  into  two  triangles,  by 
the  diagonal  BD,  and  find  E,  F,  the  centres  of  gra- 
vity of  these  two  triangles ;  then  shall  the  centre  of 
gravity  of  the  trapezium  lie  in  the  line  EF  connect- 
ing them.  And  therefore  if  EF  be  divided,  in  G, 
in  the  alternate  ratio  of  the  two  triangles,  namely, 
EG  :  GF  ::  triangle  BCD  :  triangle  ABD,  then  G 
will  be  the  centre  of  gravity  of  the  Lrapesiam. 

64.  Or,  having  found  the  two  points  E,  F,  if  the  trapezium  be  divided  into 
two  other  triangles  BAC,  DAC,  by  the  other  diagonal  AC,  and  the  centres  of 
gravity  H  and  I  of  these  two  triangles  be  also  found;  then  the  centre  of  gra- 
vity of  the  trapezium  will  also  lie  in  the  line  HL 

8o  that,  lying  in  both  the  lines,  EF,  HI,  it  most  necessarily  lie  in  their  in- 
tersection G. 

65.  And  thus  we  are  to  proceed  for  a  figure  of  any  greater  number  of  sides, 
finding  the  centres  of  their  component  triangles  and  trapeziums,  and  then 
finding  the  common  centre  of  every  two  of  these,  till  they  be  all  reduced  into 
one  only. 

PROP.  XVIII. 

66.  To  find  the  centre  of  gravity  of  a  triangular  pyramid. 

Let  ABCD  be  a  triangular  pyramid,  and  to  the 
point  of  bisection  of  DC  draw  AH,  BH.  Take 
HK  =  |HA  and  HI  =  *HB;  then  K  and  I  will 
be  the  centres  of  gravity  of  the  surfaces  ACD  and 
BCD  respectively.  Join  KI,  Al,  BK.  Now  if 
the  pyramid  be  resolved  into  elements,  by  means 
of  planes  parallel  to  BCD,  it  is  evident  that  the 
line  A I  must  pass  through  the  centre  of  gravity  of 
the  pyramid,  since  I  is  the  centre  of  gravity  of 
BCD.  For  the  same  reason,  the  centre  of  gravity 
of  the  pyramid  is  in  the  line  BK,  and  because 

A I  and  BK  are  in  oue  plane,  the  centre  of  gravity  of  the  pyramid  ABCD 
be  at  G,  the  point  of  intersection  of  A I  and  BK. 

By  similar  triangles  AGB  and  KG  I,  we  have 

AG  :  GI  .  :  AB  :  KI  :  :  AH  :  KH  :  :8  i  1 
.-.  AG  :  AI  :  :  8  :  4  or  AG  =  4  AL 


r  J1 

f- 
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Car.  I.  Bisect  AB  in  P  and  join  HG  and  GP;  then  if  PQ  be  dr 
to  Al,  we  have  BQ=Ql=lH;  but  AI=2PQ  and  Al=4GI;  heno 
and  therefore  HI :  HQ  : :  IG  ;  PQ;  whence  HGP  is  a  straight  hoc. 

Cor.  2.  Hence  the  centre  of  gravity  of  a  triangular  pyramid  b  ti 
the  line  joining  the  points  of  bisection  of  any  two  edges  that  do  not  i 

Car.  3.  A  solid  bounded  by  plane  surfaces  may  be  divided  I»v 
a  number  of  triangular  pyramids;  and  if  a  plane  be  drawn  parallel  tu 
a  distance  equal  to  \  of  the  altitude  of  the  pyramid,  then  the  centre  < 
the  whole  pyramid  must  be  in  this  plane,  for  that  of  each  of  the  trial 
mids  is  in  this  plane.  Hence,  the  line  joining  the  vertex  of  the  pvrei 
centre  of  gravity  of  its  base  will  cut  the  plane  in  the  centre  of  gr* 
whole  pyramid. 

raop.  xix. 

67.   To  find  the  centre  of  gravity  of  any  body,  or  system  of  bout*. 

Let  t>„  «ti  "te  &c»  denote  the  volumes  of  the  material  particles  whkt 
the  body  or  volume  V;  and  zl9ylt  z,;  x„  $n  x„  &c;  their  co-orJiMt« 
ence  to  three  rectangular  axes;  then  if  X,  Y,  Z  denote  the  c^niiru 
centre  of  gravity,  we  have  (by  Prop.  XV.,  Cor.  3.) 

X ^ 

Y  =  v&1  +  vtyt  +  v&i  4-  Pyy4  +  ■  •  • 

v 

z v 

But  to  adapt  these  expressions  to  computation,  we  shall  introd-xt : 
ciples  of  the  Differential  and  Integral  Calculus,  and  then  the  preces- 
sions will  take  the  form 

y  —  f*dvm  Y_  fydv%  z  —  f:dc 

fdo  fdv  fdv 


where  x,  yt  i  denote  the  distances  of  the  centre  of  gravity  of  dc  froo  i 
rectangular  planes. 

By  means  of  these  three  equations,  the  determination  of  the  centre  4 
may  be  effected;  and  when  the  figure  is  a  plane  surface,  two  of  the*  t 
are  only  required,  since  the  centre  of  gravity  is  in  the  plane. 

1.  When  the  figure  is  a  plane  curve. 

Here  dv  =  differential  of  the  arc  =  Jdx*  -f-  dy1  =  ds 

...   X=£*;  Y  =  &± 

•  s 

and  if  the  arc  be  symmetrical  on  each  side  of  the  axis  of  x,  we  ha*c  j  = 
then  we  have  simply 

X=S*ds 

s 

II.  When  the  figure  is  a  plane  surface. 

Here  dv  =  differential  of  the  area  =  yds;  hence 

Jydx  Jtfdx 
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if  the  area  it  symmetrical  on  etch  tide  of  the  exit  of*,  we  n+~*  n*Jy> 
laftion,  vii. 

For  a  surface  of  resolution  round  the  axis  of  #. 

)  one  equation  only  it  necessary;  and  tince  dv  =  differential  of  the 

=  2*yds,  we  have 

v  —fey** 
x     J5*m 

For  a  solid  of  revolution  round  the  axis  of «. 

t  dv  =  differential  of  the  volume  =  «y*dx,  and  beuco 

ihall  now  apply  these  formula  to  a  few  examples. 

ExmrLit. 

Ex.  I .  To  find  the  centre  of  gravity  of  a  circular  arc 

i  the  curve  is  symmetrica]  on  each'  side  of  the  axis  of x,  and  the  equa- 

f*  =  2ax  —  x9;  hence  we  have 

*   J  V2ax—x*         »  \  a  J 

e  # 

the  distance  of  the  centre  of  gravity  of  a  circular  arc  from  the  vertex 

—  22,  and  therefore  the  distance  of  the  centre  of  gravity  from  the 

s 

=  3T 

$ 

2.  To  find  the  centre  of  gravity  of  a  cone. 

r„  x,  represent  any  two  parts  of  the  axis  of  the  cone,  measuring  from 
tex,  and  y  „  y,  the  radii  of  the  circular  sections  of  the  cone  correspond* 
he  altitodes  x„  x,$  then,  if  x  denote  any  variable  part  of  the  axis,  and 
idius  of  the  corresponding  circular  section*  we  have 

*i  *  :  y  :  yi       .'.  Jf1  =  **•  i1, J  where  xu  y,  are  constanU;  hence 

£>*  -  £ />*  *.  4' />* 

jr*dx         x,V  x,V 

£££     =^l=:?.f!=:!f  =  distance  from  vcrtox. 
JF3i  \P        4     ?         4 

ntegrating  between  the  limiu  x,  and  *»  we  hiive 

4(jr,«  -  x,«)  _  8  (x,«  +  ».«)  (*.f  -r.f) 

i(x,*  —  «,»)  V   (x,  —  x.)  (x,'  +  *,#.  +~*.f) 

»     (*.'  +  x,»)  (x,  +  «i)  _  *     *.'  +  «.««t  +  * V  +  */ 

4  "     a\f  +  x,xf  +  x,1  "         4  "  x,"  +  *•»■  +  *tf 

•  •   Xt  —  A  —  X|  —  -         •  1 — 1     ' 

4  x,1  +  *•*■  +  *t* 

_  (x,  -  xj    xt»  +  2x,xs  +  ax,« 
4  4r,»  +  *A  +  't1 
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70.  To  determine  the  horizontal  thrust 
of  the  terrace,  whose  vertical  section  i* 
BCHK,  against  the  wall  whose  section 
it  ABCD,  and  the  momentum  of  the 
thrust   to   overturn  the  mall  about  the 

If  it  be  required  to  support  a  terrace 
by  a  vertical  wall,  it  must  be  constructed 
so  as  to  counteract  the  horizontal  thrust 
of  the  prismatic  man  of  earth  which  liea  above  the  surface  of  a  bank  that 
would  be  itself  supported.  But  this  prismatic  mass  is  partly  supported  by 
friction,  and  we  must  therefore  ascertain  how  much  of  the  horizontal  thrust  is 
counteracted  by  friction. 

Suppose  a  weight  W  to  be  placed  on  a  plane,  inclined  to  the  vertical  at  an 
angle  ■';  and  let  H  be  the  horizontal  force,  which,  with  the  friction,  just 
■■■stains  the  weight  W.  Resolve  each  of  the  forces 
W,  H  into  two  others,  the  one  parallel  and  the  nth-  T 
perpendicular  to  the  plane;  and  those  parallel  to  the 
plane  act  in  opposite  directions,  while  those  perpen- 
dicular to  the  plane  concur  in  direction;  hence  we 

force  parallel  to  the  plane  =  W  cos  t  -  -  H  ain 

force  perpendicular  to  the  plane  -  W  iin  ■'  +  II  cos 
And  the  tint  of  these  forces  must  be  precisely  equal  to  the  friction;  that  is, 
equal  to  a  force  that  will  Just  support  the  weight  upon  the  plane;  hence 
W  cos  j  —  H  sin  i  =/W  sin  t  +/H  cos  i 

...  h  =  °5  i  -fAa '  w  =  j  -/'■■ '  W 

sin  i+/cosi  tain'  +/ 

If  then  the  weight  W  were   sustained  by  a  wall,  the  horizontal  thrust  of 
the  weight  W  against  the  wall  would  be  !  ~~f±"J  ■  W. 

Now  to  apply  this  to  the  investigation  of  the  horizontal  thrust  of  the  prism 
BCH,  we  shall  put  BC  —  a,  a  variable  part  Cb  =  x,  bb'  =  dx,  and  *  the 
specific  gravity  of  the  earth.     Then  the  area  of  bb'hh'  =  idx  tan  ■",  and  its 
weight  =  .i-idz  Ian  ■ ;  hence  the  horizontal  thrust  sgalnst  bti  will  be 
•  -/tan  i  ,„dxUmi=   j-ffiLi .  ixdx  =  sWzdx 


where  M 


■+/ 

__  1  -/'" 


1  he 


i,  integrating;  we  have 


1  +/001  t' 
/"■Mi*  =  In'iM  =  whole  horizontal  thrust  of  triangle  BCH. 

Again,  the  length  of  the  lever  Bb  =  a  —  x.  and  the  moment*  of  the  thrust 
of  the   element   bb'hh'  =  «Mi(«  —x)ds  =  asMxdx  —  arnVd!*:   hence 
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f°a$Mxdx  — /?«M*Vx  =  JAM  —  *a*#M  =  4a»«M  =  moment  of  die  wad 
horizonal  thrust. 

The  expression  .       J \  will  vanish  when  tan  t  =  0,  or  tan  i  =  ^  m 

r  1  +  /coti  f 

between  these  limits  there  is  a  value  which  gives  both  the  horizontal  tarn 
and  its  moment  a  maximum.     Let  then 

u  r=  Lr~«'        *  =  maximum,  and  differentiating  we  have 
1  +/cot  i 

du  _  —/see*  i  (1  +  /cot  t)  +  /cosec«  t  (1  —/tan  t) 

di    ~  (1  +  /cott)» 

.%    sec*  i  (I  +/cot  i)  =  cosec*  i  (I  —/tan  i) 

.-.    tan  t  =  — /  +  VI  +  /* 

Hence  M  =  i^^.  =  ^4,  =  tanW  ==(-/+, /IT?/ 

.-.  horizontal  thrust  =  *a«*(  — /  +  -v/1  +  /*)*  =  4***  tan1  i. 
and  moment  of  thrust  =  +<&*(  — /  +  «/l  +  /*)*  =  i<A  tan1  i. 

71 .  The  angle  whose  tangent  is  — /  -f-  */\  +  /*  is  just  half  of  that  wat* 

tan.  is  1    or  tan^C  —  /+  VF+J*)  =  2  tan  "*/•      For  "**  ^  *  = 
2  -  \  *  therefore  -J^=X±_^13^  =    *(-/Wrgj  = 

1,  and  tan  "l  -3,  is  the  angle  of  the  slope  which  the  earth  would  naturally  asm 

if  uusustained  by  any  wall. 

For  if  t  be  the  inclination  of  a  plane  to  the  vertical,  and  g  the  autleisHsf 
force  of  gravity;  then  the  force  g  resolved  into  two,  parallel  and  perpestfea* 
lar  to  the  plane,  gives  g  cos  t  and  g  sin  1;  hence  the  friction  =/?  sin  i  id 
being  counteracted  by  the  force  g  cos  1,  we  must  have 

g  cos  t  =fg  sin  t,  or  tan  1  =  -,  or/ =  cot  t. 

Hence  if  BR  be  the  natural  slope  of  loose  earth,  and  BH  bisect  the  ■$■ 
RBC;  then  the  prismatic  mass  CBH  will  exert  the  greatest  force  agibttfc 
vertical  wall  BC. 

72.  In  loose  earth  the  natural  slope  is  about  60°  from  the  rendL 
and  in  tenacious  earth  this  angle  is  about  54°;  hence  in  the  forma  m 
i  =  30;  tan  t  =  tan  30°=  ^  =  1^3,  and  in  the  latter  1=  27°,  tan  i=m 
27°  =  Vh  nearly-=  4.  Therefore,  for  loose  earth,  the  horizontal  thrust = jA 
and  its  moment  =  tV*1**  md  for  tenacious  earth,  the  horizontal  thnut  ajA 
and  its  moment  =  tV****  Now  Put  AB  the  breadth  of  the  wall  =  x,  BC=* 
and  the  specific  gravity  =  S;  then  the  moment  of  the  resistance  of  tat  •* 
is  =  4ax*S,  which,  in  the  case  of  equilibrium,  must  be  equal  to  the  aiosMsf* 
the  horizontal  thrust;  hence,  for  tenacious  earth  we  have 

2  24  a        6  V  S" 

Ex.  1.  Let  S  =  2520,  and  *  =  1600;  then  we  have 

x  _   1      /3T_   1       /4800  _   1       /TO _    9         . 

hence  x  =  -  .  a  =  --  of  the  height  of  the  rectangular  wall : 
40  40 
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Ex.  2.  Let  the  wall  be  triangular,  as  in  the  annexed  figure,  and  let  x  =  Ha 
breadth;  then  the  moment  of  the  resistance  will  be  =  fr  X  T  axS  =  $ax*S| 
nence  we  must  have 

8  24  a        4  V  S* 

and  S,  s  remaining  as  above,  we  have 

;-i*E8-W5-v'5— ■-*-* 

PROP  XXI. 

78.  To  determine  the  thickness  of  a  pier  necessary  to  support  a  given  arch 

Let  ABCD  be  half  the  arch,  and  DEF6  Tj  n 
the  pier.  From  the  centre  of  gravity  K 
of  the  arch  draw  KL  perpendicular  to  the 
horizon.  Then  the  weight  of  the  arch  in 
direction  KL  will  be  to  the  horizontal 
push  at  A,  in  direction  LA,  as  KL  to  LA 
For  the  weight  of  the  arch  in  direction 
KL,  the  horizontal  push  or  lateral  pres- 
sure in  direction  LA,  and  the  push  in 
direction  KA,  will  be  as  the  three  sides 

KL,  LA,  KA.    So  that,  if  A  denote  the  weight  or  area  of  the  arch ;  then  jTj-  •  A 

LA 
will  be  its  force  at  A  in  the  direction  LA;  and  Kj-  .  GA .  A  its  effect  or 

the  lever  GA  to  overset  the  pier,  or  to  turn  it  about  the  point  F. 

Again,  the  weight  or  area  of  the  pier,  is  as  EF .  FG ;  and  therefore 
EF.  FG .  $FG,  or  $EF.  FG«,  is  its  effect  on  the  lever  JFG,  to  prevent  the  pier 
from  being  overset;  supposing  the  length  of  the  pier,  from  point  to  point,  to  be 
do  more  than  the  thickness  of  the  arch. 

But  that  the  pier  and  arch  be  in  equilibrio,  these  two  effects  must  be  equal. 

Therefore  we  have  JEF  .  FG  *  =  m-  •  GA  .  A,  and  consequently  the  thickness 

..    •  •         •      *-n-i  MX\*A  m   Alt 

of  the  pier  is  FG  =  v/  EF    KL"  * 

Example  1.  Suppose  the  arc  ABN  to  be  a  semicircle ;  and  that  DC  or  AO 

=  45,  BC  =  6,  and  GA  =  18  feet    Then  KL  will  be  found  =  40,  AL  =  15 

nearly,  and  EF  =  69 ;  also,  the  area  ABCD  or  A  =  704 J.     Therefore  FG  = 

2GA .  AL     A.  36.15     HAJI        11A  .       ....     .     A. .  . 

V'  Ky    ftjj  •  A  is  =  '•gft—^n  •  704$  =  li|  nearly,  which  is  the  thickneai 

of  the  pier. 

Example  &  Suppose,  in  the  segment  ABN,  AN  =  100,  OB  =  41$,  BC  =  6$, 
and  AG  =40.     Then  EF  =  58,  KL  =  35,  AL  =  15  nearly,  and  ABCD  or 

A  =  842.    Therefore  FG  =  x/^^  .  A  =  a/I^I*  •  M2  ■■  n* 

V     £«r  •  KL  V  5o*9o 

nearly,  the  thickness  of  the  pier  in  this  case. 

ooo 
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For,  by  Prop,  n.,  the  force  AB  is  equivalent  to  the  two  forces  AC,  CB ;  of 
which  the  former  AC  does  not  act  on  the  plane,  because  it  is  parallel  to  it.  The 
plane  is  therefore  only  acted  on  by  the  direct  force  CB,  which  is  to  AB  as  the 
sine  of  the  angle  BAC,  or  ABD,  to  radius. 

Corollary.  1.  If  a  body  act  on  another,  in  any  direction,  and  by  any  kind  of 
force,  the  action  of  that  force  on  the  secoad  body,  is  made  only  in  a  direction 
perpendicular  to  the  surface  on  which  it  acts. 

For,  the  force  in  AB  acts  on  DE  only  by  the  force  CB,  and  in  that  direction. 

Corollary.  2.  If  the  plane  DE  be  not  absolutely  fixed,  it  will  move  after  the 
stroke,  in  the  direction  perpendicular  to  its  surface.  For  it  is  in  that  direction 
that  the  force  is  exerted. 


PROI*.   II. 

9.  If  one  body  A  strike  another  body  B,  which  is  either  at  rest  or  moving 
towards  the  body  A,  or  moving  from  it,  but  with  a  less  velocity  than  that  of  A; 
then  the  momenta,  or  quantities  of  motion  of  the  two  bodies,  estimated  in  any  one 
direction,  will  be  the  very  same  after  the  stroke  that  they  were  before  it 

For,  because  action  and  re-action  are  always  equal,  and  in  contrary  directions, 
wtiatever  momeutura  the  one  body  gains  one  way  by  the  stroke,  the  other  must 
juj*  lose  as  much  in  that  same  direction ;  and  therefore  the  quantity  of  motion 
in  that  direction,  resulting  from  the  motions  of  both  the  bodies,  remains  still  the 
tame  as  it  was  before  the  stroke. 

Thus,  if  A  with  a  momentum  of  10,  strike 

B  at  rest,  and  communicate  to  it  a  momeulum  of        q »  ■ 

4*  ia  the  direction  All.     Then  A  will  have  only 

a  momentum  of  G  in  that  direction  ;  which,  together  with  the  momentum  of  B, 

viz.  4,  make  up  still  the  sinne  momentum  between  them  as  before,  namely,  10. 

If  B  were  in  motion  be 'ore  the  strike,  with  a  momentum  of  5,  in  tb* 
same  direction,  and  receive  from  A  an  additional  momentum  of  2;  then  th* 
motion  of  A  after  the  stroke  will  be  8,  and  that  of  B,  7,  which  between  tiieui 
make  15,  the  same  as  10  and  5,  the  motions  before  the  stroke. 

Lastly,  if  the  bodies  move  in  opposite  directions,  and  meet  one  another, 
namely,  A  with  a  motion  of  10,  and  B,  of  5;  and  A  communicate  to  B  a  motion 
of  6  in  the  direction  AB  of  its  motion.  Then,  before  the  stroke,  the  whole  mo- 
tion from  both,  in  the  direction  of  A  B,  is  10  —  5  or  5;  but  after  the  stroke,  the 
motion  of  A  is  4  in  the  directiou  AB,  and  the  motion  of  B  is  6 — 5  or  1  in  the 
same  direction  AB;  therefore,  the  sum  4  -f-  1,  or  5,  is  still  the  same  motion 
from  both  as  it  was  before. 


PROP.  in. 

JO.  The  motion  of  bodies  included  in  a  given  space,  is  the  same,  with  regard  to 
each  other,  whether  that  space  be  at  rest,  or  move  uniformly  in  a  right  line* 

For,  if  any  force  be  equally  impressed  both  on  the  body  and  the  line  in  which 
it  motes,  this  will  cause  no  change  in  the  motion  of  the  body  along  the  right 
line.  For  the  same  reason,  the  motions  of  all  the  other  bodies,  in  their  several 
directions,  will  still  remain  the  same.  Consequently,  their  motions  among 
themselves  will  continue  the  same,  whether  the  including  space  be  at  rest,  or  be 
ninved  uniformly  forward ;  and  therefore,  their  mutual  actions  on  one  another 
must  also  remain  the  same  in  both  cases* 

o  o  o  2 
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PEOF.    IT. 

1 1.  If  a  hard  or  fixed  plane  be  stiuck  by  either  a  soft  or  a  ha 
the  body  will  adftere  to  it;  but  if  the  plane  be  struck  by  a  p*rf 
it  will  rebound  from  it  again  with  the  same  velocity  with  which  i 

For,  at  the  parts  which  are  struck  of  the  elastic  body  sn 
give  way  by  the  force  of  the  blow,  and  as  suddenly  restore 
with  a  force  equal  to  the  force  which  impressed  them,  by  the  d« 
bodies;  the  intensity  of  the  action  of  that  restoring  force  on 
equal  to  the  force  or  momentum  with  which  the  body  struck  ti 
as  action  and  re-action  are  equal  and  contrary,  the  plane  will  j 
force  on  the  body,  and  so  cause  it  to  rebound  or  move  bark  a?; 
velocity  as  it  had  before  the  stroke. 

But  hard  or  soft  bodies,  being  devoid  of  elasticity,  by  the  d 
no  restoring  force  to  throw  them  off  again,  they  must  neressari 
plane  struck. 

Corollary  1.  The  effect  of  the  blow  of  the  elastic  body  < 
double  to  that  of  the  unelastic  one,  the  velocity  and  max  Mn« 

For  the  force  of  the  blow  from  the  unelastic  body,  is  as  its  m 
which  is  only  destroyed  by  the  resistance  of  the  plane ;  but  in 
that  force  is  not  only  destroyed  and  sustained  by  the  plane.  1 
equal  to  it  is  sustained  by  the  plane,  in  consequence  of  the  re£ 
by  virtue  of  which  the  body  is  thrown  hack  again  with  an  equ 
therefore,  the  intensity  of  the  blow  is  doubled. 

Corollary   2.    Hence,  unelastic  bodies  lose,  by  their  colli** 
motion  lost  by  elastic  bodies,  their  mass  and  velocities 
latter  communicate  double  the  motion  of  the  former. 
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PROP.    V. 

12.  If  an  elastic  body  A  impinge  on  a  firm  plane  DE  at  i\t 
rebound  from  it  in  an  angle  equal  to  that  in  which  it  struck  it; 
incidence  will  be  equal  to  the  angle  of  reflection;  nanuly,  the  "s 
to  the  angle  FBE. 

Let  AB  express  the  force  of  the  body  A  in  the 

direction  AB ;  which  let  be  resolved  into  the  two 

AC,  CB,  parallel  and  perpendicular  to  the  plane. 

Take  BE  and   CF  equal  to  AC1,  and  draw  BF. 

Now,  action  and  re-action,  being  equal,  the  plane 

will  resist  the  direct  force  CB  by  another  BC  equal 

to  it,  and  in  a  contrary  direction ;  whereas,  the  other  AC.  bear 

plane,  is  not  acted  on  nor  diminished  by  it,  but  still  cootie***  * 

body  is  therefore  reflected  from  the  plane  by  two  forties  BC.  ?- ' 

and  parallel  to  the  plane,  and  therefore  moves  in  the  diar** : 

sition.     But,  because  AC  is  equal  to  BE  or  CF,  and  BC  »  •"* 

triangles  BCA,  BCF,  are  mutually  similar  and  equal ;  is*  >* 

angles  at  A  and  F  are  equal,  as  also  their  equal  alterant 

which  are  the  angles  of  incidence  and  reflection. 
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13.  Let  B  and  b  be  two  spherical  bodies  moving  in  the  same  direction  with 
the  velocities  V and  v;  it  is  required  to  find  the  velocities  o/B  and  b  after  B  has 
impinged  onb. 

(1.)  If  the  bodies  are  inelastic,  it  is  obvious  that  the  bodies   B  . 

will  move  on  together  after  impact,  because  there   is  no    o 


elastic  force  to  separate  them.  Let  C  be  their  common  velocity  after  impucc; 
then  BV  +  bv  b  the  momentum  of  the  system,  and  since  it  must  remain  un- 
changed after  impact,  we  must  have 

(B  +  b)C  =  BV  +  bv     .-.  C  =  BY,  f  b° 

D  -\-  O 

Velocity  lost  by  B  =  V  —  C  =  £<T  ~  ») 

velocity  gained  by  b  =  C  —  v  =     I  pJ. 

B  -f-  6 

•\  B  -f-  b  :  ft  :  :  V  —  v  :  velocity  lost  by  B, 
and  B  -f-  b  :  B :  :  V  —  v  :  Telocity  gained  by  J. 
(2.)  If  the  bodies  B  and  b  are  perfectly  elastic,  the  Telocity  lost  by  B  and 
gained  by  b  will  be  the  same  as  we  have  found  above  during  the  compression  of 
their  figures;  but  after  the  compression  ceases,  elasticity  begins  to  act,  and  th* 
bodies  separate  with  exactly  the  same  velocity  as  that  with  which  they  were  com- 
pressed i  therefore  B  will  lose  and  b  will  gain  as  much  velocity  by  the  recovery 
of  their  figures  as  by  their  compression; 

hence  velocity  lost  by  B  =  ^  ~  fi  +  -*(V  ~  v)  =   2/'(V  ~  »> 
'  '  B  +  6     T      V  +  b  Q  +  b 

velocity  gained  by  b  =  5gL=_L>  +  IgL Z_£>  =  H^Y^ 

Or  when  the  bodies  are  perfectly  clastic,  we  have 

B  -f-  b  :  2ft  :  :  V  —  w  :  velocity  lost  by  B. 
B  H-  ft  :  2B  :  :  V  —  v  :  velocity  gained  by  ft. 

(3.)  If  the  bodies  arc  not  perfectly  elastic,  which  is  usually  the  case,  then 
when  elasticity  begins  to  act,  it  produces  effects  proportionally  less  thau  perfect 
elasticity  does.  Let  e  denote  the  common  elasticity  of  the  bodies;  then  in  con- 
sequence of  the  restoring  force,  B  and  ft  will  be  repelled  with  the  velocities  eV 
and  ev  respectively;  hence 

„,..„  u.  „  B  =  •£-)  ♦  Mv^)  =  (LtffizA 

velocity  gained  by  ft  =  5g^  +  ^ ,)  =  <L±ffi=j). 

..  velocity  of  B  after  impact  =  V  -  0  +  e»(V  -  »)  =  BY  +  fa-MV-t) 
'  r  B  +  ft  B  +  ft 

velocity  of  ft  after  impact  =  v  +  0+«)B(V-»)  =  BV+ft„  +  Be(y— ) 
J  *^  B  +  ft  B  +  ft 

The  relative  velocity  of  the  bodies  after  impact  is  the  difference  of  these  velo- 
cities, and  b  hence  =  c(V  —  v). 

Cor.  If  the  bodies  are  moving  in  contrary  directions  before  impact,  attention 
to  the  signs  of  the  velocities  will  preserve  the  truth  of  the  formulae  above  deduced, 
and  if  the  body  ft  be  at  rest,  its  velocity  will  be  zero,  and  the  formulae  may  be 
readily  modified  to  tub  or  any  other  case. 
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Example*. 

(1.)  An  inelastic  body  B  impinges  directly  on  another  inelastic  bnd 
•with  a  velocity  of  10  feet  per  second;    find  the  velocity   after  im 
B  =  6  and  6  =  4  ounces. 

Hero  •  =  0,  and  therefore  we  have,  by  the  first  case, 

C  =     PV,  =  ?-li?  =  6*  feet  per  second,  the  Telocity  after 

Or,  thus.-— 

Let  x  =  common  Telocity  after  impact;  then 

the  Telocity  and  momentum  lost  by  B  are  10  —  x  and  6(10— 
the  Telocity  and  momentum  gained  by  C  are  x  and  4x. 

•*•  6(10  —  x)  =  4x,  and  hence  x  =  6,  as  above. 

(2.)  B  =  101b.  is  moving  with  a  velocity  20;  with  what  velocitr  tu 
meet  B,  that  their  common  velocity  after  impact  may  be  10  in  the  din 
notion  ?  Am.  t 

(8.)  A  sphere  whose  diameter  is  2  inches  impinges  directly  with  a 
0  feet  per  second  on  another  sphere  at  rest,  whose  diameter  is  4  i 
will  they  move  after  impact  ? 

(1)  When  the  spheres  arc  perfectly  elastic 

(2)  When  their  common  elasticity  is  denoted  by  +£. 
Ans.  The  two-inch   sphere   moves  backward  with  a  velocitr 

while  the  other  moves  forward  with  a  velocity  =  *2{  feet, 
their  elasticity  is  4-f ,  the  velocities  are  respectively  7|  sod 
same  directions  as  in  the  first  case. 


PROP.  VII. 

14.  If  a  body  B  impinge  on  bat  rest,  and  b  onW  at  rest;  the  nl 
licated  to  W  will  be  a  maximum,  when  b  is  a  mean  proportnm 
B  and  b\ 

For  the  velocity  communicated  to  b  =  t — .        . 
J  B  +  b 

and  the  velocity  by  b  to  b'  =  (l,  +  e"jb  .  (L+_f  ^ 
J    J  b  +  b'  B  +  A 

-      (I+Q*BV     __ 

b  " 

.    (B  +  b)  (b  +  ^-R.w.A.Ba'  •  •      - 

•  •    5 ■ — ^ — ■ — -  =  I*  +  &  +  b  -f*  -r—  =  minimum. 

o  b 

.*•   we  have  u  =  b  +-  -^--  =  minimum. 


.• 
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PEOP.  Till. 

15.  If  bodies  strike  one  another  obliquely %  it  is  proposed  to  determine  ihxir 

motions  after  the  stroke, 

Le*  the  two  bodies  B,  b9  move  in  the  oblique 
directions  BA,  &  A,  and  strike  each  other  at  A 
with  velocities  which  are  in  proportion  to  the 
lines  BA,  ft  A;  to  find  their  motions  after  the 
impact.  Let  CAH  represent  the  plane  in 
which  the  bodies  touch  in  the  point  of  con- 
course; to  which  draw  the  perpendiculars  BC, 
6D,  and  complete  the  rectangles  CE,  DF. 
Then  the  motion  in  BA  is  resolved  into  the  two 

BC,  CA;  and  the  motion  in  b\  is  resolved  into  the  two  6D,  DA;  of  which  the 
antecedents  BC,  6D,  are  the  velocities  with  which  they  directly  meet,  and  the 
consequents  CA,  DA  arc  parallel;  therefore,  by  these  the  bodies  do  not  impinge 
on  each  other,  and  consequently  the  motions,  according  to  these  directions,  will 
not  be  changed  by  the  impulse;  so  that  the  velocities  with  which  the  bodies  meet, 
are  as  BC  and  6D,  or  their  equals  EA  and  FA.  The  motions,  therefore,  of  the 
bodies  B,  bt  directly  striking  each  other  with  the  velocities  EA,  FA,  will  be 
determined  by  Prop.  vi.  p.  837,  according  as  the  bodies  are  elastic  or  non- 
elastic;  which  being  done,  let  AG  be  the  velocity,  so  determined,  of  one  of  them, 
as  A;  and  since  there  remains  also  in  the  body  a  force  moving  in  the  direction 
parallel  to  BE,  with  a  velocity  as  BE;  make  AH  equal  to  BE,  and  complete  the 
rectangle  GH;  then  the  two  motions  in  AH  and  AG,  or  HI;  are  compounded 
into  the  diagonal  A  I,  which  therefore  will  be  the  path  and  velocity  of  the  body 
B  after  the  stroke.  And  after  the  same  manner  is  the  motion  of  the  other  body 
b  determined  after  the  impact. 


FUNDAMENTAL  EQUATIONS  OF  MOTION. 

PEOP.  IX. 

10.  In  uniform  motion,  the  space  s  described  with  a  velocity  v  in  time  t  is 

s  =  tv. 
For  v  is  the  space  described  in  each  unit  of  time,  and  t  is  the  number  of  unit* 
of  time;  therefore  the  whole  space  described  is 

«  =  tv (1) 


PEOP.  X. 

17.  Jn  uniformly  accelerated  or  retarded  motion,  the  velocity  \  generated  by 
the  force  f  in  time  t  is 

v=ft. 
For  the  velocity  generated  in  each  second  is  f9  and  hence  in  t  seconds,  it  is  /?, 
and  therefore 

v=ft (2) 

Cor.  If  u  =  velocity  when  r  =  0,  the  velocity  at  the  end  of  the  time  t  it 
v=u  +flf  the  -f  being  used  when  the  force  is  accelerating,  and  the  —  when  it 
m  retarding. 
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raor.  XL 

1$.  The  space  described  from  rest  by  z  body,  acted  on  by  a  uniformly  ( 
rating  force  is  s  =  *vt. 

]  <jt  *  =  space  described,  in  the  time  f,  by  the  action  of  the  uniform!/  me  * 
•uuug  force /I  and  o  =  velocity  acquired  in  time  f.     Divide  t  into  *  equal  bar- 

vals,  and  therefore  each  =  -;  then  velocity  acquired  in  each  interval  =— ,  mU 

the  space  described  in  time  t  with  the  velocity  at  the  end  of  each  interval  cosfi- 

nued  uniform  during  that  interval  is 

_  vt    ,    2»r    ,    9vt    ,  nvt  __  vt  /.    ,   1\ 

~  i?   +  IF   +    tf    + 7?~2    V+i7 

and  the  space  described  in  the  time  t  with  the  velocity  at  the  btguaumg  of  esflh 

interval  continued  uniform  during  that  interval  is 

=  o  +  %  +  *«+ <s-*y«  =  «(i-i\ 

n*  n*  *•*  2  \        «/ 

Now  s  manifestly  lies  between  these  two  spaces,  being  described  «ita  tgoo- 
ties  intermediate  to  the  velocities  with  which  these  are  described.  Ificrene  i 
the  number  of  intervals  without  limit,  and  we  have 

*=*! » 

Cor.  I.  By  Prop.  x.  v  =zft    .-.  s  =  \f* (4) 

*    and  vt  =  2s    .\   v*t  =  2fst,  or  v*  =  2/i (dj 

Opt.  2.  The  space  described  in  t  seconds  =  \fiz 

(/-I) =i/-(r-i)» 

•*.  the  space  described  in  the  r*  second     =  if(2t  —  1) (A 

Cor.  3.  Hence  the  spaces  described  in  equal,  successive  portions  of  tines* 
as  the  odd  numbers,  1, 3,  5,  7, 

Scholium,— If  the  body,  instead  of  beginning  to  move  from  rest,  be  pnjaaai 
with  velocity  u;  then  the  space  described  in  time  t  is 

s  =  ut  ±  ±fl* 
the  +  applying  when  the  force  accelerates,  and  the  —  when  it  retards  fc 
motion. 

For  ut  is  the  space  described  with  the  velocity  of  projection  alone,  and  ta«** 
fore  the  space  described  from  both  causes  is  s  =  ut  +  \jl- (7) 


paop.  xu. 

10.  If  the  accelerating  or  retarding  force  be  variable,  then  ds  =  vdu 

Let «(  and  s,  be  the  spaces  described  in  the  times  f ,  and  f*  wbere  l\  =:  I  -< 
and  tt  =  f  +  •;  then  whatever  is  the  nature  of  the  motion,  the  space  will  hti 
function  of  the  time;  and  hence  by  Taylor's  theorem 
-         ds     m.d*s      *     '   <fs        e* 

*'-*-"Sr'  +  £5*'  i3  ~3P'TZ\3  + 

,,-,+-.•  + J-.-.  +  _>.-_  + 

%  space  in  preceding  time  0  =  *  — st  =  -£  .  •  —  -^  .  _  -f  !Lf  .  J?L  — . 

space  in  succeeding  time  *  =  #, — *  =-_.•  +  _ 5  .    *.+!??.  .iL-f. 

«#  i/r*      1.2      i/r*     i  *a 
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But  the  space  described  with  the  uniform  velocity  v  in  the  time  $  is  =ve. 
which  is  always  intermediate  to  the  spaces  s  —  #,  and  «,  —  st  however  small  $ 
may  be;  therefore  we  have 

«  =  *.•,„,  =  * (8) 

Cor.  1.  In  the  same  manner  it  is  proved,  that  if/  be  the  accelerating  force  at 
the  end  /  the  time  t;  then 

'-$ « 

Cor.  2.  Hence,  since  r  =  ^  by  (8)  and  dv  =fdt  by  (9);  therefore 

vdv  =fds. (10) 

Car.  8.  Agun.  „  =  *    ,.*-*•/-* („) 

20.  In  variable  motion  wo  have  therefore  the  general  equations 

dv  =fdt (a)  wfo  =fds (c) 

*  =  "* (*)  /=Sr..... -<<0 

which  are  applicable  either  to  the  case  of  the  motion  being  accelerated  or 
retarded;  but  in  the  latter  case,  dv  is  a  negative  quantity. 


THE  LAWS  OF  GRAVITY;  THE  DESCENT  OF  HEAVY  BODIES; 
AND  THE  MOTION  OF  PROJECTILES  IN  FREE  SPACE. 

PROP.  XIII. 

21.  All  the  properties  of  motion  delivered  in  Proposition  xi.t  its  corollaries 
and  scholium,  for  constant  forces,  are  true  in  the  motions  of  bodies  freely  descend* 
ing  by  their  own  gravity;  namely,  that  the  velocities  are  as  the  times,  and  the 
spaces  as  the  squares  of  the  times,  or  as  the  squares  of  the  velocities. 

For,  since  the  force  of  gravity  is  uniform,  and  constantly  the  same,  at  all 
places  near  the  earth's  surface,  or  at  nearly  the  same  distance  from  the  centre  of 
the  earth,  and  that  this  is  the  force  by  which  bodies  descend  to  the  surface;  they 
therefore  descend  by  a  force  which  acts  constantly  and  equally;  consequently, 
all  the  motions  freely  produced  by  gravity,  are  as  above  specified  by  that  propo- 
sition, &c. 

22.  Scholium. — Now  it  has  been  found,  by  numberless  experiments,  thai 
gravity  is  a  force  of  such  a  nature  that  all  bodies,  whether  light  or  heavy,  fall 
perpendicularly  through  equal  spaces  in  the  same  time,  abstracting  from  them  the 
resistance  of  the  air — as  lead  or  gold  and  a  feather,  which  in  an  exhausted 
receiver  fall  from  the  top  to  the  bottom  in  the  same  time.  It  is  also  found,  that 
the  velocities  acquired  by  descending  are  in  the  exact  proportion  of  the  times 
of  descent;  and  farther,  that  the  spaces  descended  are  pro)K>rtional  to  the 
squares  of  the  times,  and  therefore  to  the  squares  of  the  velocities.  Aud  hence 
it  follows  that  the  weights,  or  gravities  of  bodies  near  the  surface  of  the  earth, 
tire  proportional  to  the  quantities  of  matter  contained  in  them;  and  that  the 
•paces,  times,  and  velocities  generated  by  gravity,  have  the  relations  contained 
to  iho  proposition  to  which  we  have  above  referred.     Moreover,  as  it  is  found, 
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hy  accurate  experiments,  that  a  bod j.  In  the  )i 

feet  in  the  first  second  of  time,  and  consequo 

1ia»  acquired  a  Telocity  double,  or  of  32¥  fc 

I i  Vt  feet,  the  space  fallen  through  in  one  sec 

rated  in  that  time;  then,  became  the  Telocilii 

liinea,  and  the  spaces  to  the  square*  of  the  tin 

therefore,  1"  i  1"  J  :    g  I    ffl 

and  1*  :  I*  i  :  «  :  Jfl 

And  hence,  for  the  descent*  of  gravity  we  ba< 

a  =  Jrf  =    £   : 

*? 


P   =      7 


.    2*    . 


Hence,  because  the  time*  are  at  the  Telocitie 
either,  therefore 

If  the  times  bo  as  the  number* 

The  Telocitie*  will  also  be  a* 

And  the  spaces  as  their  squares 

And  the  space  for  each  lime  a; 

namely,  a*  the  scries  of  the  odd  numbers,  whi 

denoting  the  whole  space!!.      So  that,  if  thi 

seconds  of  time,  namely. 

The  limes  in  seconds  1", 

The  velocity  in  feet  will  be         32j 

The  spuces  in  the  whole  time*    16, 

And  the  space  for  each  second  16V 

These  relation*  may  be  aptly  representee 

abscisses  and  ordinate*  of  a  parabola.     The 

lie  a  parabola,  PR  its  axis,  and  RQ  its  onlin. 

i'a,  P6,  Pc,  &c„  parallel  to  RQ.  represent  t 

from  the  beginning,  or  the  velocities,  then  a. 

•ic  parallel  to  the  axis  PR,  will  represent  ih 

described   by  a  falling  body  in  those  times; 

parabola,  the  abscisses  PA,  Pi,  Pi,  &C-,  or  Oi 

Ac.,  which  are  tho  spaces  described,  are  as  thi 

Ac,  or  Pa,  P6,  Pc,  &c  which  represent  the 

•23.  And  because  the  laws  for  the  destrticti 

far  the  generation  of  it,  by  equal  forces,  b 

therefore, 

1st  A  body  thrown  directly  upwards,  with 
cities  in  equal  times. 

2nd  If*  body  be  projected  upwards,  with 
by  descending  freely,  it  will  lose  all  its  vc 
ascend  just  to  the  same  height  from  whence  ii 
in  equal  times,  both  in  rising  and  (ailing,  b 
have  equal  velocities  at  any  ono  and  the  sari 
in  ascending  and  descending. 


VERTICAL  PROJECTILES.  KM 

SrtL  If  bodies  be  projected  upwards,  with  any  velocities,  the  height  ascended 
to,  will  be  as  the  squares  of  those  velocities,  or  as  the  squares  of  the  times  of 
ascending,  till  they  lose  all  their  velocities. 

24.  When  the  body,  instead  of  being  permitted  to  fall  from  rest,  is  projected 
upwards  or  downwards  with  a  given  velocity  u;  then  by  Art,  17  and  the  scholium 
to  Prop.  xi.  we  have 

v  =  u  +  gt  #  =  tu  +  4$rl* 

where  the  —  must  be  employed  when  the  projection  is  vertically  upwards,  and 
the  +  when  the  projection  is  vertically  downwards. 


PROP.  XIV. 

25.  Let  two  weights  W  and  w  hang  over  a  fixed  pulley,  to  determine  their 
motion,  neglecting  the  inertia  of  the  pulley,  and  the  weight  of  the  string. 

Here  the  moving  force  of  W  is  W^,  and  that  of  w  =  —  wg;  also  the  uum 
resisting  motion  is  W  -f  w;  hence  the  accelerating  force  on  W  =  V  W"VP  -  9 

and  therefore  we  have 

W  —  w  .         ,  W  —  w  .   A 

v  =    ■  gt .  and  s  =  ^j— — igfl. 

W  ■+•  w  W  -j-  w 


Examples. 

(1.)  Find  the  space  descended  by  a  body  in  7  seconds  of  time,  and  the  velo- 
city acquired. 

$  =-#/»  =  16-rV  X  7*  =  16V,  X  49  =  78ftT^/*  =  space  descended. 
•  =  gt   =  32*    X  7   = =  225},/}*  =  velocity  acquired. 

(2.)  A  body  is  projected  vertically  from  the  bottom  of  a  tower  200  feet  in 
hoiirht,  with  a  velocity  of  120  feet  per  second;  in  what  time  will  it  reach  the  top, 
and  what  will  be  its  velocity  at  that  time  ?  Also,  to  what  height  above  the  lop 
ot  the  tower  will  it  rise  ? 

Here  200  =  tu  —  +gfi  =  120  t  —  10^ 

.    ft-120^-200, 

.\  t  =  2-513"  or  4-948", 
the  former  of  these  values  of  (  is  the  time  at  which  the  body  in  its  ascent  passes 
the  top  of  the  tower;  and  the  latter,  the  time  at  which  the  body  in  its  descent 
passes  the  top. 

Again,  v  =  w  —  gt  =  120  —  32*  X  2-513"  =  39*165  feet  per  second,  the 
velocity  of  the  body  at  the  top  of  the  tower. 

When  t*  =  0;  then  gt  =  «,  or  t  =-,  and  therefore  we  havo 

9 

,  =  ^-^  =  ;(«-^)  =  g=^==  22383  feet. 
Henco  height  above  top  =  -23  83  — 'JOO  aa  2*89  fet-U 
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(3.)  Find  the  time  of  generating  a  velocity  of  100  feet  per  second,  asd  ts* 
whole  space  descended.  An*.  dry/*  time,  15&tVt  ft-  spas. 

(4.)  Find  the  time  of  descending  400  feet,  and  the  Telocity  at  the  ead  of  tint 
time.  Aus.  4ft"  time,  IGOff  veioritT. 

(5.)  A  body  is  projected  downwards  with  a  Telocity  of  SO  feet  per  second-, 
what  space  will  it  describe  in  6  seconds  ?  Ana,  750  feet. 

(6.)  A  body  is  projected  upwards  from  the  top  of  a  tower  200  feet  in  height, 
with  a  Telocity  of  40  feet  per  second,  at  the  same  time  that  another  is  projected 
upwards  from  the  bottom  of  the  tower  with  the  velocity  of  90  feet  per  secoad; 
where  will  they  meet  ?  Ans.  97±  feet  below  the  top  of  the  tower. 

(7.)  Two  weights  W  and  w  weighing  8  and  5  pounds  respectively,  hang  (rear 
over  a  pulley;  how  far  will  W  descend  after  the  commencement  of  awaoak? 
seconds?  Ans.  lift  feet 

(8.)  Two  weights  W  and  w  hang  over  a  pulley,  and  W  =  2»;  find  the  space 
through  which  a  body  will  descend  by  the  force  of  gravity,  whilst  W  desccadi 
2  feet.  Aaa.  6  fiest 

(9.)  The  space  described  by  a  heavy  body  in  the  4th  second,  is  to  the  ipare 
described  in  the  last  second  except  4,  as  1  to  3  ;  find  the  whole  space  described. 

Ans.  3618  feet  9  iaeaa 

(10.)  A  body  has  fallen  from  A  to  B,  when  another  body  is  let  fall  frost  C; 
aow  far  will  the  latter  body  descend  before  it  is  overtaken  by  the  former? 

Ans.  If  AB  =  a,  and  AC  =  b  ;  then  space  deiceasai 

_(*  ~  if 
4s 


PROP.  XV. 


26.  If  a  body  be  projected  in  free  space,  either  parallel  to  ths  horizon,  orui 
oblique  direction,  by  the  force  of  gunpowder,  or  any  other  impulse;  tt  riff,  V 
tftis  motion,  in  conjunction  with  the  action  of  gravity,  describe  the  curwe  oat  </c 

parabola. 


Let  the  body  be  projected  from  the  point  A,  in  the  direction  A IX  mhli  »c 
uniform  velocity ;  then,  in  any  equal  portions  of  time,  it  would,  therefor* 
describe  the  e<;ual  spaces  AB,  BC,  CD,  &c\,  in  the  line  AD,  if  it  were  net  trw 
continually  down  below  that  line  by  the  action  of  gravity.  Draw  BE,  CF,  l*\ 
&c,  in  the  direction  of  gravity,  or  perpendicular  to  the  horizon,  and  earns!  i» 
the  spaces  through  which  the  body  would  descend  by  its  gravity,  in  the  saw 
times  in  which  it  would  uniformly  pass  over  the  corresponding  spaces  AH,  A<". 
AD,  &a,  by  the  projectile  motion.  Then,  since  by  these  two  motions,  the  Wy 
is  carried  over  the  space  AB,  in  the  same  time  as  over  the  space  BE,  sad  tat 
space  AG  in  the  same  time  as  the  space  CF,  and  the  space  AD  in  the  sasaa  tbat  ■ 
the  space  DG,  &c ;  therefore,  by  the  composition  of  motions,  at  the  end  ef  nW 
limes,  the  body  will  be  f<  t.ml  respectively  in  the  points  E,  F,  O,  Awv;  asd  est 
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•equently  the  rcnl  path  of  the  projectile  Mill  be  the  curve  line  AEFO,  &c.  But 
the  spaces  AB,  AC,  AD,  &c,  described  by  uniform  motion,  are  as  the  times  of 
description;  and  the  spaces  HE,  CF,  DO,  &c,  described  in  the  same  timet  by 
the  accelerating  force  of  gravity,  are  as  the  squares  of  the  times ;  consequently, 
the  perpendicular  descents  are  as  the  squares  of  the  spaces  in  AD,  th;it  is  BE, 
CF,  DG,  &&,  are  respectively  proportional  to  AB*,  AC,  AD*,  &c ;  which  is  the 
property  of  the  parabola.  Therefore,  the  path  of  the  projectile  is  the  parabolic 
line  AEFG,  &a,  to  which  AD  is  a  tangent  at  the  point  A. 

CoroL  1.  The  horizontal  velocity  of  a  projectile  is  always  the  same  con- 
stant quantity,  in  every  point  of  the  curve ;  because  the  horizontal  motion  is  in  a 
constant  ratio  to  the  motion  in  AD,  which  is  the  uniform  projectile  motion. 
And  the  constant  horizontal  velocity,  is  in  proportion  to  the  projectile  velocity, 
as  radius  to  the  cosine  of  the  angle  DAH,  or  angle  of  elevation  or  depression  of 
the  piece  above  or  below  the  horizontal  line  AH. 

CoroL  2.  The  velocity  of  the  projectile  in  the  direction  of  the  curve,  or  ojf 
its  tangent  at  any  point  A,  is  as  the  secant  of  its  angle  BAI  of  direction  above 
the  horizon.  For  the  motion  in  the  horizontal  direction  A I  is  constant,  and  AI 
is  to  AB,  as  radius  to  the  secant  of  the  angle  A  ;  therefore,  the  motion  at  A  in 
AB,  is  every  where  as  the  secant  of  the  angle  A. 

CoroL  3.  The  velocity  in  the  direction  DG  of  gravity,  or  perpendicular 
to  the  horizon  at  any  point  G  of  the  curve,  is  to  the  first  uniform  projectile 
velocity  at  A,  or  point  of  contact  of  a  tangent,  as  2GD  to  AD.  For,  the  times 
in  AD  and  DG  being  equal,  and  the  velocity  acquired  by  freely  descending 
through  DG  being  such  as  would  carry  the  body  uniformly  over  twice  DG  in  an 
equal  time,  and  the  spaces  described  with  uniform  motions  being  as  the  velocities, 
therefore  the  space  AD  is  to  the  space  2DG,  as  the  projectile  velocity  at  A,  to 
the  perpendicular  velocity  at  G. 

prop.  xn. 

27.  The  velocity  in  the  direction  of  the  curve,  at  any  point  of  it,  as  \  is  equal 
to  tJiat  which  is  generated  by  Gravity  in  freely  descending  through  a  space  which 
is  equal  to  one-fourth  of  the  paranuter  of  the  diatmtcr  of  the  parabola  at  that 
point. 

Let  PA  or  A B  be  the  height  due  to  the  velocity 
of  the  projectile  at  any  point  A,  in  the  direction  of 
the  curve  or  tangent  AC,  or  the  velocity  acquired  by 
falling  through  that  height ;  and  complete  the  paral- 
lelogram ACD13.     Then  is  CD  =  AB  or  AP,  the 
height  due  to  the  velocity  in  the  curve  at  A ;   and 
CD  is  also  the  height  due  to  the  perpendicular  velo- 
city at  D,  which  must  be  equal  to  the  former :  but,  by  the  last  corol.,  the  velocity 
at  A  is  to  the  perpendicular  velocity  at  D,  as  AC  to  *CD;  and  as  these  velocities 
are  equal,  therefore  AC  or  BD  is  equal  to  2CD,  or  2AB ;  and  hence  ABor  AP 
is  equal  to  |BD,  or  £  of  the  parameter  of  the  diameter  AB. 

CoroL  I.  Hence  it  appears,  if  from  the  direc- 
trix of  the  parabola  which  is  the  path  of  the  projec- 
tile, several  lines  HE  be  drawn  perpendicular  to  the 
directrix,  or  parallel  to  the  axis ;  that  the  velocity 
of  the  projectile  in  the  direction  of  the  curve,  at  any 
point  E,  is  always  equal  to  the  velocity  acquired  by  a 
body  (ailing  freely  through  the  oeroendicular  line  II K 
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CoroL  2.  If  a  body  after  falling  through  the  height  PA  (last  fig.  bet  est) 
which  is  equal  to  AB,  and  when  it  arrives  at  A,  have  its  course  changed  by 
reflection  from  a  firm  plaue  AI,  or  otherwise,  into  any  direction  AC,  winW 
altering  the  velocity;  and  if  AC  be  taken  =  SAP  or  2AB,  and  the  psnU 
lelogram  be  completed;  the  body  will  describe  the  parabola  passing  tfarosfi 
the  point  D. 

CoroLS.  Because  AC  =  2AB  or  2CD  or  SAP,  therefore  A0  = 
SAP  X  2CD  or  AP.4CD;  and  because  all  the  perpendiculars  EK,  CD),  GH. 
are  as  AE",  AC,  AG9,  therefore  also  AP.4EF  =  Ai^,  and  AP.4GH  =At?, 
&c ;  and,  because  the  rectangle  of  the  extremes  is  equal  to  the  rectassjsi  ef 
the  means  of  four  proportionals,  therefore,  always 

It  is  AP  :   AE  ::  AE 

And  AP  :  AC  ::  AC 

And  AP  :  AG  ::  AG 
And  so  on. 


4EF, 
4CI>, 
4  ill. 


raor.  xt  ii. 

28.  Having  given  the  direction,  and  the  impetus,  or  altitude  dm  k  Jktjbti 
velocity  of  a  projectile  ;  to  determine  the  greatest  height  to  which  ti  s**f  nsc,  ess 

the  random  Or  horizontal  range. 

-  Let  AP  be  the  height  due  to  the  projectile  velocity  c 

at  A,  AG  the  direction,  and  AH  the  horizon.     Upon 

AG  let  fall  the  perpendicular  PQ,  and  on  AP  the 

perpendicular  Qll;  so  shall  AR  be  equal  to  the 

greatest  altitude  C  V,  and  4QR  equal  to  the  horizontal 

range  AH.     Or,  having  drawn  PQ  perpendicular  to 

AG,  take  AG  =  4AQ,  and  draw  GH  perpendicular 

to  AH ;  then  AH  is  the  range. 

For,  by  the  last  corollary,        AP  :  AG   ::      AG  :  4GH; 
And,  by  similar  triangles,        AP  :  AG  : :     AQ  :     GH, 

Or, AP  :  AG  ::  4AQ  :  4GH; 

therefore  AG  =  4AQ;   and,  by  similar  triangles,  AH  =  4QR. 

Also,  if  V  be  the  vertex  of  the  parabola,  then  AB  or  J  AG  =  f  AQ.  «r  AQ  = 
Q13 ;  consequently,  AR  =  BV,  which  is  =  CV  by  the  property  of  lbs 

CoroL  1.  Because  the  angle  Q  is  a  right 
angle,  which  is  the  angle  in  a  semicircle,  therefore, 
if  upon  AP,  as  a  diameter,  a  semic'rcle  be  described, 
it  will  pass  through  the  point  Q. 

CoroL  2.  If  the  horizontal  range  and  the 
projectile  velocity  be  given,  the  direction  of  the 
piece,  so  as  to  hit  the  object  H,  will  be  thus  easily 
found :  Take  AD=  jAH,  draw  DQ  perpendicular 
to  AH,  meeting  the  semicircle  described  on  the 

diameter  APt  in  Q  and  q ;  then  AQ  or  Kq  will  bo  the  direction  of  the  pie* 
And  hence  it  appears,  that  there  are  two  directions  AH,  A*,  which,  wits  b» 
same  projectile  velocity,  give  the  very  same  horizontal  range  AH.  And  that 
two  directions  make  equal  angles  gAD,  QAP,  with  AH  and  AP,  hi  reus  Mm 
PQ  =  the  arc  Aq. 

CoroLS.   Or,  if  the  range  AH,  and  direction  AB,  be  given;  to  fait* 
altitude  and  velocity  or  impetus.    Take  AD  =  4  AH,  and 
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DQ,austieg  ABlaQ;  so  shall  DQ  bo  equal  to  the  gimm  altitude  C V 
Ak,  erect  AP  perpendicular  to  AH,  and  QP  to  AQ;  to  shall  AP  bo  the 
height  dee  to  the  velocity. 

Cbrot  4.  When  the  body  b  projected  with  the  tame  velocity,  but  in  dif- 
fer*** directions ;  the  horiiontal  ranger  AH  will  be  as  the  tinea  of  doable  the 
assgftaa  of  ebvation.  Or,  which  b  the  same,  aa  the  rectangle  of  the  sine  and  co- 
als* of  elevation;  far  AD  or  RQ,  which  b  JAH,  b  the  sine  of  the  arc  AQ, 
which  aaeaearea  double  the  angle  QAD  of  elevation. 

And  when  the  direction  b  the  same,  bat  the  velocities  different,  the  horiaontal 
raasjee  are  aa  the  square  of  the  velocities,  or  aa  the  height  AP,  which  b  as  the 
eeuare  of  the  velority ;  for  the  sine  AD  or  RQ  or  {All  b  as  the  radius,  or  as 
the  disaster  AP. 

'Hierefore,  when  both  are  different,  the  ranges  are  in  the  coeapound  ratio  of 
the  squares  of  the  velocities,  and  the  sines  of  double  the  angles  of  elevation. 

CoroL  6.  The  greatest  range  b  when  the  angle  of  elevation  b  46*,  or  half 
a  right  angb;  for  the  doubU  of  45  b  90,  which  has  the  greatest  sine.  Or  the 
radios  OS,  which  b  \  of  the  range,  b  the  greatest  sine. 

And  hence  the  greatest  range,  or  that  at  an  ebvation  of  46°,  b  jast  doable  the 
•kited*  AP  which  b  dae  to  the  velocity,  or  equal  to  4VC.  And  consequently, 
In  that  case,  C  b  the  focus  of  the  parabola,  and  AH  ila  peraatoter.  Also,  the 
ranges  are  squsl.  at  angles  equally  above  and  below  4o*. 

CurvL  &  When  the  elevation  b  16°,  the  doable  of  which,  or  90",  has  iu 
sine  equal  to  half  the  radius;  consequently,  then  its  range  will  be  equal  to  AP, 
ear  half  the  greatest  range  at  the  elevation  of  46°;  that  b,  the  range  at  15",  b 
•qua!  to  the  impetus  or  height  due  to  the  projectib  velocity. 

CurvL  7.  The  greatest  altitude  C  V,  being  equal  to  AR,  b  as  the  versed 
sine  of  doable  the  angb  of  ebvation,  and  also  as  AP  or  the  square  of  the  velocity. 
Or  as  the  square  of  the  sine  of  ebvation,  and  the  square  of  Uie  velocity ;  tW  the 
equate  of  the  sine  b  as  the  verged  sine  of  the  double  angle* 

CWW.  b.  The  time  of  flight  of  the  projectile,  which  b  equal  lo  the  time  of 
a  body  smiling  freely  through  IjH  or  40 V,  four  times  the  altitude,  b  therefore 
as  the  square  root  of  the  altitude,  or  as  the  projectile  velocity  and  aine  of  the 
elevation. 

tfi.  Sellout  m. — Prom  the  la*t  proposition  and  Us  corollaries  may  be  deduced 
the  following  set  of  theorems,  for  finding  all  the  circumstances  of  projectiles  on 
borixouul  plane*,  having  any  two  of  them  given*  Thus,  let  e  denote  the  ele«a. 
tiou.  K  the  borixouul  range,  t  tho  time  of  flight,  v  the  projectile  velocity;  A,  the 
greatest  height  of  the  projectile;  y  =  3'2j  feet,  and  a  the  impetus  or  altitude 
due  to  tlu*  \clocitv  v,  then 

R  =  2osin2e=~tin2*       =  jyf*  cot  e       =  4a  cot  e 

9 


=  */gr  cosec  2*  =  \gi  eosec  e     =  cosoc  *V|pX~ 


%  me  a  sin*  #    =  40  vera  2e        as  \r  tan  e  as  --*^-^  =  tpr*. 


A*--*  sTeam  aay  of  these,  tae  angle  of  direction  amy  be  found.    Abo,  la  three 
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theorems,  \g  may  in  many  cases  be  taken  =  16,  without  the  small 
which  will  be  near  enough  for  common 


raor.  xnn. 


tkempdu  or 


80.  To  determine  the  range  on  an  oblique  plane, 

velocity t  and  the  angle  qfdirectionm 

Let  A  E  be  the  oblique  plane,  at  a  given 
angle,  either  above  or  below  the  horizontal 
plane  AH;  AG  the  direction  of  the  piece, 
and  AP  the  altitude  due  to  the  projectile 
Telocity  at  A. 

By  the  last  proposition,  find  the  hori- 
zontal range  AH  to  the  given  velocity  and 
direction ;  draw  HE  perpendicular  to  AH, 
meeting  the  oblique  plane  in  E ;  draw  EP 
parallel  to  AG,  and  Fl  parallel  to  HE;  so 

shall  the  projectile  pass  through  I,  and  the  range  on  the  obfiqne  pises  wiD  to 
Al.  For  if  AH,  A  I,  be  any  two  lines  terminated  at  the  curve,  and  IF,  HE, 
parallel  to  the  axis ;  then  is  EF  parallel  to  the  tangent  AG. 

81.  Otherwise,  without  the  horizontal  range.  Draw  PQ  perpendirelar  ic 
AG,  and  QD  perpendicular  to  the  horizontal  plane  AF,  meeting  the  iacfisH 
plane  in  K;  take  AE  =  4AK,  draw  EF  parallel  to  AG,  and  FI  parallel  to  AT 
or  DQ;  so  shall  AI  be  the  range  on  the  oblique  plane.  For  AH  =  4AA 
therefore  EH  is  parallel  to  FI,  and  so  on,  as  above. 

OTHERWISE. 

82.  Draw  Pq  making  the  angle  APtf  =  the  angle  GAI;  then  take  AGs 
4A<?,  and  draw  GI  perpendicular  to  AH.  Or,  draw  qk  perpendieaUr  to  AH, 
find  take  AI  =  4AA.  Also,  kq  will  be  equal  to  ev,  the  greatest  height  sVt« 
the  plane. 

For,  by  coroL  3,  Prop.  xvi.    AP  :   AG  ::  AG  :   4GI; 
and,  by  similar  triangles,  AP  :    AG  : :   Kq    :     GI, 

or AP  :    AG  ::4A?  :   4GI; 

therefore  AG  =  4A^ ;   and,  by  similar  triangles,  AI  =  4AJL 

Also,  qk,  or  JGI,  is  =  to  o». 


CoroL  1.  If  AO  be  drawn  perpendicular  to  the  plane  AI,  and  AP  ■ 
bisected^  One  y«v^^\oAsx  STO\  then  with  the  centre  O  describing ackej 
through  A  ro&^tafevurcA^V^  x&»  ^wak<fes**^  ^Wn^  tie  anglt  Gil 
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by  the  tangent  AI  ami  AG,  ii  eqaal  to  the  angle  AP9,  which  will  there- 
•rw  stand  on  the  tame  are  Aq. 

Cor.  2.  If  there  be  given  the  range  and  Telocity,  or  the  impetus,  the  direction 
ill  hence  be  easily  found,  thus:  Take  AA  =  $AI,  draw  kq  perpendicular  to 
>  H.  meeting  tho  circle  described  with  the  radius  AO  in  two  points  9  and  9;  then 
.9  or  A  9  will  be  the  direction  of  the  piece.  And  hence  it  appears,  that  there 
m  two  directions,  which,  with  the  same  impetus,  give  the  very  same  range  AL 
>nd  these  two  directions  make  equal  angles  with  A I  and  AP,  because  the  are 
q  is  equal  the  arc  Aq.  They  also  make  angles  with  a  line  drawn  from  A 
trough  S,  because  the  arc  Sq  is  equal  to  the  arc  Sq. 

Cor.  3.  Or,  if  there  be  given  the  range  A  I,  and  the  direction  Aq;  to  find  the 
»)<>rity  or  impetus.  Take  AM  =  i  A 1,  and  erect  hq  perpendicular  to  AH,  meet" 
ig  the  line  of  direction  in  9;  then  draw  9P  making  the  angle  A9P  =  angle  Akqi 
»  shall  A  P  be  the  impetus,  or  the  altitude  due  to  the  projectile  Telocity. 

Cor.  4.  The  range  on  an  oblique  plane,  with  a  given  elevation,  U  directly  as 
►r  rectangle  of  the  cosine  of  the  direction  of  the  piece  above  the  horizon,  and 
le  sine  of  the  direction  above  the  oblique  plane,  and  reciprocally  as  the  square 
T  tho  cosine  of  the  angle  of  the  plane  above  or  below  the  horizon.  For  in  die 
itugles  A  P9  and  Akq  we  have 

AP  :  Aq  :  :  sin   Aq?  t  sin  AP9  :  1  sin  Akq   t  sin  9AI 
:  :  sin   Akd    1  sin  9AI  :  :  cos  HAI  :  sin  9AI 
and  Aq  1  Ai  :  :  sin    Akq    1  sin  Aqk   :  1  sin  Akd   ;  sin  PA9 
:  :co«  HAI  x  cos  9AH 
.-.   AP  :  Ai  1  ;  cos  'HAI :  cos  7 AH  sin  9AI 

•\   AI  =  4Ak  =  4AP.  °2L1 t{|  ,?■   ■  =  range  on  oblique  plane. 


cos 


S3.  The  range  is  the  greatest  when  A  A  b  the  greatest;  that  is,  when  kq 
Miches  the  circle  in  the  middle  point  S;  and  then  the  line  of  direction  passes 
rough  S,  and  bisects  the  angle  funned  by  the  oblique  plane  and  the  vertex. 
lao,  the  ranges  are  equal  at  equal  angles  above  and  below  this  direction  for  the 
aiimnm. 

Cur.  J.  The  greatest  height  cw  or  Uq  of  ihe  projectile  above  the  plane  » 

=  AP  .  *"??*?,  as  AP  sin*  9AI  sec*  IAH. 
cos"  IAH 

For  AP  :  Aq  t  :  sin  A9P     :  sin  AP?  :  :  cos  HAI  :  sin  9  A  I, 

and  Aq  1  kq   1  :  sin  AA9      :  tin  9AI    :  *  cos  HAI  ;  sin  9AI. 

.-.  AP  :  kq    :  :  cos*  HAI  :  sin(  9AI. 

.-.  kq  =  AP  sin1  9AI  sec*  HAI. 

G>r.  6.  The  time  of  flight  in  the  curve  At  I  =s  *  ""i/^1  a^^    For  die 


the  curve  is  equal  to  the  time  of  falling  freely  through  GI  or 
y  =  4AP.      |7*y?  *****  by  the  laws   of  gravity,   the   time  of  flight 


Am   _  2  sin  9AI      /JTF 

VT"  cosHaI  V~V 


34.  Scholium.—  From  the  foregoing  corollaries  may  be  collected  the  fbfloww 
g  theorems,  in  which  1  denotes  the  inclination  of  the  plane  to  the  horizon,  a  the 

m  11  H 
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angle  of  elevation  above  the  horizon,  and  the  other  letters  as  in  the 
equations. 

•, 2i£.  cos e  sin  (e  —  i) t^    sin  (2e  —  t) —  sint  —  -      cosesiaft  — 11 

g  cos*  t.  g  cos1 1  cos*  i 

sin  («  —  i)  nn(e  —  i) 

cos*  t  i^7  cos*  t  cos « 

/  «R  ._,  COSl       _     — -—      COft 

„  =  yaay  =  cos  j^^^[r(-^)  =  i9t^^^^rV^Zr^ 

t  _.  2  sin  (c--i)      /5a  =  ?•  .  sip  (g~ 0—       /»**    sin(«^7T,^     /3 
cos  t     "  V  g        g         cos  t  'v    ^   "  ~cos  t  V  7* 

Also  sin  (2«  —  t)  =  2j-  cos*  t  4-  sin  i;  whence  e  maj  he  found. 

85.  The  principal  properties  of  a  projectile  in  a  non-resisting  aedhua,  but  b» 
very  elegantly  deduced,  by  the  method  adopted  in  the  following  proponooa. 


PBOP.   XIX. 

86.  A  body  is  projected  from  a  point  A,  with 
a  velocity  v,  in  the  direction  AT,  making  an  angle 
e  with  the  horizon;  it  is  required  to  find  where  it 
will  strike  the  plane  A  I,  passing  through  the  point 
of  projection,  and  making  an  angle  i  with  the  hori- 
zontal plane  AH. 

Let  t=time  of  flight,  or  the  time  in  which  the  body   jl~  x  a? 

describes  the  path  AVI. 

R  =  AI,  the  range  on  the  oblique  plane  A  I. 
g  =  32^  feet,  the  accelerating  force  of  gravity. 
*.*  tv  =  AT  =  space  described  in  t  seconds  by  velocity  of  projection. 
i^<3  =  TI  =  space  described  by  force  of  gravity  in  t  seconds. 

Honnfl  AT_  sin  AIT  _  sin  AIK  _  cos  I AK  _  cos  t 
nence  -j-.-j—^  _^  TAH-€Qi  tAH  -— # 

.    tv  __  cos  t 
Tt        cos  e 


w 


*_•    AT cos  IAK  cos  i 

Again  ^  -  ^jpp^  -  f in  (  _fj- 

.    2tv   _       cos  t 
"  "g?        sin  (e — t)  * 
From  equations  (a)  and  (b)  we  have 


<»> 


COS* 


R  =  *.  ^lf (T 

cos  t 

,  =  2,     rin  („-«■) _ 

g         cos  t 


v  R  =  ?!? .  eo*  e  tin  (e""0     ^ 
^  *  cos*  i  f 

__  t*     sin(2*  — i)  — skif 

"'       V    eoa*V ) 


o  o  •  • 


•  •  •  •  ' 
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If  a  =  altitude  through  which  a  body  mutt  foil  from  rest  to  acquire  the  velocity 
of  projection;  then  o*  =  2ag,  and 

w^^    coag8in(g-t)_gfl     sin(23  —  t)-sin« (4) 

COS2  I  COS*  I  w 

f  —  2  V'iSqy     sin  (g  —  Q    =        /2a    2  sin  (e  —  t)                        ^    ,«* 
g      "       cost  v    ^*        cos!         *' 

Cor.  1.  When  the  plane  A I  is  horizontal;  then  t  =  0,  and  we  ha?e 

R  =  —  .  cos  e  sin  £  =  —  sin  2*  =  2a  sin  2e (6) 

9  J[ 

*=:?£.  sin  *«  A/?2  ,  2sin* *....♦ (7) 

9  V  9 

Car.  2.  If  AK  =  x  and  KI  =  y\  then  we  hare 
y  =  KT  —  TI  =  x  tan  *  —  .^r*. 

But  x  =  AK  =  AT  cos  TAK  =  tv  cos  e,  and  eliminating  *  by  these  two 
equations  we  hare 

y  =  x  tan  e  —  -~ Z — ,-  =  x  tan  0  —  * 

*  2x*  cos9  c  4  a  cor  0 

=  x  tan  e  —  -?L  .  ar  «ec  *e  =  x  tan  «  —  A —  .  x*  sec  *«.  •  (8) 
2t*  4a  v  ' 

This  is  the  equation  to  the  curve,  and  is  of  great  advantage  in  the  solution  of 
equations  in  reference  to  projectiles. 


PRACTICAL  RULES  IN  PROJECTILES, 

I.  The  velocity  varies  nearly  as  the  square  root  of  the  charge,  when  the  shot 
are  the  same ;  that  is,  if  V  and  v  are  the  velocities,  and  C  and  c  the  charges ;  then 

X=^  nearly. 

II.  With  equal  charges,  the  velocity  varies  inversely,  as  the  square  root  of  the 
weight ;  that  is,  if  B  and  b  are  the  weights  of  two  shots;  then 

III.  When  unequal  shot  are  projected  with  unequal  charges,  then 

V      VC      Jb         , 

IV.  If  the  charges  are  proportional  to  the  weight  of  the  shot;  then  the  velocities 
will  be  the  same  for  all  shot    For  let  C  «  m  B  and  c  =  mb\  then  we  have 

V  _  VC     Vb  _V^Tg    Vb  _  ,  .  v  —  m 
T""7c  *~J%~Vmb  -:7b  "- 

T  V.  It  has  been  found  by  experiment,  that  if  the  charge  be  i  of  the  weight  of 
the  shot ;  then  the  velocity  is  1600  feet  per  second  nearly. 
Let  c=  +b  and  v  =1600;  then  wc  havo 
V  _  VC     Vb  =    v'C      Vb   _       /3C  v_  lflnft       /SC 

ubu2 


VI.  With  the  une  elevation,  the  rang 
■e  the  ranges,  then 


VII.  When  the  plane  if  horizontal.  an 
ua  the  line  of  twice  the  elevation;  that  i 
R:  R<  :  :  idn2e  iiin  2«,. 

SXAKTLB  IN  r 


Find  the  velocity  and  a 
the  two  given  point*  i,  I' 
K'l'  =  «  feet. 

ngle  of  alovatii 
supposing  A 

Here  we  have  y 

=  »i«.-i 

y. 

=  r  Un 

<-, 

_  tan  e 

_ 

.-.    tan  «  = 

9 

.-.  «  =  ton  -1,  =  86° 

From  (I)  »  =  *  sec  t  A  /       tf 

v  '  V  *tane— » 

Alio,  if  in  equation  (1)  we  make  jr  —  I 

AH  =  i=  -  iin2«  = 
9 
To  determine  the  greatest  height  of  th 
wc  must  find  the  maximum  vidua  off  fror 
liii!  equation 

**=*>*■«  —  £ 

we  have  ?  =      **■»  •  —  - 

.-.  *  ■-=  -  oca1 e  tan 

which  is  evidently  half  the  whole  range; 
equation  ofthecurre  we  have  for  jr 

y  =  2a  siu'e  — asio*«  = 

AUMTIOM  AT.  IXAVTL 

ftUMPLl  1.  If  a   ball  of  lib,  acqnire 
"i.on  fired  with  5±  ounce*  of  powder:  it 
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•arii  of  the  several  kinds  of  shells  will  be  discharged  by  the  full  charges 


Nature  of  the  shells  In  inches  ...     13 
Charge  of  the  powder  in  lbs.  ...       9 

Id 
SO 
* 

48 
S 

5j 

Ans.    The  velocities  in  lbs,         594    584 

595 

6B3 

,,:| 

Exam.  %.— If  ■  shell  be  found  to  range  1 000  yards,  when  discharged  at 
an  elevation  of  45* ;  how  far  w  ill  it  range  when  the  elevation  is  30*  Iff,  the  charge 
of  powder  being  the  tune?  Ans.  26 1 2  feet,  or  871  yards. 

Exau.  3. — The  range  of  a  shell  at  45*  elevation,  being  found  to  be  375U 
feet ;  at  what  elevation  must  the  piece  be  set,  to  strike  an  object  at  the  distance 
of  £810  feet,  with  the  same  charge  of  powder  ?        Ana.  at  24'  16',  or  at  65'  4V. 

Exam.  4. — With  what  impetus,  velocity,  and  charge  of  powder,  must  a 
13  inch  shell  be  fired  at  an  elevation  of  32*  \'#,  to  strike  an  object  at  the  distance 
of  3250  feet  r  An*,  impetus  1802,  velocity  840,  charge  2-95  lb. 

Exam.  j. — A  shell  being  found  to  range  3500  feet,  when  discharged  at 
an  elevation  of  25'  1?  ;  how  far  then  will  it  range  at  an  elevation  of  36'  \H, 
with  the  same  charge  of  powder?  Ans.  43 3 if  feeL 

Exam.  6.— If,  with  a  charge  of  9  lbs.  of  powder,  a  shell  range  4000  feet; 
what  charge  will  suffice  to  throw  it  3000  feet,  the  elevation  being  45'  in  both 
cases?  Ans.  6  J  lbs.  of  powder. 

Exam.  7. — What  will  be  the  time  of  flight  fur  any  given  range,  at  the 
elevation  of  45'? 

Ans.    Ine  time  in  seconds  is  j  the  squire  root  of  the  range  in  feet. 

Exam.  8. — In  what  time  will  a  shell  range  3250  feet  at  an  elevation  oi 
32*?  Ana.   1 1 J  seconds,  nearly. 

Exam.  9. — Mow  far  will  a  shot  range  on  a  plane  whinh  ascends  8*  15', 
■nd  another  which  descends  8*  15';  the  impetus  being  3000  feet,  and  the 
elevation  of  the  piece  32*  3U>? 

Ans.  4344  feet  on  the  ascent,  and  6745  feet  on  the  descent 

Exam.  10. — How  muchpowder  will  throw  a  13  inch  shell  4344  feet  on  an 

inclined  plane  which  ascends  8'  15',  the  elevation  of  the  mortar  being  3«*  30"  ? 

Ans.  4-92535  tb.  or  4  lb.  15  oz.  nearly. 

Exam.  11. — At  vthnt  elevation  must  a  13  inch  mortar  be  pointed,  to 
range  6745  feet,  on  a  plane  which  descends  b'  1ft7;  the  charge  being  4;  j  lb.  of 
•powder?  Ans.  82°  8'. 

Exam.  12. In  what  time  will  a  13  inch  shell  strike  a  plane  which  rises 

8*  30',  when  elevated  45*,  and  discluu-ged  with  an  impetus  of  2304  feet  ? 

Ans.  i-H  wmiils. 
37.  Suppose  in  ricochet  firing  A  &=li>00  (set,  KI=12  feet,  and  £11=200  feet, 
required  the  elevation  and  velocity,  that  the  projectile  mav  jolt  clear  1  uuj 
hit  H. 
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DESCENTS  ON  INCLINED  PLANES. 


nor.  xx. 


S6.  I^\  =  b*Unatw*  of  a  plane  to  the  horizon;  tkent  thefineexnMn) 
down  the  plane  is  a  uniform  force,  and  f  =  g*t»L 

Let  AB  be  the  inclined  plane,  and  angle  BAC  =  i. 
Draw  CD  at  right  angles  to  AB;  then  if  the  force  of 
gravity  be  represented  by  BC,  the  effective  part  of  it 
which  accelerates  the  body  down  the  plane  is  BD; 
hence  we  have 
f=  BD  a  BC  sin  BCD  =  BC  sin  A  =  g  sin  i. 

Cor.  I.  Let  /  =  length  of  plane  AB,  and  A  =  height  BC;  then  at  Urn 

fz=.  g  sin  t  =  a.  *,  and  if  this  value  of/  be  substituted  for  g  in  the  smnl 
expressions  deduced  in  Prop.  xm.  for  bodies  Calling  freely,  we  shall  have 


#  s  i?<>  tin  *  =  —£-,  =  V» (1) 

Qg  am  i 


v  =  gt  sin  t     =  --  =c  Vtgl  sin  t 


g  sin  t        v  'v  gmn  i 

Cor,  2.  Let  u  =  velocity  with  which  a  body  is  projected  op  or  &>■■  the 
planet  then  we  have  as  before 

*  =  fs^i^iini=  «'  +  **  ;«i 

r  =  «   +  gi  sin  t ft 

Got*  3,  If  i  as  o9  and  R  =  constant  resistance  to  motion;  then 


,  =  r«  — fRi»  =  *l^ >: 

»=  «  —  Rt w 

Whan  the  motion  ceases  v  =o,  and  /  =  k+R.. 


paop.  XXI. 

39.  7%«  velocity  acquired  by  a  body  descending  freely  dawn  en  isdsd 
plane  AB,  is  to  tAe  velocity  acquired  by  a  body  falling  perpendicular  &  *  * 
some  time,  as  the  height  of  the  plane  BC  is  to  its  length  AB. 

For  by  Cor.  1.  Prop.  xx.  we  have  v  =  gt  sin  t,  and  if  the  body  (all  veriksh 
then  «!  =  gt;  hence  we  have 

v  i  Vi  :  :  gt  sin  i  :  gt  z  :  sin  t  :  1 

«  :  |j        :  1    :  :  BC    :  BA  :  :  A  :  L 

Cor.  I.  Hence  it  is  very  evident  that  the  velocities  are  as  the  tiroes  of  daw* 
ing  from  rest ;  that  the  spaces  descended  are  as  the  squares  of  the  velobuei* 
squares  of  the  times ;  and  that  if  a  body  be  thrown  up  an  inclined  nlaee,** 
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the  velocity  it  acquired  in  descending,  it  will  low  all  its  motion,  and  ascend 
to  the  same  height,  in  the  samn  time,  and  will  repass  any  point  of  the  plane 
with  tlie  same  velocity  a*  it  passed  it  in  descending. 

Cor,  2.  Hence  also,  the  space  descended  down  an  inclined  plane,  U  to  the 
space  descended  perpendicularly,  in  the  same  time,  as  the  height  of  the  plane 
CB,  toils  length  AB,  or  as  the  sinu  of  inclination  to  radius.  Por  the  a  paces  de- 
scribed by  any  forces,  in  the  same  time,  ere  us  the  forces,  or  as  [he  veloyties. 

Cor.  3,  Consequently,  the  velocities  and  spaces  descended,  by  bodies  down 
different  inclined  planes,  are  as  the  sines  of  elevation  of  the  planes. 

Cor.  4.  If  CD  be  drawn  perpendicular  to  AB  :  then  while  a  body  talis  freely 
through  the  perpendicular  space  BC,  another  body  will  in  the  same  time  descend 
down  the  part  of  the  plane  BD.  For,  by  similar  triangles  1JC  :  BU  :  :  li  A  :  BC, 
that  is,  as  the  spaces  descended  by  cor.  2. 

Or,  in  any  right-angled  triangle  BDC,  having  its  hypo- 
tenuse BC  peqwndicular  to  the  horizon,  a  body  will 
descend  down  any  of  its  three  sides  BD,  BC,  DC,  in  the 
same  time.  And  therefore,  if  upon  the  diameter  BC  a 
circle  bo  described,  the  times  of  descending  down  any 
chords,  BD,  BE,  BF,  DC,  EC,  FC.  &c.  will  be  all  equal, 
and  each  equal  to  the  time  of  felling  freely  through  the 
perpendicular  diameter  BC. 


40.    The  lime  of  descending  doom  the  inclined  plant   BA,  is  to  the  time  oj 
fatting  through  the  height  of  the  plane  BC,  at  the  length  BA  to  the  height  BC. 


Por  by  Cor.  1.  Prop.  xx.  we  have  *  =   *  / — . — . 
V  g  sin  i 

and  when  the  body  falls  vertically,  f]  =  •  / — ;    hence 


--A 


•fi"*/Zi-* 


■  V* 


Cor.  I.  If  ■',  =  inclination  of  another  plane  of  the  same  height  BC,  aod  /,  its 
length;  then  if  (,  be  the  time  of  descending  down  this  plana,  we  have 


that  it,  the  times  of  descending  down  different  planes  of  the  si 
oih!  another  as  the  lengths  of  the  planes. 


41.  A  body  acquire*  the  tame  velocity  in  descending  down  any  inclined  plana 
BA,  at  by  fatting  perpendicularly  through  the  height  of  the  plane  BC. 

Fur  by  Cur.  I,  Prop.  xx.  we  have  v  =  -'- .  and  by  the  formula!  for  descents 
by  gravity  we  get  i=-|  hence  the  velocities  acquired  are  equal. 


.   L 
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Carol.  3.  And  a  body,  after  its  descent  through  any  curve,  it  ill  acquire  a 
velocity  which  will  carry  it  to  the  same  height  through  an  equal  curve,  or 
through  any  other  curve,  ei'her  by  running  up  the  smooth  concave  side,  or  by 
being  retained  in  the  curve  by  a  string,  and  vibrating  like  a  pendulum :  also, 
the  velocities  will  be  equal,  at  all  equal  altitudes ;  and  the  ascent  and  descent 
will  be  performed  in  the  same  time,  if  the  curves  be  the  same. 


Therefore,  the  whole 


PROP.    XX.V1. 

44.  The  times  in  which  bodies  descend  through  similar  parts  of  similar 
curves  ABC,  abc,  placed  ulike,  are  as  the  square  roots  qfthtir  lengths. 

That  is,  the  time  in  AC  is  to  the  time  in  arc,  as  y/  AC  to  y/ac. 

For,  as  the  curves  are  similar,  they  may  be  considered 
as  made  up  of  an  equal  number  of  corresponding  parts, 
which  are  every  where,  e  cli  to  each,  proportional  to 
the  whole;  and  as  they  are  placed  alike,  the  corre- 
sponding small  similar  pails  will  also  be  parallel  to  each 
oilier.  Hut  the  time  of  describing  each  of  these  pairs 
of  corresponding  parallel  parts,  by  article  39»  are  as 
the  square  roots  of  their  lengths,  which,  by  the  supposi- 
tion, are  as  y/  AC  to  y/ac,  the  roots  of  the  whole  curves, 
times  are  in  the  same  ratio  of  y/  KQ  to  y/ac 

Corol.  1.  Because  the  axes  DC,  Dc,  of  similar  curves,  are  as  the  lengths 
of  the  similar  parts  AC,  act  therefore  the  times  of  descent  iu  the  curves  AC,  act 
are  as  ^/DC  to  y/Dc,  the  square  roots  of  their  axes. 

Corof.  2.  As  it  is  the  same  tiling,  whether  the  bodies  run  down  the 
smooth  concave  side  of  the  curves,  or  be  made  to  describe  those  curves  by 
vibrating  like  a  pendulum,  the  Ieugths  being  DC,  Dc ;  therefore,  the  times  ot 
the  vibration  of  pendulums,  in  similar  arcs  of  any  curves,  are  as  the  square 
roots  of  the  lengths  of  the  pendulums. 

45.  Scholium Having,  in  the  last  corollary,  mentioned  the  pendulum,  it 

may  not  be  improper  here  to  add  some  remarks  concerning  it. 

A  pendulum  consists  of  a  ball,  or  any  other 
heavy  body  B,  hung  by  a  fine  string  or  thread, 
moveable  about  a  centre  A,  and  describing  the 
arc  CBD ;  by  which  vibration  the  same  motion 
happens  to  this  heavy  body,  as  would  happen 
to  any  body  descending  by  its  gravity  along  the 
spherical  superficies  CBD,  if  that  superficies  was 
perfectly  hard  and  smooth.  If  the  pendulum  be 
carried  to  the  situation  AC,  and  then  let  fall,  the 

ball  iu  descending  will  describe  the  arc  CH,  and  in  the  point  B  it  will  have  tliat 
velocity  which  is  acquired  by  descending  through  CB,  or  by  a  body  falling  freely 
through  EB.  This  velocity  will  be  sufficient  to  cause  the  ball  to  ascend  through 
au  equal  arc  HD,  to  the  same  height  1)  from  whence  it  fell  at  C :  having  there 
lost  all  its  motion,  it  will  again  begin  to  descend  by  its  own  gravity ;  and  iu 
the  lowest  point  B  it  will  acquire  the  same  velocity  as  before,  which  will  cause 
it  to  reascend  to  C ;  and  thus,  by  ascending  and  descending,  it  will  perform 
continual  vibrations  in  the  circumference  CBD.     And  if  the  motions  of  peudu. 

ms  met  with  no  resistance  frcm  the  air.  ai.d  if  there  were  no  friction  at  the 
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centre  of  motion  A,  the  vibrations  of  pendulums  would  never  cease.  Bat  froa 
those  obstru<rtions9  though  smrJI,  it  happens,  that  the  Telocity  of  die  balMe  tkt 
point  B  is  a  little  diminished  in  every  vibration  ;  and,  consequently,  it  dessert 
return  precisely  to  the  same  points  €  or  D,  but  the  arcs  dest-ribed  mrtraailfy 
become  shorter  and  shorter,  till  at  length  they  grow  insensible ;  unless  lbs  no- 
tion  be  assisted  by  a  mechanical  contrivance,  as  in  docks,  called  a 
power. 

DEFINITION. 

46.  If  the  circumference 
of  a  circle  be  rolled  on  a 
right  line,  beginning  at  any 
point  A,  and  continued  till 
the  same  point  A  arrive  at 
the  line  again,  making  just 
one  revolution,  and  thereby 
measuring  out  a  straight  line 

ABA  equal  to  the  drcumference  of  the  circle,  while  the  point  A  in  the 
ference  traces  out  a  curve  line  ACAGA:  then  this  curve  is  called  a  cyckiJ; 
and  some  of  its  properties  are  contained  in  the  following  lean 


LEMMA. 

47.  If  the  generating  or  revolving  circle  be  placed  in  the  saidele  WiW 
cyeiuid,  its  diameter  coinciding  with  the  axis  AB,  and  from  any  paint  there  U 
drawn  the  tangent  CF,  the  ordinate  ODE  perpendicular  to  the  axis,  sW  1st 
chord  of  the  circle  AD ;   then  the  chief  properties  are  these : 

The  right  line       CD    =    the  circular  arc    AD; 
The  cycloidal  arc  AG    =     double  the  chord  AD; 
The  semi-cycloid  ACA  =r    double  the  diameter  AB,  and 
The  tangent  CF  is  parallel  to  the  chord  AIX 


raor.  xxvu. 

• 

48.  When  a  pendulum  vibrates  in  a  cycloid,  the  time  of  erne  v&rttism* «  » 
the  time  in  which  a  body  Jails  through  half  the  length  of  the  ptmdmlum,  m  tk 
circumference  of  a  circle  is  to  Us  diameter. 

Let  ABa  be  the  cycloid*;  DB  its  axis, 
or  the  diameter  of  the  generating  semi- 
circle DEB;  CB  =  2DB  the  length  of 
the  pendulum,  or  radius  of  curvature  at 
B.  Let  the  ball  descend  from  F,  and, 
in  vibrating  describe  the  arc  VBf 
Divide  FB  into  innumerable  small  parts, 
one  of  which  is  O^;  draw  FEL,  GM, 
gm,  perpendicular  to  DB.  On  LB  de- 
scribe the  semicircle  LM  B,  whose  centre 
is  O;  draw  MP  parallel  to  DB}  also 
draw  the  chords  BE,  BH,  EH,  and  the  radius  OM 

Now,  the  triangles  BEH,  BHK,  are  similar;  therefore,  BK  :  BH ::  BH :  K 
•rBH«=  BK.BE,  or  BH  =  i/'flK . BE.     Abo,  the  sautUar  triangle KeP. 


PENDULUMS.  859 

MON,  give  Ma  :  Mm  ::  MN  :  MO.     And,  by  the  future  of  the  cycloid,  HA  to 
equal  aud  parallel  to  (ig. 

If  another  body  descend  down  the  chord  KB,  it  will  hare  the  tame  velocity  at 
the  ball  in  the  cycloid  has  at  the  same  height,  bo  thai  KA  aud  tig  are  pnssed 
•ver  with  the  same  velocity,  aud  oomequeuily  the  time  in  paaiiug  then  will  be 
at  their  lengths  Qg,  KA,  or  as  HA  to  KA,  or  BH  to  BK  by  similar  triangle*,  or 
y/BK.  BE  to  BK,  or  ^/BK  to^/BK,  or  at  y/BLto  y/BN  by  simitar  iri- 


That  if,  the  time  in  Qg:  time  in  KA  ::  ^/BL  :  ^/BX. 

Again,  the  time  of  describing  any  space  with  a  uniform  motion,  is  directly  as 
the  space,  and  reciprocally  as  the  velocity ;  also,  the  velocity  in  K  or  KA,  Is  to 
the  velocity  at  B,  as  ^/EK  to  ^/EB,  or  as  y/LS  :  ^/LB;  and  the  uniform  ve- 
locity for  EB  is  equal  to  half  that  at  the  point  B,  therefore  the  time  in  KA :  time 

ta  EB:\/I5:  Jv/TB  :s  (by  8im-  ^  7n:i^fH::N,,0,r  M^: 
*  v/BLTTS. 

That  is,  the  time  in  KA  :  time  in  EB  : :  M/>  :  *VBL.LN. 
Dot  li  was,  time  in  tig  :  time  In  KA    ::^/BL  r^/BN;  therefore, 

By  coos  p.,  time  in  tig  :  time  in  EB  : :  Mj> :  9\/BN  .  NL  or  £KM. 
Hut,  by  sim.  tri.,  Mm  :SOMorBL.:  M>:2NM 
Therefore,  time  in  tig  :  time  In  EB  : :  Mm  :  BU 

Consequently,  the  sum  of  all  the  times  in  all  the  tig's  to  to  the  time  in  EB, 
or  the  time  in  DB,  which  to  the  same  thing,  assist  sum  of  all  the  Mat's  to 
so  LB; 

That  to,  the  time  In  Fy  :  time  in  I)B  : :    Lm    :  LB. 
And  the  time  in      KB  :  time  in  DB  : :  LMB  :  LB. 
Or  the  time  in       FBf :  time  in  UB  : :  xLMB  :  La 
That  is,  the  time  of  one  whole  vibration, 

to  to  the  time  of  falling  through  half  CB, 
as  the  circumference  of  any  circle, 
to  to  its  diameter. 

OrvL  Hence  all  the  vibrations  of  a  pendulum  la  a  cycloid,  whether 
great  or  small,  are  performed  in  the  same  time ;  w  hich  time  to  to  the  time  of 
falliug  through  the  axis,  or  half  the  length  of  the  pendulum,  as  3*1416  so  1,  the 
tiuio  of  the  circumference  to  its  diameter;  and  hence  that  time  to  easily  found 
tlrn*.  Put  p  =  3-1416,  and  /  ibe  length  of  the  pendulum,  also  \g  the  space 
fallen  through  by  a  heavy  body  la  1"  of  time : 

Thenar?' t/f:*'  1"  :  %/ '    **  ■*•*• <*  ^^H  llwoagh  # 

Therefore,  1  :  p  :  :  ^/—  '-  P  y/ ~*  *Wco  therefore  to  the  time  of  one  vU 
bratiuo  of  the  pendulum. 

49.  And  if  the  pendulum  vibrate  in  the  small  arc  of  a  circle ;  because  that 
mnall  arc  nearly  coincides  with  the  small  cydoidal  arc  at  the  vertex  B ;  there- 
fore the  time  of  vibr«tion  in  the  small  arc  of  a  circle,  to  nearly  equal  to  the 
lime  of  tibratiou  in  the  rytluidal  arc;  and  consequently  the  time  of  vibration 

in  a  small  circular  atv  to  equal  to  p  y/  —%  where  /  i>  the  radius  of  the  « irvl*. 
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of  a  pendulum  vibrating  seconds  of  mean  time  in  the  latitude  of  London,  in  a 
racuum  at  the  level  of  the  sea,  Pah.  thermometer  being  at  62°,  and  the  barometer 
at  30  inches. 


OF  THE   CENTRES   OF   PERCUSSION,   OSCILLATION,    AND 

GYRATION. 

53.  Tub  Centre  of  Percussion  of  a  body,  or  a  system  of  bodies,  revolving  about 
n  point,  or  axis,  is  that  point,  which  striking  an  immoveable  object,  the  whole 
mass  shall  not  incline  to  either  side,  but  rest  as  it  were  in  equilibrio,  without 
acting  on  the  centre  of  suspension. 

54.  The  Centre  of  Oscillation  is  that  point,  in  a  vibrating  body,  in  which 
if  any  body  be  placed,  or  if  the  whole  mass  be  collected,  it  will  perform  its  vibra- 
tions in  the  same  time,  and  with  the  same  angular  velocity,  as  the  whole  body, 
about  the  same  point  or  axis  of  suspension. 

55.  The  Centre  of  Gyration,  is  that  point,  in  which,  if  the  whole  mass  be 
oolleoted,  the  same  angular  velocity  will  be  generated  in  the  same  time,  by  a 
given  force  acting  at  any  place,  as  in  the  body  or  system  itself. 

56.  The  angular  motion  of  a  body,  or  system  of  bodies,  is  the  motion  of  a 
line  connecting  any  point  and  the  centre  or  axis  of  motion  ;  and  is  the  same  in 
all  parts  of  the  same  revolving  body.  And  in  different,  unconnected  bodies, 
each  revolving  about  a  centre,  the  angular  velocity  is  as  the  absolute  velocity 
directly,  and  the  distance  from  the  centre  inversely ;  so  that,  if  their  absolute 
velocities  be  as  their  radii  or  distances,  the  angular  velocities  will  be  equal. 


paop.  xxvin. 
57.   To  find  the  centre  of  percussion  of  a  body,  or  system  of  bodies. 

Let  the  body  revolve  about  an  axis  passing  through 
any  point  S  in  the  line  SGO,  passing  through  the 
centres  of  gravity  and  percussion,  G  and  0.  Let 
MN  be  the  section  of  the  body,  or  the  plane  in  which 
the  axis  SGO  moves.  And  conceive  all  the  particles 
of  the  body  to  be  reduced  to  this  plane,  by  perpendi- 
culars let  fall  from  them  to  the  plane ;  a  supposition 
which  will  not  affect  the  centres  G,  O,  nor  the  angu- 
lar motion  of  the  body. 

Let  A  be  the  place  of  one  of  the  particles,  so  re- 
duced ;  join  SA,  and  draw  AP  perpendicular  to  A  8, 

and  Ka  perpendicular  to  SGO  :  then  AP  will  be  the  direction  of  A's  motion, 
as  it  revolves  about  S ;  and  the  whole  mass  being  stopped  at  O,  the  body  A  will 
urge  the  point  P  forward,  with  a  force  proportional  to  its  quantity  of  matter 
and  velocity;  or  to  its  matter  and  distance  from  the  point  of  suspension  8;  that 
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is,  as  A  .  SA ;  and  the  efficacy  of  this  force  in  a  direction  perpendicular  to  SO,  at 
the  point  P,  is  as  A .  So,  by  similar  triangles ;  also,  die  effect  of  tins  force  ta 
the  lever,  to  turn  it  about  O,  being  as  the  length  of  the  lever,  is  as  A .  Ss .  PO 
=  A  .  &a  .  SO  — SP  =  A.Sa.SO  —  A.Sa.SP  =  A.&.SO— A. 
SA*.  In  like  manner,  the  forces  of  B  and  C,  to  turn  the  system  about  0, 
are  as, 

B  .  So .  SO  —  B  .  SBf,  and, 

C  .  8c .  SO  —  C  .  SO,  «cc 

But,  since  the  forces  on  the  contrary  sides  of  O  destroy  one  another,  Vy 

the  definition  of  this  force,  the  sum  of  the  positive  parts  of  these  snaatans, 

must  be  equal  to  the  sum  of  the  negative  parts, 

that  is,  A  .  Sa .  SO  +  B  .  So  .  SO  -f-  C  .  Sc  .  SO,  &&  =    -    -  - 

A  .  SA«  +  B .  SB»  +  C  .  SC,  &a ; 

ji.         «n       A  .  SA'  +  B  .  SB*  +  C  .  SC  &a     _.^  ^    L    ^ 
and  henca  SO  =  ~A    &  +  B  -^-J $   fc  ^   ,  wh.oh  is  the  d*u~,  of 

the  centre  of  percussion  below  the  axis  of  motion. 

And  here  it  must  be  observed  that,  if  any  of  the  points  a,  6,  &c  Jail  oa  las 
contrary  side  of  S,  the  corresponding  product  A  .  So,  or  B  .  SA.,  Ac  BMst  at 
made  negative. 

CoroL  1.  Since,  by  cor.  8,  pr.   15,  A  -f-  B  -f-  C,  &c  or  the  body  I  X 

the  distance  of  the  centre  of  gravity,  SG,  is  =  A.Sa-f-B.S6-f-C.8e,** 

which  is  the  denominator  of  the  value  of  SO ;  therefore  the  distance  ef  Iks  cat* 

4       -            .      .   c~       A  .8A'+  B .  SB«  +  C  .  SC  &c 
tre  of  percussion  is  SO  = 8G~X~body~5 

Carol.  2.  Since,  by  Geometry,  tlteor.  36,  37. 

it  is  SA«  =  SG«  +  GA"  —  SSG .  G«t, 
and   SBf  =  SG*  +  GB«  +  2SG  .  Go, 
and   SC  =  8G"  +  GC  +  2SG  .  Gc,  && 
and,  by  cor.  5,  pr.  13,  the  sum  of  the  last  terms  is  nothing,  namely, 

—  2SG  .  Ga  +  2SG .  Go  -f-  2SG,  Gc,  &c  =  0; 
therefore  the  sum  of  the  others,  or  A  .  S  A*  +  B  •  SB?,  &c    .    .    .    .  . 

=  A  +  B,  &c  .  SG'  +  A  .  GA'  +  B  .  GB*  +  C  .  GC,  fee, 
or  =  b  .  SG»  +  A  .  GA*  +  B  .  GBt  +  C  .  GCf  fe 

which  being  substituted  in  the  numerator  of  the  foregoing  value  of  SO,  gins, 
Qrk        b.SG9  +  A .  GA*  +  B.GW+  &c 

so  = 5T8G 

«-  ro.qpx  A.GA'  +  B.GB»+C.QC,&c 
or  SO  =  SG  +  5TW 

CoroL  3.   Hence,  the  distance  of  the  centre  of  p  arenas!  un  aharn 
exceeds  the  distance  of  the   centre  of  gravity,  and  the   excess  is  arasyi 


„       A  .  GAf  +  B  .  GB»,  &c 
60  = STS5 

58.  And  hence  also,  SG.  GO  =  A^6Aihtbody(^B^,  **»  ***  **• W 


is  always  the  same  constant  quantity,  wherever  the  point  of  suspension  8  a 
placed;  since  the  point  G,  and  the  bodies  A,  B,  &c  are  resistant.  Or  GOa 
always  reciprocally  as  SG,  that  is,  GO  is  less,  as  SG  is  greater;  and  ossss- 
fnently  the  point  rises   upwards,  and  approaches  towards  the  point  G,  as  tat 
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ooint  S  is  removed  to  the  greater  distance ;  and  they  coincide  when  SC  is 
infinite.  Bnt  when  S  coincides  with  G,  then  GO  is  infinite,  or  O  if  at  aa 
infinite  distance 


sT 


PROP.   XXIX. 

50.  If  a  body  A,  at  the  distance  S A  from  an  axis  passing  through  S,  be  made 
to  revolve  about  that  axis  by  any  force  f  acting  at  P  in  the  Une  SP,  perpen 
dicular  to  the  axis  of  motion  ;  it  is  required  to  determine  the  quantity  or  mat- 
ter of  another  body  Q,  which,  being  placed  atF9  the  point  where  the  force 
acts,  it  shall  be  accelerated  in  the  same  manner,  as  when  A  revolved  at  the  dis- 
tance 3  A ;  ana\  consequently,  that  the  angular  velocity  of  A  and  Q  about  8, 
may  be  the  same  in  both  cases. 

SP 
By  the  nature  of  the  lever,  SA :  SP  : :  f :  rrjr  •  f  the  effect 

of  the  force  f,  acting  at  P,  on  the  body  at  A ;  that  is,  the  force 
/acting  at  P,  will  have  the  same  effect  on  the  body  A,  as  the 

SP 
force  ^-r  f>  acting  directly  at  the  point  A.  But  as  ASP  re- 
volves altogether  about  the  axis  at  S,  the  absolute  velocities  of 
the  points  A  and  S,  or  of  the  bodies  A  and  Q,  will  be  as  the 
radii  8  A,  SP  of  the  circles  described  by  them.     Here  then  we  have  two  bodies 

SP 
A  and  Q,  which  being  urged  directly  by  the  forces  f  and  «  =  f  acquire  veloci- 
ties which  are  as  SP  and  SA.     But  the  motive  forces  of  bodies  are  as  their 
mass  and  velocity ;  therefore 

^P  8  A* 

g^/:/  ::   A.SA  :  Q.SP,    and  SP*:  SA«  ::  A :  Q  =  g£  A, 

which  therefore  is  the  mass  of  matter  which,  being  placed  at  P,  would  receive 
the  same  angular  motion  from  the  action  of  any  force  at  P,  as  the  body  A  re- 
ceives. So  that  the  resistance  of  any  body  A,  to  a  force  acting  at  any  point  P, 
is  directly  as  the  square  of  its  distance  SA  from  the  axis  of  motion,  and  reci- 
procally as  the  square  of  the  distance  SP  of  the  point  where  the  force  acta. 

CoroL  I.  Heiire  the  force  which  accelerates  the  point  P,  is  to  the  force 

f   £P* 
of  gravity,  as  ^-*  SA,  to  1,  or  as/.  8F  to  A  .  SAf. 

CoioL  2.  If  any  r. umber  of  bodies,  A,  B,  C,  be 

put  in  motion,  about  a  fixed  axis  passing  through  S,  by 

a  force  acting  at  P ;  the  point  P  will  be  accelerated  in 

th*  same  manner,  and  consequently  the  whole  system 

will  have  the  some  angular  velocity,  if,  instead  of  the 

bodies  A,  13,  C,  placed  at  the  distances  SA,  SB,  SC, 

8A"        SB"  _    SC? 
there  be  substituted  the  bodies  gp  A,  gp  B,  gp,  C; 

these  being  collected  into  the  point  P.  And  hence,  the 
moving  force  being  f  and  the  matter  moved  being  .  . 
A   .   8A«   4-    B  .    SB1  +  C  .  8C 

SF" 


therefore  the  accelerating  force  is 


Ji* 
V* 


8*4 


DYNAMICS. 


/.SP- 


W*  ^^  W*m 

— QAt-L  ft     ftft1  4-  11 — §(?*  ^"h'*5"  's  *°  tD*  accelerating  force  of 
as/.  SP«  to  A.  SAf  +  B .  SB?  +  C  .  SC 

Carol  3.  The  angular  Telocity  of  the  whole  system  of  boon 

f   SP 
ATSAT^BTSB«"+C7S^     For  the  absolute  Telocity  of  the  point 

the  accelerating  force,  or  directly  as  the  mothre  force  f%  and  intend 

mass  — ""Sp :  DUt  t*ie  angular  velocity  is  as  the  absolute  Telocity  < 

and  the radias  SP  inversely;  and  therefore  the  angular  Telocity  of  P,  o 

f»  SP 
whole  system,  which  is  the  same  thing,  is  as  -^ — gA#   ,    B~~SB»  4-  C 
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60.  To  determine  the  centre  of  oscillation  of  any  compound 

or  of  any  system  of  bodies  A,  m\  CL 


mass  or  hoi 


I  i 


Lrt  MN  be  the  plane  of  vibration,  to 
which  let  all  the.  matter  be  reduced,  by 
letting  fall  perpendiculars  from  every 
particle,  to  this  plane.  Let  G  be  the 
centre  of  gravity,  and  0  the  centre  of 
oscillation;  through  the  axis  S  draw 
8G0,  and  the  horizontal  line  Sq;  then 
from  every  particle  A,  B,  C,  &c  let  fall 
perpendiculars  A  a,  A/?,  B6,  Bo,  Cc,  Cr, 
to  these  two  lines;  and  join  SA,  SB, 
8C ;  also,  draw  Gm,  On  perpendicular 
to  Sq.  Now,  the  forces  of  the  weights 
A,  B,  C,  to  turn  the  body  about  the  axis, 
are  A .  Sp,  B.  Sq,  —  C  •  Sr ;  and  there- 
fore, by  cor.  S,  prop.  29,  the  angular 
motion  generated  by  all  these  forces  is 

A.S^  +  B.S?  —  C.  Sr  '       .  f 

A  .  SA*  +  SB*  +  C  .  SC*      Atoo»  "le  ftng™*  Telocity  which  any  part 


placed  in  0,  generates,  in  the  system,  by  its  weight,  is   * — r-rr,  or 


p  .  Sit 
p  .  Ml1 


g^j — gry  because  of  the  similar  triangles  SGm,  SOn.     Beit,  by  the  pr 

the  vibrations  are  performed  alike  in  both  cases,  and  therefore  these  t 
pressions  must  be  equal  to  each  other,  that  is, 

Sm      _    A.  Sp   +  B,  So  —  C.Sr 
t)(i.  SO  —  A  .  SA1  +  B  .  SB»  +  C  .  SO 

And  hence    SO  =  *5  X   A.  SA' +  B    SB*+ C.  SO» 

EG  *      A.Sp+B.So— C.Sr   • 
But,  by  cor.  2,  prop.  15,  the  sum  A.Sp+B.  Sy  —  C  .  Sr  =  (A  +  F 

8m;    therefore  the  distance  SO    =    *jJ^+    B   .    8HP  +  C 

Mw  .  ( A  +  B  -f-  C) 


CENTRES  OP  PERCUSSION,  &&  865 

_  A  .  SA»  +  B  .  SB'  +  C  .  SV  ,,  '  .      „  _  A       , 

**  — j — ga  4.  ft — CT  4.~7y  § —   DT  prop.  16t  the  distance  of  the  centre  of 

oscillation  Q,  below  the  axis  of  suspension  ;  where  any  of  the  products  A  .  So, 
B  .  So,  must  be  negative,  when  a,  o,  &c.  lie  on  the  other  side  of  S;  which  is 
the  same  expression  as  that  for  the  distance  of  the  centre  of  percussion,  found 
in  prop.  29. 

Hence  it  appears,  that  the  centres  of  percussion  mid  of  oscillation  are  in  the 
very  same  point.  And  therefore  the  properties  in  all  the  corollaries  there 
found  for  the  former,  are  to  be  here  understood  of  the  latter. 

CoroL  1.  If  m  be  any  particle  of  a  body  and  r  its  distance  from  the 
axis  of  motion  S ;  also,  6,  0,  the  centres  of  gravity  and  oscillation.  Then  the 
distance  of  the  centre  of  oscillation  of  the  body,  from  the  axis  of  motion,  is 

«** 1  (>wr8)  __    moment  ofi'neftia 

SG.2M  SG.mass 

CoroL  2.  If  b  denote  the  matter  in  any  compound  body,  whose  centres 
of  gravity  and  oscillation  are  6  and  0 ;  the  body  P,  which  being  placed  at  P, 
where  the  force  acts  as  in  the  last  proposition,  and  which  receives  the  same  motion 

from  that  force  as  the  compound  body  b,  is  P  =  — «kg —  .  b, 

v      k           ,  o             o«  *..   k   i    i»        A  SA'-f  B.  SB«+  C.  SC-. 
For,  by  coroL  2,  prop.  29,  this  body  P  -j=z * gp, ! 

But,  by  coroL  1,  prop.  28,  SG  .  SO  .  b  =  A  .  SA'  +  B  .  SB*  +  C .  SO; 

>u      c      t>      SG.SO    - 
therefore  P  ==  — m§ —  •  o. 

61.  Scholium. — By  the  integral  calculus,  the  centre  of  oscillation,  for  a 
regular  body,  will  be  found  from  cor.  1 .  But  for  an  irregular  one ;  suspend 
it  at  the  given  point;  and  hang  up  also  a  simple  pendulum  of  such  a  length, 
that,  making  them  both  vibrate,  they  may  keep  time  together.  Then  the 
length  of  the  simple  pendulum,  is  equal  to  the  distance  of  the  centre  of 
oscillation  of  the  bo  ly,  below  the  point  of  suspension. 

62.  Or  it  will  be  still  better  found  thus:  suspend  the  body  very  freely  by 
the  given  point,  and  make  it  vibrate  in  small  arcs,  counting  the  number  of 
vibrations  it  makes  in  any  time,  as  a  minute,  by  a  good  stop  watch ;  and 
let  that  number  of  vibrations  made  in  a  minute  be  called  n :  then  shall  the 

distance  of  the  centre  of  oscillation,  be  SO  -    '—  inches.    For,  the 

length  of  the  pendulum  vibrating  seconds,  or  60  times  in  a  minute,  being 
394  inches,  and  the  lengths  of  pendulums  being  reciprocally  as  the  square 
of  the  number  of  vibrations  made  in  the  same  time;  therefore, 

•    *,*i       oni     60*  x  3°i       140850 

»*  :  60* :  :  391  : 1  -  • 

n  n  n  n 

the  length  of  the  pendulum  which  vibrates  »  times  in  a  minute,  or  the  dis- 
tance of  the  centre  of  oscillation  below  the  axis  of  motion. 

63  The  foregoing  determination  of  the  point,  into  which  all  the  matter  of 
a  body  feiur  collected,  it  shall  oscillate  in  the  same  manner  as  before,  only 
re*vZ  "2 *«£•  to  which  the  body  is  put  in  motion  by  the  gravity  of  it,  own 
ZZ      IndThe  ^"t  is  the  centre  of  oscillation:  but  when  the  body  is  put » 
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momentum  of  which,  or  the  product  of  its  weight  and  velocity,  is  expresseu  ny 
the  force ^  aiding  at  P,  in  the  foregoing  propositions. 

Put  p  =  the  whole  weight  of  the  pendulum, 
b  =  the  weight  of  the  ball, 
ff  =  KG  the  dist.  of  the  centre  of  gravity, 
o  •=•  KO  the  tlist.  of  the  centre  of  oscillation, 
r  =r  KS  =  sjyo  the  dist.  of  the  centre  of  gyration, 
t  =  KP  the  distance  of  t!»e  point  of  impact, 
v  =  the  velocity  of  the  ball, 
u  =  •  tlie  velocity  of  the  point  of  impact  I\ 
c  =  chord  of  the  arc  described  by  the  point  O. 

By  Prop.  80/  if  the  mass  p  be  placed  all  at  8,  the  pendulum  will  receive  the 

KS* 
same  motion  from  the  blow  in  the  point  P ;  and  as  KP" :  KS*  :  •  p  :  np,  .  p  or 

T  p  or  -77  p,  (prop.  29)  the  mass  which  being  placed  at  P,  the  pendulum  will 

still  receive  the  same  motion  as  before.    1  !ere  then  are  two  quantities  of  matter, 

ffo 
namely,  b  and  —  pt  the  former  moving  with  the  velocity  v,  and  striking  the 

latter  at  rest;  to  determine  their  common  velocity  u,  with  which  they  will 
jointly  proceed  forward  together  after  the  stroke.     In  which  case,  by  the  law 

of  the  impact  of  non-elastic  bodies,  we  have  -rr  p  -J-  b  :  b  : :  v  :  ut  and  there- 

fore  v  =  — ^[/       u  the  velocity  of  the  ball  in  terms  of  u,  the  velocity  of  the 

point  P,  and  the  known  dimensions  and  weights  of  the  bodies. 

1  ut  now  to  determine  the  value  of  t#,  we  must  have  recourse  to  the  angle 
Urn  ugh  which  the  pendulum  vibrates;  lor  when  the  pendulum  descends  down 
sixain  to  the  vertical  position,  it  will  have  acquired  the  same  velocity  with  which 
it  began  to  ascend,  and,  by  the  laws  of  falling  bodies,  the  velocity  of  the  centre 
of  oscillation  is  such,  ns  a  heavy  body  would  acquire  by  freely  falling  through 
the  versed  sine  of  the  arc  described  by  the  same  centre  O.  Tut  the  chord  vt 
that  arc  is  c,  and  its  radius  is  o;  and,  by  the  nature  of  the  circle,  the  chord 
is   a    mean  proportional    between    the  versed  sine   and    diameter,    therefoio 

cc  

to  :  c  :  s  c  :  — -,  the  versed  sine  of  the  arc  described  by  0.     Then  by  the  latts 

cc  2fl 

of  falling  bodies,  Vl&fV  :  a/o~  :;  *^'i  :  cs/~~>  tne  v*locity  acquired  by  tlie 

point  O  in  descending  through  the  arc  whose  chord  is  c,  where  fl=l  C^\  feet : 
and  therefoie  o  :  i  : :  c  y/ —  *•  —  ^z— ,  which  is  tlie  velocity  w,  of  t!:e  point  P. 
Then,  by  substituting  this  value  for  u,  the  velocity  of  the  ball,  before  found, 
becomes  v  =  — /  •  X  c  \/ — •     So  that  the  velocity  of  the  ball,  is  di- 

rectly as  the  chord  of  the  arc  described  by  the  pendulum  in  its  vibration. 

66.  Scholium. — In  the  foregoing  solution,  tlie  change  in  the  centre  of  oscil- 
lation is  omitted,  which  is  caused  by  the  ball  lodging  in  the  point  P-  But  the 
allowance  for  that  small  change,  and  that  of  some  other  small  quantities,  may 
Deseen  in  my  Tracts,  where  all  the  circumstances  of  this  method  art  treated  at 

lull  length. 

4  A  i  o 
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4.  When  a  fluid  is  at  rest  in  a  vessel,  the  base  of  which  is  parallel  to  the  hori- 
zon ;  equal  parts  of  the  base  are  equally  pressed  by  the  fluids. 

For,  upon  every  equ.il  pint  of  the  base  there  is  an  equal  column  of  the  fluid 
supported  by  it.  And,  as  nil  the  columns  are  of  equal  height,  by  the  last  pro- 
position, they  are  of  equal  weight,  and  therefore  they  pram  the  base  equally; 
that  is,  equal  parts  of  the  base  sustain  an  equal  pressure. 

266.  Carol  I.  All  parts  of  the  fluid  press  equally  at  the  same  depth. 

For,  if  a  plane  parallel  to  the  horizon  be  conceived  to  be  drawn  at  that 
depth ;  then,  the  pressure  being  the  same  in  any  port  of  that  plane,  by  the  pro- 
position, therefore  the  parts  of  the  fluid,  instead  of  the  plane,  sustain  the  same 
pressure  at  the  same  depth. 

267.  Carol.  2.  The  pressure  of  the  fluid  at  any  depth,  is  as  the  depth  of  the 
fluid. 

For  the  pressure  is  as  the  weight,  and  the  weight  is  as  the  height  of  the  fluid. 


5.  When  a  fluid  it  pressed  by  its  oum  weight,  or  by  any  other  force ;  at  assy 
point  it  presses  equally,  in  all  directions  whatever. 

Tats  arises  from  the  nature  of  fluidity,  by  which  it  yields  to  any  force  in  any 
direction.  If  it  cannot  recede  from  any  force  applied,  it  will  press  against  other 
parts  of  the  fluid  in  the  direction  of  that  force.  And  the  pressure  in  all  direc- 
tions will  be  the  same.  For  if  it  were  less  in  any  part,  the  fluid  would  more 
that  way,  tit)  the  pressure  were  equal  every  way. 

Coral.  ).  In  a  vessel  containing  a  fluid ;  the  pressure  is  the  same  against 
the  bottom,  as  against  the  sides,  or  eren  upwards,  at  the  same  depth. 

Carol  2.  Hence,  and  from  the  last  pro- 
position, if  ABCD  be  a  Teasel  of  water,  and  A 
there  be  tnken,  in  the  base  produced.  1)1'-  to 
represent  the  pressure  at  the  bottom  ;  joining 
A  E,  and  drawing  any  parallels  to  the  base,  na 
1-'U,HI;  then  shall  FU represent  the  pressure 
jiL  the  depth  Ati,  and  HI  the  pressure  at  the 
depth  AI,  and  so  on ;  because  the  parallels, 
Kti,  HI,  ED,  by  aim.  triangles,  are  as  the 
depths,  AG,  AI,  AD ;  which  are  as  the  pres- 
sures, by  the  proposition. 

And  hence  the  sum  of  all  the  FG,  HI,  &c  or  area  ot  the  iri.ingle  ADE,  is  as 
the  presiure  against  all  the  points  G,  I,  &c.  that  is,  against  the  line  AD.  Bnt 
as  every  point  in  the  line  CD  is  pressed  with  a  force  as  DE,  and  that  thence 
\he  pressure  on  the  whale  line  CD  is  as  lite  rectangle  ED  .  DC,  while  that 
■gainst  the  side  is  as  the  triangle  AUK  or  4AD.DI',;  therefore  the  pressure 
on  the  horizontal  line  DC,  is  to  the  pressure  against  the  veitical  line  DA,  as 
DC  to  JDA.  And  hence,  if  the  tmsc)  be  an  upright  rectangular  one,  the 
pressure  on  the  bottom,  or  whole  weight  of  the  ilnj  d,  is  to  the  pressure  against 
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m  If  ilin  sides  of  the  vessel  hit  I  pirae  uptight  to  A  and  B,  the  defect  of  fluid  in 
Umi  parts  AC«  and  lil.fi  beirif  exactly  compensated  by  the  downward  pressure 
or  resistance  of  the  lid"*  oC  anl  fiD  against  the  contiguous  fluid.  And  thin 
Hie  pressure  on  the  baa  ■  may  be  made  tn  exceed  the  weight  of  the  contained 
fluid,  in  any  proportion  whatever. 

So  that,  in  general,  he  the  vessels  of  any  li-ure  whatever,  regular  nr  irregu- 
lar, upright  or  sloping,  or  variously  wide  and  narrow,  in  different  porta,  if  the 
a  cms  and  perpendicular  altitudes  b-'  but  equal,  the  bases  always  sustain  the 
lame  pressure.  And  aa  that  pressu  o,  in  the  regular  upright  vessel.  Is  the  whole 
column  of  the  fluid,  which  ia  as  the  bise  and  altitude,  therefore  the  pressure  in 
all  figures  is  in  the  >ame  ratio. 

Cor"'.  1.  Hence,  when  the  h-ichls  are  eqiiai,  the  pressures  are  as  the 
bases.  And  when  the  bases  are  equal,  the  pressure  is  as  the  heights.  But 
when  both  the  heights  and  buses  are  equal,  the  pressures  are  equal  in  all,  though 
their  contents  be  ever  to  different. 

Carol.  S.  The  pressure  on  the  base  of  any  vessel,  is  the  satne  as  on  t';.it 
of  n  cylinder,  of  an  equal  base  and  height. 

Coral.  3.  If  there  be  an  inverted  syphon,  or  bent 
tube,  ABC,  containing  two  different  fluids  CD,  ADD.  lhat 
balance  each  other,  nr  rest  in  equilibria;  then  their  height* 
In  the  two  legs  AE,  CD,  above  tile  point  of  meeting,  will 
be  reciprocally  as  their  densities. 

For,  if  they  do  not  meet  at  the  bottom,  the  part  BD  ba- 
lances the  part  BE,  and  therefore  the  part  CD  balances  the 
part  AE;  that  is,  the  weight  of  CD  is  equal  to  the  weight 
of  AE.  And  m  the  surface  at  D  la  the  same,  where  they 
act  against  each  other,  therefore  AE  :  CD  : :  density  of 
CD  :  density  of  AE. 

So,  if  CD  be  water,  and  AE  quicksilver,  which  is  near 
14  times  heavier;  then  CD  will  be  =  HAE;  that  is,  if  AE  he  ]  Inch,  CD  w 
be  14  inches;  if  AE  ha  S  inches,  CD  will  be  28  inches;  and  so  on. 


7.  If  a  body  be  immerted  in  ajtiiid  of  the  tame  dimity  or  tpecfic  gravity  ; 
it  icUt  rett  in  any  place  where  it  it  ptiL  But  a  body  of  a  greater  dnvity  will 
tink  ;  and  one  of  a  let*  deneity  kiU  atceml  to  the  top,  nW  JbiaL 

Thc  body,  being  of  the  same  dciijily,  or  of 
the  same  weight  with  the  like  bulk  of  the 
fluid,  will  press  the  fluid  under  it,  just  is  much 
aa  if  its  spare  was  rilled  with  the  flu'd  itself; 
The  pressure  then  all  around  it  wiil  be  the 
tame  as  if  the  fluid  were  In  Irs  place  j  cun- 
tequenily  there  is  no  force,  neither  upwards 
nor  downwards,  to  put  the  body  out  of  its 
place.     And  therefore  it  wiil  remain  ■.vherever 

Hat  if  the  body  be  lighter,  it»  pressure  down- 
ward will  he  lets  than  before,  and  1m  tiuun 
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H  =  weigflt  of  the  heavier  boily  in  air,  )  n  .  ._  , 

jl  —      •  u*    r*u  /  >  S  its  specific  gravity; 

A  =  weight  of  the  same  in  water,  )  r  &         j  » 

L  =  weight  of  the  lighter  body  in  air,  )     . 

/  =  weight  of  the  same  in  water,  5  ' ,ts  SPec,fic  **%  ily ! 

G  =  weight  of  the  compound  in  air,       > 

c  =  weight  of  the  same  in  water,  $•'       ^        "^   ^ 

w  =  the  specific  gravity  of  water.    Then 

1st,  (H  —  A)  S  =r  Hw,         From  which  equations,  may  be  found  any  of  the 

2d,    (L  —  /)    e   =  L10,     above  quantities,  in  terms  of  the  rest 

3d,    (G  —  c)  f  =  Ctr,         Tli  us,  from  one  of  the   first  three  equations, 

4th,    H    -f-    L    =  C,       is   found   the   specific  gravity   of  any   body,    as 

•5th.     h  ■+■  /  =:  c,  \jw       ,      .....        ,       .     .  .»./..! 

jt  t  p  *  =  r >  by  dividing  the  absolute  weight  of  the 

Afrit    ^_v     i  ^^^  ^^ 

'    S       ■"  *         jT  body  by  its  loss  in  water,  and  multiplying  by  the 

specific  gravity  of  water. 

But  if  the  body  L  be  lighter  than  water ;  then  /  will  be  negative,  and  we 
must  divide  by  L  -f-  /  instead  of  L  —  /,  and  to  find  /  we  must  have  recourse 
to  the  compound  mass  G;    and   because,   from   the  4th  and  5th  equation  >, 

.      \.w 

L  —  /  =  C  —  c  —  II  —  A,  therefore  s  =   ((j       c)         (H     Tv  ^^  *s% 

divide  the  absolute  weight  of  the  light  body,  by  the  difference  between  the  losses 
in  water,  of  the  compound  and  heavier  body,  and  multiply  by  the  specific  gvu- 

vity  of  water.    Or  thus,  s  =  r*f  _ L"lJ7*  **  ^cullt*  ^roni  **ie  ^  °9Iiati011* 

Also,  if  it  were  required  to  find  the  quantities  of  two  ingredients  mixed  in  a 
compound,  the  4th  and  6th  equations  would  give  their  values  as  follows,  viz. 

H  -  (S  — *)/c'  and  L  -  (H-s)f1* 

the  quantities  of  the  two  ingredients  H  and  L,  in  the  comp  >uud  C.     And  so 
for  any  other  demand. 


PROP.     VI. 

To  find  the  specific  gravity  of  a  body. 

8.  Case  L —  When  the  body  is  heavier  than  water  ;  weigh  it  both  in  water 

and  out  of  water,  and  take  the  difference,  which  will  be  the  Height  lust  in 

Bte 
water.    Then,  by  corol.  6,  prop.   4.  #  =  ft       i,  where  B  is  the  weight  of  the 

body  out  of  water,  5  its  weight  in  water,  s  its  specific  gravity,  and  w  the  specific 
gravity  of  water.     That  is, 

As  the  weight  lost  in  water, 

Is  to  the  whole  or  absolute  weight, 

So  is  the  specific  gravity  of  water, 

To  the  specific  gravity  of  the  body. 
Example.  If  a  piece  of  stone  weigh  10  lb.  but  in  water  only  6}  lb.,  required 
its  specific  gravity,  that  of  water  being  1000  ?  Ana.  3077. 

9.  Case  IL — When  the  body  is  lighter  than  water,  so  that  it  will  not  sinhf 
annex  to  it  a  piece  of  another  body,  heavier  than  water,  so  that  the  mass  con* 
pounded  of  the  two  may  sink  together.    Wrigh  the  denser  body,  and  the 
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it  TabU  of  the  Specific  Gravities  of  bouses. 


Platina  (pure) 

Fine  gold 

Standard  gold 

Quicksilver 

Lend  - 

Fine  silver 

Standard  silver 

Topper      - 

Copper  halfpence 

(inn  metal 

Cast  brass 

Steel         ... 

Iron  - 

Cast  iron 

Tin  ... 

Clear  crystal  glass 

Marble  and  hard  stone 

Common  green  gl; 

Mint 

Common  stone 

Clay 


IS.  Kott.  The  several  sorts  of  wood  are  supposed  to  be  dry.  Also,  as  a 
cubic  foot  of  water  weighs  just  1000  ounces  avoirdupois,  the  numbers  in  this 
table  express,  not  only  the  specific  gravities  of  the  several  bodies,  but  also  the 
weight  of  a  cubic  foot  of  each,  in  avoirdupois  ounces ;  and  therefore,  by  pro- 
portion, the  weight  of  any  other  quantity,  or  the  quantity  of  any  other  weight, 
may  be  known,  as  in  the  next  two  propositions. 


23400 

Brick          »        « 

- 

2000 

19640 

Common  earth 

«                      tm 

1984 

18888 

Nitre 

»                      « 

1900 

13600 

Ivory 

- 

1825 

11325 

Brimstone 

*           • 

1810 

11091 

Solid  gunpowder 

m                m 

1745 

10535 

Sand 

• 

1520 

9000 

Coal 

m                . 

1250 

8915 

Box-wood 

- 

1030 

878+ 

Sea-water 

•» 

1030 

8000 

Common  water 

• 

1000 

7850 

Oak 

i 

925 

7645 

Gunpowder,  close  shaken 

937 

74*5 

Ditto,  in  a  loose  heap 

. 

836 

7320 

Ash 

- 

800 

3150 

Maple 

•                . 

755 

2700 

Elm 

- 

600 

2600 

Fir 

-           .      - 

550 

2570 

Charcoal 

m                 m 

2520 

Cork 

»                  m 

240 

?I00 

Air  at  a  mean  state 

If 

prop.    nil. 


14.  To  find  the  magnitude  of  any  hody%  from  its  weight 

As  the  tabular  specific  gravity  of  the  body, 
Is  to  its  weight  in  avoirdupois  ounces, 
So  is  one  cubic  foot,  or  1 728  cubic  inches, 
To  its  content  in  feet,  or  inches,  respectively. 

Example  1.  Required  the  content  of  an  irregular  block  of  common  stone, 
which  weighs  1  cwt  or  112  lb.?  Ans.  12282  cubic  inches. 

Example  2.  How  many  cubic  inches  of  gunpowder  are  there  in  1  lb.  weight? 

Ans.  30  cubic  inches  nearly. 

Example  3.  How  many  cubic  feet  are  there  in  a  ton  weight  of  dry  oak  ? 

Ans.  38tf  |  cubic  feet 
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flat  if  the  channel  be  not  a  dose  pipe  or  tunnel,  kepi  always  full,  bat  an 
canal  or  river;  then  the  velocity  in  all  part*  of  the  section  will  not  U 
•ame,  because  tlie  telocity  towards  the  bottom  and  sides  will  be  diminished 
by  the  friction  again*  the  bed  or  channel ;  and  therefore  a  medium  among  the 
ought  to  be  taken.     So, 

If  the  Telocity  at  the  top  be  100  Met  per  minute. 

That  at  the  bottom        ...      00 
And  that  at  the  aides  50 


3)210 

Dividing  their  sum  by  3  gives  70  the  mean  Telocity, 

winch  is  to  be  multiplied  by  the  section,  to  give  the  quantity  discharged  In  a 
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IS.  The  velocity  with  which  a  fluid  runs  ami  by  a  hnU  in  the  bottom  or  side  of 
m  vessel,  hept  always  full,  is  equal  to  that  which  is  gem  rated  by  gravity 
through  the  height  of  the  water  above  the  hole ;  that  it,  the  vttoctty  of  a 
heavy  body  acquired  by  fulling  freely  through  the  height  AH. 

XftrriDB  the  altitude  A  H  into  a  great  number  of  very 
■naaaJl  parts  enrh  bring  I,  their  number  o,  or  a  =  the 
MsltsMie  AH. 

Now,  by  prop.  II  I.  the  pressure  of  the  fluid  against  the 
■sole)  B,  by  which  the  motion  is  generated,  is  equal  to 
-9mj  weight  of  the  column  of  fluid  above  it,  that  is  the 
whose  height  is  AH  or  a,  and  base  the  area  of 
B.  Therefore  the  pressure  on  the  bole,  or  Miiall  part  of  the  fluid  I,  is 
no  its  weight,  or  the  natural  force  of  gratity,  as  a,  to  1.  But  tine*  the 
ujnioritiea  generated  in  the  same  body  in  any  time,  an*  as  those  force* ;  and  be- 
gravity  generates  the  velocity  2  in  descending  t*trough  the  small  »p.we  I . 
1  :  a  : :  2  :  2a,  the  velocity  generated  by  the  pressure  of  the  column  * 
mmU  in  the  same  time.  But  2a,  b  alio,  (formerly  shown.)  the  velocity 
by  gravity  in  descending  through  a  or  AM.  Diet  U,  the  velocity  o 
issuing  water,  is  equal  to  that  which  b  acquired  by  a  body  in  falling  througft. 
height  All 

CoroL  I.  The  velocity,  and  quantity  run  out,  .it  different  depths,  ate 
■V  Use  square  roots  of  the  depths.  For  the  \t\*  ity  .i<-quired  in  falling  through 
AB.ba.v/AR 

CoroL  2.  The  waterspouts  out  with  the  same  velocity,  whether  it  b* 
sVewwwsids  or  upwards,  or  sideways ;  heraute  the  pressure  of  fluid*  b  the  saw* 
|sj  all  directions,  at  the  same  depth.  And  therefore,  if  the  adjutage  be  lurnrd 
the  jet  will  ascend  to  the  height  of  the  surface  of  the  water  in  tlie 
And  this  is  confirmed  by  experience,  by  « hirh  it  b  round  that  jeu 
twally  ascend  nearly  to  the  height  of  the  reservoir,  aba  ling  a  small  quantity 
emly,  for  the  friction  against  the  sides,  aud  some  reaittauoe  from  the  oblique 
motion  of  the  water  in  the  hole. 

CoroL  X  The  quantity  run  out  in  any  timr,  b  equal  lo  a  column  or 
i,  whose  base  b  the  area  of  the  hole,  and  it*  length  the  space  dssiTibsa1  in 
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toner,  if  mo  bole*  ore  mode  rquidi>tai>t  from  the  t»p  ana  bottom,  they  will 
t  the  »iinU)  ihrume  diataiira)  j  Tor  if  AC  =  KH,  then  the  reHAUgLa 
'Bi.^ojlllwrn-unp:!,  AK.KB;  which  mikea  Br  then  liwuM  for  bach, 
on  the  diameter  All  ■  semicircle  be  described;  liien.  beiaufe  the  auuiirai 
ordinate*  MI  111.  KK  an  equal  tu  the  rectangle*  AC  .  Clt,  At;  there- 
N  diManoaa  HF,  IKi  are  aa  the  ordinate*  CH,  DI.  And  bem*  abu>  il 
■,  that  lite  projection  from  Uie  middle  point  1)  nil)  be  forilmt,  fur  Ul  m 


aa  ere  (be  ptopottxmt  at  lb*  diataocaa :  but  for  lb*  abaouite  distance*.  It 
i  tbue.  '11m  Telocity  through  any  bole,  C,  I*  mob  aa  will  carry  the  water 
anally  through  ■  apace  equal  to  *  AC  in  (be  lime  of  tailing  through  AC : 
Her  quilling  the  bole,  it  daioribe*  ■  parabola,  and  come*  to  K  la  tba  lime 
r  will  fall  through  CB ;  and  In  find  ibia  diatanoa,  aloca  the  lime*  are  a*  the 
4  itmapaj-aa,  therefore  ^ACiy^CB  ::  *AC  :  ayXUTclTs  3CH  =  HF. 
tot  ranged  on  thr  horiiuoul  plane.  And  the  grant**! ranfe  Bli  =  *DI, 
U,  or  equal  la  AB. 

I  *■  thwi  rang**  answer  tary  exactly  to  tba  experi  lunula,  lb!*  confirm* 
tory  a*  to  the  rekntt j  amlgned. 


f  •  natal  or  till  EH,  aajbrm  «/  m  pmrmtUofrmm,  or  cat  in  I*>  i  __ 
iwaae/,  ./Wf  «/  woler,  AD  ;  nte  fwaWify  o/  waftr  Jkmtnf  fareamt  »f, 
A*  |  of  the  tjMAMtity  Jltiwmg  lAroajoA  «a  faW  orjlfcr,  ptmemi  at  pW  aaftafc 
I  Bli,  tw  ailAtouM  Oil,  m  (Aa  MM  fuw;  if  iojiy  a 
/  u  ufa*  a*  kiptfuU. 

the  ralocily  at  (ill  ii  u>  the  Telocity  at  IL,  at  ^/  Eli 

I,  that  U,  a.  (.11  or  IL  lo  IK.    the  o   " 

la  EKII,  -hoe.  axia  la  E(i.     Tbarafcn 

ocaliea  at  all  the  pobit  I,  it  to  aa  mi;  lime*  the       IB 

j  at  (i,  m  the  Ni«  of  all  the  ordinate*  IK  to  the       '£ 

all  tba  IL'a,  namely,  aa  the  area  of  the  parabola 
•  to  the  area  1(1  HF  i  that  la,  tba  quantity  running 
h  the  notch  EM,  ia  to  the  quantity  running  through  an 
mriaonul  araa  placed  at  Ml, at  KOIIKK  lo  EtiHK, 

to  3;  the  area  of  a  parabola  being  1  of  lis  rtrcaaucrltting  p*rall>li>jiraiu 

tbruf.  1.  Tba  mean  Telocity  of  the  "alar  in  the  notch,  la  equal  to  J  of 
tilt. 

Cent,  A  Tba  quantity  dotting  through  tba  bole  H1HU  U  lo  that  «hich 
flaw  ihroogh  an  equal  mince  ptaoed  aa  low  a*  (ill,  aa  the  parabulia 
a  IUHK,  la  lo  the  rectangle  ItiHL.     Aa  appear*  from  tba  drmoaatra- 
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elasticity  of  the  *Ir  B,  by  which  it  presses  on  the  surface  of  the  water,  ami  ftm  ei 
it  through  llw  pipe,  till  at  much  be  expelled  as  (here  was  air  forced  in;  wlinn 
the  air  nt  B  \>ill  be  reduced  to  the  same  density  as  nt  first,  and,  the  balance 
being  restored,  tile  jet  u  ill  cease. 

28,  Likewise,  if  into  ajar  of  water  AB,  be  h.ierted  nn 
empty  glass  tumbler  01),  or  such  like,  the  month  downwards; 
the  water  will  enter  it,  nnd  partly  fill  it,  but  not  nertr  so 
high  as  the  water  in  tliu  jar,  compressing  nnd  condensing  A 
the  air  Into  a  less  space  in  the  upper  parts  CD,  and  causing 
the  glass  to  make  a  sensible  resistance  to  the  hand  in  push- 
ing it  down.  Then,  on  removing  the  hand,  the  elasticity 
of  the  internal  condensed  air  throws  the  gloss  up  again. 
All  these  showing  that  the  air  is  coudensible  and  elastic 

2U.  Again,  to  show  the  rate  or  proportion  of  the  elasticity 
to  the  condeii5.it inn ;  take  a  long  crooked  glass  tube,  equally 
wide  throughout,  or  at  least  in  the  part  BD,  open  at  A,  but 
dose  at  the  other  end  B.  Pour  in  a  little  quicksilver  st  A, 
just  to  cover  the  bottom  to  the  lend  at  CI),  and  to  ship  the 
com  muni  cation  between  the  external  air  nnd  the  air  iu  ill). 
Then  pour  in  mora  quicksilver,  and  mark  the  correspond- 
ing heights  nt  which  it  stands  in  the  two  let's:  so,  when  it 
rises  to  M  in  the  open  Irg  AO,  let  it  rise  to  E  in  the  close 
one,  reducing  i:s  included  air  from  the  natural  bulk  Bl)  to 
the  contracted  space  BE,  by  the  pressure  of  the  column  He ; 
and  when  the  quicksilver  stands  at  I  and  K,  in  the  open  leg, 
let  it  rise  to  F  and  <i  in  the  other,  reducing  the  air  tu  tlie 
respective  spaces  BF,  BO,  by  the  weights  of  the  columns  If,  Kg,  TIilu  it  is 
always  found  that  the  condensations  and  elasticities  are  as  the  compressing 
weights,  or  columns,  of  the  quicksilver,  and  the  atmosphere  together.  So,  if 
the  natural  bulk  of  the  air  DU  be  compressed  into  the  spaces  BE,  BF,  BO,  or 
reduced  by  the  spaces  DE,  DF,  DG,  which  ore  j,  (,  j[  of  DB,  or  as  the  numbers 
1,  2,  3;  then  the  atmosphere,  together  with  the  corresponding  columns  He, 
If,  Kg,  will  also  be  found  to  be  in  the  same  proportion,  or  as  the  numbers  1,  fc, 
.i.  And  then  He  =  JA,  If  —  A,  and  Kg  =  3A ;  where  A  is  tlie  Height  of 
the  atmosphere.  Which  shows,  that  the  condensations  are  directly  ;»  the  toiu- 
preseing  fortes.  And  the  elasticities  are  in  the  same  ratio,  since  the  columns 
in  AC  are  sustained  by  the  elasticities  in  Bl). 

From  the  foregoing  principles  may  be  deduced  many  useful  remarks,  as  in 
the  following  corollaries,  viz. 

SO.  Cnroi.  I.  The  space  which  any  quantity 
of  air  is  confined  in,  is  reciprocally  as  the  force 
that  compresses  it  So,  tlie  forces  which  con- 
line  a  quantity  of  air  in  the  cylindrical  (.paces 
AO,  BO,  CO,  ore  reciprocally  as  tlie  saute,  or 
reciprociilly  as  the  heights,  AD,  BD,  CD.  And 
therefore,  if  to  ilis  two  perpendicular  lines,  DA, 
DH,  as  osyuipiolei,  tun  hyperbola  1 KL  he  de- 
scribed, and  the  ordinate*  Al,  BK,  CL  be  drawn ;  then  the  forces  which  confine 
too  air  in  the  spaces  AO,  BO,  CO,  will  be  directly  as  the  corresponding  ordi- 
nates A  I,  BK,  CL,  since  these  are  reciprocally  as  tlie  abscisses  Al),  BD,  CL), 
by  the  nature  of  tlie  hyperbula. 
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Or  thus,       air    -      1         j  when  the  barom.  is        20*Ct 
water      826      >  and  tbe  thermom.  is       55°, 
mercury  II227)  which  are  their  mean  heights  in    this 

country. 

O*  thros,        air  1*201  or  1£) 

water       1000   >  in  the  last  circumstances, 
mercury  13592) 

Or  thus,        air  1*222^ 

or     Iff  nearly,  when  the  barom.  is  30, 
water       1000   (  and  thermometer  55. 

mercury  13600* 


PROP.     XVI. 

86.  The  weight  or  pressure  of  the  atmosphere,  on  any  base  at  the  earth's  «£r- 
face,  is  equal  to  the  weight  of  a  column  of  quicksilver,  of  the  same  base9  and 
the  height  of  which  is  between  28  and  31  inches. 

This  is  proved  by  the  barometer,  an  instrument  which  measures  the  pressure  of  the 
uir,  and  which  is  described  below.  For,  at  some  seasons,  and  in  some  places,  the  air 
sustains  and  balances  a  column  of  mercury,  of  about  28  indies;  but  at  other  times 
it  balances  a  column  of  29  or  30,  or  near  31  inchrs  high  ;  seldom  in  the  extremes 
28  or  31,  but  commonly  about  the  means  20  or  30.  A  variation  which  depends 
partly  on  the  different  degrees  of  heat  in  the  air  near  the  surface  of  the  earth, 
and  partly  on  the  commotions  and  changes  in  the  atmosphere,  from  winds  and 
other  causes,  by  which  it  is  accumulated  in  some  places,  and  depressed  in  others, 
being  thereby  rendered  denser  and  heavier,  or  rarer  and  lighter;  which 
changes  in  its  state  are  almost  continually  happening  in  any  one  place.  Bi/ 
the  medium  state  is  commonly  about  29$  or  30  inches. 

CoroL  I.  Hence  the  pressure  of  the  atmosphere  on  every  square  inch  fc, 
the  earth's  surface,  at  a  medium,  is  very  near  15  pounds  avoirdupois. 

For,  a  cubic  foot  of  mercury  weighing  13600  ounces  nearly,  an  inch  of  it  will 
weigh  7 '866  or  almost  eight  ounces,  or  near  half  a  pound,  which  is  the  weight 
of  the  atmosphere  for  every  inch  of  the  barometer  on  a  base  of  a  square  inch  ; 
and  therefore  30  inches,  or  the  medium  height,  weighs  very  near  14}  pounds. 
CoroL  2.  Hence  also,  the  weight  or  pressure  of  the  atmosphere,  is  equal 
to  that  of  a  column  of  water  from  32  to  35  feet  high,  or  on  a  medium  33  or  34* 
feet  high. 

For,  water  and  quicksilver  arc  in  weight  nearly  as  1  to  13*6 ;  so  that  the  at- 
mosphere will  balance  a  column  of  water  13*6  times  as  high  as  one  of  quicksilver ; 
consequently 

13*6  times  28  inches  =  381  inches,  or  31}  feet, 
13-6  times  29  inches  =  394  inches,  or  32{  feet, 
13$  times  30  inches  =  408  inches,  or  34    feet, 
13*6  times  31  inches  =  4*2  indies,  or  33  J  feet. 
And  hence  a  common  sucking  pump  will  not  raise  water  higher  than  about 
34  feet.    And  a  syphon  will  not  run,  if  the  perpendicular  height  of  the  top  of 
it  be  more  than  about  33  or  34  feet. 

CoroL  3.  If  the  air  were  of  the  same  uniform  density  at  every  height 
up  to  the  top  of  the  atmosphere,  as  at  the  surface  of  the  earth ;  ita  height  would 
be  about  51  miles  at  a  medium.  _ 
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Thus,  if  the  first  density  be  D,  and  from  each  be  taken  its  nth  part;  then 

there  will  remain  its part,  or  the       part,  putting  m  forn — 1 ;  and  there* 

fore  the  series  of  densities  will  be  D,  —  D,  -=  D,  -,  D,  — i  D,  &c.  the  oomnv 

ratio  of  the  series  being  — . 

38.  Scholium. — Because  the  terms  of  an  arithmetical  series,  are  proportional 
to  the  logarithms  of  the  terms  of  a  geometrical  series ;  therefore  different  alti- 
tudes above  the  earth's  surface,  are  as  the  logarithms  of  the  densities,  or  weights 
of  air,  at  those  altitudes. 

So  that,  if  D  denote  the  density  at  the  altitude  A, 
and  d      -        the  density  at  the  altitude  a  ; 
then  A  being  as  the  log.  of  D,  and  a  as  the  log.  of  d,  the  dif.  of  alt.  A — a, 

D 

will  be  as  the  log.  D  —  log.  d  or  log,  -j-. 

And  if  A  =  0,  or  D  the  density  at  the  surface  of  the  earth ;  then  any  alt  above 
the  surface  a,  is  as  the  log.  of  -r 

Or,  in  general,  the  log.  of  t  is  as  the  altitude  of  the  one  place  abore  the 

other,  whether  the  lower  place  be  at  the  surface  of  the  earth,  or  any  where  else. 
And  from  this  property  is  derived  the  method  of  determining  the  heights  of 
mountains  and  other  eminences,  by  the  baromestv,  which  is  an  instrument  that 
measures  the  pressure  or  density  of  the  air  at  any  place.  For,  by  taking,  with 
this  instrument,  the  pressure  or  density,  at  the  foot  of  a  hill  for  instance,  and 
again  at  the  top  of  it,  the  different*  of  the  logarithms  of  these  two  pressure*,  or 
the  logarithm  of  their  quotient,  will  be  as  the  difference  of  altitude,  or  as  the 
height  of  the  hill ;  supposing  the  temperatures  of  the  air  to  be  the  same  at  both 
places,  and  the  gravity  of  air  not  altered  by  the  different  distances  from  the 
earth's  centre. 

39.  But  as  this  formula  expresses  only  the  relations  between  different  alti- 
tudes, with  lespect  to  their  densities,  recourse  must  be  had  to  some  experiment 
to  obtain  the  real  altitude  which  corresponds  to  any  given  density,  or  the  density 
which  corresponds  to  a  given  altitude.  And  there  are  various  experiments  by 
which  this  may  be  done.  The  first,  and  most  natural,  is  that  which  resul's 
from  the  known  specific  gravity  of  air,  with  respect  to  the  whole  pressure  of 
the  atmosphere  on  the  surface  of  the  earth.    Now,  as  the  altitude  a  is  always 

as  log.    ,  ;  assume  h  so  that  a  =:  h  X  log.  -j,  where  h  will  be  of  one  constant 

value  for  all  altitudes ;  and  to  determine  that  value,  let  a  case  be  taken  in  which 

we  know  the  altitude  a  corresponding  to  a  known  density  d;  as  for  instance 

take  a  =  1  foot,  or  one  inch,  or  some  such  small  altitude ;  then,  because  the 

density  D  may  be  measured  by  the  pressure  of  the  atmosphere,  or  the  uniform 

column  of  27600  feet,  when  the  temperature  is  55°;  therefore  27600  feet  will 

denote  the  density  D  at  the  lower  place,  and  27599  the  less  density  d  at  one  foot 

271)00 
a)>ove  it ;  consequently  1  =  h  X  log.  g7fi9"9  >  nhicli,  by  the  nature  of  logarithms, 

•43429448  h 

St  acarly  =r k  X   ~~97^nn G35&I  ncarV »  **"*  "enoe  *  =  Co551  feet;  which 
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and  the  legs  being  equal,  the  water  in  Uiem  is  an  exact  counterpoise  by  thet* 
equal  weights ;  so  that  the  one  has  no  pnw* r  to  move  more  than  the  other ;  and 
they  are  both  supported  by  the  atmosphere. 

But  if  now  the  syphon  be  n  little  inclined  to  one  aide,  so  that  the  orifice  ot 
one  end  be  lower  than  that  of  the  other ;  or  if  the  lugs  be  of  unequal  length, 
wbii'.h  is  the  same  thing ;  iben  the  equilibrium  is  destroyed,  and  the  water  will  all 
descend  out  by  the  loner  end,  and  riia  up  in  the  higher.  For,  the  air  pressing 
equally,  but  the  two  ends  weighing  unequally,  a  motion  must  coumioiino  where 
the  power  is  greatest,  and  so  aontinue  till  all  the  water  has  run  out  by  the  lower 
end.  And  if  the  shorter  leg  be  immersed  into  a  revel  of  water,  and  the  syphon 
be  set  a  running  ns  above,  it  will  roniinuc  to  run  till  all  the  water  be  exhausted 
out  of  the  vessel,  or  at  least  as  low  ait  that  end  of  the  syphon.  Or,  it  may  be 
set  a  running  without  filling  the  syphon  as  above,  by  only  inverting  it,  with  its 
shorter  leg  into  the  vessel  of  water  ;  then,  with  the  mouth  applied  to  the  lower 
oriiice  A,  suck  the  air  out,  and  the  water  will  presently  follow,  being  forced  up 
into  the  syphon  by  tlie  pressure  of  tile  uir  on  the  water  in  the  vessel. 


OP  THE  PUMP. 

45'  TuHRRnre  three-uirts  ofpumpe;  the  sucking,  the  lifting,  and  the  forcing 
pump.  By  the  former,  wnter  ran  be  raised  only  to  about  34  feet,  via.  by  the 
pressure  of  the  atmosphere ;  but  by  the  others,  to  any  height ;  but  then  tlilj 
require  more  apparatus  and  power. 

The  annexed  figure  represents  a  common 
•unking  pump,  AB  is  the  barrel  of  the  pump, 
being  ■  hollow  cylinder,  made  of  metal,  and 
smooth  within,  or  of  wood  for  very  common 
purposes.  CD  is  the  handle,  moveable  about 
the  pin  H,  by  moving  the  end  C  op  am)  down. 
DFan  iron  rod  turning  about  a  pin  D,  which 
connects  it  to  the  end  of  the  handle.  This  rod 
is  fixed  to  the  piston,  bucket,  or  sucker,  Pli, 
by  which  this  is  moved  up  and  down  within  the 
barrel,  which  it  must  lit  very  tight  and  close 
that  no  air  or  water  may  pass  between  the 
piston  and  the  sides  of  the  barrel ;  and  for  ibis 
purpose  it  is  commonly  armed  with  leather. 
The  piston  is  made  hollow,  or  it  has  a  perfo- 
ration through  it,  the  orifice  of  which  is 
covered  by  a  valve  H  opening  upwards,  I  is 
a  plug  firmly  fixed  in  the  lower  part  ot  the 
Varrel,  also  perforated,  and  covered  bya  valve  *^=  _ 
K  opening  upwards.  -~~       —  -  -  — —  sz. 

46.  When  the  pump  ia  first  to  be  worked,  and  the  water  Is  below  the  plnR  I; 
raise  the  end  C  of  the  handle,  and  (he  piston  descending,  com  presses  the  air  in 
HI,  which  by  its  spring  shuts  last  the  valve  K,  and  pushes  lip  the  valve  H,  ami  sn 
enters  into  the  barrel  above  the  piston-  Then  putting  the  end  C  of  the  handle 
down  again,  raises  the  piston  or  sucker,  which  lifts  up  with  it  the  column  of  air 
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4* 

So,  if  the  barrel  be  equal  to  J  of  the  receiver ;  then  c  :  r  : :  5  :  4 ;  and  -r; 

tr  0«S-  is  =  d  the  density  after  n  turns.     And  if  n  be  20,  then  0-S*  =:  '01 15  is 

the  density  of  the  included  air  after  20  strokes  of  the  piston  ;  which  being  the 

8(>T79  part  of  1,  or  the  first  density,  it  follows  that  the  air  is  86T70  times  rarefied 

by  the  20  strokes. 

49.  Or,  if  it  were  required  to  find  the  number  of  strokes  necessary  to  rarefy 

r' 
the  air  any  number  of  times;   because    -    is  :=  the  proposed  density  d; 

therefore  taking  the  logarithms  n  X  l°ff-~=  l°ff»  <•»  a«d  *  =  i — '"*  i  ,  the 
number  of  strokes  required.  So,  if  r  be  J  of  c,  and  it  be  required  to  rarefy  the 
air  100  times ;  then  d  =  T£0  or  *01 ;  and  hence  n  =  t~£ — r—,  =  20 f  nearly. 
So  that  in  90\  strokes  the  air  will  be  rarefied  100  times. 


OF  THE   DIVING  BELL,    AND   CONDENSING  MACHINE. 

50.  On  the  same  principles,  too,  depend  the  operations  and  effect  of  the 
condensing  engine,  by  which  air  may  be  condensed  to  any  degree,  instead  of 
rarefied  as  in  the  air  pump,  And,  like  as  the  air  pump  rarefies  the  air,  by 
extracting  always  one  barrel  of  air  after  another:  so,  by  this  other  machine, 
the  air  is  condensed  by  throwing  in  or  adding  always  one  barrel  of  air  after 
another;  which  it  is  evident  may  be  done  by  only  turning  the  valves  of  the 
piston  and  barrel,  that  is,  making  them  to  open  the  contrary  way,  and  working 
the  piston  in  the  same  manner :  so  that,  as  they  both  open  upwards,  or  outwards, 
in  the  air-pump,  or  rarefier,  they  will  both  open  downwards,  or  inwards,  in  the 
condenser. 

51.  And  on  the  same  principles,  namely  of  the  compression  and  elasticity 
of  the  air,  depends  the  use  of  the  Diving  Bell,  which  is  a  large  vexsel,  in  which 
a  person  descends  to  the  bottom  of  the  sea,  the  open  end  of  the  vessel  being 
downwards;  only,  in  this  case,  the  air  is  not  comlensed  by  forcing  more  of  it 
into  the  same  space,  as  in  the  condensing  engine;  but  by  compressing  the  same 
quantity  of  air  into  a  less  space  in  the  bell,  by  increasing  alw ays  the  force  which 
compresses  it. 

52.  If  a  vessel  of  any  sort  be  inverted  into  water,  and  pushed  or  let  down 
to  any  depth  in  it ;  then  by  the  pressure  of  the  water  some  of  it  will  ascend  into 
the  vessel,  but  not  so  high  as  the  water  without,  and  will  compress  the  air  into 
less  s|iacev  according  to  the  difference  between  the  heights  of  the  internal  and 
external  water;  and  the  density  and  elastic  force  of  the  air  will  be  increased 
in  the  same  proportion,  as  its  space  in  the  vessel  is  diminished. 

S>,  if  the  tube  CM  be  inverted,  and  pushed  down  into  water,  till  the  external 
water  exceed  the  internal,  by  the  height  AB,  and  the  air  of  the  tube  be  reduced 
to  the  space  CD;  then  that  air  is  pressed  both  by  a  column  of  water  of  the 
height  AB,  and  by  the  whole  atmosphere  which  prestes  on  the  upper  surface  of 
the  water*  consequently  the  spare  CI)  is  to  the  whole  space  M\  as  the  weight 
of  the  atmosphere,  is  to  the  weights  loth  of  the  atmosphere  and  the  ctlttmn  of 
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iivided  into  inclios,  tenths,  and  hundredths, 
(or  measuring  the  length  of  the  column  at  nil 
times,  by  observing  wliich  division  of  the  scalo 
the  top  of  the  quicksilver  is  opposite  to;  is  it 
ascend*  and  descends  within  thea^  limits,  no- 
cording  to  the  state  of  the  atmosphere. 

So  the  weight  of  the  quicksilver  in  the  tube, 
above  that  in  the  basin,  is  at  all  times  equal  to 
the  weight  or  pressure  of  the  column  of  atmos- 
phere above  it,  nnd  of  the  same  base  with  the 
tube;  nud  hence  the  weight  of  it  may  at  nil 
times  be  computed  ;  being  nearly  nt  'he  rate  of 
half  a  pound  avoirdupois  ftir  every  inch  of 
quicksilver  in  the  tube,  on  every  square  inch  of 
hose  ;  or  more  exactly,  it  in  T*^,  of  a  pound  on 
the  square  inch,  for  every  inch  in  the  altitude 
of  the  quicksilver  :  for  the  cubic  inch  of  quick- 
silver weighs  just  T*^,  lb.,  or  nearly  .'  a  pound, 
in  the  mean  temperature  of  55*  of  heat.  And 
consequently,  when  the  barometer  stands  at  "0 
inches,  or  'Z ,  feet  hiijli,  which  is  the  medium 
or  standard  height,  the  whole  pressure  of  i lie 
Atmosphere  is  equal  to  14  j  pounds,  on  every  square  inch  of  the  base, 
in  proportion  for  oilier  heights. 


OF  THE  THERMOMETER. 

55.  Tiik  TiiKRitowKTER  is  an  instrument  Tor  measuring  the  ten  perature  or 
the   air,  as  to   heat  and  cold. 

It  is  found  by  experience,  that  oil  bodies  expand  by  heat,  and  contract  by 
cold :  and  lien™  the  degrees  of  expansion  become  the  measure  of  the  degrees 
or  heat.  Fluiiis  ore  mure  convenient  for  this  purpose,  than  solids  !  and  quick. 
silver  is  now  most  commonly  used  for  it.  A  very  fine  glass  tube,  having  a  pretty 
large  hollow  ball  at  the  bottom,  is  filled  about  half  way  up  with  quicksilver:  (he 
u hole  being  then  heated  very  hot  till  the  quicksilver  rise  quite  to  the  top,  the 
tup  is  then  hermetically  scaled,  sn  n.i  perfectly  to  exclude  nil  communication 
willi  the  outward  air.  Then,  in  cooling,  the  quicksilver  contracts,  and  conse- 
quently its  surface  descends  in  the  tube,  till  it  come  to  a  certain  point,  cor- 
respondent to  the  temperature  or  beat  of  the  air.  And  whan  the  weather 
become*  warmer,  the  quicksilver  expands,  and  its  surface  rises  in  the  lube ;  and 
again  coutracta  and  descends  wheu  the  Heather  becomes  cooler.  So  that,  by 
placing  a  scale  of  any  divisions  against  the  side  of  the  tube,  it  will  show  the  degrees 
of  heat,  by  the  expansion  and  contraction  of  the  quicksilver  in  the  tube;  observing 
at  what  division  of  the  scale  ihe  top  of  the  quicksilver  stands.  And  the  method 
of  preparing  the  scale,  as  used  in  England,  is  thus: — Bring  the  thermometer 
into  a  temperature  of  just  freezing,  by  immersing  the  ball  in  water  just  freezing, 
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of  the  mercury  in  the  colder  temperature,  or  diminish  that  in  the  warmer,  by 
its  otthj  pftrt  f°r  every  degree  of  difference  of  the  two. 

Thtrd,  Take  the  difference  of  the  common  logarithms  of  the  two  heights  of 
the  barometer,  corrected  as  above  if  necessary,  cutting  oft*  three  figures  next 
the  right  hand  for  decimals,  the  rest  being  fathoms  in  whole  numbers. 

Fourth,  Correct  the  number  last  found  for  the  difference  of  temperature  of 
the  air,  as  follows : — Take  half  the  sum  of  the  two  temperatures,  for  the  mean 
one;  and  for  every  degree  which  this  differs  from  the  temperature  31°,  take  so 
many  times  the  ?£*  part  of  the  fathoms  above  found,  and  add  them  if  the  mean 
temperature  be  above  31%  but  subtract  them  if  the  mean  temperature  be  below 
51';  and  the  sum  or  difference  wll  be  the  true  alti**  *e  in  fathoms;  or,  being 
multiplied  by  6,  it  will  be  the  altitude  in  feet. 

Example  L— Let  the  state  of  the  barometers  and  thermometers  be  as 
follows ;  to  find  the  altitude,  viz. 

Thennom. 


Ans.  the  alt.  is 
720fath» 


Barom.  attach,     detach. 

Lower  29-68        57  57 

Upper  35*28        43  42      j 

Example  2. — To  find  the  altitude,  when  the  state  of  the  barometers  and 
thermometers  are  as  follows,  via. 

I  Thennom. 

Barom.  attach,     detach. 

Lower  29*45  38             31 

Upper  26*82  41             95 


Ana,  the  alt,  is 
410  nth. 


OF  THE  RESISTANCE  OF  FLUIDS,  WITH  THEIR  FORCES 

AND  ACTION  ON  BODIES. 


>.  XVIII. 


57.  //  any  body  move  through  a  fluid  at  rset%  or  the  fluid  mope  against  the 
body  at  rest;  the  force  or  resistance  of  Urn  fluid  against  the  body,  will  be  as 
the  square  of  the  velocity  and  the  density  of  the  fluid.     That  is,  R  cc  do*. 

For,  the  force  or  resistance  is  as  the  quantity  of  matter  or  particle*  struck, 
and  the  Telocity  with  which  they  are  struck.  But  the  quantity  or  number  of 
particles  struck,  in  any  time,  are  as  the  velocity  and  the  density  of  the  fluid. 
Therefore  the  resistance  or  force  of  the  fluid,  is  as  the  density  and  square  of 
the  velocity. 

CoroL  1.  The  resistance  to  any  plane,  is  also  more  or  less,  as  the  plane 
k  greater  or  less ;  and  therefore  the  resistance  on  any  plane,  is  as  the  area  of 
the  plane  a,  the  density  of  the  medium,  and  the  square  of  the  velocity.  That 
is,  Roc  oaV. 

CoroL  2.     If  the  motion  be  not  perpendicular,  but  oblique  to  the  plane, 
t  to  the  face  of  the  body ;  then  the  resistance,  in  the  direction  of  motion,  will 
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Carol  5.  This  is  the  value  of  the  resistance  when  the  end  of  tho 
cylinder  is  a  plane  perpendicular  to  its  axis,  or  to  the  direction  of  motion. 
Bat  were  its  face  an  elliptic  section,  or  a  conical  surface,  or  any  other  figure 
every  where  equally  inclined  to  the  axis,  or  direction  of  motion,  the  sine  of 
inclination  being  s:  then,  the  number  of  particles  of  the  fluid  striking  the  face 
being  still  the  same,  but  the  force  of  each,  opposed  to  the  direction  of  motion, 
diminished  in  the  duplicate  ratio  of  radius  to  the  sine  of  inclination,  the  resist- 
ing force  R  will  be  — . 


PROP.  XX. 

69.  The  resistance  to  a  sphere  moving  through  a  fluid,  is  but  half  the  resist 
once  to  its  great  circle9  or  to  the  end  of  a  cylinder  of  the  same  diameter9 
mooing  with  the  same  velocity. 

Let  AFEJB  be  half  the  sphere,  moving  in  the  direction 
CEG.  Describe  the  paraboloid  A1EKB  on  the  same  base. 
Let  any  particle  of  the  medium  meet  the  semi-circle  in  F, 
to  which  draw  the  tangent  FG,  the  radius  FC,  and  the 
ordinate  FIH.  Then  the  force  of  any  particle  on  the  sur- 
face at  F,  is  to  its  force  on  the  base  at  H,  as  the  square 
of  the  sine  of  the  angle  G,  or  its  equal  the  angle 
FCH,  to  the  square  of  radius,  that  is,  as  HP  to  CP. 
Therefore  the  force  of  all  the  particles,  or  the  whole  fluid, 
on  the  whole  surface,  is  to  its  force  on  the  circle  of  the  base, 
as  all  the  HP  to  as  many  times  CP.  But  CP  is  =  CAf  =  AC  .  CB,  and 
HP  =  AH .  HB  by  the  nature  of  the  circle;  also,  AH  .  HB  :  AC .  CB  : : 
HI  :  CE  by  the  nature  of  the  parabola;  consequently  the  force  on  the  spherical 
surface,  is  to  the  force  on  its  circular  base,  as  all  the  HFs  to  as  many  CE's, 
that  is,  as  the  content  of  the  paraboloid  to  the  content  of  its  circumscribed  cylin- 
der, as  1  to  2. 

Carol*    Hence,  the  resistance  to  the  sphere  is  R  =  /"*v  '  ■,  being  the 

half  of  that  of  a  cylinder  of  the  same  diameter.  For  example,  a  9lb  iron  ball, 
whose  diameter  is  4  inches,  when  moving  through  the  air  with  a  velocity  of 
1600  feet  per  second,  would  meet  a  resistance  which  is  equal  to  a  weight  of 
133)  lbs.,  independent  of  the  pressure  of  the  atmosphere,  for  want  of  the  coun- 
terpoise behind  the  ball 


finis. 
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Or  lane,       air    -      1         j  when  tlie  haroru.  is        &)-£, 
water      626     >  and  the  thermom.  is       55°, 
mercury  I 1W7)  which  are  their  mean  height!  In    this 

country. 

O,  tlejs,        air  1*301  or  ]{-) 

water      1000   >  in  the  last  ctrcamstances. 
mercury  13604) 

Or  thai,        air  \-?&\ 

or     Iff  nearly,  when  the  barom.  is  90, 
water       1000   J  and  thermometer  55. 

mercury  13G00* 


pbop.    xn. 
•6.  1%e  weight  or  pressure  of  the  atmosphere,  on  any  bate  at  the  earth' i  ewr- 
face,  is  equal  to  the  weight  of  a  cola***  of  quicks  >tv<r,  of  the  tame  hue,  and 
the  height  of  which  is  betwee*  tH  and  31  inches. 

Tnta  b  proved  by  the  barometer,  an  instrument  which  measures  the  pressure  of  the 
air,  and  which  is  deerribed  below.  For,  at  some  seasons  and  in  some  places,  the  air 
sustains  and  balances  a  column  of  mercury,  of  about  ?h  incite*;  but  at  other  times 
It  balances  a  column  of  $9  or  30,  or  near  3 1  inch,  s  high ;  seldom  in  the  extremes 
88  or  31,  but  commonly  about  the  means  £)  or  30.  A  variation  which  depends 
partly  on  the  different  degrees  of  heat  iu  the  air  near  tlte  surface  of  the  earth, 
ttssd  partly  on  the  commotions  and  changes  in  the  atmosphere,  from  winds  and 
etbrr  cause*,  by  which  it  is  accumulated  in  some  places,  and  depressed  in  others, 
being  thereby  rendered  denser  and  heavier,  or  rarer  and  lighter;  whicl* 
change*  in  its  state  are  almost  continually  happening  in  any  one  place.  Bo* 
Use  medium  state  is  commonly  about  *!>$  or  30  inches. 

Carol.  I.  Hence  the  pressure  of  the  atmosphere  on  every  square  inch  a. 
Use  earth's  surface,  at  a  medium,  is  very  near  15  pounds  avoirdupois. 

For,  a  cubic  soot  of  mercury  weighing  13600  ounces  nearly,  an  inch  of  it  will 
steigh  7*860  or  almost  eight  ounces,  or  near  half  a  pound,  which  b  the  weight 
as?  the  atmosphere  for  every  inch  of  the  barometer  on  a  base  of  a  square  inch  ; 
and  therefore  30  inches,  or  the  medium  height,  weighs  very  near  14]  pounds. 
CoroL  %  Hence  also,  the  weight  or  pressure  of  the  atmosphere,  b  equal 
to  that  of  a  column  of  water  from  32  to  35  feet  high,  or  00  a  medium  33  or  3+ 
high, 

For,  water  and  quicksilver  are  in  weight  nearly  as  1  to  13*6 ;  so  that  the  at- 
mill  balance  a  column  of  water  1 3*6  U  mm  sa  high  m  one  of  quicksilver; 


13-6  times  28  inches  =  3*1  inches,  or  31)  Jeet, 

13-6  times  *9  inches  =  394  inches,  or  3*|  feet, 

13-6  times  30  inches  s  40*  inches,  or  34    feet, 

13*6  times  31  inches  =  U*  iutbe*,  or  3jJ  fed. 

And  hence  a  common  sucking  pump  will  not  raise  water  higher  than 

9i  hat.    And  a  syphon  will  not  run,  if  the  perpendicular  height  of  the  top  0/ 

U  he  snare  than  about  33  or  34  feet. 

CaeoL  X  U  the  air  were  of  the  same  uniform  density  at  every  height 

SSf  to  the  top  of  the  atmosphere,  as  at  the  surface  of  the  earth ;  its  height  nsuM 

5i  miles  at  a  medium.  _ 

*  1  a  a8 
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11mm,  if  the  ffrst  density  be  D,  and  from  each  be  taken  tta  nth  part;  then 

n—  1  M 

ill  reenatn  Ha     — -  part,  or  tlie       part,  putting  m  for  a— 1 ;  and  that* 

the  aeries  of  ihnahJn  will  be  D,  -I),  "^1),  -,' I), -^D,  &c  thecoma* 

Sf 

tatbi  of  the  series  bring  — . 

att.  Scnourw. — Because  the  terms  of  an  arithmetical  series,  ara  proportional 
la  Ike  logarithms  of  tlie  term*  of  a  geometrical  series ;  therefore  different  alti- 
tude* above  the  earth's  surface,  are  as  the  logarithms  of  the  densities,  or  weights 
•fair,  at  those  altitude*. 

8o  that,  if  D  denote  the  deneity  »t  the  altitade  A, 
and  d      -        the  density  at  the  altitude  a  ; 
then  A  being  as  the  l.>g.  of  1),  and  a  as  the  log.  of  a*,  the  dlt  of  ah.  A— a, 

aril  ha  as  the  lag.  1)  —  lag.  d  or  log,  t-. 

And  If  A  =  0,  or  I)  the  density  at  the  surface  of  the  earth;  then  any  ah.  aho\e 

the)  sarface  a,  is  as  the  log.  of  -t 

th.  In  general,  the  log.  of  t  is  as  the  altitade  of  the  one  plana  above  the 

ertber,  whether  the  lower  place  be  at  the  surface  of  the  earth,  or  any  where  else. 
And  frnsa  this  property  is  derired  the  method  ef  determining  the  heights  of 
anountains  and  other  eminences,  by  the  heroiaeiis,  which  is  an  instrument  that 
the  preasnre  or  density  of  the  air  at  any  place.  For,  by  taking,  with 
the  prasanre  or  density,  at  the  loot  of  a  hill  for  instant  a,  and 
again  at  the  top  of  it,  the  difference  ef  the  logarithms  of  these  two  pree»ure«,  or 
the  logarithm  of  their  Quotient,  will  be  as  the  difference  of  altitade,  or  as  the 
sWight  of  the  hill ;  supposing  the  temperatures  of  the  air  to  be  the  same  at  both 
paarea,  and  the  gravity  of  air  not  altered  by  the  different  distances  from  the 


.  Bat  as  this  formats  express**  only  the  relations  between  different  *HU 
wtth  ie»pect  to  their  densities,  recourse  must  be  had  to  some  experiment 
in  sustain  the  real  altitade  which  cot  responds  to  any  giten  deneity,  or  the  density 
ujbJih  riwiespuiidi  to  a  given  altitude.  And  there  are  various  experiments  by 
trhick  this  assy  he  done.  The  fira,  and  most  natural,  is  that  which  resul  « 
sVosn  the  known  spectnc  gr  nity  of  air,  with  respect  to  the  whole  pressure  of 
the  etmnayhare  on  the  surface  of  the  earth.     Now,  as  the  aJUtude  a  is  always 

an  log.    . ;  as  aims  A  so  that «  =  A  X  log.  -j,  where  A  will  ha  of  one  constant 

vasne  for  all  altitudes ;  and  to  determine  thst  value,  let  a  case  he  taken  In  which 
em  know  the  altitude  a  corresponding  to  a  known  density  ef ;  as  for  instance 
take)  a  =  I  f«*ot,  or  one  inch,  or  Mime  such  small  altitude ;  than,  bare  see  the 
amnesty  D  asay  be  asaamred  by  the  prensure  of  tlie  atmosphere,  or  the  uniform 
in  of  f7600  fret,  when  the  temperature  is  W*;  thevwfore  *76O0  feet  will 
tkedatieity  Datthe  lower  place,  and  1JW9  the  less  density  sf  at  one  font 

It ; annas  ansntly  1  =  A  x  *°eT~f>7&iry ;  wn(rn<  UJ ***  ■**■*•  «** legarithms. 

•t1tg«H4fl  A 

ssearly  mk  X   ~VrnOt OMM  —^V *  w*1 klM>  A  =  6  M*  k*  *  •■*•* 


TITE   PUMP 

p  being  equal,  the  water  in  thetn  si  an  mart 


nnnterpois*  by  Ibeli 
than  the  other  ;  and 


•  ori&Ve  ol 


hi*  ;  mi  llint  the  oiir  hat  no  pnwrr 
nth  mu|i(H»ir<l  by  the  atnioepliere. 

am  the  typbon  Im  a  liulo  inclined  (a  on*  tide,  •>>  Utit  tl 
c  lower  ikin  ilinl  ..f  the  other;  or  if  the  )egt  bo  of  unequal  length, 
c  tarn*  thing  ;  then  the  equilibrium  is  JeHn>jed,  and  the  water  will  ell 
■t  by  lite  Inner  end,  and  rije  Dp  in  the  higher.  For,  the  m  prenrina; 
ui  ihe  'wo  enda  weighing  unequally,  a  motion  miut  commonce  libera 
it  irr.'.iint,  and  eo  continue  till  ail  the  water  haa  run  out  by  lha  lower 
I  <(  the  slinrter  leg  be  immersed  into  a  reesel  of  water,  and  the  (yphon 
lining  m  sIkihi,  It  will  nmiinae  lo  run  till  all  the  water  be  exhausted 
i  lewl.  or  at  leant  aa  luw  a>  that  end  of  the  lyphon.  Or,  It  may  be 
ing  without  filling  the  ayphon  aa  above,  by  only  inverting  It,  with  it* 
Into  the  rente  I  of  water  ;  then,  with  the  mouth  applied  to  the  lower 
»uek  the  air  out,  and  the  water  will  preneutly  follow,  being  forced  up 
phon  by  llie  preaeure  of  the  air  on  the  water  in  lha  reaaeL 


OP  THE  PUMP. 

■NBiarc  thrMwwtJ  of  pomp*;  lha  rucking,  the  lifting,  and  lha  fordag 
j  Ihe  former,  water  nut  be  nitrtd  only  to  about  34  reel,  ti»  by  the 
f  iheelaMephere;  but  by  the  others,  to  any  height;  bet  thee  lliry 


imp.  AH  u  the  barrel  of  the  p*mp, 
ulirw  cylinder,  made  of  metal,  ud 
ithia,  or  of  wood  far  tery  coamja 

CD  bthe  handle,  MOteable  about 
by  noting  the  end  C  «p  a<>d  down, 
n  r.«l  turning  about  a  pin  D,  which 
i  to  the  end  of  the  handle.  'Ill  ia  rod  j! 
the  piiton.  backet,  or  sucker,  Pti,  I  I 
his  ia  noted  up  and  down  within  the 
lii'h  it  moat  nt  tery  tight  and  cloao 
ir  or  water  niy  paae  between    the 

the  aide*  of  ihe  barrel ;  and  for  ihii 

ia  enajMonly  armed,  with  leather, 
i  up  nude  hollow,  or  it  baa  a  perf«- 
uugb  it,  lha  orifice  of  whirl)  ia 
1  a  "lie  II  opening  apwara*.  ]  ia 
wry  fixed  in  Ihe  lower  part  ol  the 
i  perforated,  and  entered  bya  rtlre  -^  _ 

■en  thepnaip  i.  firtt  In  be  worked,  and  lha  ■  Mr*  la  brlmr  Ihe  plug  1 1 
ad  t"  nf  the  handle,  and  ihe  pialua  d  reread  fag.  ni|iWM  Ihe  air  la) 
by  it*  •pringaliuUlatl  the  telle  K.  and  pwhn  up  ihe  talte  II.  and  no 
i  the  barrel  efauie  the  phaam.  'Ihen  putting  the  end  I'  of  the  handle 
n,  ml***  the  piiton  or  tucker,  which  lifta  up  with  it  lha  coraran  of  ail 
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4* 

If  the  hill  be  equal  to  }  of  the  receiver;  then  e  i  r  : :  6  :  4 ;  and  p 

s  lr*»  it  =  •*  the  density  after  a  term.  And  if  a  be  90,  then  0*8*  =  -01 15  is 
the  density  of  the  included  air  after  9)  strokes  of  tlie  piston ;  which  being  the 
Mi»  v*"1  of  I,  or  the  first  density,  it  follows  thai  the  air  is  *6,'0  times  rarefied 
fey  the  ¥0  strokes, 

40.  Dr,  if  it  were  required  to  6nd  the  number  of  strokes  necessary  to  rarefy 

the  air  any  number  of  times;  because  -  is  =:  the  proposed  density  d; 
thsffssore  taking  the  logarithms  a  X  log.  —  =  log.  d,  and  a  =  i *—r-  ,  the 

» 

sstmher  of  strokes  required.     So,  if  r  be  J  of  c,  and  it  be  required  to  rarefy  the 

hie.    100 
air  100  times ;  then  tl  =  ,  J0  or  -01 ;  and  hence  a  =  r-~r-.  =  «0|  nearly. 

So  that  in  20*  strokes  tlie  air  will  be  rarefied  100  times. 


OF  THE   DIVING   HELL,   AND  CON DKN SING  MACHINE. 

M.  IK  the  tame  principles,  too,  depend  the  operations  and  effect  of  lite 
cmt  tensing  engine,  by  whiHi  air  may  be  condensed  to  any  degree,  instead  of 
rarefied  as  in  the  air  ptimp.  And,  like  as  the  air  pump  mrefies  the  air,  by 
extracting  alwats  one  barrel  of  air  after  another:  an,  by  this  other  machine, 
the  air  k  comlvu^ed  by  throning  in  or  adding  always  one  barrel  of  air  nder 
•;  which  it  Is  einlent  may  he  done  by  only  turning  the  vahea  of  the 
and  barrel,  that  is,  making  Uiem  to  open  the  contrary  way,  and  working 
the  piston  In  the  same  manner :  so  tliat,  as  they  both  open  upwards,  or  outwards, 
km  the  air-psunp,  or  rareher,  they  will  both  open  downwards,  or  Inwards,  in  the 


51.  And  on  the  same  principles,  namely  of  the  compreution  and  elasticity 

air,  depends  the  use  of  the  Diving  Hell,  which  is  a  larfs  vewel,  in  w  Inch 

learendi  to  the  bottom  of  the  sea,  the  open  end  of  I  lie  vessel  being 

■•wards;  only,  in  llti«  case,  the  air  is  it«t  condensed  by  lf»rcit>g  mm  ice  of  it 

the  same  space,  as  in  the  condensing  engine;  but  h)  «oni|*re*«ing  the  same 

wtiiy  of  air  into  a  levi  spare  in  the  bell,  by  increasing  alwa)s  the  force  who  h 

i  presses  N* 

AS*  If  a  vessel  of  any  sort  be  ituerted  into  stater,  ami  pusled  or  let  down 

fjfs  any  depth  in  it;  then  by  the  pressure  of  the  water  wmeof  it  will  ascend  into 

sJmy  tessel,  but  not  so  high  »  the  water  without,  and  w  ill  cinti|*res*  the  air  into 

laws  sjssce,  according  to  the  difference  between  the  heights  of  the  internal  ami 

•wternal  water;  ami  the  density  and  elastic  funs  »f  the  air  will  be  increased 

1st  Um  same  prn|*  rtinn,  as  its  spare  in  the  %e**rl  is  diminished. 

Sw,  If  the  tube  I'M  lie  inverted,  ami  pushed  down  into  water,  till  the  external 
srater  exceed  the  internal,  by  tlie  height  AB,  and  the  air  of  the  tube  be  reduced 
ee  the  space  ID;  then  that  air  is  pre*srd  both  by  a  column  of  water  «>f  the 
height  \H,  and  by  the  whole  atmosphere  wl  n  h  pre*»e*  «»o  the  upper  surface  of 
the  water;  consequently  the  space  I  D  U  f»  the  whole  sfotcs*  I  I.  as  the  weight 
est  she  stmesphsre,  h  to  the  weight*  loth  of  ire  atmosphere  and  the  n  l«mn  of 


THERMOMETER. 

nrhra,   Irntha,  and    hundred  tha, 
(he  length  of  the  o.  litem  at  alt 

rriiif,  nhirti  division  of  llie  aralo 
quirkiiiher  la  opposite  to;  ai  it 
lrM*nd>  ■ilhin  llitn.-  limita,  ac- 
lialo  of  lb*  atmosphere, 
tit  of  Um  auirksilvrr  in  the  tub*. 
Jm  basin,  ii  at  all  time*  equal  lo 
premure  of  the  oulomn  of  atnun- 
.  and  of  lha  un  bine  with  the 
..  ■'  i!m  aeiriit  of  it  may  at  all 
nied  ;  briii);  nearly  at  >)n  rats  of 
aioinla|i'is  fur  etrry  inch  of 
the  tube,  nn  every  ■qmrn  inch  of 
■  r tartly,  it  i*  ,',%  »f  a  pound  on 
h,  fur  riery  inrh  in  tha  altitude 
it:  fit  lha  ruble  inch  of  anlck- 
u«t  ,'J,  lb.,  er  nearly  '  a  pound, 
'■iiuemMn  of  .W  of  hMl.     And 


hIh-ii  ll.e  b.iruuc 
fret  hLh,  utiirh 
•■slit,  the  ahole  pre* 

F^ual  to  11}  pound*, 
fur  oilier  height*. 


*"0 


t) 


Iho  ■ 


i  of  the 

Hery  wjitare  iiM-J]  of  tha  b 


OK  THE  TIIERMOMhTER. 

iiiiaaaitTn  ia  an  instrument  for  measuring  the  ten  prrature  of 
>    heal  and  cold. 

|pj  riperitnce,  tlial  al  bod  in  expand  li\  he.il,  ami  contrail  by 
><T  the  degrees  of  expansion  become  llie  measure  of  the  degree* 
•h  are  mure  mnrenienl  fur  thii  purpose,  than  solids  -  and  quirk. 
*e«l  commonly  uaed  for  iL  A  very  fine  glass  lube,  hating  a  pretty 
•all  at  the  bottom,  is  filled  about  half  way  up  «ith  auirkailrer:  Ok* 
hen  heated  rery  hot  till  the  quicksilver  rbe  quite  to  Iho  tap,  lha 
rmrticills  sealed.  Mi  in  perferlly  to  exclude  nil  com  muni  ration 
ird  air.  Then,  in  cooling,  tha  quirk  si  her  contract*,  and  conee- 
<*re  iatofnn>  in  the  tube,  till  it  coma  lo  a  certain  point,  enr- 
tbe  temperature  or  heat  of  tha  air.  And  when  the  weather 
«r,  lha  auksuilrer  expand*,  and  lu  surface  rise*  in  lha  lube ;  and 
s  and  descend*  nheu  lha  noatner  btmmea  cnnler.  Si  that,  by 
of  uy  division*  again*  the  ildenf  the  tabe,  it  mill  thou  the  degttm 
rttnaminn  and  rontrartion  of  tbe  aBdrikailrar  In  the)  tuba ;  onaerting 
■  uf  lb*  nana  lha  lop  of  lha  qulrksilier  stands.  And  llie  method 
tbe  amJa,  aa  nerd  in  rngkuid,  ia  thus :— Bring  the  thermometer 
Ian  of  jnat  fanning,  by  immersing  tba  ball  in  water  jnat  frceiiog. 


THERMOMETER. 

d    Into   Indm,    lenllin,   and    hundredth*, 

uirin(  the  leii([th   of  the  column   at  all 

by  obecrvine;  aliirli  diiiiiou  of  the  aralf 
p  of  tin  quii'luiltar  »  opp>»ile  to;  M  it 
Li  and  draoendi  ail  bin  tlx-a.-  liraita,  ac- 
ig  to  lite  Mate  of  iba  atmmplwr*. 
lha  neijrtit  of  the  a uklulhcr  in  tha  tab*, 

that  in  the  baafn,  h  at  all  time*  eoaal  to 
ii«hl  or  preewn  of  the  culatun  of  atmos- 

ahote  it,  and  of  lb*  aana  blue   wtth  tha 

nil  J  lirniv  llw  aright  nf  It  may  at  ill 
be  miupoted  ;  being  »e-.rly  at  'he  rate  of 
i  pound  atoirdop-i*  fiir  every  Inch  of 
pih  it  in  the  lane,  on  eeery  aou-ire  Inrh  of 

or  more  rxai-fly.  It  ia  ,','n  of  a  pound  mi 
uwe  ini-h,  fur  eiery  inrh  In  lha  altitude 

quirktilxr  ;   for  lha  rublr  inch  of  quirk. 

anigh*  jn\t  ,',•„  lb.,  rr  nearly   '  a  pound, 

niraii  leinprrrtura  of  35*  nf  hant.  And 
lUFHtly,  nlirii  il>-  barometer  >tuidi  at  "0 
,  or  *     feet  hljh,  which  1*  tha  Baediiu*  '-  I 

utird  bright,   the   «hole   pressure   of  llie 

film  i*  *<ji.»l  to  It}  pnuuda,  on  ever jr  ujiiara  Inrh  of  tha   baaa 

portion  for  other  baifftta. 


t 


OK  THE  THERMOMKTER, 


iby 
1  ewirk- 


.  found  l.y  experience,  tlial   al   bodiei  expand   by   heat,  and  euotr 
and  Iww-e  llie  derreee  nf  e*  pajwinn  Imm  llie   rarxin  of  the  d 
L      r  lunli  are  Burr  runienlei'l  for  thia  purpose,  than  anlid*  -  and  a, 
it  now  aaoai  oonimonly  used  for  IL     A  rery  Boa  gleet  tab*,  bavin*;  a 
hollow  ball  at  the.  bottom,  i>  filled  about  half  way  up  with  aeJrkailir* 
being  the*  boated  rery  hoi  till  tha  ewkaailie 
the*  hermetically  araled,   -.  n.  perfectly   to  eirfcaaV   *U  • 
lie  oui.ard  air.     Then,  in  railing,  tha  ontdMilier  « 
y  ila  HirGtre  deanawda  lu  the  lube,  till  It  note*  to  a  certain  n 
idem  to  tha  leuprrwUra  or  heat  of  the  air.     And    warn  lha  * 
es  warmer,  the  euirkiUrer  eipattda,  and  it>  awrfane  fi*M  In  lha  hah 
eootracte  and  deeern**  nbeu  lha  weather  binoaea  onokr.     So  tl 
I  a  walr  of  any  di « iaioM  afmlbat  tha  pklt  of  lha  tab*,  it  mill  ahem  the  a 
,  by  ll»ei|ian^o«iandcMtiriKtia*>ytB*eai-'Ulveri*lh*Uia*;i 
t  iliiiaion  uflheanle  lha  top  of  the  aalrtuilie 
-paring  the  erale,  a*  Bred  I*  ragland,  ia  tha* :— ft 
temperature  of  jwat  freeednf,  by  laMMr»a*g  |h*  ball  ItMHJMIiMlki 


RESISTANCE  OF  FLUIDS. 


•f  tkn  11  lit j  in  tko  colder  teniperatnre,  or  diminish  thai  Id  tko 
it*  sWVs  P*1*  ^or  •**|7  defjree  of  difference  of  the  two. 

7W<  Toko  tho  difference  of  the  common  logarithms  of  tho  two  heights  of 
bnrometer,  corrected  m  above  if  necessary,  cutting  off  three  fljrures  next 
right  baud  for  dedraaU,  the  real  being  fathoms  in  whole  numbers. 
Fbnrl*,  Correct  tiie  number  bet  found  for  the  difference  of  temperature  of 
m  air,  as  follows : — Take  half  tho  auni  of  the  two  teutperature*,  for  tho  mean 
*;  and  tor  every  degree  which  this  differs  from  tho  temperature  31%  take  so 
Cisses  the  Yfo  part  of  the  fathom*  above  found,  and  add  them  if  the  amen 
ire  bo  above  31%  hot  subtract  them  if  the  mean  temperature  bo  below 
II*;  and  tho  suss  or  difference  wll  bo  the  true  alti*  *o  in  fatho—i  or,  being 
nwsJiinliod  by  6,  H  will  bo  the  altitude  in  feet. 

Example  1— Let  tho  stato  of  the  barometers  and  tkernmeaeter*  bo  as 
i;  to  ind  tho  altitude,  via. 


An*,  tho  ah,  is 
790  fet 


Barom. 
Lower  29-68        57  67 

Upper  S5-&*        43  48 

Example  2— To  find  tho  altitude,  obeo  tho  stale  of  tho  batossctars  and 
are  as  follows,  via. 


Barom. 
Lower  tttHo 
Upper  86*62 


41 


detach. 
31 
So 


Ana.  tko  at  • 

410 


OF  THE  RE8I8TANCB  OF  FLUIDS;  WITH  THIIB  FOftCEB 

AND  ACTION  UN  BODIES. 


'.  xvm. 


*7«  // —jr  6eo>  moot ihmmgkmjkmd  nf  reef,  or  ikgjkii 
aWjf  of  rent  #  fao/bros  or  rosfcJanco  c/tAo/um*  ewmmet  nV  owo>,  soil* 
nW  «fwart  oftim  orjse*  e  owa*  th*  density  o/lAw>nidL     Tnnf  i^Rc  < 


nW 
nrns 


Fon,  tho  force  or  resistance  is  as  tho  quantity  of 
the  velocity  with  which  they  are  struck.     Bo*  tho  ewantky  or 

struck,  in  any  time,  are  as  tho  velocity  and  the  density  of  tho 
the  resistance  or  force  of  tho  fluid,  b  as  the  density  and 
voiodty. 

Corot  I.  '1  no  fssistsnos  to  any  plane,  Is  also  more  or  loss,  aa 
In  greater  or  less ;  and  thorolbro  tho  rssiotsnns  on  any  piano,  is  as  tho 
tins  piano  a,  tho  donsky  of  the  modiom,  and  tko  sooare  of  tko  veiocity. 
KKi  onV. 

CaroL  8.     If  ike  motion  bo  not  aoraendlmlnr  hot  eeliwee  to  tko 
m  to  Ike  fans  of  tko  body ;  tfcon  tko  isantsnoi,  in  tko  direction  of 


of 

id. 

of 


piano 

e! 
Ikal 


•  ill 


RESISTANCE  OF  FLUIDS. 


895 


Carol  &  This  is  the  value  of  the  resistance  when  the  end  of  the 
jffismW  is  a  plane  perpendicular  to  its  axis,  or  to  the  direction  of  motion. 
sat  warn  he  face  an  elliptic  section,  or  a  conical  surface,  or  any  other  figure 
where  equally  inclined  to  the  axis,  or  direction  of  motion,  the  sine  of 
being  *.-  then,  the  number  of  particles  of  the  fluid  striking  the  face 
stem;  still  the  same,  but  the  force  of  each,  opposed  to  the  direction  of  motion, 
isniiiithed  In  the  duplicate  ratio  of  radius  to  the  aine  of  inclination,  the 

BwinbeC!!^. 
99 


l'Kor.  xx. 


The  resistance  to  a  sphere  moving  through  a  Jbrfd,  is  but  half  the  resist* 
v  at  its  gnat  circle,  or  to  the  end  of  a  cylinder  of  the 
with  the  same  velocity. 


Lmt  A  FEB  be  half  the  sphere,  moving  in  the  direction 
K(«.  Describe  the  paraboloid  AIEKB  on  the  same  base. 
n%  aery  particle  of  the  medium  meet  the  semi-circle  in  F, 
ft  which  draw  the  tangent  Ftt,  the  radius  FC,  and  the 
iwanate  FlrL  Then  the  force  of  any  particle  on  the  sur- 
me  at  F,  is  to  its  force  on  the  base  at  H,  as  the  square 
€  Use  sine  of  the  angle  (»,  or  its  equal  the  angle 
TH,  fte  the  square  of  radius,  that  is,  as  HP  to  CP. 
rhee seers  the  force  of  all  the  particles,  or  the  whole  fluid, 
■  the  whole  surface,  is  to  its  force  on  the  circle  of  the  base, 
ftaH  the  HP  to  as  many  times  CP.  But  CP  is  =  CA-  =  AC  .  CB,  and 
B"  =  AH  .  HB  by  the  nature  of  the  circle;  also,  AH  .  HB  :  AC  .  CB  : : 
11  :  CE  by  the  nature  of  the  parabola ;  consequently  the  force  on  the  spherical 
■fcua,  la  to  the  force  on  its  circular  base,  as  all  the  His  to  as  many  CEa, 
net  is,  se  the  content  of  the  paraboloid  to  the  content  of  its  circumscribed  cylin- 

■If  of  that  of  a  cylinder  of  the  same  diameter.     For  example,  a  91b  iron  ball, 
diameter  is  4  Inches,  when  moving  through  the  air  with  a  velocity  of 

would  meet  a  resistance  which  is  equal  to  a  weight  of 
of  the  pressure  of  the  atmosphere,  for  want  of  the  cona- 
befciwd  the  bat 


iaq 


riMie. 


